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Equivalence of continuous- and discrete-variable gate-based quantum computers with finite energy
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Continuous systems are studied in many branches of modern physics, such as high-energy physics, cosmol-
ogy, condensed matter physics, quantum chemistry, and field theories. Such systems are expected to benefit from
the substantial advantages in computational power of quantum computers. The continuous-variable paradigm
of quantum computation provides the most natural computational formalism for these tasks. However, most
existing quantum hardware is based on discrete-variable systems. We address this fundamental discrepancy by
providing a rigorous framework for translating native continuous-variable algorithms onto qubit-based quantum
processors. This mapping is constructed from a gate-based model of continuous-variable quantum computers,
consisting of states and operations built from a polynomial sequence of elementary gates in a finite set, with
total energy polynomial in the number of modes. We prove that, under realistic constraints, a gate-based model
of continuous-variable quantum computers can be efficiently simulated using discrete-variable devices, thereby
establishing a computational equivalence between these paradigms.

I. INTRODUCTION

The simulation of continuous systems is central to
many branches of modern physics, including high-energy
physics [1} 2], cosmology [3H5]], condensed matter physics [6,
7], and quantum chemistry [8]], as well as lattice gauge theo-
ries [9,110] and scalar field theories [11]. Quantum computers
are anticipated to offer significant computational advantages
over classical computers for performing many of these simu-
lations [12} [13]]. The continuous-variable (CV) paradigm of
quantum computation (QC) offers a natural host for simulat-
ing continuous systems. Computation in this model relies on
quantum systems with infinitely many levels, such as quan-
tized bosonic fields, where associated quantum gates operate
continuously on the states.

However, most physical quantum computing devices real-
ized to date are based on the discrete-variable (DV) paradigm
of quantum computation [[14-16f]. In this approach, computa-
tion is performed using finite-dimensional quantum systems,
such as quantum bits (or qubits) or higher-dimensional equiv-
alent, d-level systems called quantum-dits (or qudits), and dis-
crete quantum gates are applied.

In light of this, a natural question that arises is: how effi-
ciently can a continuous-variable algorithm be implemented
on a discrete-variable device?

While in Ref. [[17], it was hypothesized that CV quantum
computers are no more powerful than qubit-based devices in
the computational-theoretic sense, which implies that a CV
algorithm could be efficiently implemented on a DV device.
However, no formal proof was given, nor was there an ex-
planation of how one would achieve this in practice. Conse-
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quently, it remains an open question whether discrete-variable
devices can efficiently simulate continuous-variable quantum
computation.  In this work, we provide an answer to this
long-standing open question by providing a framework for
converting a finite energy CV algorithm constructed from a
polynomial number of elementary CV gates onto a DV quan-
tum computer. We show that the approximation is efficient
and has a level of precision that depends on the energy scale
of the CV system. This result simultaneously proves the com-
putational equivalence of the CV model under consideration
and the DV paradigm. To do this, we utilize a tool called the
stabilizer subsystem decomposition (SSD) [18]], which allows
us to map any CV state onto a DV state. As an illustrative
example, Fig. [T shows a two-photon Fock state mapped onto
a nine-dimensional qudit. Naturally, the higher the dimension
of the qudit state, the higher the resolution of the mapping.
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FIG. 1. The figure shows a visualization of how the SSD maps a
two-photon Fock state to a nine-dimensional qudit. The Fock state
is represented in terms of its probability density evaluated in the po-
sition basis. Each section between the grid lines corresponds to a
specific level of the qudit. The areas of the colored in sections under
the graph are equal to the terms in the probability distribution of the
qudit, when the SSD has been applied.
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FIG. 2. In this Figure, we show the circuit diagram consisting of a sequence of operations U representing the set U{g. In the top part of the
figure, the diagram depicts application of the operation U on n number of vacuum input states, and measurements performed in position basis
modulo d¢. The lower section of the figure shows the decomposition of U in terms of Eq. , where we interlace K passive operations and
displacements V' with K cubic phase gates C'(y), which is then followed by two additional V" operations sandwiching a squeezing operation
S (s) on each mode. In Fig.|3] we show the decomposition of the colored gates in terms of Mach-Zehnder interferometers, single-mode
rotations, and displacements. The dashed black vertical lines represent time steps. We label the time steps using the notation ¢;, ; where 7 refers
to the round of interlaced Gaussian and cubic phase gates, while j refers to the number of gates applied during the round. Here we denote

M =n(n—-1)/2 4+ 2n.

The set of operations we consider, constructed from a poly-
nomial number of Gaussian and cubic phase gates, is given
by the general class of circuits shown in Fig. [2| together with
Fig. E} This set was presented as “universal” in Ref. [17],
in the sense that it could be used to generate all polynomial
Hamiltonians. Although a rigorous proof of this claim and
a formal analysis of the error bounds in infinite dimensions
remains an open problem [[19, 20], we nonetheless use this
well-established and experimentally relevant class of circuits
to define the model that is the central focus of this work. We
refer to this model as gate-based CVQC [21]].

By utilizing the SSD as a map between gate-based CVQC
and DVQC, we show that the action of this generating set of
CV gates can be approximated by the action of a specific set
of discrete gates for qudits that have sufficiently many dimen-
sions. By carefully analyzing the error made by the approxi-
mation, we show that it is bounded in terms of the energy of
the CV system and the dimension of the corresponding qudit.
Our method, therefore, provides a natural decomposition of
the states, gates, and measurements from CV to qudits. Previ-

ous results have demonstrated mappings of states, operations,
and measurements from CV to DV [19] 23H25]]. Recently,
Ref. [19] demonstrated for the first time a systematic way to
map finite-energy CV unitary operations constructed from ar-
bitrary polynomials to DV in a way that bounds the error of the
approximation in terms of the energy of the system. However,
our results focus on the gate-based CV architecture, for which
we are able to bound the error in terms of the total energy of
the system and the number of elementary gates applied.

We note that proving the ability to simulate CV circuits with
DV circuits is sufficient to prove the equivalence of the two
models. The CV set of gates enables the ability to engineer
“bosonic codes” [26-29]—which encode logical DV informa-
tion into CV systems—and to perform arbitrary qubit gates on
them, effectively retrieving qubit quantum computation [30].
This demonstrates that discrete systems can be efficiently sim-
ulated using CV devices. Our results, therefore, complete the
proof of equivalence.

A major consequence of our results is that the classical
algorithms used for the simulation of DV quantum comput-
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FIG. 3. In this figure, we show the decomposition of an arbitrary colored gate with index j from Fig.[2] This decomposition is in terms of a
Mach-Zehnder interferometer network according to the design used in Ref. [22], where a total of n(n — 1)/2 Mach-Zehnder interferometers
are used with a circuit depth of n, which is then followed by rotations and displacements on each mode. The crossings of the wires correspond
to the Mach-Zehnder interferometer from Eq. (22)), whose circuit representation in terms of two rotations and two 50:50 beam splitters is shown
at the bottom part of the figure. Each combination of color and wire crossings for the Mach-Zehnder interferometer at different intersections
of the grid created by gray dashed lines represents a potentially unique set of angles that parameterize the interferometer.

ing [31H44]] can be applied for the simulation of CV quantum
computers. This significantly advances existing efforts to sim-
ulate CV systems, which are often intractable unless the sys-
tem is all Gaussian [35} 137, 145H477] or contains inherent sym-
metries, such as those seen in the Gottesman-Kitaev-Preskill
(GKP) encoding [48H51]. We outline this procedure for the
simulation of CV systems, which consists of using the SSD,
identifying a correct dimensionality of a DV system depend-
ing on the energy of the state and operations involved, and
then using the simulation algorithms for the corresponding
qudit system. This result is of independent interest, given the
potential and timeliness of CV systems for quantum compu-
tation and quantum error correction, and the compelling need
for classical algorithms to tackle their simulation [35, 47,51+
59].

We now give an outline of the remaining Sections of this
paper. In Sec. [lIl we provide an overview of the main results
presented in this work, including introducing the main Theo-
rem demonstrating an equivalence between CV and DV QCs.
In Sec. we provide an overview of the background of our
work along with previously known results. In Sec. we in-

troduce how to calculate the errors of approximating CV op-
erations with DV operations. We also define various CV mod-
els, including those with additional restrictions, which we use
to bridge the gap between CV and DV quantum computation.
In Sec. [Vl we combine the results obtained in the previous
Section that lead to the main Theorem of this work. Finally,
in Sec. we offer some conclusions and suggest some im-
plications of our results.

II. MAIN RESULTS

The titular result of this work is to demonstrate that un-
der realistic conditions, a gate-based CVQC can be simulated
using a qudit-based quantum computer in polynomial time,
with arbitrarily small error, which is bounded in terms of the
dimension of the encoding qudit and the total energy of the
system. Importantly, we also provide a method to perform
this simulation. These two complementary results are impor-
tant from both a fundamental and a practical point of view.
From a fundamental perspective, we formally demonstrate



that CVQCs cannot outperform DVQCs in a way that would
provide an exponential speed-up. At the same time, practi-
cally, we provide a framework to translate any CV algorithm
to work on any qudit- or qubit-based hardware.

In order to achieve this, we define realistic CVQC
(RCVQC) through three simple and physically motivated as-
sumptions of CVQCs. First, we restrict the circuit such that
the energy of the system is bounded throughout the evolution
of the circuit. This restriction is physically motivated by the
fact that, in practice, all bosonic platforms enforce a limit on
the expected photon number. Formally, we describe the en-
ergy of a multimode CV system using the Hamiltonian

. - 1
H__E:(ﬁj+2>, (1)
j=1

where n is the number of modes, 7 is the number operator,
and whereby E; = Tr (ﬁ ﬁ) refers to the energy of a state

p. Second, we assume that the majority of measurement val-
ues have a magnitude that is below a certain threshold, and
all other measurement values are grouped together in an over-
flow bin. Third, we restrict the circuit such that measurements
can only be resolved to a finite resolution. The second and
third conditions are physically motivated since it is impossi-
ble to build a device that measures with infinite precision or
infinitely large values.

Formally, we express this Theorem in terms of a general
class of circuits shown in Fig. P]and Fig. [3]as follows.

Theorem 1. The outcomes of a circuit representing a realis-
tic CVQC displayed in Fig. [2| where the energy is bounded
by E; < E* throughout the evolution of the circuit, and for
which measurements are resolved to a finite (constant) reso-
lution and can take finite values (upper bound by a constant),
can be approximated by a qudit quantum computer with an
error bounded by
E*Z
< =
€ <1286Kn vk 2)
where K is the number of rounds of interlaced Gaussian and
cubic phase gates, n is the number of modes, and d is the
dimension of each simulating qudit.

To prove this, we define two supplementary models of
RCVQC with additional restrictions that make them more
similar to DVQC, thus making the comparison easier. The
relationship between the different models in this work and
the succession of proofs we perform to compare RCVQC and
DVQC is summarized in Fig.

Furthermore, by interpreting each qudit state as constructed
from a series of qubits, we are able to demonstrate that qubit
QCs are also capable of simulating realistic CVQCs. This is
demonstrated in the following Corollary.

Corollary 1. The outcomes of RCVQC with bounded energy
E* can be approximated by a qubit quantum computer with
an error bounded by
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FIG. 4. This figure summarizes the succession of proofs we perform
to compare the computational power of RCVQC and DVQC. The
boxes in the figure represent the model, and an arrow linking them
corresponds to the proof we perform to assess how the connected
models can approximate each other. To the left of the arrows, we
refer to the Lemma that states the connection.

where K is the number of rounds of interlaced Gaussian and
cubic phase gates, n is the number of modes, and k is the
number of qubits representing each qudit.

We present the following overview of the series of auxil-
iary models used to prove Theorem [I] The first auxiliary
model of CVQC we introduce consists of the same compo-
nents as RCVQC, but the operations in this model are de-
fined over a Hilbert space with a finite position cut-off. This
cut-off also coincides with the measurement threshold intro-
duced for RCVQC, such that everything in the overflow bin
can be disregarded. We refer to this model as cut-off CVQC
(CCVQC). This restriction is imposed by applying a projector
that projects on a space with a finite position cut-off before ev-
ery operator and measurement. Intuitively, CCVQC is struc-
turally more similar to DVQC than RCVQC, since DVQC has
an inherent maximum energy level.

The second auxiliary model of CVQC we define has the
same components as CCVQC and the same cut-off, but we
impose the additional restriction that the measurements are
replaced with arbitrary projective modular homodyne mea-
surements up to finite resolution and a finite number of mea-
surement possibilities. We call this model modular CVQC
(MCVQC). The measurements are modular over some large
period, which corresponds to the maximum value that can be
measured in RCVQC. Furthermore, MCVQC exhibits greater
similarity to DVQC, since the measurements of DVQC are
intrinsically modular.

We find that it is possible to either bound or prove the equiv-
alence of the difference between the probability functions of
the CVQC models in terms of the energy of the applied oper-
ation, the number of bins chosen, and the width of the over-
all modular period. Practically, we find that the most likely
outcomes of the measurement are bounded by the energy of



the applied operations. Therefore, so long as the cut-off is
large enough that measurements outside the cut-off are highly
unlikely, we can instead assume the measurements are per-
formed modulo some large number.

Furthermore, we will demonstrate that by using the SSD, it
is possible to map the MCVQC model to a high-dimensional
d qudit model of quantum computation (DVQC). We will first
prove that this map is exact when not considering operations.
In other words, if we take a CV state p, we find that the mod-
ular finitely-binned measurement outcome distribution corre-
sponds exactly to that of performing a measurement of the
stabilizer SSD of the state p in the computational basis.

By choosing the set of operations to be those we have de-
fined as gate-based, we are able to make certain assumptions.
First, it provides a method to track the increase in energy of
the state after each sequential gate. Second, it allows us to
consider the effect of each gate on the overall difference in
the probability distribution between the MCVQC and DVQC
models. Specifically, we use the triangle inequality to com-
pare the difference between applying the SSD after the j-th
gate and the j 4 1-th gate. The error between MCVQC and
DVQC can then be calculated as the sum of all these small
errors.

We will then use the CCVQC model to bridge the com-
parison of RCVQC and DVQC. First, we show that CCVQC
can approximate the output statistics of a general RCVQC cir-
cuit. We make this proof by comparing the difference in statis-
tics when applying a projection operator to the cutoff Hilbert
space between each gate of a general gate-based CV circuit.
Second, we then show that the CCVQC and MCVQC have the
same statistics.

In summary, we are able to prove the equivalence of
RCVQC and DVQC via the intermediate models CCVQC and
MCVQC. By defining equivalent logical gates in DVQC, we
can quantify the error between those logical gates and the
CV gates in MCVQC. This allows us to calculate the error
of the approximation using a difference measure between the
outcome probabilities of each model. We find we can make
the error of the approximation arbitrarily small € by choosing
d = (1286 Kn?E*?/¢)?, where K is the number of rounds of
interlaced Gaussian and cubic phase gates, n is the number of
modes, and £* is the maximum allowed energy of the system.

Furthermore, these results can immediately be extended to
the case of qubits. To do so, we use the same encoding method
defined for DVQC and encode qudits of dimension d = 2*
into k qubits. Given that the dimension d of an encoded qu-
dit increases exponentially with the number of qubits k for
each encoded qudit, this implies that all realistically possible
gate-based quantum algorithms that can be performed on CV
devices can be performed on qubit QCs with a polynomial
overhead in the number of modes and the total energy bound.

III. BACKGROUND

In the quest to simulate CVQC using DVQC, it is neces-
sary to define a map from the first regime to the second. Al-
though certain methods exist [[18}160H63] to map CV states to

DV states, they inherently face the problem that they are irre-
versible for the majority of input states. Throughout this work,
we focus on one of these methods, namely the SSD. Despite
also being irreversible, we will demonstrate that it satisfies
some ideal properties for encoding CV states in DV states in
a way that introduces manageable errors.

A. Discrete-variable quantum computing

Discrete-variable quantum computing is based on quantum
systems that exist in a Hilbert space with finitely many di-
mensions. The most common discrete-variable system en-
countered in quantum information is the qubit, which is a
two-level system. Systems with an arbitrarily large dimen-
sion d are known as qudits. Operations acting on these qudits
transform qudit states to other qudit states. In the following,
we define two important groups of operations: the Pauli and
Clifford groups. We then introduce a formal definition of the
model of DVQC.

The d-dimensional basis states of the qudit are denoted as
|a) where a € Z4. The d-dimensional Pauli group is gen-
erated by the set of operators Xy = Zz;é |a + 1)al|, where
addition is taken modulo d, and Z; = ZZ_(I) w3 |a)al, where
wq = >/ s the d-th root of unity, along with a phase factor.
The single-qudit Pauli group for even d is given by

Pa = {CIXYZY v,w € Za,u € Log) (4)

where we have defined the 2d-th root of unity as (; = e™/4,
while for odd d we have

Py = {WiXYZY  u,v,w € Zg}. ®)

Pauli states refer to states that are eigenstates of Pauli opera-
tors. The Clifford group refers to the group of operations that
map Pauli eigenstates to other Pauli eigenstates. Equivalently,
this group of operations can be defined in terms of four gen-
erating operations: the Fourier transform, the phase gate, the
controlled-Z gate, and the Pauli X gate.

The Fourier transform is defined as

ab
Fy= Z [b)a 6)
\f a,b=0
the phase gate is defined as
d-1
- a”/2 rac
Py=wj ¢ |a)al @
a=0
where
1 f
. or odd d )
0 forevend,
and the controlled-Z gate is defined as
d—1
= (K, a H( k
iz = 3w )00 @)@, ©)
a,b=0



where k and [ refer to two qudits of a multi-qudit sys-
tem. The Clifford group can therefore be described as
Cq = (Fy, Pd,Xd7CAZfik’l)>, where we use the notation (-) to
refer to the group generated by the set.

Formally, we can introduce the model of DVQC as follows.

Definition 1. (DVQC) We define the model DVQC with di-
mension d as the set of all possible (possibly adaptive) DV
quantum circuits consisting of the following components:

e Input states: any DV state defined on the Hilbert space
C*" with n a finite integer, corresponding to the number
of qudits that the state spans;

* Operations: any DV operation;

* Arbitrary projective DV Pauli measurements.

B. Continuous-variable quantum computing

In contrast to DVQC, CVQC utilizes bosonic modes that
have continuous degrees of freedom. These systems are fully
described in terms of the position ¢ and momentum p quadra-
ture operators, which satisfy the canonical commutation rela-
tion

[k Di] = 1031, (10)

where the k£ and [ indices now refer to two modes of a
multi-mode system. These modes are defined in the Hilbert
space L2(R™). We also introduce the quadrature vector as
r= (67171317 s 7(jn7ﬁn)T'

As mentioned in Sec. [lIl we refer to the energy of a state p

as By = Tr </3]:I ) Note that, for a single-mode system, the
energy will be

Bp= b+ 5= 3 (@+ @) (D

Unlike in DVQC, the notion of universality in CVQC is dif-
ficult to define. From a phenomenological point of view, one
can define the set of operations as any operation that maps
states to other valid states. However, these operations are not
always physical and can be responsible for increasing the en-
ergy of a state to infinity. Instead, various methods have been
suggested to reduce the set of states to those that are physically
implementable or easier to parametrize. In Ref. [17]], various
different classes of operations were introduced as candidates
for universality. While it was suggested that these different
classes were equivalent, this remains an open problem. The
first class of operations was defined as comprising U =eif®
where f is a polynomial function. This class was recently
proven to be truly universal for all energy-constrained uni-
taries [19]. This means that for any, not necessarily polyno-
mial, f representing a physical unitary, there exists an approx-
imation of the operation built from a finite sequence of gates
from the first class.

For a single mode, a generating set of gate-based operations
is given by displacements, the shear gate, the Fourier trans-
form, and the cubic phase gate. A momentum displacement

6

is given by X (s) = e %P, while a position displacement is
given by Z(s) = €*9. By combining these two operators, we
define the CV displacement operator as

D(r) = e O (12)

whereby (2 is the 2n x 2n symplectic form defined as

0= (_01 (1)) , (13)
j=1

where @ refers to the direct sum and r = (ry7,...,r,7)7
with r; = (g;,p;)T € R? [45]46]. For single-mode systems,
we denote r = (ry,7,)7. The shear gate (also known as the
phase gate) [[17,164] is given by

D(s) = eisd*/2 (14)

with s € R. The cubic phase gate [17, 27] is given by

C(y) = e, (15)

where we refer to the parameter ~ as cubicity.

However, there are several other possible choices for the
generators of a universal set of operations. For example,
Bloch-Messiah (or Euler) decomposition [65]] allows us to de-
compose the shear operator into a squeezing operation and
two rotations, where squeezing is defined as

S(r) = 6*%(éﬁ+ﬁé)’ (16)
and the rotation operator as
R(9) = % (@+P%), (17)

The Fourier transform is a special case of a rotation and is
equal to R(/2), which will look like

P = o E(a+5%) (18)

To construct universal multimode CV operations, a two-mode
interaction gate is required. Both the control-Z gate and
beam splitter promote the set to universality in the sense of
Ref. [17]]. The controlled-Z gate acting on modes k and [ is
defined as

CZii(s) = e, (19)

The beam splitter defined with one variable that acts on modes
k and [ is given as

BASM(H) — 0Bra—dxbr1) (20)

The special case of a 50:50 beam splitter will henceforth be
denoted without any parameter, and it can be constructed from
the control-Z gates and Fourier transforms as

BSy = BSi(7/4). 2n



Furthermore, we also generalize the notion of a beam splitter
to a Mach-Zehnder interferometer, which is defined by two
angles and will act on two neighboring modes [22]. We de-
compose this gate in terms of 50:50 beam splitter and rotations
as

BSki(6,0) = BSp Ry, (20)BSk Ry (), (22)

Throughout the rest of this paper, when describing universal
CV operations, we refer to those specified as the set of all
possible gate-based operations. Specifically, this refers to the
set of operations consisting of multimode Gaussian operations
interlaced with cubic phase gates. In Ref. [19]], this set was
proven to be equivalent to those specified by operations of the
form

GCr(vk)Vi ... Cr(m)WA, (23)
where ‘7] are passive operations and displacements. Passive
operations are Gaussian operations that do not affect the en-
ergy of the state, and are generated by Mach-Zehnder interfer-
ometers and single-mode rotations [22].

C. Gottesman-Kitaev-Preskill encoding

The GKP encoding is a way to encode a qubit or a d-
dimensional qudit into a bosonic mode in CVQC [27]]. The
code words, corresponding to qudit states |a) in the computa-
tional basis, are represented as a lattice consisting of Dirac

combs in position and momentum space. Mathematically,
they can be defined as
‘aGKP> Z |g = l(nd +a)), (24)

nezZ

where { = ,/27” is the distance between each peak in the

Dirac comb. One of the main advantages of the GKP encoding
is its inherent error-correcting properties. All displacements
smaller than g in either the position or momentum basis can
be corrected using stabilizer measurements.

D. Stabilizer subsystem decomposition

The SSD maps a CV state p to a qudit state of dimension d
utilizing the GKP encoding [[18]. Intuitively, the SSD extracts
the discrete logical information by projecting the continuous
phase space into the unit cells defined by the GKP lattice. It
is defined as the partial trace

Trs(p) = gi /T dtID(E)DI (eI, (25)

. d—1 @ " . -
where IT = (>°0 " |a X agkp is the projector from
the GKP encoding to a corresponding qudit, and we express

Ty = (—h/2,h/2]*™. In practice, the SSD can be used to

obtain discrete logical information from a CV state compris-
ing a superposition of GKP states, while protecting against
small displacement shifts. In the context of this work, the
SSD is used as a method of mapping any general CV state—
not only states consisting of superpositions of GKP states—
onto a qudit state. As an illustrative example, we take a two
photon Fock state and map it onto a nine-dimensional qudit.
A visualization of this example is shown in Fig. [T where the
position-space probability density of the Fock state is plotted,
and we see how the probability distribution of the qudit is con-
structed by section-wise integration. Naturally, the higher the
dimension of the qudit state, the higher the resolution of the

mapping.

E. Norms and distance measures

The Schatten norms generalize the notion of vector norms
to operators. The general expression of the Schatten p-norm
is given by [66, [67]]

1
1Al = (Te( AP, (26)
where |A| = VAt A. In the following, we will make use of
the Schatten 1-norm (i.e., the trace norm), the 2-norm (i.e.,
the Frobenius norm), and the co-norm, which is the operator
norm (i.e., the spectral norm). These are defined as

Al = Tr(VATA), @7)
[Allz = 4/ Tr(ATA), (28)
| Alloo = omax(4), (29)

where omax (A) represents the largest singular value of matrix
A. The Cauchy-Schwarz inequality can be expressed in terms
of these Schatten norms as

XYl < [1X [l 1Yl - (30)

We will also make use of the total variation distance (TVD),
which for two probability distributions p,p’ defined over a
measurable space (2, F) is defined as

drv(p, p') = sup [p(z) — p'(z)]. (D
reF
Furthermore, the trace distance between two operators A
and B is defined as half of the trace norm of the difference be-
tween the two operators, i.e., 5 L||A — B|| [67]. This distance
bounds the total variation distance of two probability func-
tions p 4 (x), p3(x) of measuring any positive operator valued

measurement (POVM) element on each of the operators A and
B [68]], that is,

érv(pi.pp) < *||A Blx. (32)

Therefore, for the purpose of bounding the TVD between two
probability distributions, it is sufficient to bound the trace dis-
tance between two density operators.

A useful Lemma for bounding the trace distance between
two operators is given by the Gentle measurement Lemma.



Lemma 1. (Gentle measurement Lemma. Lemma 9.4.1 of
Ref. [67)].) For a density operator p and a measurement op-
erator A such that 0 < A < I that has a high probability of

detecting the state, i.e., Tr (Aﬁ) > 1—ewithe € [0,1], the
VA

s has a trace
distance from the original state bounded by +/¢, i.e.,

post-measurement state, given by p' =

| ST

Slp =2l < Ve (33)
With the notation 0 < A < 1, it is meant that I — A is

positive semidefinite and A is positive definite.

IV. REALISTIC CONTINUOUS-VARIABLE QUANTUM
COMPUTERS

In this Section, we will set up the universal set of operations
for the CV system that we will consider, and introduce our
models of CVQC that we will use to prove the computational
equivalence of CVQC and DVQC, as well as the approxima-
tion steps that eventually lead to the sought conclusion.

A. Set of operations

We choose the set of circuits in gate-based CVQC, as con-
sisting of a sequence of operations U/ specified by [69]

VK+2g(S)VK+1él ('YK)VK e CAvl (71)V1 (34)

where here Vj are passive operations and displacements, i.e.
Vj € (BSki(0,¢), D(r)) is generated by a sequence of Mach-
Zehnder interferometers (including single-mode rotations),
and displacements. This sequence of gates is as general as
choosing arbitrary Gaussian gates interlaced with cubic phase
gates. This was demonstrated in Ref. [69] by showing that a
cubic phase gate conjugated by a multimode Gaussian opera-
tion is equivalent to a cubic phase gate conjugated with pas-
sive operations and displacements. We define the elementary
gates 0j as those selected from the set of single- and two-
mode gates consisting of BSy(0,¢), D(r), S(s) and C().
We count the number of applications of the cubic phase gate
as K.

We define a restricted energy subset Uy C U as the
sequence of operations U M--- U 1 such that for all j €
{1,..., M} we have E; < E*, where p; is the state after
J elementary operations and I is the energy after j elemen-
tary operations. Note that the definition of this set will depend
on the initial input state.

For an n-mode system, the energy-preserving gate VJ can
be decomposed into n(n — 1)/2 number of Mach-Zehnder
interferometers and n rotations from Eq. (12;21), as is done in
Ref. [22]. This means that we can decompose each multimode
passive operation into a polynomial sequence of single- and
two-mode passive operations that do not affect the energy of
the state.

B. Models of continuous-variable quantum computers

In this Subsection, we formally define the realistic model of
CVQC and the two auxiliary models that we will use to prove
Theorem [I] along with the corresponding probability density
function (PDF) and the measurement operator for each model.
A summary of these models is presented in Table I}

Definition 2. (RCVQC) We define the RCVQC model as the
set of all possible (possibly adaptive) CV quantum circuits
constructed from the following components:

* Input states: any CV state, with finite energy El; < E*,
defined on the Hilbert space L*(R™) with n a finite in-
teger, corresponding to the number of modes that the
state spans;

e Operations: any sequence of realistic CV operations
from the set Up;

* Arbitrary projective homodyne measurements up to fi-
nite resolution and finite number of measurement pos-
sibilities d per mode, both constant with respect to the
number of modes.

The PDF of this circuit is represented as

1 2
pr(®) = 7 Tr(Kxp). (35)
whereby Z; € X = {{(u — |d/2]) : u € Z4} and
é§:/<hh:i+®@:i+ﬂ. (36)
Ty

We also define what we call the overflow bin as the measure-

ment operator
K_=1-Y K«

xeX

(37

which can be interpreted as a Kraus operator representing the
failure to measure an outcome. The PDF given above is renor-
malized by N which is calculated as

N=Y" Tr(l%iﬁ) ~1 —Tr(f(,,a).

xeXx

(38)

Next, we define a more restrictive model of CVQC. This
new auxiliary model is effectively defined over a Hilbert space
that has a finite position cut-off. This ensures that all mea-
surements are within the range of measurements defined by
Eq. (36), which will render the overflow measurement opera-
tor unnecessary.

Definition 3. (CCVQC) We define the model CCVQC as the
set of all possible CV quantum circuits consisting of the same
input states as in Def. |2| but with the projector Mg, which
projects on the space of —(|d/2] +1/2)¢ < ¢ < ([d/2] —
1/2)¢, acting before every operator and measurement. We de-
fine the projector as

R ([d/2]1-1/2)¢ on
A, = (/ dr qzx><q:x|> C39)

—(ld/2]+1/2)¢



We denote the PDF of this circuit as po(X), which has the
same form as Eq. (35)), but with operations that are projected
in the same cutoff space. We can now describe the effective
set of states throughout the evolution of the circuit as Lo =

{AgpAy : p € Ug}, and since AqK_Ay = 0, the PDF of the
circuit is represented as

po(®) = Tr(Kxp). (40)

The second auxiliary model of CVQC we will define con-
tains the same components and cut-off as CCVQC, but with
the additional restriction that the measurements are modular.

Definition 4. (MCVQC) We define the model MCVQC as the
set of all possible CV quantum circuits consisting of the same
input states and operations as in Def. B but with the measure-
ments:

e Arbitrary projective modular homodyne measurements
up to finite resolution (with bin spacing { = /27 /d)

and finite number of measurement possibilities d.

The PDF of this circuit is represented as
pu(R) = Tr (Kxp), A1)
whereby X € X" and

Kx= Y X(tdm)K: X' (¢dm). 42)

mezZn

C. Approximation of continuous-variable operations in
discrete variables

The key tool we use to demonstrate the simulatability of CV
circuits with DV circuits is the ability to construct correspond-
ing DV gates for every CV gate. We then calculate an upper
bound on the error induced when simulating CV gates with
their corresponding DV gates by mapping the action through
the SSD.

Let us first look at the gates introduced in Sec. For the
CV Fourier transform, defined in Eq. @, the DV analogue
is exactly Fy, defined in Eq. (6). Next, we consider CV gates
of the form ¢*/(@, Note that we expect the resulting phase
achieved when applying each of these CV gates to the GKP
basis states to be equal to the corresponding DV gate. Un-
less f is periodic, this is not possible in general. However,
we can restrict the condition to only be required for certain
Dirac deltas in the Dirac comb of the GKP states. Specifi-
cally, we restrict the region such that (|d/2] — 1/2)¢ < ¢ <
([d/2] + 1/2)¢. Within this region, the only support on the
position basis for |agkp) is given by the position eigenket with
eigenvalue ¢{a}4 where {a}4s = (a+|d/2]) mod d—|d/2].

For the CV displacement, defined in Eq. (I2)), we begin by
constructing the DV equivalent of the momentum displace-
ment operator. We have

d—1

Za(s) =Y e axal, (43)

a=0
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noting that Zd(ﬂ) = Z4. The position displacement operator
is defined in terms of the discrete momentum displacement
operator, conjugated by Fourier transforms.

For the shear gate, ]5(5), defined in Eq. (I4), we construct
a DV gate similar to the DV phase gate, defined in Eq. (7) but
with an arbitrary phase s. We define this DV shear gate as

d—1
Pa(s) = > esHatar2 |a)al . (44)

a=0

We also define the DV analogue to the CV cubic phase gate,
defined in Eq. (I3)), as

d—1
Caly) =Y ki |a)al. (45)
a=0

For the CV controlled-Z gate, defined in Eq. (I9), we add
an arbitrary phase s to the DV controlled-Z gate defined in
Eq. (9) resulting in

d—1
o~ (K, istla N k) (k
Czt(i )(5) _ Z eist{ }d{b}d|b>()()<b|®|a>( )( )<a\.
a,b=0

(46)

In general the SSD of a CV gate U acting on a state p with
energy I, can be expressed as Trg (UpUT), while the SSD of
the state, followed by performing the corresponding DV gate
U, can be expressed as UyTrs(p)U. (Jir . Hence the the trace
distance when approximating Trs (U pUT) with Ud”[‘rg(ﬁ)f];
can be expressed as:

T -
= HUdTrS ()L — Trg (U0 H1 . 47)

We can now calculate this error bound for different gates. In
order to bound the trace distance of performing operations be-
fore and after the SSD, we evaluate the maximum possible
parameters that different CV operations can have. To do so, in
Appendix[A] we analyze the effect that various CV operations
have on the energy of the system. Then, in Appendix |B} we
bound the parameters of the elementary operations by calcu-
lating the worst-case maximum possible value of each param-
eter that could be applied to an arbitrary finite energy state
while maintaining energy below the threshold £*. We find
that the maximum value of squeezing that can be applied to
any input state before breaching the energy constraint is at
most e” = V2E*. The maximum value of cubicity of the
cubic phase gate is 8F*3/2.

We formulate the result in terms of Lemmas, with the
proofs of these Lemmas provided in Appendix [C]

The Fourier transform is invariant under the SSD, so it fol-
lows that the error will be zero.

Lemma 2. The result of the SSD of the CV Fourier transform
2 acting on states p with energy s, can be obtained exactly
by performing the SSD on the state, followed by performing
the DV Fourier transform Ey.
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RCVQC ccvQe \ MCVQC DVQC
States p € L*(R) peci
Operations f] € Ug Uc Uc Ud
Measurements f(,_h K f(i Ky |a)a|
Finite measurements Finite measurements Modular measurements Discrete measurements
Measurement I—$—$—$—$—$—H—I |>0—0—0—0—0—H<|
outcomes o = R/
Finite bins \ Finite bﬂ
Out of bounds Cut-off

TABLE I. Table highlighting the differences and similarities between each of the four models defined in this work. Here, we denote the set of
operations of RCVQC as U, representing the sequence of operations for which the energy never increases beyond E*. The set of operations of
CCVQC and MCVQC is represented as Uc, which contains the sequence of operations in Ug 1nterlaced with cut-off projection operators. The

measurement operators Kx are the POVM operators corresponding to bins in position space, K represents an “out of bounds” (i.e. overflow)
measurement operator and K represents modular measurement operators.

Similarly to the Fourier transform, we find that displace-
ment is also invariant under the SSD, resulting in an error of
ZEero.

Lemma 3. The result of the SSD of the CV displacement ﬁ(r)
acting on states p with energy E; can be obtained exactly by
performing the SSD on the state, followed by performing the
DV displacement operators.

This is shown by first comparing displacement only in the
momentum quadrature and then using the Fourier transform
and Lemma 2] to recover the general displacement.

The shear gate is not invariant under the SSD, leading to an
error when comparing the effects of the CV and the DV shear
gate through the SSD. However, this error can be bound in
terms of the energy of the state, the amount of shearing, and
the dimension of the DV system.

Lemma 4. The result of the SSD of the CV shear gate P(s)
with arbitrary phase s acting on states p with energy E;, can
be approximated by performing the SSD on the state, followed
by performing the DV shear gate Pd(s) with a trace distance

bounded by |s|%\/E; /2.

To prove this Lemma, we have used commutation relations
between the shear gate and displacement, as well as with the
GKP projector. We have also used the fact that we can bound
the difference between a state and a slightly evolved state in
terms of the commutator between the state and the Hamilto-
nian.

Similarly, there will be an error for the CV cubic phase gate,
also bound in terms of the energy of the state, the cubic phase
parameter, and the dimension of the DV system.

Lemma 5. The result of the SSD of the CV cubic phase gate
C' () acting on states p with energy E;, in the CCVQC model,

can be approximated by performing the SSD on the state, fol-
lowed by performing the DV cubic phase gate Cy(y) with
trace distance bounded by 5|v|7%/?\/E,/d.

The proof of this Lemma follows the same structure as the
proof of the shear gate error, but for a different Hamiltonian.
Given the maximum cubicity bounded by 8 E*3/2, we see that
the trace distance, independent of cubicity, is upper bounded
by

223E*2 /\/d. (48)

As for the shear gate and the cubic phase gate, we also get
an error for the two-mode controlled-Z gate bound in terms of
the energy of the state, the phase parameter, and the dimension
of the DV system.

Lemma 6. The result of the SSD of the CV controlled-Z gate
CZyi(s) acting on states p with energy E;, can be approxi-
mated by performing the SSD on the state, followed by per-

forming the DV controlled-Z gate C/'\Zr(lk"l) (s) with a trace dis-
tance bound by 2|s|% d3/2 VE5.

Again, the proof of this Lemma follows the same structure
as the proof of the shear gate error, but for a different Hamil-
tonian, now over two modes.

We can also obtain an error for rotation.

Lemma 7. The result of the SSD of the rotation gate ]%(9)
with any angle 0 acting on states p with energy E;, can be
approximated by performing the SSD on the state, followed
by performing an equivalent DV gate with an error bound by

52VE,

To prove this error bound, we use the fact that rotation can
be decomposed into Fourier transforms and shear gates, in




conjunction with Lemma2land Lemmaf]as well as the bound
on the energy of the state after applying a shear gate.

Being interested in the set specified by Eq. (34), in addition
to displacement and the cubic phase gate, we also need the
error for the Mach-Zehnder interferometer and squeezing.

Lemma 8. The result of the SSD of the Mach-Zehnder in-
terferometer acting on states p with energy E;, can be ap-
proximated by performing the SSD on the state, followed by
performing an equivalent DV gate with a trace distance of at

To prove this error bound, we have used the fact that
the Mach-Zehnder interferometer can be decomposed into
Fourier transforms, controlled-Z gates, and rotation, in con-
junction with Lemma[2]and Lemma 6] as well as the bound on
the energy of a state after applying a controlled-Z gate.

Lemma 9. The result of the SSD of the squeezing operator
with squeezing parameter s acting on states p with energy
E;, can be approximated by performing the SSD on the state,
followed by performing an equivalent DV gate with a trace
distance bounded by Te?" T \/%

Finally, to prove this error bound, we have used the fact
that squeezing can be decomposed into Fourier transforms and
shear gates, in conjunction with Lemma 2] Lemma[d] and the
bound on the energy of a state after applying a shear gate.
As discussed above, it is also possible to bound the param-
eter of squeezing in terms of the total energy of the system,
and therefore, we can identify the bound on the trace distance
independent of the squeezing parameter as

32E*3/2 /4. (49)

D. Approximation of circuits

Following the framework summarized in Fig.[d] we will, in
this Subsection, present and prove the necessary Lemmas that
ultimately allow us to compare the computational power of
RCVQC with DVQC. There are two main aspects to consider
when comparing the models: (i) the similarity of the states
across models, and (ii) how well the PDFs of the models can
be approximated by each other.

However, it is not always necessary to rigorously evalu-
ate both aspects for every model comparison. For example,
the PDFs of the models RCVQC and CCVQC have the same
form and will thus produce the same statistics. Similarly, both
CCVQC and MCVQC are defined with the same operators
and thus will be able to produce the same states.

Nevertheless, we will now present the necessary Lemmas
to bound the error of approximating RVCQC with DVQC. We
will start from the top of Fig. ] and then proceed by moving
downwards.

Lemma 10. CCVQC approximates RCVQC with a TVD

erc < 4(L + 1)/ == in terms of the maximum energy of

11

the state throughout its evolution E* by sequences of opera-
tions selected from Ug, the number of elementary CV gates
applied L, and the dimension of the qudits.

Proof. We compare the set of operations U= UL U L—1- U 1
in the RCVQC model and those in the CCVQC model as

U = AdULAdUL 1Ad AdUlAd We can use the triangle
inequality to express the difference between the states after
evolutions of the initial states p in each model,

L
s 2 A A R 1 . .
|UpUT = UpUT ||y < Z 1p; — ATAdijdHl (50)
j=0 J
where

Ul_ AU Ay
(51

by = AU, Adlyy . RalnAgphall Ay ...

We note that the probability of measuring the state with this
operator is given by

= /c dxPr(g; = x)

n—1
>1-> Pr <|q]| > de) (52)

7=0

where ¢ = [—([d/2] +1/2)¢,([d/2] — 1/2)0)"
then use Markov’s inequality to find

_d-1 R d—1\?
Pr (|qj| > 26) =Pr (q]2 > (2€> )

" We can

< Ly (53)
2

and therefore,

) >(@7)s 4dE;

Tr(Adp) 2177;71] 2p >1 (d—l;z (54)
(5H0)

since i = a'a = £(¢ —ip)(G+ ip) = 3(¢* + p* — 1), which
means we have ) <(jj2>ﬁ < 3,(2(Ay)5 + 1) = 2E;. Note
that since d > 2 we get

A 4dE, 16E;

Now we use Lemma [T] which says that for a given ¢ > 1 —

Tr(f\d[)J), we have

1]]. 1. - [Es,

“Nps — — ' < < —L

2 Pj N—jAdPJAd S \/E <4 ar (56)




and therefore, by Eq. (50), we have

1

Hence, from Eq. (32) we get the following bound on the TVD

€ERC §4(L+1)\/%. (58)

O

*

E
dm

(57)

Ut — f]ﬁU*Hl <A(L+1)

Considering that the only difference between CCVQC and
MCVQC lies in the definition of the measurement, we only
need to consider the output PDFs to compare the models.

Lemma 11. MCVQC is equivalent to CCVQC.

Proof. Note that the state prior to the measurement in both
models is described by p' = UpUT and therefore Agp/Ag =
p'. The difference between MCVQC and CCVQC lies in the
measurement projection operator. For CCVQC, it is defined
in terms of Eq. (36). We see that

Tr (ﬁ’f(,—c) —=Tr ([\dp//&dk,-{). (59)
Finally, by using that Ad A,—(IAXd = Kx, as shown explicitly in
Appendix D] we have py(X) = pe(X). O

Next, we investigate how well DVQC approximates
MCVQC by first comparing the PDFs of the models using
SSD and then bounding the error of approximation.

Lemma 12. MCVQC is equivalent to a model whereby we
first perform the SSD on the final CV state before measuring
the resulting DV qudit.

Proof. Note that the PDF of the measurement outcomes of
MCVQC is given by

P (X)

:/ ds > (q=%+ldm+s|p|g ==+ (dm+s).
T? mezn

(60)

We will now see that this is equivalent to performing the SSD
and then measuring qudits in the computational basis (where
each basis state is shifted by |d/2]) with outcome a corre-
sponding to X = fa, where a; = {a}4 with @} € Zg.

SSD on a state p is given by Eq. ([23). Taking the state with
measurement values a, we find

(al Trs(p) |a) = /T dt (agkel D©)ADI(8) lacks) . (61
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Noting that |agkp) = Y., [(a+ dm)¢) we see that this is
equal to

(a] Trs(p) |a)

:/n dt Y ((a+dm)| D(t)pDT(t)|(a+ dm')e)

m,m’

— dt e1'1:,,1-(m/—m)dé
[ e >

X ((a+dm)l +tp|pl(a+dm')l +tp). (62)

‘We then use that

02
/ dtettmdt — Csinc(3df®m) = Lsinc(mm) (63)
—0/2

and that sinc(7mm) = 0 for all integers except zero, i.e., m €
Z \ {0}, for which case sinc(0) = 1. This means, for integer
m we can write sinc(rm) = d,, 0. We therefore find that

(al Trs(5) )
= [ dt Y {(a+ dm)e+ bl pl(a+ )+ ),

which is precisely the same as Eq. (60), up to a factor of £ on
the input integers. O

Lemma 13. DVQC approximates MCVQC, with gates se-
lected from the set described in Fig. |2} with n modes and up to
K rounds of interlaced Gaussian and cubic phase gates with

an error bounded by e ;p < 1215E*2 ]f/%z , Where the energy
of the CV system is bound by E* throughout the evolution of
the circuit and d is the dimension of the simulating qudit sys-

tem.

Proof. We first note that the probability density function
puy(X) for the model MCVQC can be expressed using
Lemma[l2]as

pu(x = ta) = (a| Trg(UpoUT) |a) . (65)

We will now see that this model can be simulated by initializ-
ing a DV system in the state Trg(pg), followed by implement-

ing DV gates Uy, each corresponding to relevant CV gates U.
We express the DV PDF as

pp(a) = (a| Uy Trs(po)Ul |a) . (66)

From Eq. (32) we know that we can bound the TVD between
these two probability functions in terms of the trace distance.
By also using the triangle inequality, we get

1 ” A N o
orv(par,pp) < 5| Trs(UpUT) = Ua Trs (AU} 1

IN

1 PN . oA
5 2 s (U3p,U)) = U Trs (5)U4 1
J

(67)



where here U; and Ua, ; refer to the j-th elementary gate in the
sequence of the CV gates and DV gates, respectively. We con-
sider the difference between initiating with a DV state derived
from a CV state by the SSD, acting with DV operations and
measurements, compared to initiating with a CV state, act-
ing with CV operations, and then performing the SSD before
measuring with DV measurements.

To evaluate this error, we first note that we apply K rounds
of passive Gaussian and displacements interlaced with K cu-
bic phase gates. We also apply a final round of two passive
operations and a round of squeezing. In total, we have K + 2
passive operations with displacements. We also have K cu-
bic phase gates and K squeezing operations. For each passive
gate, n(n — 1)/2 Mach-Zehnder interferometers are applied
along with n single-mode rotations. In addition, each round
consists of n displacements.

Using Lemma|8] we see that the (K + 2)n(n — 1)/2 Mach-
Zehnder interferometer operations increase the trace distance
by a maximum of

< 324Kn?

108(K +2)n(n — 1) \/? \/?. (68)

Using Lemma [7] the (K + 2)n single-mode rotations con-
tribute a trace distance bounded by
VE* VE*

7 < 156Kn i (69)

52(K +2)n

We also see that at most (K + 2)n displacements are ap-
plied, which does not affect the error. Using Lemma/[5] we see
that a maximum of K cubic phase gates increases the trace
distance by a maximum of

223K E*? /V/d. (70)

Finally, using Lemma[J] we see that a maximum of n squeez-
ing operations corresponds to a maximum increase in trace
distance of

E*3/2
32n T (71)

Putting it together, we obtain a bound on the total trace dis-
tance given by

(324Kn2 T 156Kn + 223K E*¥/2\/d + 32E*n)

This can be simplified by usingd > 2, K,n > 1 and £* > %
hence

K 2
€MD §1215E*QTT;. (73)
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V. EQUIVALENCE BETWEEN REALISTIC
CONTINUOUS- AND DISCRETE-VARIABLE QUANTUM
COMPUTING

In this Section, we provide a proof of the main Theorem
of this work, along with the corresponding Corollary, demon-
strating simulatability with qubits.

Proof. (Proof of Theorem|I)) Here we use the triangle inequal-
ity to connect each of the models according to Fig.[d] We con-
sider the total number of elementary gates that are applied as
being bounded by
L=(K+2)nn-1)/2)+2(K+2)n+ K +n

< 3Kn2/2 +6Kn+K+n

< 10Kn?, (74)
and therefore L + 1 < 11Kn?2. The total error, when con-
sidering the contribution from Lemma Lemma and
Lemma|I3] is given by a quantity that is upper-bounded by

€ <eémp + €rC

Kn? E
<1215 B2 2 L 44kn?y [ ==
Vd dm

44 Kn?
< (1215 4 ) g2

V7/8 Vd
K 2
<1286 221 (75)
Vid
where we again used the fact that E* > 1. O

This Theorem demonstrates that with a total energy bound
of E*, n modes and K cubic phase gates, the circuit can be
simulated using n qudits of dimension d up to an arbitrary
error € whereby

d > (1286 Kn?E*? /e)?. (76)

We can also encode qudits as qubits, enabling us to simulate
CV circuits using qubits. We now provide a proof that each
of the d-dimensional qudit operations can be implemented on
a qubit device, where d = 2* and k is the number of qubits
needed to represent each qudit. Note that in the following
analysis, we only consider the space complexity of simulating
the CV circuits with qubits.

Proof. (Proof of Corollary [[}) We interpret the a-th level
of the qudit as the representation of a in binary form, en-
coded into qubit basis states. L.e., given an integer a, we can
write its binary representation as aias ...ay, and the corre-
sponding qubit representation of each qudit basis state |a) is
la1) |az) ... |an).

First, assuming we begin with the vacuum state |()), we can
evaluate the input qudit as Trg (|@)@]), which can be encoded
within k qubits as they have the same Hilbert space.

The qudit Fourier transform, specified by Eq. [6] can
be decomposed as the quantum Fourier transform across k



qubits [[68], which can be implemented with k(k + 1)/2 qubit
gates.

The single-qudit Zd(s) operations correspond to applying
a diagonal unitary operation across k qubits, which requires
2% — 1 qubit gates. Furthermore, for the Mach-Zehnder inter-
ferometer, we use the decompositions given in Eq. (22) and
Eq. (ZI) to decompose it in terms of rotations and controlled-
Z operations. The two-mode controlled-Z gates are diago-
nal in the basis of the 2k qubits representing two modes and
therefore require 22F — 1 qubit gates to implement them. Fi-
nally, rotations can be decomposed in terms of shear gates and
Fourier transforms. The shear gate is also diagonal in the ba-
sis of k qubits and can be decomposed as a sequence of 2% — 1
qubit gates. This decomposition from n qudits of dimension
2% to kn qubits is exact. O

Note that, by simulating a CV system with pn qubits, we
can produce outcomes which have an error of

€ < 1286 E*2Kn?27P/2, (77)

which implies that we can simulate n modes up to arbitrary
error e using at least

k > 2log, (1286 Kn*E** /¢) (78)

qubits per mode. Note that this demonstrates that the space
complexity scales logarithmically with respect to the number
of modes for constant energy. It also implies that the scaling
is polynomial for exponentially increasing energy.

However, note that the number of qubit gates required to
simulate each CV gate increases exponentially with respect to
the number of qubits per mode. Therefore, the total number
of qubit gates required to simulate a CV circuit scales polyno-
mially with respect to the energy.

VI. CONCLUSION

In conclusion, we provide a framework for mapping a gate-
based CVQC model consisting of states and operations with
finite energy onto a DVQC device. At the same time, we also
show that there cannot be an exponential advantage in the
computational power of CV devices with finite energy com-
pared to devices based on the DV paradigm. This has been a
long-standing question without any rigorous answer.
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We note that practical use cases may be limited by the high
number of qubits required to simulate each mode. However,
we believe that the bounds we have derived for the error are
relatively weak. We expect that tighter bounds are possible to
derive, which we leave for future investigations.

For other future work, we envision the construction of a
method to simulate CV circuits with classical means using
existing DV simulation methods [31-H44]]. This result will
deepen existing knowledge about the relationship between
CVQC and DVQC.

Furthermore, we highlight the possibility of using our
framework to formulate a rigorous method to convert CV-
algorithms (particularly those involving GKP-encoded states),
such as finite-energy versions of Refs. [70472], to DV-
algorithms.

While the present analysis was limited to the specific choice
of operations generated by Gaussian gates and the cubic phase
gate, we would expect the same analysis to extend to different
choices of elementary gates, including energy-well-behaved
gates such as the Kerr gate. We leave the investigation of
whether it is possible to simulate arbitrary polynomial gates
using our method—akin to that presented in Ref. [19]—to fu-
ture work.

Note added. During the completion of this work, we be-
came aware of a related work by Ulysse Chabaud et al. that
was submitted to the arXiv simultaneously [73].
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Appendix A: Energy analysis of CV operations

In this Appendix, we will derive the effect of different CV operations on the energy of the state. First, note that passive
operations do not increase the energy of a state [64]. Passive operations include rotations and beam splitters. Active operations
are those such as squeezing, displacements, shear, and the cubic phase gate. We will now derive the effect of each of these
operations on the energy of a general state.

1. Proof of maximum energy increase of squeezing

Lemma 14. The energy of a state p after applying the squeezing operator with parameter r is bound as 6*2‘T‘Eﬁ <
Eg (o5t < € B

Proof. The energy of the squeezed state can be written as

Egaypsir) =

(€5 + e (%)) (AD)

N — N

(A2)
where we have used (%) 5, (p*) > 0. We can also obtain a lower bound of the energy from Eq. (A1) as
1, o, o
Egwypstoy 2 3 (e727(@)p + e 2 (p%)))
= 672TEﬁ

Note that the case of < 0 is equivalent to performing a rotation before and after applying positive squeezing. Since the energy
does not change when rotating the state, we immediately see that

<" E; (A3)

672|r\Eﬁ < Eg b

(r)pSt(r)
O
2. Proof of maximum energy increase of shear gate

Lemma 15. The energy of a state p after applying the shear operator with parameter s is bound by Eﬁ'(s)ﬁf:’T(s) < (14 s)zEﬁ.

Proof. For this proof, we will use the decomposition of the shear gate from Ref. [74]
P(s) =57 = R(0)S(r)R(0') (A4)

where

(AS5)
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Therefore, we have

Eps)ppis)yt = Ereo)5(r) Rionpit (0981 (r) 1 (0)

= Eg(ryrio)pit (0981 (r)
2r
< € Brenpii o)

_ 2r
=e"E;

1 2
Z(s—i— 32—|—4) E;

< 2(2+25)°E;

=] =

= (1+s)*E;, (A6)

where Lemmahas been used in the third line, (s +vs2 + 4) 2 < (2+ 23)2 in the fifth line and that rotations does not change
the energy. O

3. Proof of maximum energy increase of controlled-Z gate

Lemma 16. The energy of a state p after applying the controlled-Z operator with parameter s is bound by E
(S + 1)4El3'

A s <
CZi(s)pCZL, (s) —

Proof. For this proof, we will again use an decomposition provided in Ref. [[74]
é\zkl (8) = eisékQZ = FkBASkl(@)F,ISk (?")SI(T)F]CT;\SM(Q/)FII, (A7)

where the parameters are the same as in Eq. (A3). We see immediately that the state p’ after the first beam splitter and Fourier
transforms has the same energy as p. The state 5" after the first squeezing operation has maximum energy e>” E;, the state p”’
after the second squeezing operation has maximum energy e*” E;, which comes from Lemma This state has the same energy

as the state after applying the controlled-Z operation. Therefore, we bound the energy as

s 1 4
et E; =16 (s—|— 4—|—32> E;
1
SE(QS +2)'E;
=(s+1)*E,. (A8)

Appendix B: Maximum possible parameters of operations

Here, we identify the maximum possible parameters of squeezing and displacement by analyzing the effect of each operation
on the energy of an arbitrary state.

1. Maximum value of squeezing

With the maximum possible energy of a state being E*, we can consider what happens to the energy of the lowest energy
state (i.e., the vacuum state) when squeezed by r. We can bound the squeezing parameter as the maximum value of squeezing
that can be applied before reaching a level of energy that is too high for the system to contain using Lemma[T4] Solving for the
case that the initial state p has the lowest possible energy, %, and p’ has the maximum energy, E; = E*, we find

1
—elrl < B
5 <

— eIl < V2E*. (BD)
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2. Proof of maximum cubicity of cubic phase gates

Lemma 17. The maximum value of the cubic phase gate parameter vy is bound in terms of the maximum energy of the system as

N < 8E3/2,
Proof.
1y, .
Bomypcitn = 3 (4@ cemper + Bempere)

= 2 (1@ + @+ 390,

= % ({a%)5 + (5% + 308D + §%) 5 + 97°(0")5)

=E;+ gﬂq p+pg*), + gvz (@),
Hence, we have that

(@0, + 37 (0%, < BY — By < B (B2)

Since <(j4>,3 > 0, the inequality represents a parabola that opens upwards. Taking equality, we find solutions to the equation as

4
V= ~ (B3)
94",
Hence,
—3(@%p+ 5%, + /3 (@2 + D) + 18E* (4,
v< !
9 <q >»
3\/ +\/9 ) + 18E* (¢4,
9 <q4>/3
3 2)5 9(p2),; + 18E*
_ \/<p >p+\/ (p*)s + ) (B4)
9,/(a),
We find a lower bound on the expectation value of G* as
(@)p = (@7, (BS)
where we have used Jensen’s inequality. Using the Heisenberg uncertainty relation
2 A2\ (A2 2 1
(%) = @) (") = (A7) = 7
(B6)

we find that

which gives the inequality
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Therefore,
| 3V + O, T
- 9(¢*),
4
_ 2\ . 2\ . * ~2
<3 <3\/<p )p T \/9<p )p+18E ) (P%)
8
<5 (3\/2E* n 6\/E*) B
where we have used that (p?) < 2E*. O

Appendix C: Approximation error of circuit components

In this Appendix, we bound the approximation error of various operations when mapping from CV to DV. We begin with a
formal explanation of the error that we bound, and then we provide proofs of the errors for each of the operations. Appendix [C ]
provides the proof to Lemma Appendix introduces a general phase gate which will then be used to prove the error
of operators that are polynomial in q. Appendix provides the proof to Lemma [3| Appendix provides the proof to
Lemmaf] Appendix [C3]provides the proof to Lemma [5] Appendix [C | provides the proof to Lemma [} Next, we use these
gates to construct other CV gates and derive the error of applying each of these new gates in terms of the previous. Appendix[C7|
provides the proof to Lemma([7} Appendix [C 8|provides the proof to Lemma|8] and Appendix|C 9|provides the proof to Lemmal[9]

In general the SSD of a CV gate U acting on a state p € Ug can be expressed as TrS(U' ﬁfﬁ) while the SSD on the state,
followed by performing the corresponding DV gate U, can be expressed as UyTrg (ﬁ)U ;. Hence the trace distance that arrises

when approximating Trg (U pUT) with UdTrg(pA)U; can be expressed as:

1~ . "
5 HUdTrS(p)U; - TrS(UpUT)H1 . (1)
Since the trace distance is unitarily invariant, we can rewrite the expression as

5 |[Oates(p)0] = Tes(Up0h)|| = 3|05 (OaTes(5)0] = Trs (001 O

% |es6) - U}TrS(UﬁﬁT)UdHl : (€2)

1. Proof of error of Fourier transform
In this Section, we will prove Lemma 2]

Proof. For the CV Fourier transform F, the corresponding DV Fourier transform Fyis equivalent, such that the Fourier transform
is preserved under the action of the SSD. Expanding the second term in Eq. (C2)), gives

N A aa A 1~ A A Al oA AL oA
FiTrg(FpFYFy = ZFJ /2 dtIID(—t)FpFt DY (—t)ITT F. (C3)
T@

Now, since applying the CV Fourier transform to the GKP projector results in
d—1
FIIf = 3@ Y ‘ngpxa‘
a=0

d
béK)P >< a

1 d—1
ab
=L 3w , (C4)
\/g a,b=0
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it follows that F;IT = ITE". We also have F'TD(t)F = ¢(fad~t»D)  Using this leaves us with
14 PN PPN PP 1 PPN PN A
ZF; / dtIID(t)FpFTDT ()T Fy = i / dtIIFTD(t)FpF DT (t)FIIT
T T3
— 1/ dtﬂei(tqé*tpﬁ)ﬁe*i(tqé*tpﬁ)ffr' (C5)
E T%

Since the integration bounds are identical and symmetric for ¢, and ¢,,, we can relabel them such that ¢, — —t, and ¢, — —1,.

1 it Gt b Gt ) 1 A - -
Z/ dt IIe"(trdttap) je—i(=tpdttaP) T — Z/ dt IID(t)pDT (t)ITf
T

T
= Trs(p). (C6)
This means that
1 . - PN 1 . .
5 [Tes() = BfTes (PO Ea| = 5 ITrs(5) = Trs(5) ], = 0. (&)
O

2. Error of generalized phase gate

To obtain the error for the simulation of displacement, the shear gate, the controlled-Z gate, and the cubic phase gate, we
introduce what we call the generalized phase gate. In CV, this gate introduces a phase depending on a polynomial of the position
operators. In DV, the phase depends on a polynomial of the computational basis states. Formally, we define the generalized CV
phase gate acting on an ensemble of 7 modes

pf = i@ (C8)
where f : R™ — R is a polynomial function. Whenever f is periodic, fulfilling the condition

f (h T \/27rdk> =f(h) mod2r VkeZ"heR" (C9)

there is a well-defined corresponding approximate discrete-variable operation. This can be seen in terms of the action of the gate

on GKP encoded qudits,
2
§= \/;<md+a)>

2 lagkp) = e lackp)

— i@ 30

mezZm

= Z eif(\/g(mdﬂl)) qg= \/%;T(md+a)>

mezm
_ Z eif(ﬁm- 3rdm) j= /?(md+a)>

mezZm
_ 3 V) | 2;<md+a>>

mezZm
= V) Jage) (C10)

It follows that the GKP projector can be used to map Pfioa corresponding DV operation
p/ = pPii (C11)
where ]5({ , acting on n d-dimensional qudits, is defined as

Bl = Y (V) ayal. C12)

acZy
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Moreover, the restriction of Eq. (C9) can be lifted by modifying the construction in two ways. First, by defining the DV operator

as

Pl =Y AT ),

acZy

(C13)

whereby {a}, = (a+ |2]) — [¢],and {a}, = ({a1}4,---,{an},)" Second, by including the projector A4 resulting in

[IA, P/ =I1P A,
= Z la)agkp| Age’ @

ac’Zy

= 3 Ja)q = {a}, 0 /@

aczn
_PITA,.
In the following, we will use these three commutation relations:
@ D(t) = D(t)e/ (@ ta),

Age@ = @4,
and

[A4D(t) = IID(t)Ag,
assuming that the value of each component of t is in the range (¢/2, (/2].

Expanding the second term in Eq , while also using p = AdpAd gives us

~ ~ N A 1 4 A A N . "y oAp
Pl Trg (P pPTY P = EPC{T /2 dtTiD(t) P/ pP! T DY (4)TTT PJ
T n

1 PPN . T N a A
= dtPJ A 4D (t) P! pPF DT (t)A41T P
T?"

1 PPN N . . N PPN
= dtIIA, P/TD(t)P? pP1 DT (t) PF ALITT
T?"

=L [ GeniD(e)eif@-if @t pemif@+if@a—ty) p ()it

']I?n
Now, from this, we see that

| Ples (o) Pl = Tes (PP |

/T atliD(t) ([;_ i@ —if(a—ty) ﬁe—if(f;)ﬂf(d—tq)) Do)t

gn

1

<[ & [ID(t) (ﬁ _ eif(61)—if(fl—tq)ﬁe—if(fl)Jrif(d—tq)) ﬁf(t)fﬂ”l

i(@=if(a—to) je—if @+if(a—to)|| ||yt

‘ o0

=
00 1

<L / dt || p — eif@=if(ato) so—if@-+if(a-t,)
e” T2"

L
In the last line, we have used the fact that the operator norm of both IT and IT' is less than or equal to one:

o< al_ e <

(C14)

(C15)
(C16)

(C17)

(C18)

(C19)

(C20)



22

where the operator norm for an operator A that maps A — B is defined by

14lloo = inf{c > 0: |A|) | <cll[¥) | ¥ |4) € B} (c21)
with the Euclidean norm || - ||. For a general operator A we have that
IA1) 1P = (| ATA |9) = ([ (ATA[) < [[[¢) I - |ATA ) || = |ATA p) | (C22)
where we used the Cauchy-Schwarz inequality. This implies that
T ) (17 < [T ) || < /(T ) | (C23)
and
T ) 12 < I o) | < o/ IEETEE ooy (C24)

and as a consequence Eq. (C20).
Now we use the same technique as in Ref. [[75] to bound

o= oo, <o 2] ©25)
This bound arises because of the following. For
1o =21y (C26)
where 5’ is a slightly evolved state, given by:
§ = et e~ (C27)
We have eift = p(t) and can express p = p(0) and 5’ = p(1). Due to unitary invariance of the trace norm, we have:
N-1 ) )
P (J+1 ]
— (DI, < JT) 5L
lo-sml < 3o (5) -2 (%)
7=0
=N||p LR 5(0) (C28)
- P N P L ’
and since
N2 1
p<N)pN[p,H]+O<NQ>, (€29
when N — oo we get
19—l < |12, 71| - (€30)
By setting [ = f (q) — f (§ — t,), we obtain
| — e @t I < s @ - £@— ey (©31)
which gives us
N A PP 1 N . R
|pimespf —1es@op| < 5 [ el @@=t (€32)
4

We can now use this expression to find bounds for different gates defined by specific polynomial functions f(q).
It will be useful to have a bound on the commutator between a state and a single position operator. Using the fact that

G = % (a; + df), and using the triangle inequality we have:

I5 1) . (C33)

o +1pall) | <=5 (Wl + sl +

pilly = 75 (0
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Now using Eq. (30) we get

Joacl = | Vavaad), < /1 (Vava), T (al Vi)

=1/(Ni)p + 1, (C34)

and similarly
laiplly < 4/ (Ri)p,
o, < /s @9

pa;

alp

The convenient bound /z + V& + 1 < 24/x + % for all x > 0 gives us

12, @illly < 2v2y/(u)y + 5 < 2/2E;. (C36)

3. Proof of error of displacement
Using the results of the previous Section, we now look at error bounds for specific gates. We begin by providing a proof of
Lemma[3
Proof. The single-mode p-displacement with f(§) = s§ which turns out to be exact as
6. 56— s(+ )], = 0. (©37)

Since the CV displacement, D(r), defined in Eq.|12} can be decomposed as Z(q)E'Z(p)E'T, up to a global phase, it follows that
it is also exact. [

4. Proof of error of shear gate

Next, we provide a proof of Lemmaf]

Proof. The trace distance between a state with the single-mode shear gate applied before and after the SSD— where the single-
mode shear gate is defined as f(¢) = £¢*—is bounded by
1]~ R P 1
s HPjTrS(ﬁ)PjT - TrS(Pf,anT)H <[ at ‘
2 1 20 T%

1
=— dt ||[p, st,q
ot L, @095t

\/2F,
S|S|”/ dt|tq‘
g '[r?

S

3@t

~ S .9
6,54 1

2

:Mg,/%, (C38)
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5. Proof of error of cubic phase gate

Here we provide a proof of Lemma 5]
Proof. The trace distance of the single-mode cubic phase gate given by f(§) = v¢® can be bounded by
3 [PiTes Pl = 1esP op )| <7 [ atllipna® =2l
¢
<y L alatiall, + o),

<3l
7L aelalng.a, 2l
<—3M dt |22 5. 5.4l (d+1)¢
<= |, aeledl 16, aly + ftal 15, lly (d + 1)
14
31v1\/2E,
s”l"/ dt[t2] + (d + 1) £Jt,]
¢ 72
3|v|\/2E; 3
<7|”/ dtft2] + Sdefty|
¢ 72 2
3
:3W|\/2Eﬁ/T dtq\t3\+§d€\tq|
14

I 2
v 12 8
<5|y|\/2E,de3 /4
=5|y|7%/%\/E;/d, (C39)

where we have used d > 2 and the fact that in the CCVQC model H 0,4 ||1 =
12, dllly (d+1) L.

Assuming a maximum value of v < 8 £*3/2 according to Lemma we find

Ralp @®1Ad]|, < 210541l

(p)PIT - Trs(Pf,anT)H1 <4072 B2 /Vd
<223E*%/V/d. (C40)
6. Proof of error of controlled-Z gate

Here we provide a proof of Lemmalf]

Proof. A simple two-mode interaction is provided by the controlled-Z gate with f (g, §;) = sdrd; bounded by

5F A7 1 . . . .
PR TesP/P| < g [ st + 16 st
QﬁM/(m%n el + o, Ml

4

5|2\/2E€3/ dt’ 2|t'|

Te

1
~ o
L iovaEl
= 2|s|VE(r/d)*/? (C41)
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7. Proof of error of rotation

Here we provide a proof of Lemmal 7]

Proof. We consider a rotation of an arbitrary angle 6. Note that without loss of generality, we can restrict to the case that

0el-5.% ) because we can generate rotations that are multiples of 7/2 using the Fourier transform. We can decompose R(G)
from Eq. (I7), into Fourier transforms and shear gates [[76] as

R(0) = FP(s3)F'P(s9)FP(s1) (C42)

whereby s; = sec + tan 6, sy = cos 6 and s3 = cos + (1 + sin #) tan §. We note that given the restrictions on the angles, we
havethat v2 —1< 51 < V2+1, J5 <sp < Land V2 - 1<s3 < V2 + 1.

Also note that although the total energy of the state after each of the three shear gates will be unchanged, the decomposition
does not guarantee that the energy will not change during the application of each shear gate. Therefore, when calculating the
error introduced by the second and third shear gates, we must consider the maximum possible energy of the state after the first
and second shear gates, respectively.

We calculate the trace distance of applying the gate

LI Trs(RO)AR16)) — Rul6) Tes(5)RLO)]
—||Trs< P (s3)" P1(s)) = Pa(ss) FaPu(ss) FaPa(s1) Trs(p) Pa(s1)T F) Pa(s2) FJ Pass)" |1
S,” Trs(P(s1)pP (s1)) = Pa(s1) Trs(p)Pa(s1)" |
f|| Trs(P(s2)p/ P (s2)) = Pa(s2) Trs(5')Pas2)" |
+5IIHS(P<83>,6”PT<83)) Pa(s3) Trs (5") Pa(sa)' |1 (C43)

where we used Lemma 2] Inspecting each of these terms, we can bound the total error of the gate. The first term is simply the
error of applying a shear gate to a state p with total energy F;. Using LemmaE], we have

*|| Trs(P(s1)pP(51)) — Pu(s1) Trs(p) Pu(s1)' |1 < \31%\/]57/\/5- (C44)

Next, we note that a bound on the energy of the state p’ = Fﬁd(sl) p“fDUl(sl)T E't can be calculated using Lemma We have
Eﬁ/ < (1 + Sl)ZEﬁ. Therefore

SN Trs(Pls2)f P (52)) — Palsa) Tes (9 Balsa)' I <lsnl 5/ B

S|S2|(1+|81D3”Eﬁ/2. (C45)

Furthermore, a bound on the energy of the state 5" can be calculated in terms of E;» < (14 s2)?(1 4 s1)?Ej, hence we have

I Trs(P(s)3' P (55)) — Pa(ss) Tes(9) Palss)' | <lssl 5/ /2

T
<EVE/2(L+s1]) (L + [sa) Issl. (C46)
Also, note that we can maximize over all possible values of 6 and find that
Is1] 4+ (1 + [s1])[s2] + (1 + [s1])(1 + [s2])]s3] < 23. (C47)

Therefore, combining these three bounds, we find
1 R - R ™
5| Trs(R(0)pR1(0)) — Ra(0) Trs () RY(0)|h <2374/ B2

VEs
<52V~ (C48)
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8. Proof of error of Mach-Zehnder interferometer

Here we provide the proof of Lemma§]

Proof. We consider a beamsplitter of arbitrary angle . Note that without loss of generality, we can restrict to the case that

6§ € [-7, ) because we can cover all other angles using swap gates, which contribute no error in the trace distance.

We will use the following decomposition of a beamsplitter into controlled-Z gates, Fourier transforms, and a rotation
BSk(0, ) = €Zkl(81)F;IECAZkl (82)F£E€Zkl(81)F2Flﬁk(¢) (C49)

whereby s, = sec(#)(1 — sin(f)) and s, = — cos(#). We note that given the restrictions on the angles, we have that 1 — /2 <
s1<v/2—1and —% <5 < % With the trace distance for a controlled-Z gate given by Lemma@

2|s|VE(r/d)*/?, (C50)
and given that, as specified by Lemma|[I6] the maximum energy of the new state is upper bounded by
Ey <(1+45)"E,, (C51)
we can follow the same steps as for the proof of rotation. We see that
[s1] 4+ (14 51)%|s2| + (1 + 51)(1 + 52)°s1] < 5 (C52)
and we find
1 = St (k) SRk By
3 T‘rs(BSkl(e,O)pBSkl(970)) —BS, (0,0) Tl”s(p)BSd (0,0)|| <56 B (C53)
1
When including the variable ¢, we simply add the error of a single-mode rotation to find
1 ~ s ~ Y i E; E;
5 ‘ Trs (BS1(6, 0)9BS}, (0, 9)) — BS{ ™ (0,6) Trs (9)BS (60, 0)| <56/ =& + 523"
1
/Fo-
<108~ L. (C54)
O
9. Proof of error of squeezing
Here we provide a proof of Lemma 9]
Proof. We will use the following decomposition of squeezing into Fourier transforms and shear gates [76]]
S(r) = FP(s3)FP(s2) FP(s1) (C55)

whereby s; = s3 = €” and s = e~". Note that this is the same decomposition as the one given in Eq. (C42) for rotation, except
with different parameters. We note that given > 0, the trace distance for a shear gate given by Lemma 4]

s E,;
ISIE\/77 (C56)

and given that, as specified by Lemma|T5] the maximum energy of the new state is upper bounded by
Ey < (1+5)°E;, (C57)
we can follow the same steps as for the proof of rotation. We see that
|81| + (1 + 81)|82| + (1 + 81)(1 + 82)|83|
=le"+ A +ee™ [+ (1 +e)(+e")|e"|
=24 e "+ 3" + e
<7e?", (C58)
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and therefore

T | E;
§762T7 /P

Trs($(r)pS' (1)) — Salr) Trs(p)S](r)| < 7e 2 /22,

(C59)

3|

Also from Eq. (BI), we can note that it is possible to maximize over all possible values of \/zlﬁ < e" < v/2F* and find that

le" |+ (L+eN)|e ™[+ (1 +e)(1+e)|e"| =24+e " +3e" +e*"

<2+ 4V2E* + 2E*
<14E*, (C60)

where in the last line we use that E* > 1/2. Therefore, combining these bounds, we find

1 A . A .7 [E;
5 | Tes(5(08'(5)) = Suls) Tes (0)S](s) || <1487/ 22
*3/2
<t ET
i3
12*3/2
<32———. (C61)

Appendix D: Measurements are equivalent to modular measurements when restricting to a cut-off in position

In this Appendix, we show more rigorously that AgKxAy = K, which is used in the proof of Lemma|l1|in the main text.
Note that it is sufficient to prove this fact for a single mode, as the multimode case is a trivial generalization of this case. We
have

([d/21-3)¢

Ag= / dz |§ = 2)(G = | (D1)
—(ld/2]+3)¢
and
X £/2
Ki:/ ds Y G =2+ tdm + s)(G =T + Ldm + 5|, (D2)
—£/2 meZ
where T = ¢j and j € Z4. Hence, we have
. ([d/21-3)¢ £/2
Aok, :/ da:/ ds 3" 1¢ = a)d = 2] |4 = (dm + ) + X = £(dm + ) + 5|. (D3)
—(Ld/2j+%)€ —£/2 meZ

Here we note that the bra-ket term is zero unless m = 0. We are therefore left with

(T R STRRYY. | _
Aaks = | do [ dslg=aNa=alli=ti+ska =i+
IR VIS SV

/2
=/ ds|g =i+ sMd=tj+ s
—¢/2

=K. (D4)
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