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We propose an algorithm that can synthesize circuits to gate sets consisting of an 2n-arity Clifford
gate and arbitrary single qubit rotations. To do this, we represent the circuit as a sequence of Pauli
gadgets and jointly synthesize them by placing the multi-qubit Clifford in the synthesized circuit and
pushing its adjoint through the remaining gadgets such that some qubits are disconnected from some
gadgets. The pushed gadgets are collected in a Clifford tableau, which is decomposed afterwards.

With the help of our algorithm we run experiments where we synthesize circuits to varying sizes
of target multi-qubit gates. These experiments indicate that increases in gate size can lead to smaller
output circuits, and that different connectivity constraints have meaningful differences in how higher
arity gates effect the circuit sized.

1 Introduction

In the current age of quantum computing, it has not yet been determined what will be the main technology
driving future quantum computers. In order to successfully compare different computing technologies,
we need the ability to determine how hard it is to run programs on those technologies. For this, we need
efficient compilers that lead to optimal use of these computers. However, compilers and quantum com-
puters are implicitly co-designed; quantum computers expose operations for which good compilers exist,
and compilers are made to work with those exposed operations. This feedback loop can be detrimental
for new technologies that do not directly fit the assumptions made by existing compiler software, as com-
piling can become very inefficient or outright fail, leading to an unfair representation of the underlying
hardware.

For example, current compilers assume that the gate set supported by the quantum computer contains
gates acting on at most two qubits. These are the gates that are generally made available on existing
devices, but depending on the quantum computer, it might be possible to expose gates with higher arity,
for example in superconductors or ion-traps [10, [11]. In order to facilitate the usage of higher arity
gates, we introduce a synthesizing approach similar to PauliSteinerGraySynth [6], which assumes that
the single multi-qubit operator of choice is an even arity Clifford Pauli operator, rather than a CNOT. Note
that this is different from works that assume the existence of a multi-qubit operator between arbitrary sets
of qubits (e.g. [12]).

Using our synthesizing approach, we run experiments on even multi-qubit gate sizes from two to
twenty qubits with varying connectivity constraints. The results from these experiments indicate that
increases in gate size can lead to large benefits, and that the benefits or disadvantages, vary between
different connectivity constraints.

The benefits from our research are twofold; first, we demonstrate that the synthesis approach can be
adapted for different gate sets, and second, our experimental results give an indication of how the size of
the program changes with the size of the hardware supported entangling gate.
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2 Pauli Gadget Synthesis for Gatesets with Arbitrary Even Arity Clifford Gates

The structure of this work is as follows. Section [2] explains background to the latter sections. Then
Section [3]introduces our algorithm, which is then followed by section [ that contains some experiments
with said algorithm. Finally section section [5|contains some discussion and concludes the work.

2 Background

Our approach for circuit synthesis is based on representing circuits as sequences of Pauli gadgets ¢/9%,
where q 2 R is an angle and P a tensor product of the Pauli matrices X, Y, Z, and the identity matrix /.
For convenience, the matrices X, Y, Z, and I are called Pauli letters, and their tensor product P is called
a Pauli string. Additionally, we will omit the tensor product symbols from Pauli strings, meaning that
for example the Pauli string X [ Z Y Y can be written more concisely as XIZYY.

In some cases, we have sequences of Pauli gadgets that are unordered, which allows additional
optimization during synthesis, e.g. using phase folding [2], or jointly synthesizing Pauli gadgets that
share qubits. These unordered sequences can originate from parts of circuits where every operation
commutes, i.e. e'%Fie/9ifi = ¢i4iFi % holds for every operation pair in the sequence. Alternatively, if the
circuit describes a Trotterized time evolution operator, we can also reorder anticommuting terms. This is
because the product of Pauli gadgets in the circuit was a sum of Pauli strings before trotterization:

r
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where r is the number of trotter steps [8]]. This trick changes the trotter error, but that is negligable w.r.t.
the error reduction obtained from lowering the gate count in the circuit. This technique has been used in
various other compiling algorithms that use Pauli gadgets in their representation [6} 13} [7, 3]

In addition to Pauli gadgets, another important group of operations used in this work are Clifford
gates, which are defined as the set of operations U for which it holds that for every signed Pauli string
P the conjugation UPU" is a signed Pauli string [8]. Because conjugation is a one-to-one process, we
know that for every signed Pauli string P there has to be a signed Pauli string Py such that P = UP,U".
This property leads to the conjugate transpose U of a Clifford U to also be Clifford because UTPU =
UTUPUTU = P, is a Pauli string.

The rest of this section goes over: Pauli pushing, which uses Clifford operations to decompose Pauli
strings; Clifford tableaus, which can be used to optimize circuits that contain only Clifford operations;
and hypergraphs, which can be used to describe connectivity constraints for devices that allow operations
on more than two qubits.

2.1 Pauli Pushing

It is possible to transform any Pauli gadget /47

O through it according to the following rule:

into another Pauli gadget by pushing a Clifford operator

Py = Ul P, )

This rule can be used to synthesize Pauli gadgets into CNOTs and single qubit gates [6} 4, 3]]. The idea
is to push Clifford gates through Pauli gadgets in such a way that we transform them into hardware
compatible operations.
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In order to push Clifford operators through Pauli gadgets, we need to generate them first. This is done
by introducing a Clifford operator U and its inverse U, which equates to adding the identity operator 1.
We can then push U through the original Pauli gadget. This leads to the following transformation

P = JIPyyT = ey 3)

When choosing which Clifford gates to add, there are two goals: the introduced Clifford gate should
be compatible with the target device, and the final Pauli gadget, after all gates have been pushed through,
should be device compatible. Because Pauli gadgets can contain arbitrary angles q and most devices
only allow arbitrary angles on single qubit gates, the goal is usually to transform the gadget into one that
depends on only one qubit.

The amount of qubits affected by a gadget ¢'" can be seen from the amount of non-identity letters
in the Pauli string P, we call this the arity of the Pauli string. The arity of the Pauli gadget is equal

to the arity of the Pauli string in its exponent. The goal therefore is to select a sequence of Clifford
iqu,,:::UJPUO:::U,,

i P

gates Uy :::U, in such a way that e
transformation

has an arity of one. This leaves us with the following

: . Foeggt .
&P = Uy UV Pl iy “4)

The resulting circuit, from decomposing one Pauli gadget, contains a Clifford part before and after
the arbitrary single qubit rotation. As these are Clifford gates, we can push them through other Pauli
gadgets. When decomposing Pauli gadgets in sequential order, we can push the Clifford part at the
end through the remaining Pauli gadgets. This results in a large section at the end of the circuit that only
contains Clifford gates, which can be stored in a Clifford tableau, which are explained in the next section.
The same cannot be done with the Clifford part at the beginning as this would undo the decomposition
process.

2.2 Clifford Tableaus

Signed Pauli strings can be stored in a linear amount of memory, because each qubit only adds one Pauli
letter. As Clifford gates U map signed Pauli strings U to signed Pauli strings UPU " through conjugation,
we can characterize the action of U on P in linear memory by storing UPU. This can be extended to a
sequence of Clifford operations as U, : UOPUJ :1:U] is still a Pauli string, and tells us how the sequence
Uy::.U, alters P.

We can extend this representation to track how Clifford gates act on an arbitrary amount of qubits by
tracking two Pauli strings for each qubit. One Pauli string tracks how the Clifford gates alter Z and one
that tracks how they alter X, these are called the stabilizer and destabilizer, respectively. This results in a
2n  2n matrix, called the Clifford Tableau [1]]. Note that we do not need to track how the Clifford gates
acton Y because ZX =iY = XZ.

This means that we can represent the effect of a limitless amount of Clifford gates in a quadratically
sized representation. Hence, the Clifford tableau can also be used for circuit optimization as the number
of Clifford gates that can be extracted from a Clifford tableau bounded by its size [[13]. This can lead to
a smaller output circuit if the number of merged Clifford gates is large enough.

2.3 Hypergraphs

In most cases, connectivity constraints are described using normal graphs. Since normal graphs have
edges between two nodes, they are well suited to describe connectivity constraints of two-qubit gates.
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As our work allows multi-qubit gates that interact with more than two qubits, we need to move to hy-
pergraphs, which allow edges that connect more than two nodes. Hypergraphs are graphs that consist of
hypernodes, and hyperedges which are sets containing any combination of hypernodes. The expression
hypernode is not common as it is no different from a regular node, but we use this term to distinguish
between nodes in normal and hypergraphs.

We consider two different kinds of connectivity constraints in this work, linear and square grid.
When generalizing these graphs to hypergraphs, we add hypernodes to the existing edges, turning them
into hyperedges. For example in the case that we would support ten qubit gates, we would add eight
hypernodes to each existing edge. The resulting hypergraph has minimal overlap, meaning that any
hyperedge only shares a maximum of one hypernode with any other hyperedge.

3 Methods

Our approach closely follows previous research that represents the circuit as collections of unordered
Pauli gadgets that are synthesized using Pauli pushing rules while collecting Clifford gates into a Clifford
tableau at the end of the circuit (e.g. [3}16]]). Afterwards, the Clifford tableau is decomposed to reach
the final output circuit. In our case, we want to generate gates that are Pauli gadgets of the form e i50,
This means that we need to generalize the Pauli pushing rule for this gadget and then use it to design an
algorithm for circuit synthesis from Pauli gadgets and Clifford tableaux.

We assume, without loss of generality, that all our available multi-qubit operations are Clifford gates
and have the same arity. For example, a device supporting a 4-qubit native gate does not support 2-
qubit or 3-qubit gates. We do this because the native gate sets of quantum computers are often heavily
restricted due to the combinatorial nature of calibration. Moreover, any synthesis algorithm supporting
a specific arity multi-qubit gate can be extended to support multiple arities by implementing a heuristic
for choosing between them. As this case is more restrictive, the expection is that our algorithm will be
applicable for more devices. Note that as a result of this restriction, our algorithm only works for even
arity multi-qubit gates because odd arity gadgets are not sufficient for synthesizing arbitary-sized gadgets
to single qubit gates.

3.1 Pushing Clifford-angled Pauli Gadgets

Lo -
izO

The push rule for gates of the form e is as follows:

i P . .
e 0P, i30-if P and O anticommute

i2o igp —
4> e =
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ezqu 140;
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e
if P and O commute.

where P and O are Pauli strings and g 2 R. We provide a proof for this equation in Appendix A.

To use Equation [5| we need to know if O and P commute or anticommute. For this we can use the
property that the different non-identity Pauli matrices X, Y, and Z anticommute with each other, while a
matrix trivially commutes with itself and identity. As O and P are tensor products of Pauli matrices, we
have o o

OP = Oij: SijOj:(Pij)PO (6)
J J
where s;is  1if O; and P; anticommute and 1 otherwise. This means that O and P commute iff an even
amount of Pauli matrices in the tensor product commute.
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When pushing Pauli gadgets, the anticommuting letters O, and P, in OP do not change the arity of
the Pauli gadget e "99F because O, P, & I. Conversely, each pair of commuting letters O, & I and P. the
arity of the Pauli gadget either increases or decreases by one. This is because if P. = I then O.F, = O,
and if O, = P, then O P, = I.

Because our goal is to reduce the arity of the Pauli gadgets, we have to choose O in such a manner
that it anticommutes with P, meaning that O needs to anticommute with P on an odd number of pairs.
If the arity of O is odd, this leaves us with an even number of pairs O, & I and P, that commute. This
means that we do an even number of plus one and minus one changes to the arity of the Pauli gadget we
are changing, thus keeping the parity of the arity the same. Thus, odd arity choices of O are unable to
reduce even arity Pauli gadgets to single qubit gates. However, this is not the case for even arity choices
of O which flip the parity of the arity according to similar logic. Hence, our method only works with
even arity multi-qubit gates.

Furthermore, since O needs to anticommute with P, we can commute on at most n 1 qubits j where
O; €& I, where n is the arity of O. This means that the largest possible arity change is n 1. We can
make these maximally sized changes when the arity of P is large, but we should not use these changes to
decrease P needlessly to arities under n. This is because we need to have arity n in order to reach arity
one since we can only anticommute on one letter as we would keep more letters otherwise, and every
arity change has to trivially be a removal.

3.2 Using the Pushing Rule for Compilation

During synthesis, we use three representations for storing the semantics of quantum gates:
1. The Circuit, that represents the already solved part of the problem, initially empty.
2. The Storage, that contains the non-Clifford Pauli gadgets that are not yet handled.
3. The Clifford tableau, that represents Clifford gates at the end of the circuit.

Initially, the storage and Clifford tableau are filled with the semantics of a given quantum program. For
example, a typical circuit in the Clifford+7" gate set is read back to front and each 7' gate is added as
a single qubit Pauli gadget to the Storage and each Clifford gate is pushed through the Storage and
collected in the Clifford tableau.

Using these representations, the pushing program works is as follows:

: loop

Move all single qubit gadgets from the Storage to the Circuit.

if Storage is not empty then
Select a Pauli gadget P from the Storage.
Generate the Clifford gates Uy ::: Uy which decompose P to a single qubit gate.
Push all the generated Cliffords Uy ::: Uy through all the Pauli gadgets in the Storage.
Add the inverses U,j o Ug to the circuit.
Add Uy ::: U to the Clifford tableau.

9: end if
10: end loop

B AN A




6 Pauli Gadget Synthesis for Gatesets with Arbitrary Even Arity Clifford Gates

Note that the generated multi-qubit Clifford gates can be chosen to be of type e 30 where O might
not be the same Pauli string as in the natively supported e igorae gate. This is fixed by adding the
necessary single qubit Clifford gates Cy:::C, before and after the native multi qubit gate such that for
each qubit j : 0; = C;0"veCt,

As we can choose any Pauli String O with arity n when generating the Clifford gates on line 5 of the
algorithm, we can choose every gate in such a manner that it changes the arity of P by an uneven count
upton 1. Inthe cases that the arity [ of P is greater than n, we need to use at least ceil((I n)=(n 1))
gates to convert P to arity n. Since we can only do uneven arity changes, one additional gate is sometimes
needed to get to an uneven arity gadget that can then be converted to an n-arity gadget. Then one final
gate is needed to convert from arity » to one. In the case that the arity is smaller than n, we need one or
two gates, depending of the original arity, to get to the arity n, and one more to arity one.

As we only need the arity / of a given P to figure out how many n-arity gates are needed for the
decomposition in step 5, we can use the arities of the gadgets in the storage to greedily choose the next
Pauli gadget on line 4 of the algorithm. The combined equation for the amount of gates k needed for
decomposition is:

e ifI>=n: k=ceil((I n)=(n 1))+ p where p 2 T1;2g is chosen such that / and k have different
parities.

e ifI<n: k=3ifliseven,else k = 2.
This means that when the supported multi qubit gate has arity 4, and P has arity:

* 8, we use k = 3 gates for the arity changes 8 ¥ 5 ¥ 4 ¥ ],

* 9, we use k = 4 gates for the arity changes9 ¥ 6 ¥ 3 1 4 1 |
* 3, we use k = 2 gates for the arity changes3 ¥ 4 ¥ .
* 2, we use k = 3 gates for the arity changes2 ¥ 3 ¥ 4 ¥ ],

After running the algorithm we end up with a circuit, and the Clifford tableau. In case that the
algorithm started with an empty Clifford tableau, the Clifford part only contains n-qubit Clifford gates
and they could be directly added to the circuit. If the algorithm generated a lot of Clifford gates, or the
Clifford tableau was not empty, we need to synthesize the Clifford tableau next. This is explained in
Section[3.4]

3.3 Connectivity

Some quantum computing technologies have a predefined restriction on which qubits their multi-qubit
gates can act. To ensure that our algorithm is also applicable for those machines, we make a small
adaptation of our algorithm such that the multi-qubit Clifford gates that are generated always adhere to
connectivity constraints of the target device.

For two-qubit gates, the connectivity constraints are represented in a coupling graph. But since our
native multi-qubit gate acts on more than two qubits, our coupling graph is a hypergraph. From the con-
nectivity hypergraph, we calculate a normal graph that represents the connectivity constraints between
the hyperedges. We call this graph the Explosion of the hypergraph and it contains two kinds of nodes:
the centroid nodes that each correspond to one hyperedge and the hypernodes that are only in said hyper-
edge, and the non-centroid nodes that correspond to hypernodes that share the same hyperedges(plural).
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The Explosion graph is generated as follows:

1:
2:
3:
4:

13:
14:

G  Empty graph
centroids  Centroid node for each hyperedge E in the connectivity hypergraph
Add centroids to G
loop 8(subset  hyperedges : jsubsetj > 1)
shared  Hypernodes belonging, and only belonging, to all elements of subset
if shared is not empty then
node  non-centroid node corresponding to subset and shared.
Add node to G
loop 8(hyperedge 2 subset)
centroid  The centroid corresponding to hyperedge
Add edges (node; centroid) to G
end loop
end if
end loop

After creating an Explosion graph of the target connectivity, we start decomposition of a Pauli gadget

P by selecting all of the nodes in the explosion that contain hypernodes which correspond to non-identity
letters in P. Then, we calculate a Steiner tree over the Explosion graph that contains the selected nodes,
and process the tree by iterating over leaf nodes:

NN R

o ®

10:
11:
: return gates

S Calculated (approximate) Steiner tree
gates  Empty sequence
loop While S is not empty
leaf  Select leaf node from §
if leaf is a centroid node then
qubit  any hypernode in leaf that is also in the parent of /eaf
newGates  Clifford gate sequence to be pushed, which only acts on the hyperedge of the
centroid and transforms P in such a manner that it only depends on gubit inside of the hyperedge
Add newGates to gates
end if
Remove leaf from S
end loop

This algorithm follows connectivity constraints, because we only use gates on the corresponding

hyperedges of centroids. Additionally, we always remove centroids from the problem in such a way that
all of the non-identity letters of P can be accessed from remaining centroids, which ultimately ends in a
situation where P only depends on one centroid that is used to turn it into a single qubit gadget. We give
an example of the decomposition process under a connectivity constraint in Figure|[T]
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3—@ 5—6
XXX X XX X XXX
The leftmost leaf can be solved with XX XY on qubits 0123.

3—@ 5§
Z XX X XXX
Similarly the rightmost leaf can be solved with Y XXX on qubits 6789.

3—@a 5—6
Z XX Z

Now both the leftmost and rightmost leafs are non-centroids and can be removed.

Z XX Z

The last centroid corresponds to qubits 3456 and we can use ZY XZ to convert the remaining Pauli string
to arity one.

Z

Figure 1: A step by step demonstration of how we can decompose a Pauli gadget under the connectivity
constraint TF0; 1;2;39;3;4,;5;649;T6;7;8;99g. The centroids corresponding to the hyperedges are rep-
resented as nodes with solid lines, while the non-centroids that contain nodes which are shared between
multiple hyperedges are represented with dotted lines. The gadget that is being decomposed consists of
X-letters on every qubit, which leads to a Steiner tree that contains the complete Explosion graph.

3.4 Clifford Tableau Decomposition

After synthesis, we are left with a Clifford tableau that we need to decompose back into gates. This
is done by iteratively adding a Cliffords gate to the end of the circuit and prepending its inverse to the
tableau until the tableau is the identity matrix.

Since adding an operation to the tableau performs the same conjugation (on all of the tableau rows)
as Pauli pushing does to the Pauli string of Pauli gadgets, we can utilize the same approach as in Pauli
pushing to solve the first row. Firstly, we need to select a row to be solved, this can be done similarly to
Pauli gadget decomposition, but now we need to end up with a single qubit operation on a specific qubit.
This means that if the specific qubit starts with an identity letter, we need to do additional work to add a
non-identity letter to said qubit.

In addition, we need to make sure that the remaining letter corresponds to the original letter X or Z
depending on the row, and that the row does not have a negative sign. Since the row that is being handled
is solved to only depend on one qubit, this can be achieved using single qubit Clifford operations.

Then, assuming that the solved the row is Gi+; =1 ¢ G I @ 1 D wherei2 f0;:::;n 19, we
solve the next row GY,, that has to be converted to / ioGge i 1), where G;G¢ 2 TX;Zg and
G° & G. While doing this, we need to be careful to not alter the already solved row. Our solution is to
protect the solved row, by only using the letters / or G on qubit i + 1, which makes it so that we always
commute with the solved row, which keeps it unchanged.
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Since we need to protect qubit i+ 1, we are more limited in what we are doing, and have to be sure
that we can still solve the row3 . Because the rows{G and G:; always anticommute [1], the row
Gf,; can never have the letter G on qubit i+1 as it would otherwise commute with. ®ue to this
property we can always use G to anticommute with the existing letter on i+ 1 to change it between G
and Y. This lets us always choose suitable Clifford gadgets to congertrGsuch a manner that it only
depends on qubit i+ 1. Furthermore, the target letter can only be either already solved to dreb®
Y which we can convert to @using a single qubit Clifford gadget with the letter G on qubiti+1. A
possible negative sign can be removed with two repetitions of a single qubit Clifford gadgets with the
letter G on qubiti+1.

This leads to the situation where we have solved two rows, which correspondcim %, back to
their original forms. These rows always anticommute among themselves, but commute with every other
row of the Tableau [1], which means that all other rows have the identity letter on qubit i+ 1, since
otherwise the row would anticommute with one or both of the solved rows. This means that we have
completely solved the qubit i+ 1 and we can remove it from the tableau given that we have more than n
qubits left. This limitation is in place, because if we have less than n qubits, we cannot apply multi qubit
gates on the remaining qubits. We repeat this approach until we are left with only n 1 unsolved qubits.

While we have 2 to n 1 unsolved qubits, we have to change our approach, because we need to use
multi-qubit operation which overlap with already solved qubits. This led us to use brute force search
to nd Clifford gadget sequences that solve rows while keeping already solved rows intact. The found
sequences were then generalized to a set of four different sequence types which work for the following
four cases:

« the target qubit has an even arity string with identity on the target qubit,

« the target qubit has an uneven arity string with identity on the target qubit,

« the target qubit has an even arity string with non-identity on the target qubit,
« the target qubit has an uneven string with non-identity on the target qubit.

As these four cases cover all possible situations, we can use this set of sequence to solve the remaining
tableau rows. The speci ¢ sequences and corresponding proofs can be found Appendix B.

In the case where we have connectivity constraints, we use the explosion of the connectivity graph
to create an approximate minimum strainer tree over the whole graph. Which is followed by iteratively
removing leafs from said Steiner tree, while solving the unsolved rows that belong to removed centroids.
Importantly, each time that we solve a row, we are careful to not disturb already solved rows and to
follow the connectivity constraints as explained in the previous section 3.3.

4 Experiments

We ran some experiments to empirically investigate changes in output circuit size, when changing the
arity of the supported multi-qubit gate. Additionally, we demonstrate that the size of the Clifford tableau
decompositions does not keep increasing when the circuit size is increased. We preface these results with
the caveat that our goal was to create a working algorithm, and we leave improvement of the gate count
and depth to future work.

We test our algorithm on sequences of randomly generated Pauli gadgets that are assumed to be
from trotterization, which means that we are allowed to reorder terms, even in cases where they don't
commute. Gadgets are generated to act on 1 to 100 qubits with uniformly sampled placements and
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uniformly chosen Pauli letters. The angles of the gadgets are uniformly random values between 0 and p.
Our results are averaged over 100 different random circuits.

We count the number of multi-qubit gates in the output circuits. This is the metric of interest because
currently multi-qubit operations are slower and noisier than single-qubit ones. As we are only interested
in the multi-qubit gate count, we only need to specify the arity of the native multi-qubit gate. The exact
Pauli string O21Ves jrrelevant as we can transform any multi-qubit gate with the same arity fyO
using single qubit Cliffords. Our implementation can be found on Github

The results are shown in 3D plots where we change the arity of the native multi-qubit gate and
number of initial Pauli gadgets. We vary the arity between 2 and 20 and the number of gadgets between
1 and 700. For the connectivity constraints, we used three common settings: no constraints, linear, and
square grid. The results are shown in gures 2, 3, and 4, respectively. Each gure consists of three
sub gures that represent the gate count from Pauli gadget synthesis (base), the gate count from Clifford
tableau synthesis, and the gate count of the total circuit. For completeness, we have added similar graphs
for gate depth in Appendix C as well as gate counts for select molecular UCCSD ansatze in Appendix D.

Figure 2: The results for the experiment without connectivity constraints.

Figure 3: The results for the experiment under a linear connectivity constraint.

Ihttps://github.com/QuantumHel/TES T/tree/b5d28c40ddf25d24bbf4e967a9fa94e3376030ae
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Figure 4: The results for the experiment under a square grid connectivity constraint.

Our results indicate that with full and linear connectivity the gate count decreases sharply when
moving to 4-qubit gates from 2-qubit gates, but there are diminishing returns when increasing the gate
size further. The square grid connectivity differs from this as the decrease from 2- to 4-qubit gates is
comparatively small, but the step from 4- to 6-qubit gates is larger, after which we start to see diminishing
returns similarly to the previous cases. This indicating that there might be a gate size sweetspot that
depends on the used connectivity constraint. Additionally, the plots indicating the size of the decomposed
Clifford tableau con rm that the size of the tableau decomposition becomes effectively constant in the
input size after a suf cient input size is reached as is consistent with previous work [9, 13].

5 Conclusion and Discussion

This paper focused on creating an algorithm for circuit synthesis for target gatesets that support multi-
qubit Clifford gates of the form &%° of arbitrary even arity. In addition, we adapted this algorithm to
generate gates that adhere to qubit connectivity constraints.

The setting for our algorithm is rather arti cial in the sense that we assume native non-Cliffords are
single qubit gates, single qubit Cliffords can be natively implemented, and the multi-qubit gate has a
very particular shape. For example, it is possible that the native entangling gate does not have a single
Pauli string, but a sum of Pauli strings, e.g'@¥¢= XX +YY . Similarly, a device might support multi-
qubit gates with different arities, e.g."®"€is a Pauli string of arbitrary size. These cases require some
adaptation to our algorithm, which we leave as future work. In principle, the base algorithm works for
any natively supported multi-qubit Cliffords, but this generalization requires more complicated rules for
pushing and selecting the gates. Our algorithm is just a rst step in this direction.

As it is the rst step, the algorithm has not yet been optimized for ef ciency in the number of gen-
erated gates, e.g. good heuristics for choosing gadget decomposition order. Moreover, it has not been
optimized for computational time either. There is much work to be done and we think it is best to target
those improvements to speci ¢ hardware speci cations.

While not optimized, this research can be used to start resource estimation for alternative gatesets that
allow higher arity gates. Our experiments indicate that supporting higher arity gates can greatly improve
circuit size. We leave it as future work to gure out in which circumstances it would be worthwhile
for hardware manufacturers to design chips with these alternative gatesets. We hope that our research
inspires more general compilation approaches such that we can pin down the best QPU designs.
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Appendix A: Proof for Equation 5

Proof. We start from the property that for each matrix that ful € ©1, which is ful lled by Pauli
strings, it holds that

el %O:cos(%)l isin( %)O: 7

A proof for this can be found in the Picturing Quantum Software book?2.3.
This property can be used to transform ex§(O) as follows

2O _ Py icinr Py ok 10 ok A= 1A
e 4-=cos(=)l isin( =)O0= p=Ii p=0= p=(l 10): 8
() 1sin( 3)0= p=1 i p0= p—(I i0) ®)
Which gives us
i BOpai 80 — b (1 : 1 ..
e 4-Pe 4- = %(I iO)P %(I i0)
1 _ . :
= 5(P iOP)(I i0) )
1 . .
= é(P iOP iPO+0OPO):
When O and P commute this simpli es to
1 1 ) 1
é(P iOP iPO+0PO) = é(P iOP iIOP+0O “P)= é(P+|P):P (20)
and when they anticommute to
1 _ . . 1_ . . 2 1 .. :
E(P iOP iPO+0OPO) = é(F> iPO iPO O ?P)= é(2|PO)= iPO (11)
As Pauli Matrices always commute or anticommute, Pauli strings inherit this property meaning that the

two case above cover all cases.
By applying this to Pauli pushing we get that when O and P commute

ei %OeiqP - eiq exp(i BO)Pexp(i %O)ei fo_ eiqui go (12)

and when they anticommute

ei %OeiqP — eiq exp(i BO)Pexp(i %O)ei fo_ e igOP ei %O: (13)

O]

2https://github.com/zxcalc/book/tree/v1.3.0
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Appendix B: Sequences for Decomposing Pauli Tableaus

When using a multi-qubit gates of size n on n >k > 1 or less unsolved qubits, we have to operate on
already solved qubits that should not be altered. For this we have found four different kinds of gate
sequences that cover all possible cases. We split the cases into those that have an identity gate on the
target qubit on its string, and those who have a non identity, and then we further split depending of the
evenness of the arity of the original string. We could use a larger amount of more specialized cases to
get better performance, but the goal of this paper is to show that this approach works, and adding more
cases would lead to an increase in complexity.

These proofs use some special notions:

» Subscripts to describe qubit locations. The qubit that we want to solve is t (target), the possibly
already solved qubits that we need to operate on that are | in the row that we want to solve are u
(uninvolved), and all of the other qubits that are not mentioned to be special cases are d (dirty).

« In addition to directly writing the Pauli letters we use the name O to represent the Pauli letter that
is on the same index in the original unsolved row that we are trying to solve, the name G 2 1X;Zg
to represent our goal letter and @ represent the other letter in fX; Zg.

» We use superscripts to change letters one step in the sequence X >Z >Y > X. For example:
X** =Y and O"** =0.

» Since commutation only depends on the evenness of the count of anticommuting letters, the
amount of us and ds shown depends on the evenness: two for even counts, and one for uneven.

* When we sow sequences they are top down sequences in order off pushing, and the proofs have
sections with two strings, the upper one is the original string or result from the previous step, and
the lower one is the string that we push trough.

The Target Qubit has an Even Arity String with Identity on the Target Qubit:

The sequence consist of 6 strings, where we name one of the dirty qubits as f:

0;0; GiYy
03" 0} e,
OfOéJr GiZ,
O{" 04 GiYy
o' o} %,
(o) Og GiYy

The left side shows that we solve the row for the qubit that we are solving. The center shows that
solved X% rows stay the same, and the right one that solveb&s stay the same. As the target qubit
is identity, we can ignore what happens to the row corresponding &s@ can not be solved yet. This
is because the two rows corresponding to the same letter have to anticommute, and the other row would
only have a letter on qubit t with which we commute as t starts from I[1] .



Leo Becker & Arianne Meijer - van de Griend

lelg  1tXs luly lilg  hZs luly

OO ilu 070 GiYs YuYu 010} GiYe YuY,
00 I 070y GiZsYuYy 0r 0} GiXsYuYs
O++f Oi' G;;u OJfr+ 0§+ Gtc XsXuXu o’]:+ O§+ Gtcxsxuxu
f d
o0 I Ot O GiZsYuYu 004 Yils ZuZy
fd t
0,0 qz 00} GiZsZuZy OO} GiZsZuZy
d u
I fo+ Gtz O-:: Og GIZSYUYU Of Od Yt IS ZUZU
U
oF Oj o, O} Oa GiYs YoYe O} Og GYs YoY,
f u
O++ O++ Y XJ O-"f. Og Gt ZsYuYu Of Od Yt IS ZUZU
f d
O Of* GEX, OF" Of" GIXXuXy OF" O GrXsXuXy
f d
e Gl Or 0! GZsYuYa Of O GiXsYuYy
u
O'F Og GtYu O-:c— Og GtYs YuYu O‘; Og GtYS YUYU
Ifld thu Ifld ItXSIUIU Ifld IIZS IUIU

The Target Qubit has an Uneven Arity String with Identity on the Target Qubit.

The sequence consist of 6 strings:

O Yt XuXy
O %t ZuZ,
04" GEYuYy

LY Yoy
0" %t ZuZ,

O} % XuXe

The proof columns are ordered the same as in the previous case:
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Oglt lulu lgle Xslu lgle Zsly
Og %t XuXy Og %t XXy Og %t XXy
Og" %t XuXy lale Xsly Ot YoXy
O % ZuzZy o5 Y ZZy o5 Y ZZ,
O§+ Yi XuXu O(T Vi YsZy Odly XsYu

04" GEYuYy

04" GPYeY,

04" GEYeY,

IdG[ ZuZu O:j|—+ Yt Yszu Odly XsYu
OVt YuYy OVt Yy OAAY
Of Gt XuXy Of" Yt YsZy Ogly XsYu

o % 2,z O %t Zsz, O % ZsZ,
O GfXuXy lah Xslu 05 e YeXy
Og Yt XuXy Og Yt XXy Og Yt XXy

|th Iulu |d|t xslu |d|t Zslu

The Target Qubit has an Even Arity String with Non-identity on the Target Qubit

If the target qubit already has the correct letter in the correct spot, we use a single qubit gath&hge
it to another letter. We use the name A to represent the non-identity letter that is not G anthfter O
the possible single qubit gate). The remaining sequence consists of 5 strings.

OdGrXuXy
OdG‘tZuzu
OdAr YuYu
OdG‘tZuZu
OgGrXuXy

We still have on the left that we solve the row target row. Next to it we show that we don't destroy
a possibly already solvedf@Gow. In the case that we have solved rof, @e know that @before the
single qubit gate) has to be either G or Y, and if it is G, we change it to Y, meaning that ATh&
remaining two show that we keep solvegad Z rows:
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040, L1, L;GE L1, L X,

L1, Z,

Od GtXuXu Od Gl‘ XuXu Od Gl‘XSXLl

OdGleXu

LA X, X 0,Y, X, X, 11 X1,

oth Zuzu od(; zuzl odé zSzu OaGir i X,
dYtLyly dYt Lyly dYtLsly OthZsZu

A4 S Y
dAr Iyly d ulu dAr Lsky OdAtYyYu
1,G; 1,1, 1,G°YY, 0,G, Y7,

Othzuzu OdG zuzu othzszu OaGr ViXe
dYtLyly dYt Lty dYtLlsly OthZSZu
L,G, LI, 0.4Y, X, X, Ll X,
dYt dlt dlit Asg Od Gz Ys Xu

04G XX, 04G: Xy X, 04G XX,

OdG[XSXM

1,G; 1,1, 1,G7 L1, 11 X1, Ll Z.I,

The Target Qubit has an Uneven String with Non-identity on the Target Qubit.

If the target qubit already has the correct letter in the correct spot, we again use a single qubit gate G¢ to
change it to another letter, and this result is O;. The remaining sequence consists of 3 strings:

0,0; G,
0,70;70Y,
0,0, GY,:

The proof rows are the same as previously. In the case that we already have a solved row for Gf,
we have originally either G or Y on qubit ¢ and in the case that it is G we change it to Y, meaning that
O, =Y. We also use the definition of A from the previous sequence.
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0404 Oy
0,07 GY,

07707 AY,
0;70;70Y,

Ll; Gil,
0ror Gy,

Ity G,
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Ll; G,
0,07 GY,

0,0, YY,
0, 07" YY,

0,0, YY,
0;0; GY,

Lil; G,

Idld IIXS Iulu
0707 GY,Y.Y,

0,0, GZY,Y,
0;70770.Y,Y,Y,

0,0, G.ZY.\Y,
0,0, GY,Y.Y,

IdId Ith Iulu

Lily  LZ L,
0707 GY,Y.Y,

0,0, GX\Y.Y,
0;70770.Y,Y,Y,

0,0; GX\Y,Y,
0,;0; GY,YY,

Idld ItZs Iulu
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