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Classically simulating circuits with bosonic codes is challenging due to the prohibitive cost of simulating
quantum systems with many, possibly infinite, energy levels. We propose an algorithm to simulate circuits
with encoded Gottesman-Kitaev-Preskill (GKP) states, specifically for odd-dimensional encoded qudits.
Our approach is tailored to be especially effective in the most challenging but practically relevant regime,
where the codeword states exhibit high (but finite) squeezing. Our algorithm leverages the Zak-Gross
Wigner function introduced by Davis, Fabre, and Chabaud, which represents infinitely squeezed encoded
stabilizer states positively. The run-time of the algorithm scales with the negativity of the Wigner function,
allowing for efficient simulation of certain large-scale circuits—namely, input stabilizer GKP states
undergoing generalized GKP-encoded Clifford operations followed by modular measurement—with a high
degree of squeezing. For stabilizer GKP states exhibiting 12 dB of squeezing, our algorithm can simulate
circuits with up to 1000 modes with less than double the number of samples required for a single input
mode, which is in stark contrast to existing simulators. Therefore, this approach holds significant potential
for benchmarking early implementations of quantum computing architectures utilizing bosonic codes.
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Quantum computers are expected to solve certain types of
problems faster than classical computers, a property known
as quantum computational advantage [1-4]. Although gen-
erally inefficient, classical simulation algorithms that can
reproduce the outcome of a quantum computation remain
desirable, even at the price of a potentially exponential
runtime in the input size. Such algorithms can, for instance,
simulate small-size or restricted types of quantum circuits,
thereby allowing for benchmarking early implementations of
quantum processors [5—8].

A paradigmatic example of such simulation algorithms is
the Gottesman-Knill theorem [9-14], allowing for the
efficient (i.e., polynomial time) classical simulation of the
restricted set of circuits with input qudit stabilizer states,
Clifford operations, and Pauli measurements. Other
approaches extend these simulation algorithms to address
general quantum circuits at the price of run-times higher than
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polynomial. For instance, one can use finite-dimension
quasiprobability distributions such as the Gross Wigner
function [15] to provide a sampling algorithm for odd-
dimensional systems with a run-time that scales with the
negative volume of the quasiprobability distribution [16—19].

For bosonic systems—which hold promise due to their
quantum error correction capabilities [20-26] and scal-
ability [27-33]—available simulation algorithms exploit
the positivity of quasiprobability distributions [34-36],
tensor networks [37,38], the stellar representation of non-
Gaussian states [39,40], or decompositions into Gaussian
states [41-43]. These approaches have proven effective for
certain classes of circuits, yet significant challenges remain
for simulating the most experimentally relevant scenarios
for quantum computation.

One such scenario involves quantum computations with
bosonic encoding, particularly the Gottesman-Kitaev-
Preskill (GKP) code [44]. GKP-based bosonic quantum
processors are implemented with microwave cavities coup-
led to superconducting circuits [20,21], trapped ions [22],
and photonic platforms [23], and are the object of intense
study due to their potential for fault tolerance [45,46]. Such
architectures are typically extremely difficult to simulate
since. GKP codewords are described by infinitely many
energy levels, making their brute-force simulation (based

Published by the American Physical Society


https://orcid.org/0000-0001-7654-9356
https://orcid.org/0000-0003-1677-8696
https://orcid.org/0000-0003-3727-8092
https://orcid.org/0000-0002-7579-6336
https://orcid.org/0000-0002-7130-6723
https://ror.org/040wg7k59
https://ror.org/057zh3y96
https://ror.org/04njjy449
https://ror.org/00wjc7c48
https://ror.org/00wjc7c48
https://ror.org/00hswnk62
https://crossmark.crossref.org/dialog/?doi=10.1103/xmtw-g54f&domain=pdf&date_stamp=2025-07-01
https://doi.org/10.1103/xmtw-g54f
https://doi.org/10.1103/xmtw-g54f
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.kb.se/samverkan-och-utveckling/oppen-tillgang-och-bibsamkonsortiet/bibsamkonsortiet.html

PHYSICAL REVIEW LETTERS 135, 010601 (2025)

on expansions in the Fock basis) prohibitive for just a
handful of GKP qudits. Also, approaches naively based on
quasiprobability distributions are doomed to fail because
the negativity of the Wigner function of encoded GKP
states is very large, making the run-time of such simulators
blow up. Neither are approaches based on decomposing
GKP states into superpositions of Gaussian states [41-43]
suitable for the practically relevant case of high squeezing
GKP states due to the large non-Gaussianity of such states.

While progress has been made, current simulation
techniques address only a limited subset of GKP-encoded
computations. Specifically, Refs. [19,47-50] provide effi-
cient algorithms for simulating circuits initialized in sta-
bilizer states encoded in ideal (i.e., infinitely squeezed)
GKP states, followed by Gaussian operations (including,
but not limited to, encoded Clifford operations) and
homodyne measurements. However, these methods cannot
address the more practically relevant scenario of realistic
(i.e., finitely squeezed) GKP states encoding general
potentially nonstabilizer states.

Therefore, there is a critical need for new methods to
simulate realistic GKP-encoded computations. Here, we
propose a simulation algorithm designed to estimate the
probability distribution of measurement outcomes for
realistic GKP states undergoing encoded Clifford opera-
tions and encoded Pauli measurements, specifically for
odd-dimensional GKP qudits. Qudit quantum computation
has recently gained both theoretical and experimental
interest in view, for instance, of enhanced algorithmic
efficiency and simulation of high-dimensional systems
(see Ref. [51] and references therein). We also provide a
weak simulation algorithm for the case of infinitely
squeezed GKP states.

We do so by generalizing the Zak-Gross Wigner (ZGW)
function, introduced for a single-mode in Ref. [52], to the
case of n modes and by showing that it satisfies crucial
properties that make it amenable to tackle the simulation of
quantum circuits. Such a Wigner function positively
represents ideal stabilizer GKP states, while it is negative
for magic GKP states and any finitely squeezed GKP states.
Inspired by Ref. [16], our simulation algorithm has run-
time scaling with the amount of negativity of the ZGW
function.

Multimode ZGW function—We generalize the ZGW
function [52] to the multimode case. We use the notation
[a,b] = a’Qb, with Q = (°, () the symplectic form. For
example, given two vectors of length 2n,

() ()

we write [a,b] = ax’by —az bx. With the standard
quantum optics displacement operator, D(a) = e ¥,
whereby t = (g1, ..., 4y, D1, ..., Du)T, we define the oper-

ators T, = D(—¢a) with ¢ = \/2x/d, yielding

f"a _ eiﬂaxTaZ/dTaxTay (2)

with T, = P and T, = '“*4. For integer elements
of the vector a, these operators can be interpreted as logical
Pauli operators on the GKP code space with an additional
phase factor. The ideal, non-normalizable GKP states
defining the code subspace in dimension d are given by
ligkp) = (1/V€) Y, |(dn + j)£), where the ket is in the
position basis and j € {0, ..., d — 1}. We are now equipped
to introduce the following definition.

Definition 1: We define the multimode, odd-dimensional
ZGW function as

W, () = Tr(pA,). (3)
where the phase point operator An is defined as

~ 1 . N TN
A = ezf[a.n]+znax agf (4)
P :

with 57 € [0, d¢)**" and with d a positive odd integer.

For example, for a single mode we can rewrite a =
(s.t)" and n = (u,v)" such that T, yr = e™*"/de=157P il
and

u 1 A i(sv—u instq
W’f) ( 1}) = Z Z Tr(pe ( t>f€ tT(S’[)T) s (5)

SHEZ

retrieving the definition of Ref. [52]. The multimode ZGW
function Eq. (3) satisfies the modified Stratonovich-Weyl
axioms [52-54] as in the single-mode case [[55] Sec. Al].
Unlike in the case of the standard Wigner function defined
for bosonic, i.e., continuous-variable (CV), systems, there
is not a one-to-one correspondence between a state and its
ZGW function [52].

Efficient simulation of infinitely squeezed GKP states—
Here, we provide a weak simulation algorithm, i.e., a
simulation algorithm that produces samples from the
probability distribution corresponding to the measurement
outcomes of the circuit shown in Fig. 1. The simulation
method we introduce here only works for circuits initialized
with states whose ZGW function is positive at any point,

[¥Gxe) ——
2 LA
[Gxe) ——

FIG. 1. Circuit class that we consider. It has arbitrary input
GKP-encoded qudits with inverse squeezing parameter A. The
evolution is given by unitaries with corresponding integer
symplectic matrix and arbitrary displacement (which include
all encoded Clifford operations). The measurements are homo-
dyne measurements modulo dZ.
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such as infinitely squeezed stabilizer GKP states. However,
we also later provide a method to estimate the probability
distribution function for negative ZGW function.

We generalize to the multimode setting the equivalence
established in Ref. [52] for a single mode between the ZGW
function of a GKP state encoding an odd-dimensional qudit
and the Gross Wigner function of the encoded qudit
state. The Gross Wigner function [15] is defined for odd-
dimensional discrete-variable (DV) states as

Wy(t) = Tr(Ap) (6)

in terms of the qudit phase point operator

Zra)lta (7)

anZ”

where t € Z3" and

A

To=o?'™'uT, T, (8)

are the DV displacement operators [57]. The operators
Ty =X @. @%@ and T, =2 @ .. ®
Z<a’>" are defined in terms of the qudit Pauli X and Z
displacements, respectively, using vectors ax,az € Z)
denoting the exponent of the displacement operator at
the relevant qudit. Note that @ = €?*/? is the dth root of
unity and 27! = (d + 1)/2 refers to the inverse in Z,; [52].

We now introduce a lemma and corollary relating the
ZGW function of CV states to the Gross Wigner function of
qudit states. We use the notation p; (u) = PyT_,pTy Py for
the CV state p after GKP error correction [58], whereby
Py=3" i licke) (joke| is the projector onto the GKP
computational subspace and u is in the domain u € T?> =
[0,1)*2. Note that after applying the error correction
projector, the state is a perfectly encoded subnormalized
qudit state p(u), in the GKP basis. The resulting CV state
can hence be expressed in terms of the qudit state as
pr(u) = Zj,kf’j,k(“)|jGKP><kGKP|-

Lemma 1 (theorem 2 of Ref. [52]): The ZGW function of
a single-mode CV state p is expressed in terms of the Gross
Wigner function as

W (1) = Wi (t), )

where p=7¢(u+t), ie, u=(1/f)pmod 1€T?>=
[0,1)2 and t = (1/£)np —u e Z3.

Corollary 1: The ZGW function of a CV GKP state p;
perfectly encoding a DV state p coincides with the Gross
Wigner function of the encoded logical state /. Specifically,

W, () &< Y 8(n—a)Ws(a). (10)

aeZz?

In Ref. [[55] Sec. B1], we provide an alternative proof to
Lemma 1 to that given in Ref. [52]. In Ref. [[55] Sec. B2],
we highlight a connection to the stabilizer subsystem
decomposition [49,59]. Finally, in Ref. [[55] Sec. B3],
we prove Corollary 1 via Lemma 1. This corollary informs
us that positivity of the Gross Wigner function of a qudit
state implies positivity of the ZGW function for the
perfectly encoded CV state. Hence, all ideally encoded
stabilizer GKP states have a positive ZGW function.

Next, we show that the evolution of CV states can be
described using the ZGW function when restricting to
symplectic operations described by integer matrices [60].
These include all encoded Clifford operations as shown in
Ref. [[55] Sec. C1].

Theorem I: Consider the unitary evolution of a state p
under the action of a Gaussian unitary operation U s
described by an integer symplectic matrix S. The ZGW
function of the evolved state is given by

(m) = W,(Sn—t), (11)

where t can be computed efficiently from S.

The proof of this theorem and an explanation of how to
find t efficiently is given in Ref. [[55] Sec. C2]. Note that
this also implies that if the ZGW function is initially
positive, the positivity is preserved by integer symplectic
operations, and in particular by all encoded Clifford
operations. This is because the symplectic operation can
be interpreted as a change of coordinates, hence simply
transforming the positive ZGW distribution to another
positive ZGW distribution.

We can also trivially account for all displacements due to
the covariance property of the modified Stratonovich-Weyl
axioms, i.e., Wy, o4 (1) = We(n + ¢b) forall be R>", as
shown in Ref. [[55] Sec. A]. Therefore, we can consider
operations of the form 7', for all ¢ € R¥". We also note that
U Se = T.Ug = UgTg. [61]; therefore we can consider any
integer symplectic operations interlaced with arbitrary real
displacements.

Finally, we consider modular measurements in the
position basis M(s) = (1/d¢)S, e o.n)» Which is
equivalent to measuring { mod d7. leen perfectly
encoded GKP states, the measurement values of s can
be used to infer the logical computational basis informa-
tion, yielding encoded Pauli measurements. In other words,
for the GKP encoding, this is equivalent to measuring the

Wi gor

—i(s- nT

logical operator Z§". Such modular measurements can be
implemented either by coupling the mode to an auxiliary
ideal GKP state [44] or by performing phase estimation
with an auxiliary two-level system [62-64]. Alternatively,
if the circuit is nonadaptive, the value of modular mea-
surements can be inferred directly from standard homodyne
measurements by taking the value of the output modulo d7.
See Ref. [[55] Sec. C3] for more details on modular
measurements.
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To provide an algorithm that samples from the output
probability distribution, we introduce the following theorem.

Theorem 2: The measurement of the logical operator Z&"
represented by the projector M,(s) has a probability
distribution function for the state p of the form

i) = [ dnxwﬁ<”j). (12)

This theorem is proven in Ref. [[55] Sec. C3], based on
the fact that Wy (17) o (117 — 8).

Therefore, for ideal stabilizer GKP states undergoing
encoded Clifford operations and arbitrary displacements
U s, followed by modular measurements, we propose
an efficient simulation algorithm (akin to those given in
Refs. [34,35]) as follows. Consider the input state py =
|0ckp) (Ogkp|®". Its ZGW function W, (17) can be derived
from the ZGW function of a single GKP state by noting that
for the tensor product of two states p and 6, we have [[55]
Sec. D]

Wigs () = W) W5(5?), (13)

as explicitly shown in [[55] Sec. D]. Sample a vector 5 from
the effective probability distribution W, (#). Next, trans-
form the vector under the symplectic matrix S and the
corresponding displacement vector t described in Ref. [[55]
Sec. C2] as Sy —t. Next, transform the vector by ¢
according to the linear displacement operator such that the
vector becomes Sy — t + ¢. Finally, we see from Eq. (12)
that the measurement result is given by the second half of
this vector.

This result is strictly included in the results provided in
Refs. [48-50]. Indeed, we are dealing here with encoded
Clifford operations, a subset of the Gaussian operations
associated with rational symplectic matrices shown to be
simulatable in [50]. Also, we are considering modular
measurements, which can be inferred from the homodyne
measurement in [50]. Finally, we are considering here a
weaker notion of simulation, i.e., weak simulation, while
strong simulation was addressed in [50]. However, the key
novelty of the current method is that we are now in a
position to tackle the simulation of realistic GKP states, a
crucial advancement given their practical significance in
experimental quantum computing and error correction.

Simulation with negative ZGW functions—We provide a
simulation algorithm that reproduces the statistics of the
circuit shown in Fig. 1 for arbitrary squeezing level A of the
input GKP states. To do so, we consider a different type of
simulation, in particular, estimating the probability of each
outcome. To provide meaningful estimates of probabilities
from the probability density function of the continuous
outcomes of the modular measurement M(s), we dis-
cretize the outcomes into a finite number of bins. Since the
modular measurement outcome s; lies within the interval

(0,7d], we partition this range into K bins. Let s;; =
k¢d/K represent the endpoints of these bins and define the
corresponding discretized projection operator as

~ 1z, td/K Sy HEA/ K
Mz—/ / dxMy(x), (14)
S, K

2] m.zm

where z € Z} is an m vector corresponding to the choice of
bin in each mode for each of the m < n measured modes.
Next, consider measurements of Mz for each z. The prob-
abilities of measuring each projector M, are [[55] Sec. C3]

Py = Tr(pil,) = / W, Wy (). (15)

The probability distribution can be estimated using the
procedure of Ref. [16]. We first sample from the evolved
ZGW quasiprobability distribution according to

Pr() = ——

(Wit (1 (16)

Us o U}
where the negativity M, of an arbitrary state p, or negative
volume of the ZGW function [52], is defined as

M, = / an|W, (). (17)

Note that Eq. (13) implies that the negativity is multipli-
cative. Also, note that encoded Clifford operations do not
change the total amount of negativity. Furthermore, we can
use the property of covariance under Clifford operations to
identify |Wl7s,cﬁol7§_c ()| = |W,,(Sm =t +¢)|. Therefore,
we can sample from the distribution in Eq. (16) by first
choosing n from

b
M

o

PrO (’7) = | Wf’n (’1) | ( 1 8)

and then evolving the sample vector under the action
n — S —t + ¢, as done for the case of infinitely squeezed
states. This is equivalent to sampling from the distribution
in Eq. (16). Based on a single sample, we estimate the
probability density function as

P.(m) = M, sign(W, (Sp—t+¢))Wy (). (19)

The expectation value of this estimator is given by

— /dﬂWﬁo(Sﬂ—t-l-C)WMz(n). (20)
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Our probability estimator takes values between =M, , i.e.,
Pz €=M}, M, |, and therefore the Hoeffding’s inequal-
ity [65] implies that we require

2
N = ?M%}O log(2/6) (21)

samples to obtain an approximation of the probability p,
with additive error ¢ and success probability 1 — 6. There-
fore, the computational complexity of the simulation
algorithm scales quadratically in the negative volume of
the multimode ZGW function. Specifically, in the case of
identical inputs with negative ZGW function p, = ﬁg", the
number of samples required grows exponentially with the
size of the circuit as M, = M7 , by virtue of Eq. (13).

Simulation of realistic GKP states—Realistic GKP states
W &kp. ;) with Gaussian peaks and a Gaussian envelope over
the position basis are described by the wave function

N2 2 L (x—jf—drk)?
W(A}KPj(x) - E:e VA2 (je+dek)? pppr (v ), (22)
kez

where A determines the squeezing of the peaks; the lower
A, the larger the squeezing. Such states are described by
ZGW functions with negativities [52]; hence, they must be
simulated nonefficiently with the algorithm that we have
just described. Here, we explicitly evaluate the ZGW func-
tion of realistic GKP states and demonstrate that its negati-
vity, and hence also the simulation time, scales inversely
with the squeezing of the initial GKP basis states [y/Gyp. ;)-In
other words, the more squeezed the input GKP basis states
are, the faster the classical simulation—in contrast with
previously addressed simulators for GKP circuits [41,42].

The ZGW function of a single realistic 0-logical GKP
state is given by [[55] Sec. E]

w() ) (23)

where z = [v/(d?),—u/(d?),0,0]" and

i — i £
dA? A? A?
FA2
1 v 1 1
P=21_o | icaraamy _u (24)
A? 27A? A?
i 1 _id id(z+2rA%)
A? A? A2

Note that 9 is the Siegel theta function defined for an
m x m matrix I and m-vector z as

I(,z) = Z

tez”

eint7'l"t+2n:it7‘z ) (25)

In Fig. 2 we plot the ZGW logarithmic negativity
log Mﬁg, where log refers to the natural logarithm, with

102 T T T
= 0
s 10
®
(o]
(0]
c
© 1072
I
=
a
§) 10-4}+ —— Logical 0 state -
-—-= Logical 7t state
X Vacuum state
10—6 1 1 1

0.2 0.4 0.6 0.8 1.0
A

FIG. 2. ZGW logarithmic negativity for the 0-logical and
n-logical GKP state at different levels of squeezing A. The cross
represents the negativity of the vacuum state, coinciding with the
negativity of the zero-squeezing limit (A — 1) of both 0- and
n-logical GKP states.

respect to the level of squeezing A of a single realistic
O-logical GKP qutrit state. This result has immediate
implications for the simulation of circuits of practical
interest. Let us consider, for example, the case of
A = 0.25, corresponding to 12 dB of squeezing [66] and
representing a level of squeezing estimated to be necessary
to achieve (for generic GKP states) fault-tolerant quantum

3107 4t this level of

computation [67]. Since Mﬁg ~e
squeezing, and due to the multiplicativity of the negativity,
simulating 1000 input modes requires only a minor over-
head (less than twice as many samples) with respect to
simulating one input mode with the same squeezing level.
This scaling is orders of magnitude more efficient than
existing methods in the literature. The total simulation cost
will depend on additional factors, such as the size of the
symplectic matrix S and the computation of the vector t, as
shown in Theorem 1. However, this extra cost will still
scale polynomially with the number of modes.

We also plot the ZGW logarithmic negativity for the =
state |y,) = (1/v/3)(|0.) + [1.) = |2,.)), which encodes a
“magic” nonstabilizer state, enabling non-Clifford opera-
tions [68] (Fig. 2). As illustrated, significant negativity
persists across all values of A, indicating a substantial over-
head when simulating large circuits compared to smaller
ones, as expected.

While we have explicitly considered the case of encoded
Clifford operations, our method can also in principle tackle
the simulation of circuits with encoded non-Clifford oper-
ations, as these can be implemented by injecting suitable
nonstabilizer states, such as the 7 state |y,) for qutrits.
Such states can be pushed to the input of the computation,
leaving the rest of the circuit as Clifford-only. Finally,
although we have focussed here on finite squeezing, losses
on GKP states have been shown to induce non-Pauli
channels, and therefore could also increase the negativity
of the Zak-Gross Wigner function [69].
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Concluding remarks—In summary, we have introduced
an algorithm for efficiently simulating GKP-encoded
Clifford circuits acting on ideal stabilizer GKP states,
leveraging the ZGW function. We then extended the
algorithm to the practical setting of realistic, finitely
squeezed GKP states, encoding arbitrary logical states.
The complexity of the simulation is directly linked to the
negativity of the ZGW function, thereby identifying the
latter as a computational resource. For stabilizer GKP
inputs, it decreases with increasing squeezing. By direct
calculation, we have shown that this, in turn, implies only
minor simulation overhead in the large squeezing regime.
Therefore, our algorithm enables the simulation of large-
scale circuits in the regime relevant to experiments target-
ing fault-tolerant quantum computing, positioning it as a
potentially valuable tool for validating bosonic platforms
designed for this purpose.

A relevant open question is whether our results can be
extended to the case of GKP qubits. Furthermore, our
framework has the potential to inspire novel techniques for
simulating circuits based on bosonic codes beyond GKP. A
promising direction involves the development of a com-
prehensive quasiprobability framework specifically tailored
for bosonic codes. This could pave the way for versatile
simulation algorithms, offering reduced computational
costs compared to existing methods.
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Appendix A: Modified Stratonovich-Weyl Axioms

Here, we extend the modified Stratonovich-Weyl axioms, as introduced in Ref. [1]], to the case of multiple modes. Within
the original, unmodified version of these axioms, there is a one-to-one correspondence between the Wigner function and the set
of operators [IH3]. The weaker, modified axioms that were considered in Ref. [1]] and that we consider here do not guarantee
one-to-one correspondence. However, they do provide useful properties such as traciality that we will use to prove simulatability.

We will make use of the properties D(a + b) = D(a)D(b)e'l@Pl/2, Hence we see that D(a)D(b) = D(b)D(a) when
eilabl/2 — ¢ilb.al/2 This is when [a,b] = 0 mod 2. Furthermore, T4, T, commute when [a,b] = 0 mod 27 /¢2. In the
following, we will also extensively use the fact that a§az = agax due to the fact that it is a dot product.

Definition 1. The modified Stratonovich-Weyl axioms are [[I]]
1. Linearity. W 5(n) = We(n) + Wp(n)
2. Reality. Wei(n) = (Wa(n))*

3. Standardization. [ dn W (n) = ﬂ(é)

4. Covariance. Wy, c.71(n) = We(n + (b) for allb € R2",

5. Traciality. [ dnWg(n)Wp(n) = Tr (S(C')ﬁ) =Tr (C‘E(D)) =Tr (E(C’)E(ﬁ)),for the twirling map
EC) = / dsP,CP;. (A1)

where we define 155 = TSPOT,S and 150 is the GKP projector defined as
Xn

Po=| Y lioe) (jxel : (A2)
J

Lemma 1. The multimode ZGW function satisfies the modified version of the Stratonovich—Weyl axioms.

Proof. Linearity. The ZGW function satisfies linearity thanks to the linearity of the trace in its definition Eq. (3), i.e.,
Weyp(m) o Te((C+ D)Ay) = Te(CAyp) + Tr(DA,). (A3)

However, it is not a one-to-one map since we can define different Wigner functions depending on the choice of d.
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Reality. We see this from the fact that we can substitute a — —a in the summation and that ax” az is always an integer.
Hence,

1 _— .
Wei(n) = > Tr(Cletflemtimaxtang, )

— 21 - Tr(O‘[efil[a,n]fiﬂaxTaZT_a>
( 7r) an27l
)
ey 2,
1 *
— Z TI‘( illa,n]+irax” aZT C)
(27T) acZ2n
R
)"

=(We(m)” (A4)

where we substituted a for —a in the second line, we rewrite the third line using the Hermitian conjugate, then in the fourth line,
we use that the trace of the transpose of an operator is equal to the trace of the operator.
Standardization. We see that

1 . T
dn W, _ d T (A lla,n)+irax aZTa)
/T 37 o) = /T . 47 > Tr(pe

a€Z2?n
= > baoTr(pemx"ex T, )
aczZ2n
=Tx() (A3)

where we have used that

[a,n] imTQa
(27‘_) /dTigdne (271_)” /dTgn/zdne
1
_(2 o /d*ﬂ‘%nd'f]@la @
T I
=0aTQ,0
=0da,0. (A6)

Covariance. For any choice of b € R?" we have

1 (2 a Ta a
Wi o (0) = S T (Tuplfeitnltimaxtont, )

’ (27T)n aczz2n (
1 ~ il[a irax ' a
g T e
aczZ2?n
1
— (27T)n Z Tr (p illa,n) +irax L az 627rz[a b]/dT TTTb)
1
- = TI'( ~ il[a, n+b€]+z7rax aZT )
@ Z
ZZH
—Wy(n + (b). (A7)

Note that this proves covariance under continuous displacements but not under the action of Clifford operations, which will be
shown later.
Traciality. We wish to demonstrate that

/ dnwé(n)wﬁ(n):Tr(g(é)b) Tr(cg(b)) Tr(g(é)g([))). (A8)



First, we will prove that
Tr (5(C)D) - Tr(ég(ﬁ)). (A9)

We have

- Tr(ég(i))). (A10)

We also have

=Te(£(C)D) (Al1)

where we have used that PPy = 5575/155. Next, we use Lemma 1 which gives an expression for W;(n) = W;, ) (t).
Therefore, we can write

/ dnWe(n)A, = / du Y We ) (6) Aute

teZZn

:/dll Z WC'L(u)(t)TuTtAOTLtj—Lu

tez2n

= / duT,Cp(0)T-y

which allows us to derive the main result, i.e.,
/ dnWe(mWp(n) = / dnWe,(n) Tr( DA, )

=Tr <ﬁ / ané(n)An>
:Tr([?g(é)). (A13)



Appendix B: Connection to Gross Wigner function

As an example, we begin by calculating the Gross Wigner function of the single-qubit computational basis state |j) as

le ]| Z w axazw—(txaz—tzax) Tr (TaxTaz |]> <]|>
anz
1 - .
=g D W s Ty (4 ax) ()
aczZ?

axaz —txaz tzax az
= § :w ( )ood Sax.0

3622

1 B .
i § w txaz jaz
d

az€ZLq
=0ty 4> (BI)

where we use Eq. (8) in the first line.

The DV parity operator is defined as f[d = (Z;t(l) |—7) (4])®™. We define the logical parity operator as
A d—1 . . N
HdL = (Zj:o | —Jcke) <]GKP|>

Lemma 2. The phase point operator A, at = 0 coincides with the logical DV parity operator.

Proof. The phase point operator defined in Eq. (4), i.e.,

- 1 P . .
An =gy 2 e, (B2)
acZ2n
at 7 = 0 is given by
lTrax aZT (BS)
anQn
We compute its action at 7 = 0 on |x)
Ap |x) = Z eimax"az |x)
an?n

iTax azezax Tagz0? /2T T |X>
az

an?n
1 . .
~@n)r Z emietDms T dgitas" x | fax) (B4)
acz2n

where we have used Eq. (2) in the second line and that Ty, |x) = €22 X |x) and that £2/2 = 7/d in the third line.

Now, we rewrite the integer vector a = u + dt in terms of a part that is a multiple of d and a remainder part where u € Z2"



and t € Z2". We also use the definition of w = €2™/4 such that

Z Z w@(umt)g(uwt)xeie(u+dt)§x Ix + £(u + dt) x)

u€ezn tez2n

_ 1 Z Z w2 tutdt) L (utdt) x zé(u+dt)zx |x—|—£(u+dt) >

11622” tez2n

_ 1 Z Z wg—luguxeiéugxeiédtgx ‘X+€(u+dt)x>

u622n tez2n

1
=— Z Z w “tuZux Muzx 2mitLx /L |X—‘r€(u+dt) >

Ag |x) =

(Qﬂ—) uez?n t622n
En
—Ga 2 2o W I (x  ttg) b+ f(u + dt)x) (BS)
EZZW tez2n

whereby in the third line we have used that w(?t1)4%/2 = 1 for any choice of a € Z. Hence, the expression is only non-zero
when x = (tz . Hence, given that uzTux and ugz 'tz are integers we have

Aolttz) = D0 D WMHETE) |ty 4 f(u + db)x)

EZQW teZ2n

D7D Gux.2ey lbz + £(u+ db)x)

ux €Z} teZn

(
=,}n Y lidtx —tz)). (B6)

tx,tzeZ"

This is the same as the action of the logical parity operator on |x), which can be seen by inspecting
®n

I} |x) = Z | —jake) (Joke| |x)

n d—1

® Z |—Jjokp) (jokp|T)

I
o
s
I
Q, <.
Ll

I
N

S (=g + dn')e) (G + dn)tla)

’

>
Il
=

n,n

Il
= O

3
Q.

|
(]

S 1(=j + dn')8) S(x — (G + dn)e). (B7)

k=1 =0 n,n’
Hence, this expression is only non-zero when xj = {t; for some choice of ¢;, € Z. We therefore have

n d—1

=@ (i + dn')e) 6(ety — (G + dn)0)b (s — )

k=1j=0n,n’ t
=D D I(—tk + dn+ dn')e) 5(ai — lty,). (B8)
k=1n,n’ ti

Therefore, if we limit to the non-zero case where x = ¢tz and we substitute the vector n + n’ with tx we find

114 |ttz) = Z®| (tz)r + d(tx)i)l)

tx €Z™ k=1

= 3 (g + dtx)0) (BY)

tx €Zn

Hence Ag = T1%. O



1. Proof of Lemma 1
We now prove Lemma 1. We provide an alternative proof to that given in Ref. [1]]. First, note that we can write

S 1 iraxTag 7
Tn/ZAOT—'q/E :7(27r)” Z eimax aZTn/zTaT—n/é
acZ2n

irax Lagz ila,n/00% 3 & 7~
~(2n)n D Y Y

acz2n

— § eif[a,n]+iﬂaxTaz Ta
n
acz2n

—A,. (B10)

Eq. (A2). Also, note that § € T%" = [0,4d)**". We write 7 = {(u + t) where u = 71 mod 1 € T?>" = [0,1)*?" and

Proof. Note that from Lemma 3, we see that POAOPO = flo, where 150 is the logical GKP projection operator defined in
h
t = 41 — u € Z3". Hence, we have that

Ws(n) =Tr(Ty/eAoT 1 ep)
I‘(T tAoT (u+t) )
r( AOT_tT_up)

(T

=Tr(TuTi PoAo PoT T up). (B11)

Next, we use that []50, Tt] = 0fort € Z". Hence,

W(n) =Tr(Ty AoT s PoT—upTuPo)
=Tr(Tt Ao ¢p1(u))
~Tr(Aepn(w)
=W (t). (B12)
where p(u) is the qudit state that is perfectly encoded by the logical GKP state py,(u). O

2. Connection to stabilizer subsystem decomposition
Note that the subsystem decomposition can be defined for qudits as [4, 5]

[)L:/duﬁL(u), (B13)
R

over the region R = [—%, %)XQ. Hence, we see that the Gross Wigner function of the logical qudit subsystem decomposition

state oy, derived from a general CV state p can be evaluated via the ZGW function as
Wi () = [ dulb, (0
:/ dulW;(u+t), (B14)
R

where W;(u + t) is the ZGW function of the state p, and where we have made use of (B12).

3. Proof of Corollary 1

In this subsection, we prove Corollary 1 using Lemma 1.



Proof. First, note that for a single mode, we have
D . . ilPuxu - - . .
PoTuPo = ljaxe) (jaxe| € “X“#/* T, T, |itke) (Gl
7,3"
. . iPuxu —iplux ,ilqu . .
= Z |ljokp) (Jake| € Cuxuz[2omiptux gitduz liGke) (JGke]
73"
= S0 ST leldk + ) (R )| e el Zemiptux gitinz |o(dm 1)) ((dm’ + )]
m,m’ k,k’" j,5’
= 0 DR @z () (AR + )| (dm + § 4 ux)) (dm + )] (B1S)
m,m’ k,k’" j,5’

Now, consider that the indices in the sum over j, j* can take values 0, ...,d — 1 while the integers dk’, dm are multiples of d
and ux € [0,1). Therefore, the bra-ket in the last line will therefore only be non-zero if ux = 0 and j = j' and m = k. We
can express this as

PoTubo= Y Y etuxuz/2etdmeiuzs 5, 006(0ux ) |(dk + 5)) (L(dm’ + 5|

m,m/ k,k" j,j'

Z Zeie2(dm+g‘)uz5(mx) [e(dk + 7)) (£(dm/ + )]

m,m/,k j

ST N e (ug — m)s(tux) [0(dk + ) (E(dm + )] (B16)

m,m/ .k j

However, note that u € [0, 1)*? and so we must have u = 0. Therefore,

PoTubo= Y 3 €95 (uy —m)s(bux) [6(dk + ) (E(dm’ + )|

’ a
m,m’,k j

:% ST 57 5(w) le(dk + 7)) (E(dm’ + )]

m/.k j

:%5(11)150. (B17)

Given a perfectly encoded GKP state p = 3, ik |joxp) (kckpl, such that p = Pop Py, logically encoding a DV state j, we
can consider the result of error correction as [6]

1 .
—?252(11)
= 2w (0) (B18)
C2r PLAT):
where we see that p7,(0) = p. The ZGW function is given by
Wi(n) =W;, ) (t) (B19)
=Tr(A¢pr(u)) (B20)
d ioa
2552(u)Tr(AtpL(0)) (B21)
d _
:552(u)Wﬁ(t) (B22)
d 9 -
=5 % §%(n — tm)W;(m), (B23)
mezay

where in the last line we use that u = 0 and therefore 17 = ¢t must have elements that are integer multiples of /.
Note that this Wigner function is unnormalizable, but this is to be expected because the state p, is also unnormalizable. We
can simplify the expression as

Wj(n) < > 6(n — tm)W;(m). (B24)

merl



Hence, for a logical zero state jy we have, using Eq. (BI), that

W (1) o Z o(n— Km)W|o><o|(m)

2
mezZ;

= Z 0(m—4m)dp, 0

2
meZ;

> 8z — tm)d(nx). (B25)

mEZLq

Appendix C: ZGW function evolution
1. Decomposition of operations

In the following section, we demonstrate that the set of encoded Clifford operations generates the set of integer symplectic
matrices. This implies that any integer symplectic matrix that we consider in our paper can be decomposed as a set of encoded
Clifford operations.

First, we define a generating set of Clifford operations. In the set, we must have the ability to implement any Pauli operation
and the ability to transform the qudit stabilizer tableau with an integer symplectic matrix defined over Z [[7l]. The Clifford group
is generated by the SUM gate (equivalently the control-Z gate as it can be conjugated by a Fourier transform on the target qudit),
Fourier transform, phase gate and Z gate.

Now, we consider the set of integer symplectic matrices S € Sp(2n,Z) with the aim to show that these are all generated by
the qudit Clifford group, and we make use of the following Lemma.

Lemma 3. (Theorem 2 of Ref. [8]].) The integer symplectic group Sp(2n,7) is generated by matrices

18\ (A4 0 X v
63 G (5 5) @

where S € Sym(n,Z) in the set of symmetric integer matrices, A is unimodular, i.e., det A = +1, and X is a diagonal matrix
with entries zero or one whileY =1 — X.

Note that

1S\/1 8 1S+
(0 11)(0 11):<0 1 ) (€2)

hence, we can build the matrix with symmetric block S using a summation of generators of the form

10 ... 0 010...0
100 ...0
00...0 000 0
S = : , Sp= ' (C3)
00...0 000...0
and any matrix found by interchanging rows and corresponding columns of 57, Ss.
The block diagonal matrix consisting of unimodular blocks has block A generated by elements of the form
00 ...01 110 . 0
10 ...00 01 0 ...0
A = 00 00 (C4

0. 0 00|, Ay=

00 010 00 0 01



along with matrices of the form

2
A3—<)§, §> . (C5)

Finally, note that the third matrix in Eq. (C1)) with diagonal blocks can be generated using combinations of the Fourier transform
matrices.
This allows us to prove the following Lemma.

Lemma 4. The integer symplectic group Sp(2n,7Z) is generated by the symplectic matrices representing the Fourier transform,
the SUM gate and the phase gate.

Proof. We assume that we have access to both the SUM gate e~*4172 which has a symplectic matrix which takes the form of

A
(T arr). (C6)

along with e~%4i%; with any choice of i, j € {1,...,n} and i # j. This means that we can generate symplectic matrices with the
top-left block Ao, defined in Eq. , as well as matrices like A, where its rows and columns have been exchanged. This allows
us to generate, for example, the symplectic matrix with block Ag. Furthermore, we also have access to the Fourier transform,
which unlocks access to matrices of the form

X Y
(Y X) (C7
and thereby also
X v\’ _ [(x2-Y?2 0
vx) = o x-y (€8)
where X2 — Y2 is a diagonal matrix with elements +1 along the diagonal. Together, these matrices generate the full set of
matrices of the form
A 0
(0 AT)- (C9)

To see why, note that we have A, because of the SUM gate, and we can generate the matrix A as follows. Consider the case of
a 2 x 2 block matrix. We are able to produce operations with block matrices of the form of A5 given in Eq. (C4)) along with the
operation described with the block matrix
10
(1 1) (C10)

which corresponds to e %4271 Using the matrix generated by applying two Fourier transforms on the second mode, correspond-
ing to the symplectic matrix given in Eq. (C8)), we see that we have access to the symplectic matrix with top-left block

1 0
(0 1)~ (1)

Combining the blocks of these symplectic operations, we find that we can build a symplectic matrix which has a top-left block

of the form
1 0 11 1 0 10 1 0 11 01
G606 D)ED6E %) 6)-00) 1)

which corresponds to 71 <+ 5. We then repeat this process with the remaining ro <> r3,...7,_1 <> 7'y

Finally, we note that the matrix S with block S5 is generated by the phase gate, and the same matrix with block S5 is generated
by the control-Z gate. Interchanging the rows and columns of each matrix corresponds to choosing different modes for which
the phase gate or control-Z gate should act on. O
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2. Operations

In the following, we show that it is possible to perform Qaussian operations with integer symplectic matrices and that it is
possible to find WUsﬁU; from W given a Gaussian unitary Ug represented by an integer symplectic matrix .S.

We have

1
(2m)"

1

“G L™ (pettimmtimaxtangy, ), (C13)

Z Tr (UﬁUT eil[a,'r]]+i7raxTaZ Ta)

agz?n

W o0 (m) =

acZn

where we have used that U D(r)U = D(Sr) [9].

For certain symplectic matrices, we find that covariance holds because (Sa)% (Sa)z = ax”az, which allows us to interpret
the symplectic operation as a linear transformation of the coordinates. However, this does not hold for general integer symplectic
matrices, and we will now show that (Sa)% (Sa)z = axTaz + tTa mod 2, where t is a vector derived from the symplectic
matrix. Note that we are only interested in the value of the expression modulo two because it is evaluated in the exponential with
a factor of .

First, note that we can explicitly write

_ (A B\ (ax\ _ (Aax + Bag
Sa = <C D> <az) B <Cax + Daz (C14)
hence
(Sa)% (Sa)z =(Aax + Bagz)' (Cax + Dagz)
—ax ! ATCax + az” BT Dag + axT AT Dag + a, BT Cax. (C15)
Next, we use that AT D — CT B = 1, which is a property of symplectic matrices, such that
(Sa)%(Sa)z =ax” ATCax +az” B'Daz + ax” (1 + CT B)ag + a, B Cax
=ax' ATCax + az” BT Daz + ax'az + ax* CT Bag + agBTCaX

:aXTATCaX + azTBTDaZ + axTaz + 2axTCTBaz. (C16)

We note that since A7 C and BT D are both symmetric according to the properties of symplectic matrices, all off-diagonal terms
will appear twice, i.e., a;j(ATC);rar = ax(ATC)gja; and hence in the summation over all these terms the sum of the off-
diagonal terms will be a multiple of two and hence will be zero modulo two. Therefore, we only need to consider the diagonal

terms of the matrix
ATC 0
r= ( 0 BTD>' (1D

We denote the diagonal elements of T’ using a vector t such that £; = T};. Note also that since £; and a; are integers and af is
even if and only if a; is even, then tia? = t;a; mod 2. Hence we have

(Sa)% (Sa)z =ax"az +t'a mod 2. (C18)

We can, therefore, evaluate the expression for the Wigner function as

1 ~ _itaT in((Sa)T (Sa)y —ET a)
Worgos (M) =g 2 To (petta” amtim((sak sz E w7, )
a€Z2n
= 1 . Z ;I\r(p\eieaTSTS*TQ’!]—‘riﬂ'((Sa)ﬁ(Sa)Z_ETsflsa)Tsa)
(27T) aczZ?n
- n Z 5b,saTr(ﬁe”bTS*TQ%iﬂ(b?(bz—ETS*lb)Tb>
(27T) a,bez2n
1 T T o e
= O Tr(A Wb” ST On+in(bxbz—b  QQ™S t)T ) 1o
(27'(')” Z b,Sa pe b ( )

a,bez2n
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We then use that S~7Q = QS and Q715~T = SO~! and therefore

L~ Z Ob.5a Tr( ibTQSn+in(bL b, —bTQSQ™ lt)T)
p
a,bez2n
s 1
2 : Sb.5a ( it[b,Sn—%SQ ¢ +irbL bz ) (C20)
a,bez2m

Note that we can simply define t = 7.5 =1t and hence

1

At — inb T ~
WU,}UT(") :W Z 55*1b,aT1"(p6 £([b,Sn—t]+ bXbZTb>

a,bez2n

1 ‘ | A
b S mpetven e,
bez2n

—Wy(Sm — ), (€21)

where we use in the first line that det S = 1.

3. Measurements

Using the traciality property of the Stratonovich-Weyl axioms given in Eq. (AT], we see that we can recover the Born rule
from the ZGW function whenever one of the operators satisfies A = £(A). The measurements that we show to be simulatable,
i.e., the POVM operators My (s), are indeed chosen because they are invariant under such twirling operation.

We now provide a proof that these operators are invariant under the twirling operation. Consider To such that [Ta, 150] =0,
where Py is the GKP projector as defined in the main text. We find

/ dse?™ s AT poT TuTy
= / dse?™ sl AT PoT T PoTuT s

= / dsTyPoT T, (C22)

where in the last step we use that T,STS =1 and ]50]50 = ]50 since it is a projector. Next, to show that this is equal to Ta,
consider

/ dsTy BTy — / ds;- - / sonTar . Toy PoTs, .. Ty,
51 o .. o PIVF ;
d51 dSQn S1 - 9271 (PO X X PO )T_52n e T—sl

_ / dsy / dso T, T, PSVT_ Ty @+ ® / dson_1 / dsonTs,, Tuy BT, Ty, (C23)
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where by a slight abuse of notation we write TS]. = T(O’”.’()}Sj,o“”’o)T. Furthermore, we have
/dsX /dsze_i‘””}eisz(ip(gl)e‘isz(je"s’”5

oo d
= [asx [dsz o Y dn 4 ) ol + )|

,n/=—o0 j=0
00 d o ) ) o
Z/dSX/dSZ Z Ze—zsxpezsz(f(dn+g)) |€(dn+])> (E(dn’ +j)|€—zsz(£(dn +]))elsxp
n,n’'=—oo =0
> d . ~ . ~
_ / dsx 3 S e P le(dn + 1)) (U(dn’ + )| 6(tdn — tdn')ex?
n,n’=—oo =0

o0 d
_ / dsx 3 S e (0(dn + 1)) (0(dn + )] X
n=-—oo j=0

=1, (C24)

where the bra and ket are in the position basis. Combining these expressions, we see that £ (Ta) =Th.

General logical GKP Pauli operators are defined as TaL = emiax"az Ta. Note that when restricting to Z-logical operator the

phase factor is one. We can consider the measurement of the single-mode logical operator Zp, = ¢t by phase estimation. We

can equivalently consider the measurement of this operator using the projector M g)(s) = i >on e~nsteindt  The projector

can be expressed as

N 1 ) o
Mél)(s) :@ Z efznséeznql
nez
1 in(G—s)l
=— e
dl Z
1 2rin(d—s)/(2m /L)
=— Y e
dl Z
— 1 2min(G—s)/(df)
== Z e
225@— s — {dn)

= " |s+ Ldn) (s + tdn]. (C25)

Note that, despite being unnormalizable, this is a valid Kraus operator. This can be seen by integrating the operator over [0, d¢),
which gives the identity. Now, we show that the measurement of the operator can be simulated using our algorithm. We see
immediately that [Z}, Po] = 0 and therefore

ENIP(s)) =35 S e one(2y)

1 —isbn on
:@ ; e ZL
=My (s). (C26)

This means we can evaluate

PDF(s) = Tr (ﬁMg)(s)) - % Y ety (ﬁZg). (€27)
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Consider the ZGW function of the operator M él) (s). We have

uy _ 1 or(1) —i(mv—um/)l _immm’
W]wél)(s) (’U) —% Z TI‘(MZ (s)e ( )6 T(m,m/)T)

m,m’€Z
11 —isln E on —i(mv—um’)l irmm’
:gﬁ e Tr ZLe . e T(m,m’)T
m,m’€Z
11 —isln igln —z(mv um )E itmm’  —imrmm’/d —ilm'p ilmg
=5 a0 e " g Tr(e e e Pett
'/T
m,m’ €7
11 —isln immm/ (d—1 —i(mv—um’)L_—ilm'p il(m+n)g
=0 2o ¢ E e e e e |x)
n m,m’€Z

>/d/dx< i
_t1 eﬂW'X:ammew/m@\lW“m”Wmﬂﬂwww>
n m,m’€E€Z

_ Ze—isén Z eiTrmm’(d—l)/de—i(mv—um')€6(£(m + n))(S(Em/)

m,m’€E€Z

o(Ze—stn Z —1mv£5(€(m + TL))

meZ
o E ezfn(u—a)
n

22627”.“(1)_5)/(277[71)
O<Z(5(v —s—2mn/l)
:25(1) — s —4dn)

xd(v — s), (C28)

where in the last line we use that v is defined modulo /d. Note that the measurement operator is not normalizable, so we do not
expect the operator’s Wigner function to be normalizable either. The distribution corresponding to the measurement outcomes
for the modular measurement of a single mode single mode is given by

T (501 (s) /du/dvW ( ) o )<“>
cx/du/dvWﬁ Cf) (v —s)
:/mm@) (€29)

To sample from multiple modes we define the operator M z(s) = M z1(s1) @ ® M Z.n(Sn). This has a Wigner function
of the form

Wi, (™ x > 6(nz—s) (C30)

mezZm™

We, therefore, see that the multimode measurement statistics can be evaluated as
Tr (ﬁMz(S)) = / dn Ws(mWir, s ()
O</d77 W;(n)d(nz —s)

- / dnx W, ("SX> (C31)
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However, note that this equation represents a probability distribution which is normalized over z. Hence, we see that the right-
hand side is correctly normalized since integrating both sides gives unity, as can be seen by the standardization property of
Def.[Il We therefore have that

T‘r(,é]\ZfZ(s)) - / dny W, (";) (C32)

Appendix D: Wigner function of the tensor product of two states

In this section, we prove Eq. (13). Le., we show that the Wigner function of the tensor product of two states is equal to the
product of the individual Wigner functions.

Consider two states p, & defined over m and m’ modes, with n = m + m/ total modes. We have

Wigs(n) = Tr((p ® 6)Ay) (D1)
where
Ap = 21 7 > gitlamltmaxtaz
( 7T) aEZQ"
_ 21 ~ Z eif(ax'nz—az'Tlx)+7faz'axf‘a
( 7T) a€Z2n
_— Z Ty Ty i@z -ax D +az @ ax®)
2
(27T) al,GQGZz
« eié(ax“)-n(zl)-&-ax(z)~n(22)—az(l)"’lg(l)—az(Q)'ﬂgf))
:Anu) & An(z). (D2)
Therefore

Wiea(n) =Te((p© &) (Ayw) ® Ayo))
=Tr(pAye ) Tr(6Aye)
=W,(n'")Ws(n®). (D3)

Appendix E: ZGW function of finitely squeezed GKP states

In this Appendix, we derive the ZGW function for realistic, i.e. finitely squeezed, GKP states.

1. Zero-logical state
We use the following form of the GKP state encoding the computational basis state |j) for odd d,

Ve () = 3 e BATUEHIN (g (i, (E1)

kEZ
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We calculate the ZGW function of a pure state as [1]]

1
@("7) :2 Z Tr(pezz[a ml+iraxaz )
T

7.2

W

P
ac

1 Tr(pezé[a n]+z7raxaze17raxaz/dT T )

“on
acZ?
1 * Tiaxa o ~ 7 7 il[a iTaxa
=/dm/dw’% Z T (Y (@)g" (@) @x 2/ g = @) (G = 2/ | T T 0 imecez )

iazl(x'—Lax) eil[a,n]Jri'n'aX az )

/da:/dx — Tr(w(x)ib*(x’)emaxaz/d |G =2)(G=2"—lax]|e
acz?

/dﬂ?f Z 77[} I +éaX) Trzaxaz/deiazfmeié[a,n]+i7raxaz' (E2)
acZ?
Hence, we can substitute the wavefunction into this expression to get
Woa (77) _ Z 1 e—lAQ(ﬂ—&-dik)? — 1A (je+dek’)? citla, n+2raxTaz1(d+1)
P,
’ k.k',ax,az€L (QW)
/dxeimazée—ﬁ(w—jé—dék)Qe—ﬁ(w—&-éax—jl—dﬂf’)
_ Z 1 e—%Az(jé—&-dék)?e—%Az(j€+d€k/)zeiéaxnz—iZaznx+iQT"axTaz%(d+1)
k.k',ax,az€L (QW)
N=ING (2mze( ax 0+250+dkl+dk'£)— (“X”dz%ﬂﬁze% )
X
o Z ezthFt+27ritT7‘ (E3)
teZ*
where we have defined t = (ax,az,k, k') and r = ({nz, —¢nx, 0,0) and by inspection we see that
ﬁz 7rz
4A
T — o 1€2A2 —zd€2 —i£2d E4
= _ 1zd£2 ZdEQ 1A2d2f2 1 d2€2 1 d2€2 . ( )
=
422 ae? %zdﬁz — 4i2 d2€% — Azdzﬁ 412 d>¢?
Hence
222 71'2
r ) 4A7ri 1€2A2 4% ’LCMQ %7[(203
- 1 2 2 1A272 2t 13202
i 447 d§£2 _%23§2 A d gl d22% d ¢ 1A2d24£A2 d2£2
TIA 1t IAZ 2 4A2
—Z d , (ES)
2 &2 1 H(1+2aY) -4
— 1 A as(l+2AY)

2. Phase state

We consider the phase state |1, ) = %OO L)+ |1r) — |21)) which is able to inject a non-Clifford unitary gate and promote
the otherwise Clifford circuit to universality [10].
The wavefunction of the realistic state is of the form

2
Ve (x) =D (1 -26;2) (E6)
j=0

Z 67%A2(j€+dék)2efm%(rfjéfdék)z .

kEZ
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The ZGW function is
1 2 >
Wia(n) = / dro— = D (1=20;5) e 2870 gum (emgtmdih)
) (2m) 2. =  kez
2
% Z (1—26,5) Z e~ A eHdek")? = 5az (vtlax 7j'€7d€k')2eixazéeié[a,n]-&-ﬂT"axTaz%(d-&-l)
§'=0 k'€
1 2
1A2(, 2 1 A2 n2 o 2w o T 1
X 3 D (1= 21— 26p) 3 e I AN e e
Y3
acz2n j,j'=0 k,k' €7,
2 P dr2
%<2iaZZQ(faX+j+j’+dk+dk’)f[' (“Xﬂ‘g';“d" dk’) 7a2Z€2A2>
e
1 2 ( )
it Tp(ha") i+ T (353"
O(m (1 _ 26]12)(1 _ 26]”2) Z elﬂ't r t4+2mit” r ) (E7)
™) ji=o tezt
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