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Main idea: Nonclassicality through factorization

Quantum theory’s departure from classical physics is marked by a host of nonclassical features that
can be classified as local, meaning that they involve only preparations, transformations, and measure-
ments involving a single quantum system, or as nonlocal, meaning that they require at least two or
more spatially separated quantum systems. Examples of local nonclassical features of quantum theory
are the uncertainty relations [Hei27, Ken27, Rob29, Sch35], no-cloning and no-broadcasting theorems
[WZ82, BCFT96, BBLW07], incompatibility of measurements [HMZ16, GHK 23], and contextuality as
defined by Kochen and Specker [KS90, BCG 22| or as defined by Spekkens [Spe05]. Nonlocal nonclassical
features of quantum theory are entanglement [GT09], steering [UCNG20], Bell nonlocality [BCP " 14], and
nonlocality without inputs in quantum networks [TPKLR22]. These phenomena are not only of foun-
dational importance but also serve as essential resources for quantum technologies, from computation
to cryptography. While traditionally studied as separate topics, they share deep interconnections. This
work introduces a single, unifying mathematical framework that reveals many of these phenomena to be
different manifestations of the same core principle: factorizability.

The central idea is to represent a collection of g quantum measurements each having k outputs as
a single mathematical map, that we call a multimeter. This map takes a quantum state as input and
produces a matrix of measurement outcome probabilities as output.

M :o— M(Q) = (TI‘ [Ma|:r Q])ae[k},me[g}‘

With this representation, we can ask a simple yet powerful question: can this X —> Y
map be broken down into a sequence of simpler steps? Specifically, can a map \ /

f X = Y be factored through an intermediate system Z, such that f is

equivalent to first mapping X — Z and then Z — Y7

The main appeal of the concept of factorization lies in the fact that the intermediate space Z can have
a simpler structure than that of the source and target spaces X,Y. This fact has fundamental structural
implications for the map f. By applying this framework to the maps representing quantum measurements,
we transform profound physical questions about classical simulability and the nature of quantum resources
into clean, structural questions about mathematical maps. This approach not only streamlines proofs of
known results but also uncovers new connections and provides a powerful, intuitive toolkit for the quantum
information community. The topic is of central importance to quantum information theory, as it provides
a universal language to analyze the very resources that power the quantum advantage, making the results
and techniques presented here relevant for physicists, computer scientists, and mathematicians alike.

Results: A new framework

The main conceptual contribution of our work is the realization that factorization is more than a
mathematical curiosity; it is the natural language for describing simulation and resource reduction. When
we ask if a complex quantum process can be simulated by a simpler one, we are fundamentally asking
a question about factorization. We argue this fact by a series of results framing several fundamental
incarnations of quantumness using the factorization toolkit we introduce.
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Measurement Incompatibility. The quintessential example is measurement incompatibility. Recall that a
multimeter M is called compatible if there exists a single POVM C' with A outcomes and a conditional
probability distribution p = (p.; ») on [k] such that

a|ac Zpa|az A Ch.

We cast the compatibility question in our framework by establishing the equivalence of the following two
statements:

(1) The multimeter M consists of compatible measurements. D(C%) M > C’S,; g
(2) The channel M : D(CY) — C’S,ig can be factorized as M = X‘ V

poC for some single POVM C': D(€C%) — S, and a classical

postprocessing p : Sy — CS,i’g. SA

Above, D(Cd) denotes the set of density matrices, Sy is the probability simplex with A outcomes, while
C’S,i is the polysimplex, the range of arbitrary multimeters consisting of g measurements each having k
outcomes. Mathematically, CS is the set of & x g column-stochastic matrices. With the help of the

polysimplex, we can give an addltlonal equivalent formulation of measurement compatibility using the
language of tensor product of cones [Rya02, NB10, Pis20, vDdB20, P1423]:

(3) The multimeter M € PSDd®CS+79, seen as a tensor, is separable, i.e. M € PSDd®CS+79, where

® denotes the minimal, ® the maximal tensor product of cones and PSD, the cone of positive
semidefinite matrices.

The equivalent statements above rephrase a physical property (compatibility) into a clear structural
property of the multimeter, seen either as a map or as a tensor. Going beyond (in-)compatibility, this
perspective seamlessly extends to more general notions of simulability [OGWA17, GBTCA17, OMP19,
FHL18, ISD"22, JUC'23, VPLU24, JEPU24, BLN25], where one asks if a set of measurements can be
simulated using fewer measurements, fewer outcomes, or measurements on a smaller-dimensional quantum
system. On the left, the multimeter M having k measurements and g outcomes can be simulated as a
multimeter N having [ measurements and r outcomes followed by a classical post-processing p. On the
right, M can be simulated by compression channels @5 : D(C?) — D(C?) followed by multimeters

\ D(Cd,) — 05’17 @ where A is a label for classical information that can be used in the compression
scheme.

A » CSE, D(C™) A » CSL,

\ e o~ T
Cs}, D(C7)®S,

Steering and Bell Nonlocality. The framework naturally extends from the single-system scenario of in-
compatibility to the bipartite settings of steering and Bell nonlocality. An assemblage assemblage o =
(M4 ®idg)(pag) € CS} g & D(C?8) admits a classical Local Hidden State (LHS) model if and only if the

tensor describing it is separable o € C’S,; g ® D(CB).

Given an assemblage o we can find an associated map (C’S};k PSDy

1 (OS5, )T — PSDy with <I>(]1051 ) = 0. If o0 admits /

k.9

an LHS model then there are ¥y and W¥o, s.t. ® factors \
through a simplex.
Due to the known relation between steering and measurement incompatibility [UBGPL)] we can imme-
diately transport all results about incompatibility to steering with the steering assemblage o replacing
the multimeter M. In quantum theory any steering assemblage can be obtained by measuring a bipartite

state [Gis89, HJW93]. While the same is known to not hold in GPTs [BGW13, SB14], we do provide an
explicit counterexample.
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The same logic holds for Bell nonlocality: a set of correlations (M ® N)(o) € C’S,; g ® CSZIJ has a Local
Hidden Variable (LHV) model if and only if it is separable (M ® N)(p) € CS’,}J,g ®C’5’l{r. This demon-
strates that the classicality of these distinctly nonlocal phenomena is governed by the same underlying
mathematical structure.

Let P € CS’,}Jg & CS}. be some correlations, i.e a no-signaling (CS; )+ o cS+
. . . ! ’ . * + + k,g l,r
distribution. We have an associated map ¢ : (C'S; )™ — CS}, v 7,
) ’ 1
with (I)(]lcsl ) € C'Sll , that factors through a simplex using \ /
k,g
maps ¥; and ¥, if and only if P admits an LHV model. SX

A New Geometric Perspective on the CHSH Inequality. A key result of our work is a novel and intu-
itive perspective on the celebrated CHSH inequality. We use the formalism of multimeters to provide
streamlined proofs of known results, such as that block-positive operators do not provide post-quantum
behaviors [BBBT10], that in quantum theory any pair of dichotomic measurements violates the CHSH
inequality if and only if it is incompatible [WPGF09], and that if one party measures a pair of dichotomic
measurements while the other applies an arbitrary finite multimeter, then all Bell inequalities are just
post-processings of the CHSH inequality [Pir14]. To prove the latter two results we will use another key
idea also observed in [Jenl8]: the CHSH inequalities can be identified with isomorphisms of a square via
isomorphisms between tensors and linear maps. These results provide a powerful conceptual simplification
of the structure of bipartite correlations.

Results: Symmetric extensions and Noise robustness

Our framework serves not just as a tool to further explore known facets of non-classicality, but also
as an engine for the discovery of new manifestations and limitations of quantumness. We investigate
symmetric n-extensions [DPS04, AMHP25] of multimeters M € PSD,;& C SZ g and no-signaling behaviors

P e CS,ngA{JCS,ig These extensions are now tensors in PSDdQAi)(C'SJr )®" and in CS,%Q ®(CS} g)®”,

respectively, such that by applying a symmetric reduction map ¥ : (CSJr )®” — C’SJr kg the extension
reduces to the original multimeter M and the original no-signaling behavior P respectively. We find that
for both M and P the existence of an g-extension is equivalent to the tensor being separable, in which
case M is compatible and P has an LHV model. On the other hand, for n < g, the existence of an
n-extension for M is equivalent to the fact that every n-subset of measurements in M being compatible
with the joint measurements satisfying particular no-signaling constraints. Similarly for P having an n-
extension is equivalent to P having restricted LHV models, i.e. LHV models for all the cases where the
second party is restricted to only performing some n measurements. Again these restricted LHV models
must satisfy some particular no-signaling constraints.

Our framework is naturally suited to analyzing the resilience of quantum resources [VT99, HKR15,
DFK19]. We investigate the robustness of factorizability to noise: it is known that if a certain amount of
white noise is added to the system, incompatible measurements become compatible, steering assemblages
start having local hidden state models, and behaviors start having hidden variable models. We inspect
factorization conditions for maps mixed with noise to get geometric criteria for when noisy multimeters
can be simulated by multimeters with simpler measurement settings. This analysis is performed at
the level of the classical polysimplices C’S{ 4> making it suitable for applications to other non-classical
phenomena. Mathematically, it amounts to finding embeddings of the simulating polysimplex between
two scaled copies of the simulated polysimplex. Below are conjectured optimal embeddings for simulating
2 noisy binary measurements by a 3-outcome measurement (left) and a 4-outcome measurement (center),
and that of a noisy 3-outcome measurement by a pair of binary measurements (right).
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Conclusion: A new toolkit for non-classicality

This work presents a unified framework that recasts a wide range of nonclassical quantum phenomena
as problems of map factorization. By translating physical questions into the natural language of maps and
their compositional structure, our work provides a toolkit that is of broad interest to the entire quantum
information theory community. We believe that the approach outlined in our work can be useful to
further analyze known manifestations of non-classicality, their fundamental properties and relations, their
robustness to various noise models, but also to uncover new such non-classical phenomena.
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ABSTRACT. Quantum theory exhibits various nonclassical features, such as measurement incom-
patibility, contextuality, steering, and Bell nonlocality, which distinguish it from classical physics.
These phenomena are often studied separately, but they possess deep interconnections. This work
introduces a unified mathematical framework based on commuting diagrams that unifies them. By
representing collections of measurements (multimeters) as maps to the set of column-stochastic
matrices, we show that measurement compatibility and simulability correspond to specific fac-
torizations of these maps through intermediate systems. We apply this framework to put forward
connections between different nonclassical notions and provide factorization-based characterizations
for steering assemblages and Bell correlations, including a new perspective on the CHSH inequal-
ity witnessing measurement incompatibility. We also investigate the symmetric n-extensions of
multimeters and no-signaling behaviors and connect these extensions to a notion of n-wise com-
patibility and to the existence of n-wise LHV models, respectively. Furthermore, we investigate
robustness to noise of nonlocal features by examining factorization conditions for maps involving
noisy state spaces, providing geometric criteria for when noisy multimeters can be simulated by
simpler measurement settings.
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1. INTRODUCTION

There are several nonclassical features of quantum theory that are of foundational importance
since they illustrate the departure from classical physics and classical probability theory. These
nonclassical features can be classified as local, meaning that they involve only preparations, trans-
formations, and measurements involving a single quantum system, and as nonlocal, meaning that
they require at least two or more spatially separated quantum systems. Examples of local non-
classical features of quantum theory are the uncertainty relations [Hei27, Ken27, Rob29, Sch35],
no-cloning and no-broadcasting theorems [WZ82, BCF 96, BBLW07], incompatibility of measure-
ments [HMZ16, GHK 23], and contextuality as defined by Kochen and Specker [KS90, BCG™22]
or as defined by Spekkens [Spe05]. Nonlocal nonclassical features of quantum theory are entan-
glement [GT09], steering [UCNG20], Bell nonlocality [BCP*14], and nonlocality without inputs in
quantum networks [TPKLR22].

The various nonclassical features also serve as the backbone of its applications. One can trace
contextuality as the source of the quantum advantage present in quantum computers [HWVE14] and
no-broadcasting is necessary for quantum cryptography. Steering and Bell nonlocality are neces-
sary resources for semi-device-independent and device-independent quantum cryptography [Wol21],
the latter of which was recently demonstrated experimentally [ZvLR ™22, NDN*22]. In nonlocal
phenomena as well as in communication tasks making use of quantum protocols, e.g., quantum
random access codes, incompatibility is a necessary condition for observation of the phenomena or
usefulness of the protocol.

Some of these concepts gave rise to further generalizations with their own operational inter-
pretations. Spekkens contextuality was generalized to test whether a system is quantum [MG23].
Measurement incompatibility, which asks whether several measurements can be replaced by a sin-
gle measurement, was generalized to simulability of measurements which concerns the question of
whether one can obtain measurement statistics of a given set of measurements by performing a
different set of measurement [OGWA17, GBTCA17, OMP19, FHL18, ISD*22, JUC*23, VPLU24,
JEPU24, BLN25]. Moreover, many of these concepts are interconnected: Both measurement in-
compatibility and entanglement are necessary both for steering [UMGI14] and Bell nonlocality
[Fin82], while contextuality is a precondition for entanglement [PG24] and Bell nonlocality [WE23].
No-broadcasting is equivalent to contextuality [JWP'24], while measurement incompatibility and
steering are equivalent to a weaker version of contextuality [TU20, Pl422].

In this work we show that most of these concepts are instances of the same mathematical problem:
factorizability. We say that a map f : X — Y factorizes through Z if there are maps g : X — Z
and h: Z — Y such that

f=hogy, (1.1)
or, equivalently, if the following diagram commutes:

X —> Y
\ / (1.2)

It was previously observed that Spekkens contextuality is equivalent to simplex-embeddability
[SSWT21], which itself is an instance of factorizability. Since existence of a broadcasting map was
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recently shown to be equivalent to contextuality [JWP*24], we immediately get that this problem
reduces to factorizability as well.

Firstly, factorizability allows us to approach the problems of certification and quantification of the
nonclassical features of quantum theory within a unified and consistent mathematical framework.
Secondly, this allows us to use existing mathematical methods to offer solutions to the main problem
in quantum information: finding certificates, the so-called witnesses, that yield computable criteria
for the presence of the nonclassical features. Thirdly, this will allow us to find streamlined proofs
of known results. The main mathematical tool that we will be using is the reformulation of all
underlying concepts within the language of general probabilistic theories (GPTs) [Lam18, Mil21,
Lep21, Pla23] and convex cones. While GPTs will play an important role in our proofs and
constructions, we will now formulate all of our results within the language of quantum theory in
order to showcase the power of our approach.

This paper is organized as follows. We start with a short section gathering some of our main
results (Section 2). In Section 3 we introduce the necessary mathematical background on general
probabilistic theories, convex cones and their tensor products, and quantum measurements. In Sec-
tion 4 we develop our unified framework based on factorization of maps and show how it captures
measurement incompatibility and simulability. Section 5 applies this framework to quantum steer-
ing, providing new characterizations of steering assemblages and their local hidden state models.
In Section 6 we extend our analysis to Bell nonlocality, demonstrating how factorization condi-
tions naturally describe local hidden variable models and providing a novel perspective on CHSH
inequalities. In Section 7, we explore the symmetric extensions of multimeters and no-signaling be-
haviors, relating them to a constrained form of compatibility and a restricted local hidden variable
(LHV) model, respectively. Finally, in Section 8 we investigate how noise affects these nonclassical
features by examining factorization conditions for noisy state spaces and deriving geometric criteria
for simulability of noisy measurements.

2. MAIN RESULTS

One of the main ideas in our framework is the interpretation of a collection of POVMs as
maps from quantum states to outcome statistics which are arranged as matrices. A multimeter
M = {M;}e[q is a collection of POVMs that consists of ¢ POVMs M., each with k effects

{ Mz }aeir) and thus k outcomes. We will consider every multimeter as a map

M :o— M(Q) = (TI‘ [Ma|:1: Q])ae[k],xe[g}7 (21)

from the set of density matrices D(C?) to the set of column-stochastic matrices, denoted by CS,; o
In particular, we can think of this map as a channel (i.e., a positive map) between two GPT state
spaces, namely from the quantum state space D(Cd) to the state space CS,% o Then we can look
into the properties of the POVMs just by looking into the properties of this map. In particular,
we look into what it means if this map can be factorized into a composition of two different maps.
In the special case when g = 1, i.e., when we have just one POVM, we consider it as map to the
probability simplex S which is isomorphic to CS’,%J.

Since GPT state spaces define cones, another way to study positive maps between state spaces
is to consider them as maps between cones, in which case we can write the map as an element of
a particular tensor product of the cones. Thus, since the set of density matrices D(Cd) generates

the cone of d x d positive semi-definite matrices on €%, denoted by PSD, and CS,%  generates the

+
k,g’

M € PSD/* ®CSZg ~ PSDd®CSZg, (2.2)

cone of nonnegative matrices with equal column sums, denoted by CS;" | we have that

where & denotes the mazimal tensor product of the cones, see Appendix A.2. Thus, we can also
look into the properties of the POVMs by looking into the properties of this tensor. In particular,
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we look into what it means for this tensor to be separable, that is, to be an element of the minimal
tensor product .

Our motivating starting point are the different characterizations of measurement incompatibility.
In contrast to classical physics, it is in general not possible to have a simultaneous readout of all
measurement, outcomes in quantum theory. To be more exact, a multimeter M = { M., },¢[g of g
POVMs with k outcomes is called compatible if there exists a single POVM C' with A outcomes
and a conditional probability distribution p = (p.;») on [k] such that

A
Ma|$ = Zpa,\x,)\ Ci (23)
A=1

for all @ € [k] and = € [g]. Our guiding example, which already appears in [Jenl8] and from
which we take inspiration, is the following known result that one can capture compatibility of
multimeters either as a form of generalized separability, or via factorizability: for any multimeter
M = {M.;}4elg of g POVMs with k outcomes on C? the following are equivalent:

(1) M consists of compatible measurements,

(2) M € PSDd®CSZg as a tensor is separable, i.e., M € PSDd®CSZg, where ® denotes the
minimal tensor product of cones,

(3) M : D(C?%) — CS,;Q as a channel can be factorized as M = ® o N for some single POVM
N : D(€C%) — Sj and some channel ® : Sy — CS,;Q for some A € NN, i.e., the following
diagram commutes:

D(CY) M cSt,
N V (2.4)
\ .

One can also formulate simulability of measurements in the same fashion: here given a multimeter
M : D(C%) — CS,; s on a ds-dimensional Hilbert space we can ask whether M can be simulated
(or compressed) to a multimeter on a dp-dimensional Hilbert space. That is, we ask whether there
are channels ®y : D(C%) — D(C%?) and multimeters Ny : D(C98) — C’S,i,g, where \ is a label
for classical information that can be used in the simulation scheme as well, such that the following
diagram commutes:

D(C) M » CSY,

x y (2.5)

D(C¥)® S,

Here we have replaced all of the channels ®y : D(C%) — D(C9?) by a single channel ® : D(C%4) —
D((DdB) ® Sa, where Sp is a simplex, that is a classical state space, which stores the classical
information \, and similarly for Ny. That is, ® is an instrument. Given a multimeter M : D(CY) —
C’S,a 4 We can also ask whether M can be performed using less measurements or outcomes, that
is, whether there is a multimeter N : D(C%) — C’Sllﬂ, and a classical post-processing channel
D CSllﬂ, — CS,;Q such that:

D(C M » CS},

x y (2.6)

CS}

lr
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Steering is a quantum phenomenon that may occur when one of the two parties sharing a bipartite
state performs one out of several possible measurements. That is, in the steering scenario we have
a bipartite state o € D(CdAdB) and a multimeter M : D(CdA) — C’S,i’g and we investigate the
steering assemblage 0 = (M ®id)(p). In general o € C’S’,i’g & D(C98) and we say that o has local
hidden state model if and only if ¢ is separable, ¢ € C'S ,i p ® D(C?3). Due to the known relation
between steering and measurement incompatibility [UBGP15] we can immediately transport all
results about incompatibility to steering with the steering assemblage o replacing the multimeter
M. In quantum theory any steering assemblage can be obtained by measuring a bipartite state
[Gis89, HIW93]. While the same is known to not hold in GPTs [BGW13, SB14], we do provide an
explicit counterexample.

Similarly to steering, Bell nonlocality may occur when both parties sharing a bipartite state
perform one out of several possible measurements. In this case we are working with a bipartite
state ¢ € D(€%98) and multimeters M : D(C94) — C’S,;g, N :D(C%) — C’Sir and we investigate
the so-called behavior (M ® N)(p). In general we have (M @ N)(p) € CS,;Q ® CSllﬂ, and (M ®N)(o)
has local hidden variable model if and only if it is separable, (M ® N)(o) € C’S,iy g ® C’Sll’r, which
was recently exploited to find connection between measurement incompatibility and Bell nonlocality
[PGQ24]. We will then use the formalism of multimeters to provide streamlined proofs of known
results, such as that block-positive operators do not provide post-quantum behaviors [BBB™10],
that in quantum theory any pair of dichotomic measurements violates the CHSH inequality if
and only if it is incompatible [WPGF09], and that if one party measures a pair of dichotomic
measurements while the other applies an arbitrary finite multimeter, then all Bell inequalities are
just post-processings of the CHSH inequality [Pirl4]. To prove the latter two results we will use
another key idea also observed in [Jenl8, Example 14]: the CHSH inequalities can be identified
with isomorphisms of a square via isomorphisms between tensors and linear maps.

We also investigate symmetric n-extensions of multimeters M € PSD ;& C’S,: p and no-signaling
behaviors P € C’S,i’g®05’;7g. These extensions are now tensors in PSDy ®(CS,‘;9)®” and in
CS ,1 g ®(CS ,i g)® " respectively, such that by applying a symmetric reduction map 72 : (C',S”,;tg)‘29 "
CS; p the extension reduces to the original multimeter M and the original no-signaling behavior
P, respectively. We find that for both M and P the existence of an g-extension is equivalent to
the tensor being separable, in which case M is compatible and P has an LHV model. On the other
hand, for n < g, the existence of an n-extension for M is equivalent to every n-subset of mea-
surements in M being compatible with the joint measurements satisfying particular no-signaling
constraints. Similarly for P having an n-extension is equivalent to P having restricted LHV models,
i.e., LHV models for all the cases where the second party is restricted to only performing some
n measurements. Again these restricted LHV models must satisfy some particular no-signaling
constraints.

Finally we investigate the robustness of factorizability to noise: it is known that if a certain
amount of white noise is added to the system, incompatible measurements become compatible,
steering assemblages start having local hidden state models, and behaviors start having hidden
variable models. We inspect factorization conditions for maps mixed with noise to get geometric
criteria for when noisy multimeters can be simulated by multimeters with simpler measurement
settings.

3. PRELIMINARIES

In this section, we will review the formalism of GPTs and their transformations. We will start
with a short review of the formalism in Section 3.1 and continue by describing positive maps and
channels between such theories in Section 3.2. In Section 3.3, we focus on special classes of channels,
namely measurements and instruments. Then, we will concentrate on the GPT of column stochastic
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matrices in Section 3.4, which we will need to formalize multimeters as maps from state spaces to
column stochastic matrices in Section 3.5.

3.1. The formalism of general probabilistic theories. In this section, we will review a general
framework for describing operational theories. For a review of cones and the terminology used to
describe them, see Appendix A.1. A GPT is described by a triple (V, VT, 1y), where V is a real
finite-dimensional vector space with a proper cone V', and where 1y is an order unit in the interior
of the dual cone A" := (V*)* C V* =: A. Here, we have written V* for the dual vector space of
V, i.e., the vector space of linear functionals on V, and (V1)* for the cone dual to V*. Then the
state space of the theory is described by the compact convex subset K C V defined as

K:={veV 1y(v) =1}, (3.1)

which also forms a base for V. On the other hand, if we have a compact convex set K, then if we
set A = A(K) (the set of affine functionals f : K — R), AT = A(K)" (the set of positive affine
functionals on K) and take 1y to be the constant function 1y giving value 1 on K (which is an
order unit in A). Then we can choose V = A* and VT = (A1)* and it follows that K is isomorphic
to a compact convex base of the cone VT determined by 1 as in Eq. (3.1). Thus, sometimes we
might also write (V(K), V(K)',1k) for a GPT which is determined by its state space K. We refer
the reader to [Laml18, P1423] for more background on GPTs. Before we continue, we will briefly
describe what classical and quantum mechanics look like in the formalism of GPTs.

Example 3.1. Any classical system is described by the triple CMy := (]Rd, Ri, 14), d € IN, where
Ri denotes the set of elements with nonnegative coordinates and 14 = (1,1,...,1). The classical
state space is the probability simplex with d vertices Sg.

Example 3.2. Quantum theory corresponds to the triple QMy = (M(C)5,PSDg, Tr), d € NN,
where PSDy is the cone of d x d positive semi-definite complex matrices in the real vector space of
self-adjoint matrices M(C)3*. The quantum state space is the set of density matrices D(CY), i.e.,
the elements in PSDy with trace equal to one.

Until now, we have only considered single systems. However, as in quantum mechanics, it makes
sense to have systems that are multipartite, where each subsystem is a GPT. Let (Vy, Vj, 1v,)
and (Vp, V4, 1y,) be two GPTs. To construct a bipartite GPT out of them, we first need a joint
vector space: For this, we consider simply the tensor product of the individual vector spaces, i.e.,
Vap := Va4 ® V. Second, we need an order unit, for which we can simply take the tensor product
of order units, i.e., 1y,, = 1y, ® 1y,. Thus, it remains to choose a cone for the GPT on the
bipartite system. Here, we are free to choose any tensor cone, i.e., any cone VXB such that

Vievy cvipcvievy. (3.2)
We refer the reader to Appendix A.2 for a recap of tensor products of cones. In fact, we can also
define the minimal tensor product of state spaces
Kis®@Kp :=conv{zg ®zp:24 € Ka, v € Kp} (3.3)
and the maximal tensor product of state spaces

Ki®@Kp:={yeVap: (lx, @1k, y) =1, (fa® fp,y) > 0Vfa € A(Ka)",Vfp € A(Kp)"}.
(3.4)
Here, we have written for x € V an element in a vector space and @ € V* a functional the
expression (o, z) to mean a(x). As D(C%)® D(C8) is the set of separable states, elements
in K4® Kp are called separable. However, the set D(C%)& D(C?) encompasses more than
D(C%8). The set is in fact equal to the set of block-positive matrices of unit trace and can
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therefore be interpreted as the set of entanglement witnesses [CS14]. This can be seen from the
fact that Vi @ Vg = ((V;)T @ (V) T)*. With these definitions, it follows that

VKA Kp)" =V(KA)tT®V(Kp)",
V(IKA®Kp)T =V(KA)T&V(Kp)T.

3.2. Positive maps and channels between GPTs. Let (Vy, VX, 1y,) and (V3, VEJ{, 1y,) be two
GPTs, transformations between these two GPTs are described by channels, i.e., linear mappings
® : V4 — Vp that are positive, i.e., ®(V;") C V4, and normalization-preserving, i.e., Ly, (®(v)) =
1y, (v) for all v € V;. The latter property means that channels map elements of the state space
K4 of (Vy, VX, 1y, ) to elements of the state space Kp of (Vg, Vg, 1y,). Regarding notation, we
may also denote the channel ® : V4 — Vg simply as a map ® : K4 — Kp between the state spaces
of the GPTs. If the map is merely positive but not a channel, we will often write & : VX — VEJ{
to emphasize that it is a map between cones. For the dual map ®* : V5 — VJ, it holds that ® is
positive if and only if ®* is. Additionally, ® is a channel if and only if ®*(1y,) = 1y,, i.e., ®* is
unital.

Remark 3.3. Note that our notion of a positive map does not automatically mean completely
positive as required in quantum theory. The problem with complete positivity in GPTs is that one
needs to define it through an ancillary system and this requires specifying the ancillary GPT as
well as the tensor product between the cones. We refer to [Pla23, Sec. 6.5] for a more in-depth
discussion.

Now, we can consider tensors that play the role of Choi matrices for GPTs. Let us consider two
GPTs (V(Ka), V(Ka)*,1k,) and (V(KB),V(Kp)", 1k,). Let {ei}icq be a basis of V(K4) and
let {a;};eiq be the corresponding dual basis of A(K4) for some d € IN. Then, we can define a
special tensor xy (x,) € A(Ka) ® V(K4) as

d
XV(Ka) = Z a; @ e; . (3.7)
i=1

It holds that xy (k) € A(Ka) ®V(Ka4), an explicit proof can be found in [Jen18, Lemma A.1].
Also by [Jenl8, Lemma A.1] (see also Appendix A.3), there is a one-to-one correspondence between
s € V(KB)+ ®V(KA)+ and O : A(KA)+ — V(KB)+ as fp = (P ® id)(XV(KA)) and

(®(fa), fB) = (€2, fB® fa),  Vfa€ A(Ka),Vfp e A(KpB). (3.8)

In fact, the correspondence between maps and tensors is unique:

Lemma 3.4. Let £ € Koa® Kg. Then, there is a unique map ® : A(Ka)™ — V(Kp)T such that
&= ((I) ®id)(XV(KA)) and (I)(]IKA) € Kp.

As PSDy is self-dual, one can embed D(C?) into both V(D(C%))* and A(D(C%))*. However,
GPTs are in general not self-dual and one cannot embed K, into A(K4)T. Sometimes, it is
nonetheless helpful to also define a state space in A(K4)". Let o € K4 and define

(Ka)y:={f € A(Ka)": f(o) =1}. (3.9)

If ¢ is in the relative interior of K, then (K4)j is compact and V((Ka)3)* = A(Ka)*, A((Ka)p)" =
V(Ka)", see again [Jenl8, Lemma A.1] for an explicit proof. Thus, (K4)} is a state space for the
GPT (A(K4),A(KA)t,0). If g is not in the relative interior, there is f € A(K4)™ such that f # 0
and f(0) =0, and (K4)} is not bounded.

To illustrate this construction, let us again consider classical and quantum mechanics:
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Example 3.5. Let us consider classical system as a GPT CMy = (Rd,]Ri, 14), d € IN with some
classical state ¢ > 0 (i.e., a probability distribution with positive definite entries). Then, we can
readily verify that

d
(Sa)y ={p€RL:> pigi=1}. (3.10)
i=1
Thus, we can identify (Sq); == Sa, where the vertices of the new simplex are
6 =(0,...,0, ¢* ,0,...,0). (3.11)
—~—
i—th entry

Example 3.6. Let us consider quantum theory as a GPT QMg = (M(C)$,PSDg, Tr), d € IN with
some quantum state o > 0. Then, we can readily verify that

(D(CY): = {0 70077 : 0 € D(CH}. (3.12)

To conclude this subsection, we will characterize maps corresponding to separable tensors (also
called entanglement-breaking in analogy to the case of quantum mechanics) as having a certain
factorization:

Proposition 3.7. Let o € Ka® Kp and ® : A(Ka)™ — V(Kp)* such that ®(1g,) € Kp is
the unique associated map in Lemma 3.4. Then, £o € Ko ® Kp if and only if there exist finitely
many outcomes A, a positive map V1 : A(Kx)t — Sj{ such that U1(1gk,) € Sa, and a channel
Wy : Sy — Kp such that the following diagram commutes:

A(K)" 2 V(Kp)*

& V (3.13)

SX

If in addition ® is a channel, then Uy can be taken to be a channel as well.

Proof. The factorization into positive ¥; and Wq follows from [BJN22, Lemma 3.7] and [Jenl8,
Proposition A.1]. Thus, it remains to prove that indeed we can assume ¥;(1g,) € Sy and ¥a to
be a channel. Decomposing

A
fo =) DATADY» (3.14)
A=1

with z) € K and y) € Kp for all A € [A] and a probability distribution (px)xe[a], we can explicitly
choose

A

Uy a— Zp,\a(x)\)é,\, Va e A(Ky), (3.15)
A=1

Wy : 0y — U, VA e [A] . (3.16)

We can thus see directly that Wy is a channel and that ¥;(1g,) € S, since 1g,(xzy) = 1 for all
A € [A]. The fact that ¥y can also be chosen to be a channel in case ® is a channel follows from
[Jen18, Proposition A.1]. O

3.3. Meters and instruments in GPTs. Measurements are a special form of channels between
GPTs, as we will see in this section. An effect corresponds to the most elementary ’yes-no’ -
measurement and it is described by an element e € AT such that 0 < e(p) < 1 for all p € K. The
set of effects on a state space K is denoted by F(K) and it is called the effect space of K. The
number e(p) is interpreted as the probability that the event corresponding to the effect e is detected
in a measurement of a system in a state 9. We say that a nonzero effect e is indecomposable if
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any decomposition of e into a sum of two other nonzero effects eq,es as e = e; + eo implies that
e = aje; = ageg for some g, ay > 0 [KNI10]. It can be shown that an effect is indecomposable if
and only if it lies on an extreme ray of the dual cone A(K)*.

Definition 3.8. Let (V,V*,1y) be a GPT with a state space K. A measurement (or meter) on
K with k < 0o outcomes is described by a channel f: K — Sj.

Let f be a k-outcome measurement on K. Then for all p € K we have that f(p) € S such that

if we write {61-}5-“:1 for the vertices of the simplex Sk, then f(o) has a unique convex decomposition

flo) = Zle agf’g)éi for some unique coefficients a”? > 0 for all i € [k] such that Zle al(.f’g) =1.

7
For all ¢ € [k] we define a mapping f; : K — [0, 1] by setting f;(0) = ozl(f’g). For all i € [k] we see
that f; is clearly well-defined and it is straightforward to see that f; is affine. Furthermore, each f;
can be uniquely extended to an element (for which we use the same notation) f; in A(K). It is then
clear that f; € E(K) for all i € [k] and that Zle fi(o) = 1 for all p € K; hence Zle fi =1y.
Thus, each k-outcome measurement f on K is characterized by some k effects f1, ..., fi that satisfy

Zle fi = 1y; hence
k
fl@) =Y fi(e)d; (3.17)
i=1

for all p € K. On the other hand, given k effects fi,..., fi that satisfy Zle fi = 1y one can use
the above equation to define a channel from K to Si. The interpretation is that when we measure
a system which is in a state ¢ with a measurement/meter f, then f;(o) is the probability that an
outcome ¢ is obtained.

Measurement devices which not only produce a classical measurement outcome but also output
a post-measurement state are called instruments. Formally, we can define instruments as specific
types of channels:

Definition 3.9. Let (Vy, VX, 1y,) and (Vp, VB+7 1y,) be two GPTs with state spaces K4 and Kp,
respectively. An instrument from K4 to Kpg with k outcomes is described by a channel ® : K4 —
KB®Sk .

Let ® : K4 — Kp®S), be an instrument between state spaces K4 and Kp. Thus, we can write
it as ®(0) = S8 N2 @ §; for some €2 € Kp and A? > 0 for all i € [k] and ¢ € Ka such that
S A2 = 1. Since {6}, is a basis of R¥, this decomposition is unique. Thus, for all i € [k] we
can define a map ®; : V4 — Vg by setting ®;(0) = A?¢7 for all p € K4, and it is straightforward
to see that each ®; is positive, i.e., @i(Vj) - Vg and that it is normalization-non-increasing, i.e.,
1r,(®i(0) <1k,(0)forallpe VX. We refer to maps satisfying these two properties as operations.
Furthermore, we see that Zle ®; is normalization-preserving, i.e., it is a channel between K 4 and
Kp. Thus, each k-outcome instrument ® between K4 and Kp is characterized by a collection of

operations ®1,..., ®; such that Zle ®; is a channel from K 4 to K which maps
k
(o) =D Pi(0) ® 6 (3.18)
i=1
for all p € K4. On the other hand, given a collection of such maps @1, ..., ®; one can construct

an instrument ® : K4 — Kp®S, by just setting ®(p) = Zle D;(0) ® §; for all p € K4q. The
operational interpretation of an instrument is the following: when the system, which is in a state
0, is operated on by an instrument ®, then a measurement outcome i is detected with probability
1, (®i(0)) after which the system can be found in the conditional output state ®;(0)/ Lk, (Pi(0)).
Note that we can without loss of generality assume that 1, (®;(0)) # 0, because otherwise outcome
i never occurs and the post-measurement state is irrelevant.
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3.4. State spaces of column stochastic matrices. It is now time to consider a GPT that will

be essential for the definition of multimeters. Let us consider the GPT (C'Sy 4, C'S;f o Lost ) where

US4 is the real vector space of real k x g -matrices whose column sums are equal, CS; g s the
cone of nonnegative k£ x g -matrices whose column sums are equal and Tog :CSLy —+ Ris a
g

functional defined as 1¢g1 (M) <Jk g M) for all M € CSy, 4, where Jy, 4 is the k X g -matrix of

all ones and the inner product is the Hilbert-Schmidt inner product. The state space of this GPT
is the set of column stochastic k x g -matrices (nonnegative k X g -matrices whose columns sum
to one), which we denote by CS,; s~ This GPT is a special case of the polysimplex considered in
[Jen18], where the number of vertices of all simplices involved is chosen to be equal for simplicity.

The extreme points of C'S ,1 are matrices whose columns have an entry 1 on all columns on some
positions, i.e., matrices of the form

g
Sit g = ZEz‘j,j (3.19)
j=1
for all ¢; € [k] and j € [g], where E;; is a matrix with entry 1 on the position (4, j) and zeros
everywhere else. We can define measurements m) which project onto the j-th column and have
effects mf 7 defined as
Loij =i (3.20)

0 otherwise

mz(-j)(sil,-wig) = <Ez',ja 5i1,--~7ig> - {

We note that Zle ml(j)(M) =1los: (M) for all M € CS}, 4 so that as functionals from CSy, 4 to
g

R they are equal; Zle mgj) = ]lCS,i for all j € [g]. Moreover, we define
g

e = E,;— Ey,. (3.21)
These definitions give us convenient bases for C'Sy 4 and CS ,, respectively. Lemma 1 of [Jenl18]
states that the mgj), i € [k], j € [g] generate the extreme rays of (CSZQ)*. Furthermore,

(1) m (2 (9)

]lcsi!g,ml ey g my (3.22)
form a basis of C'S}; 9 and
1 1 2
sk7,,,7k,eg ), .. e,(g )1,(3% ), . ,e,(cgjl (3.23)

the corresponding dual basis of C'Sy 4.

3.5. Multimeters as channels. As we saw earlier in Section 3.3, a measurement or meter is
characterized by a collection of effects. Next we focus on measurement devices that can implement
the measurement of multiple meters; we call this a multimeter.

Definition 3.10. Let (V,V*,1y) be a GPT with a state space K. A multimeter on K with g
measurements each with k outcomes is described by a channel f: K — CS’,}J,g

Measurements will be from now on seen as just multimeters with one measurement setting. For
the same reason, in everything that follows we will simply talk about multimeters even if we are
considering single measurements unless we want to specifically emphasize that we are talking about
measurements.

Let f be a multimeter with g measurements and k outcomes on K. Then for all p € K we have

flo) € C’S’,ihq. Let us define maps M), : K — Sy by setting M, = —m® o f for all @ € [k] and

z € [g], where m®) : C'Sy, , — Sy, are the measurements defined in Eq. (3.20) which project onto the
z-th column of the outcome probability matrix. As compositions of a channel and a measurement,
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it follows that M,, are effects such that Zlgzl My, = 1k so that the collection {Ma|x}§:1 defines
a measurement M., on K for all z € [g].
In the basis of Eq. (3.23) we can write the multimeter f: K — CS} g OW as

g k-1
£(0) =1k (0)shk + D Y Mys(0)el” (3.24)
z=1a=1

for all p € K. One can readily check that indeed mgx)(f(g)) = M, (0) for all a € [k], x € [g] and

o € K as defined before. Conversely, given a collection of g measurements {M.‘x}xe[g] on K each

with k outcomes one can use the above equation to define a unique channel f: K — C’S’;y o
Alternatively, we can also represent f more naturally as

g k

f(Q) = ZZMa|x(9)Ea,x = (M~\1(Q)a e 7M~\g(Q)) (3'25)

z=1a=1

for all p € K. In particular, then we see that a k-outcome multimeter f on K is characterized by ¢
measurements M.y, ..., M, with k outcomes respectively such that f(o) = (M.1(0)|---|M.4(0))
where the measurements define the columns of the outcome probability matrix. Thus, we may write
f = fu for some collection of k-outcome measurements M = {M., },¢[g- In this representation,
f manifestly maps states to states. For multimeters the interpretation is that when we measure a
system which is in a state p with a multimeter M by using a measurement setting x € [g], i.e., by
using a measurement M., then M,, (o) is the probability that an outcome a € [k] is obtained.
An important property of measurements is compatibility.

Definition 3.11. A multimeter M = {M.;},c|q of g measurements with k outcomes on K is
compatible if there exists a single [-outcome measurement N on K and some conditional probability
distribution v = (Vy 2 )vef) zelq) 07 (K] such that

l
Ma|:p = Zya\b,be (326)
b=1

for all a € [k] and x € [g].

We refer the reader to [HMZ16, GHK 23] for an introduction to incompatible measurements
in quantum mechanics and other operational theories. In the next section, we will characterize
compatibility in terms of the corresponding map f: K — C’S,i .

4. COMPATIBILITY AND SIMULATION OF MULTIMETERS

4.1. Simulating multimeters on one state space by multimeters on another state space.
We continue by generalizing to GPT's the notion of simulability of quantum measurements consid-
ered in the recent works [[SDT22, JUCT23, JEPU24].

Definition 4.1. Let M = {M ,},¢|q be a multimeter of g measurements with k outcomes on a
state space K 4. It is Kpg-simulable if there exists a finite number of outcomes A, an instrument ® :
K — Kp®Sy with operations @y : V(K)T — V(Kp)*t, and a multimeter N = {N.j; x}ze[glre[A]
of g - A measurements with k outcomes on Kpg such that

A
Ma\x = Z(I)K(Na\x,)\) (4.1)
A=1

for all a € [k] and = € [g].
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Here the recipe of simulation is as follows: a measurement with a label x is obtained first by
measuring the input state ¢ € K4 by the instrument ®, obtaining an outcome A and resulting
the system in a (unnormalized) conditional output state ®,(p), which is then measured by the
POVM N, » from which an outcome a is obtained and then reported as the final outcome of the
transformed measurement with a label .

We will show now that Kp-simulability is equivalent to a factorization of the associated multi-
meter, seen as a channel into column stochastic matrices.

Theorem 4.2. Let M = {M.,},c[q be a multimeter of g measurements with k outcomes on a
state space K. Then M is Kp-simulable if and only if there exists a finite number of outcomes A,
an instrument ® : K4 — Kp®Sx and a multimeter N : KRSy, — CS,% such that the following
diagram commutes:

K - » CS}

x y (4.2)

Kp®Sy
We start by proving the following lemma.

Lemma 4.3. There is a one-to-one correspondence between multimeters N : Kp — CS gA and
channels N : Kg®Sy — CSk,g.

Proof. Informally, the multimeter N maps states in Kg to g- A tuples of probability vectors of size
k. If we see the range of this map as A-tuples of elements of C’Sk o the data of the channel N is

equivalent to mapping Kp®S, to CS,%, o Next, we make this intuition formal.
First, given the measurements {N.j; ) }ze[gre[a] Of the multimeter N : Kp — CS} oA We can
define a linear map N : V(Kp) ® R* — CSy 4 by setting

A g k-1
N(X) = ]}'KBQ'Z)SA (X)Sk7---7k + Z Z Z alz,\ ® b/\ ) Szx)a (43)
A=1lz=1a=1

for all X = Zﬁ\\zl Xy ® 6y € V(Kg) @ R*, where {ba}aeqn) is the dual basis of {dx}xe[n)- Clearly

now

g k—1 g k
(Q®5>\) _]lKB k+zzNa\:pA ZZNCL\Q:)\ (4'4)
rx=1a=1 rz=1a=1

for all o € V(Kp)™ and A € [A]. Thus, by linearity N maps states to states so that it is a channel.
On the other hand, if we have a channel N: K RSy, — CSL o then it defines a multimeter

N:Kp— CS} fg-A 3S follows. Namely, as N is linear and maps states to states, it can be written
as

g k-1
N(X) =g, 006, (X)sk.p+ DD Agu(X)el?, (4.5)
rz=1a=1

where A,, : V(Kp) ® R» — R are some linear functionals. We see immediately that

m{(N(X)) = Age(X) Vae [k —1], 2 € [g], (4.6)

a

which is positive for all X € V(K B)+®SIJ{, because N is positive and the mﬁj”) generate the
extreme rays of (CS,:g)*. Thus, Ay, € (V(Kp)T®SY)* for all a € [k — 1], € [g] and also
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k—1 . .
Ape =g 08, — Y oa1Age € (V(KB)’L@S[J{)* since
M (N(X)) = L6, (X) = Y Agu(X). (4.7)

Hence, {A.;},¢[g is a set of g measurements with k outcomes. Defining Ny, \(0) 1= Agjz(0 ® dx)
for all p € K, a € [k], z € [¢g] and X € [A], we find for X = Zé},l X) ® 0y that

g k-1
N(X) =Ly g5, (X)sk, ok + Z DTN Ny (Xl (4.8)
=lz=1la=1
Clearly N = {N.jz x}ze[g),\e[a] nOW defines a multimeter N : Kp — CSk,gJ\' O

By using the previous lemma we prove Theorem 4.2.

Proof of Theorem 4.2. Let us now first assume that the multimeter M on K4 is Kp-simulable.
Thus, there exists some finite number of outcomes A, an instrument ® : K4 — Kp®Sx and a
multimeter N : Kp — CS,ag.A such that M), = Zf\\zl D} (Najz,n) for all @ € [k] and = € [g]. As
was explained in Lemma 4.3, we can use the multimeter N : Kg — CS,; oA tO define a multimeter
N : Kp®S) — C’S1 k.g- What remains to show is just that M = N o ®. First, as we explained in
Section 3.5, we have that

Log (M) =1x,(0).  mPM(e) = Myo(0) Vaclk—1. zclglocks.  (19)

By using Eq. (4.4) it is easy to see that Leg: (N(®(0))) = 1x,(0). Finally, for all a € [k — 1],
29
S [g]a 0€ Ky,

A A
m((zx) (N((I)(Q») = Z ~a|x,/\((I))\(Q)) = Z((I);( alz, )\ (Z q))\ a|:0 A > ) Ma\x(g)7
(4.10)

which shows that indeed M = N o®. :
On the other hand, if M = N o ® with the channels N and ® described in the diagram, then we
can use Lemma 4.3 again to see that M is K B-simulable because by using Eq. (4.8) we have that

Ma|x(g) = m((lm) (M(Q)) = mz(zz ZNa\r A (I))\ (Z (b a\m A ) Q) (411)

for all a € [k], x € [g] and o € K 4. O

4.2. Classical simulation of multimeters. In this section, we consider a different notion of sim-
ulation of measurements, purely in terms of classical mixing and post-processing of measurements

[OGWA17, GBTCA17, FHL13].

Definition 4.4. Let M = {M.,}sey be a multimeter of g measurements with k outcomes on a
state space K. We say that M can be classically simulated (or is classically simulable) with a
multimeter N = {N.j,}yer) of v measurements with | outcomes on K if there ewist conditional
probability distributions m = (7.|3)zelg) On [r] and v = (V.jp.2.y ) bell] velgyelr] O7 [k] such that

a|:p Zﬂ'yw Zya\bxyNMy (412)
y=1

for all a € [k] and = € [g].
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The operational interpretation of classical simulation is the following: given a measurement label
z, we measure the input state o € K with the measurement N, with probability m,, from which
we obtain a measurement outcome b. Instead of registering this outcome we report an outcome a
with probability v ., as the final outcome of the simulated measurement with the label .

It turns out that we can also express classical simulability as factorization of the multimeter
through a CS of different size. For this we need to first characterize the channels between two sets
of column stochastic matrices of different size.

Theorem 4.5. A linear map ® : CS;, — CSi 4 is a channel if and only if there exist conditional
probability distributions m = (7|3 )zelg) On [r] and v = (Vo2 )bell]welglyelr] O7 (k] such that

g k—1 r
B(X) = Legp (X eSS Z?Ty‘wZVa|bm7ymb X)| e (4.13)
z=1a=1 |[y=1

forall X € CS,.

Proof. As was explained in Section 3.5, for a state space K, a linear map ® : V(K) — CSy 4 is a
channel, i.e., a multimeter, if and only if there exist g measurements {A.|x}x€[g} with k& outcomes
such that

g k-1
®(0) = L (0)shook + D > Agpulo)el” (4.14)
rx=1a=1

for all p € V(K).
Let us now take K = C’Sll’r. Since now A, is a measurement on CSzl,r for each z € [g] we can
write it as

Aj(o Z Ao (4.15)

for all p € C’Sllr, where Ay, ..., Ay, are the effects of A,. Since A, is an effect, we know that in

particular A, € (CS;!)*. Recall that the ml()y) generate the extreme rays of (C'S;" )*. Therefore,
since (CS; )* is a convex cone, it follows that we can write Aqglz a8

r l
Veelg Vae k] A= Yapaymy’ (4.16)

y=1 b=1
for some 7442,y > 0 . Positivity of ® imposes the following constraints:

Vo€ [g], Ya e k], Vb€ [V Auulsp,.p Z% by > (4.17)

and the fact that ® maps states to states:

k k r
Vo € [9]7 VEE [l]y ZAa\a:(sbh...,br) = ZZ’Ya,by,z,y =1 (418)
a=1

a=1y=1
Now fix some yg € [r] and let us take b, = [ for all y # yo in the above equation. Then

k k
Veelgh,Vbelll ) Yapewo =1-D_ D Valey (4.19)
a=1 a=lye[r]\{yo}
As the right hand side is independent of b, it follows that we can define
k

Tyola *= Z Ya,b,z,y0 (4.20)

a=1
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for some b € [I] and for all z € [g] and yo € [r]. Since yo € [r] was arbitrary, it follows from
Eq. (4.18) that m := (m)z¢|q i a conditional probability distribution on [r]. Setting

’Yabxy/ﬂ' |zs Tyl 7é 0
1/k, .
it follows that v = (V. 2.4 )be[i)ze[g],yelr] 18 @ conditional probability distribution on [k]. Hence, we
may rewrite Ay, as

Va € [g], Va € [k], Vy € [r], Vb € [I] Valbay *= { (4.21)

yle =0,

szabxymb Zﬂ-ykﬂ Zyaﬂ; z,ym (y) (422)
y=1

y=1 b=1
for all a € [k] and z € [g] so that by Eq. (4.14) we have that
k—1 T

g
P(X) = ]1051 g+ Z Z?Ty‘x Z ua|bx7ymb X)| e (4.23)
z=1la=1 |y=1

for all X € C'S;,. For the converse, it is straightforward to verify that any map as in Eq. (4.13) is
a channel. g

We can use the previous result to conclude that every factorization through a state space of
column stochastic matrices is given by some simulation scheme.

Corollary 4.6. A multimeter M = {M.,},¢[q of g measurements with k outcomes on a state
space K can be classically simulated with a multimeter N = {N.;,},ecy of r measurements with
I outcomes on K if and only if there exists a channel ® : CSllr — CS,%Q such that the following

diagram commutes:
1

» CSE,
\ / (4.24)

Proof. If M can be classically simulated with NV, then the conditional probability distributions =
and v in Eq. (4.12) can be used to define a channel & : CSll’T — C’S,;g by using Eq. (4.13) of
Theorem 4.5. Then

g k—-1| r

@(N(Q)) = ILCS}’ ( ky.k T Z Z Z Ty|x Z Va|b,az,yTM (y) (Q)) e((zx) (425)

z=1a=1 [y=1

g k-1 T
k,. HZZ Zﬂy\xzyalb%y yv(e egx) (4.26)
z=1la=1 |y=1
g k—1
Sk + > Myz(0)el” (4.27)
=1 a=1
= M(o) (4.28)

for all p € V(K).

On the other hand, if there exists a channel ® : CS}’T — CS,;Q such that M = ® o N, then
there exists conditional probability distributions 7 and v as in Theorem 4.5 such that Eq. (4.25)-
Eq. (4.28) hold. In particular, comparing the basis decompositions in Eq. (4.26) and Eq. (4.27) one
immediately sees that M,, = 2221 Tyla 2221 Valb,z,yNely for all a € [k] and z € [g] so that M can
be classically simulated with V. O
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As a special case of Corollary 4.6 we get the following known characterization of measurement
incompatibility [Jenl18].

Corollary 4.7. Let M = {M.|$}xe[g] be a multimeter of g measurements with k outcomes on a
state space K. Then, the following are equivalent:
(1) (deM)(xv)) € K, ®C’S,;g for some o in the relative interior of K
(2) M consists of compatible measurements
(3) There exist a finite number of outcomes A, a measurement N : K — Sp, and a channel
D5\ — C’S,;g such that the following diagram commutes:

CS,i’g

K
N @ (4.29)
\ . /

Proof. The equivalence between (1) and (3) follows from Proposition 3.7. The equivalence between
(2) and (3) follows directly from Corollary 4.6 with r = 1, as the factorization is equivalent by the
corollary to

2= VapaeNa V€ lg], Vae[k]. (4.30)
A=1

O

If we add an additional classical system Sy into the factorization of Corollary 4.6 then we get
the following characterization:

Corollary 4.8. For a multimeter M = {M,‘x}ze[g] of g measurements with k outcomes on a state
space K there exist channels N : K — CSZ{T®SA and ® : CSll’T®SA — CS,% such that the following

diagram commutes
x % (4.31)

if and only if there exist conditional probability distributions ™ = (7.5 \)ze[gre[a] 0N [r] and v =
(Vb ny)bell),zelgre[AlLyelr] on [k] and a multimeter N = {N. |, } e[y consisting of r measurements
with [ - A outcomes on K satisfying

l l
D Nuaw =D Noay (4.32)
b=1 b=1

for all X € [A] and y,y’ € [r] such that

Zzﬂyh})\zyﬂb RTIDN b)\\y (433)

A=1y=1
for all a € [k] and = € [g].

Proof. Let us first assume that the diagram commutes. Per Lemma 4.3 we can use ® : CS}T®S A —
C’S’,i g to define a channel @ : CSZIT — C’S,i g-A SO that by Theorem 4.5 we can write it as

g k-1 r

P(X) = ]1051 g+ Z Z Z ZW 2\ Z Valb,z, Ajymgy) X)| el (4.34)

A=lz=la=1 |y=1
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for all X € CS;,. By Theorem 4.2 together with the previous expression we have that

A A r !
M)z = Z Ni(Pafap) = D Paper 0 Na =D [ My D Valhag™y | © Na, (4.35)
A=1 A=1 |y=1 b=1

where Ny : V(K)*" — C’Sl+ .. are the operations of the instrument N, which we can write as

NA(X) = Togt (NA(X))st,i 4 D0 D Nyajy(X)ey” (4.36)
y=1b=1

for all X € [A] and X € V(K). Here, Ny, € (V(K)*)* are positive functionals on K for all
be[l—1], A€ [A] and y € [r]. Let us define Ny, := Logr oNx — St Ny apy € (V(K)')* for all
A € [A] and y € [r]. Now we have that 7

l

vy e L YAE [A]: Y Nyny = Legg, oNa, (4.37)
b=1
vy € | ZZNb Ay = 1k, (4.38)
A=1b=1

where the second equation follows from the fact the the operations N, form an instrument. Thus,
the effects IV}, |, form a multimeter N : K — CS}, , such that Zbe[l} Ny = Zbe[l] Ny )y for all

A€ [A] and y,y" € [r]. It follows from Eq. (4.35) and Eq. (4.36) that

ZZ%WZ%MM bAly (4.39)

A=1y=1

for all @ € [k] and = € [g].
On the other hand if Eq. (4.33) holds for some conditional probability distributions = and v
and some multimeter N : K — CS}, . such that 2ovei] Noaly = 2opepy Vo for all A € [A] and

v,y € [r], then we can use Eq. (4.34) and Eq. (4.36) to define a channel ® : CSl — C’Sk A and
an instrument N : K — CS}, ®S,, respectively. By Lemma 4.3 we can use ® to deﬁne a channel

D C’Sl RSy — 081 so that then by Eq. (4.33) we can see that Eq. (4.35) must hold so that by
Theorem 4.2 the dlagram commutes. O

We will next explore classical simulability a bit more with the aim of providing more operational
intuition behind Theorem 4.5. In particular, we will give an operational proof for that result solely
based on classical simulation showing that it is no coincidence that a channel between two spaces of
column stochastic matrices is characterized by classical simulation. First we need to explore some
concepts related to classical simulability.

Naturally every measurement can be used to trivially classically simulate itself. Following
[FHL18] we next look into measurements for which this is the only way to simulate them (up
to postprocessing equivalence).

Definition 4.9. A measurement A is simulation irreducible if for any multimeter M that can be
used to simulate A there exists some measurement in M that is postprocessing equivalent with A.

Remark 4.10. Here by postprocessing equivalent measurements we mean the case when two mea-
surements A and B can be postprocessed from each other via some conditional probability distribu-
tions v and u so that A; = Z vijBj and B = Y, pjiiAi. In fact, then it follows that the set of
measurements can be partitioned mto equwalence classes of measurements and in many cases it is
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convenient to consider properties of measurements only between different postprocessing equivalence
classes.

As already the name suggests, it turns out that every measurement can be reduced to a classical
simulation of some set of simulation irreducible measurements [FHL18].

Proposition 4.11 ([FHLI18]). For every multimeter M there exists a multimeter consisting only
of simulation irreducible measurements which can classically simulate M .

Thus, in terms of understanding classical simulability studying the simulation irreducible mea-
surements is extremely useful. It can be shown that in the postprocessing equivalence class of
each simulation irreducible measurement there exists a unique extremal measurement which we
take as representative of the equivalence class (and which is the same as the minimally sufficient
representative in [Kurl5]). In [FHL18] the following characterization was given:

Proposition 4.12 ([FHL18]). A measurement is simulation irreducible and extremal if and only
if it consists of linearly independent indecomposable effects.

Now we can use the above result to characterize all the extremal simulation irreducible measure-
ments on the state space of column stochastic matrices.

Proposition 4.13. The k-outcome measurements m™ ... m(9 defined in Eq. (3.20) are the only
extremal simulation irreducible measurements on C’S,i g

Proof. First, let us note that each m(®) consists of linearly independent indecomposable effects so
by Proposition 4.12 it is simulation irreducible and extremal for all € [g].

On the other hand, let us look into the structure of (other possible) simulation irreducible
measurements on C’S,i’ . Since simulation irreducible measurements consist of indecomposable

effects and since the effects of the measurements m(!), ..., m(9 are exactly all the extremal in-
decomposable effects, without loss of generality we can represent an arbitrary extremal indecom-

posable measurement f as having the outcome set [g] x [k] such that f(x’a = a,ﬂg’”) ( ) for some
= [0,1] for all a € [k] for all z € [g]. Since f and each m(*) are measurements the normalization
er[g] Zae[k] fwa) = ]lcs,i,g = Zae[k] mﬁj”) holds for all z € [g] so that we have

g k g k-1
0=Tcg —> > aPml) = ( Za > Les) + (of? = o) m{®.  (4.40)
1 z=1a=1 r=la=1
Now, since the set {11051 ,mgl), - m,(cl)_l, .. mgg), c,m g) "} forms a basis of C'Sj, , so that in

particular the set is hnearly independent, we have that a( ) S/C) =: a® for all a,d’ € [K] for all
x € [g] and that > g]a()—l
Slnce f is extremal it consist of linearly independent effects. Thus, if we denote G = {z €
[9]] &®) £ 0}, which is clearly non-empty since f is a measurement, then {f (2,0) }ac[k],zeC o 1S @ €t
of linearly independent elements. Let us now fix x € G. Now we see that
k

g k k
ﬁza(z)mé —log Za(y)]lcsl 30w = 33 fyar

a=1 y=1 a=1 y€G 4o a=1
(4.41)

By rearranging the terms we have that

k k
0=a" > 3N fya+ (o —1)2 (4.42)

yeGzo\{z} a=1
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Since { f(l, az) }aze[kz} z€G 1S A set of linearly independent elements and since we have that o(*) 0
we must have that G \ {z} = 0, i.e., Gzo = {z}, so that by the fact that 3 ]a( ) =1 we in

fact have that () = 1 and thus the only nonzero effects of f are f (z,0) = ((1 ) for all a € [k]. This
concludes the proof. ]

Together with Proposition 4.11 we can use the above result for a more operational proof of
Theorem 4.5.

Alternative proof for Theorem 4.5. As we have already argued before, a linear map ® : C'S;, —
CS}g is a channel (or a multimeter) if and only if there exist g measurements {A.|;},epq With &

outcomes such that
g k—1

®(0) = 1oy (Q)shek + )Y Agjz(0)el® (4.43)

r=1a=1

for all o € CS;. Since now A, is a measurement on CS} for each z € [g] we can write it as

Ala(e Z Aapa(0 (4.44)

for all ¢ € C'Sll’T, where Aq,, ..., Ay, are the effects of A,,.

Since A, is a measurement on CS’ll’r for each x € [g], by Proposition 4.11 there exists some
multimeter M) consisting of simulation irreducible measurements on CSzl,r which can be used
to simulate A.|, for all € [g]. Since every simulation irreducible measurement is postprocessing
equivalent with an extremal simulation irreducible measurement we can take M) to contain only

extremal simulation irreducible measurements. Furthermore, since M) can be used to simulate
A, also the multimeter M which consists of all of the extremal simulation irreducible measurements

on CS} can be used to simulate A, for all x € [g]. By Proposition 4.13 the multimeter M thus

consists exactly of the measurements m®, ..., m) defined in Eq. (3.20). By the definition of
classical simulability there thus exists some conditional probability distributions 7 = (.|;)ze[g On
[r] and v = (Vb 2y )bei],zelgye[r] ON [k] such that

Aajz = Z Tyle Z Valp, x,ymb (4.45)
y=1

for all a € [k] and = € [g]. Then by Eq. (4.43) we have that

g k—=11| r

B(X) = log (X)si, Sk + DY Z?Ty‘xzya|bz7ymb X)| e (4.46)

rz=1a=1 | y=1

for all X € CS;,. Again, the converse is straightforward to verify. O

5. STEERING

5.1. Steering in quantum mechanics and general probabilistic theories. One form of quan-
tum nonlocality that is closely related to measurement incompatibility is quantum steering. There-
fore, we will now show how a steering assemblage can be understood in the formalism used so far.
We will first stick with steering in quantum mechanics and then generalize it to GPTs. Proofs will
come at the end of the section, as it is convenient to prove everything in the GPT formalism and
to recover quantum mechanics as a special case.
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Let us consider a multimeter consisting of ¢ POVMs acting on a d-dimensional system with &
outcomes each and a bipartite state o € D(C%?8). They enable us to construct the following
object:

[(M ® id)(ﬁ)]ap: = TrAKMa\x ® ]lKB)Q] = Oqlx (5'1)
This object is called an assemblage. Assemblages in quantum mechanics are defined as sets of
positive operators o := {045 }ac[k],zelg) C PSDay with the property that there exists a ¢ € D(C8)
such that

k
o= Zaakﬁ Vz € [g]. (5.2)
a=1

In Eq. (5.1), we can easily verify that ¢ = Tr4(e) and that indeed o,, > 0 for all a € [k], x € [g]
as required.

The interpretation of an assemblage is that it corresponds to a probabilistic state preparator such
that given a classical input x the state ¢, 1= o), / Paje 18 prepared with probability pg|, = Tr [aa‘x] .
The condition of Eq. (5.2) then means that without knowing the classical output a, i.e., when
averaging over all the possible states, we can have no knowledge of the classical input z. Now
Eq. (5.1) is a particular realization of the assemblage in the two-party setting so that the states are
prepared by performing a measurement on one part of a joint state, and in this case the condition of
Eq. (5.2) corresponds to a no-signaling condition so that without having access to the measurement
outcome the party with the prepared states cannot know which measurement setting was chosen
on the other part of the shared state.

As for multimeters, we can now consider assemblages as tensors:

Lemma 5.1. Given a multimeter M : D(C%) — CS}W and a bipartite state o € D(C9B), the
assemblage obtained as 0 = (M ®id)(g) in Eq. (5.1) are elements of the set CS}W ® D(C?8).

The statement follows from the fact that ¢ € D(C%98) c D(C%)& D(C98). In fact, it is
known that the converse also holds. From the GHJW-theorem [Gis89, HJW93], it follows that for
each assemblage, there is a set of measurements and a bipartite state such that the assemblage is
obtained as in Eq. (5.1).

Lemma 5.2. Given an element o € CS,1€79®D(CdB), for dg > dp there exists a multimeter
M : D(C%) — CS}W and a bipartite state o € D(C4B) such that 0 = (M ®id)(o).

Since the assemblages are in one-to-one correspondence with elements in the maximal tensor
product of quantum states and column-stochastic matrices, the question arises what happens if a
certain assemblage is separable, i.e., part of the minimal tensor product of these state spaces. This
question lies at the core of this work and the answer will follow from our results at the end of
this section. We recover the result that separable elements are in one-to-one correspondence with
assemblages admitting a local hidden state (LHS) model [Jenl8, Theorem 4].

Proposition 5.3. For an assemblage o, it holds that o € CS}W ® D(CY) if and only if there exists
an LHS model that reproduces it. By LHS model we mean that there exists a A € IN, operators
{Ba}xeja] € PSDy and a conditional probability distribution p = (p.x, z)zelg)re[a] T [K] such that

A
Oalz = Zpa\)\,x B (53)
A=1

for all a € [k] and x € [g].

The proposition follows in particular from Corollary 5.21. For a recent review of quantum
steering, we refer the reader to [UCNG20].

With this preparation, we can define steering in the GPT setting. Let us choose a GPT
(V(K),V(K)",1k) for what follows. We start with the definition of an assemblage.
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Definition 5.4. Let (V(K),V(K)",1k) be a GPT. An assemblage is a set {qa|z, Oajz Yac[k]oclg] OF
states 0q|, € K and conditional probability distributions (qa|z)eelr) for all x € [g] together with an
average state p € K such that

0= Z Qa|zQalx Vo € [g} : (54)
a€lk]

As was explained earlier in the quantum setting, the interpretation of an assemblage is that it
corresponds to a probabilistic state preparator where given a classical input x a state g,, € K
is prepared with probability g,,. For an assemblage ¢ = {qys, Qa|z ac[k],ccq) W may also write
0 = {0aja}acik),zclg) Where Oaz = ajz0ae € V(K)*. Since the state space K forms a base for the
cone V(K)* and 1(7) =1 for all 7 € K, we can recover the conditional probabilities ¢ simply as
dajc = ]1(§Q|x). Thus, we may go back and forth between expressing the assemblage as probabilities
together with the states and expressing the assemblages just with the unnormalized states. We use
both notations interchangeably.

The definition for assemblages having an LHS model can be straightforwardly generalized:

Definition 5.5. Let {qq)) Oaje fac[k,zclg) be an assemblage. Then, the assemblage admits an LHS
model if there exist A € N, a set of states {ox}re[a], a probability distribution (px)xe[n) and condi-
tional probability distributions (Vgx z)acpk) for all X € [A], x € [g], such that

A
Qa)|zOalz = Z Valx,aPXOX Va € [k]a Vo € [g] : (55)
=1

Theorem 4 of [Jen18] states that for any £ € CS}i,g ® K, there is an assemblage {4ajz> Qalz Yaelk],ze(g]
such that

g k-1
‘E = Sk,..k @0+ Z Z qa\xe((zx) ® Qalz - (56)
z=1a=1

Conversely, any element of the form in Eq. (5.6) is in CS} 9®K , such that there is a one-to-
one correspondence between assemblages and tensors in CS,i,gé@K . This implies in particular
Lemma 5.1.

5.2. Assemblages as measurements on bipartite states. The considerations at the end of the
previous section, however, do not give us a counterpart to Lemma 5.2, because Definition 5.4 does
not make any reference to applying a multimeter to any bipartite state. We will start with a purely
mathematical construction to work around this. As discussed in Section 3.2, any £ € CS,; g QK

can be written as £ = (id @®)(xcs; ) = (2" ®id)(xv(x)), where ® : (CSg )" — V(K)™" such that
(see Eq. (5.6))

S(losy ) = 2 (57)
@(m((f)) = Ga|zalx Vr € [g]a Va € [k] . (58)
The dual map ®* : A(K)" — OS] is such that for any a € A(K)¥,
g k-1
" :ram a(@)sk,...k =+ Z Z QQ\xa(Qa\x)ez(zm) : (59)
z=1a=1

Now, we would like to see ®* as a multimeter, i.e., we need a state space in A(K)* which &*
maps to C'S ,i ; and hence makes ®* a channel. Let us assume that g is in the relative interior of K.
Then, we consider K defined in Eq. (3.9). It follows from the definition of K that for all a € K}

legy (@%(a)) = ale) =1, (5.10)
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thus indeed ®* : K g — CS,% g is a channel and hence a multimeter.

Remark 5.6. The assumption that ¢ is in the relative interior of K is no restriction, since oth-
erwise K is in a sense too large. More precisely, if ¢ is not in the relative interior of K, then it
is in a face of the conver set K [Roc70, Theorem 18.2]. Let F be the smallest face that contains
0. This implies that ¢ is in the relative interior of F, since otherwise there would be a smaller
face containing 0. F is compact because K is. Therefore, we can define a GPT (V(F),V(F)",1p)
from F. As p € F and p = lezl a|z0alz for all x € [g], it follows that gq, € F for all a € [K],
v € [g]. Indeed, for 0 < qq, < 1 this is a consequence of I' being a face. For q,, = 1, it follows
that g4, = 0 and for qq, = 0, we can choose g, any way we like. Thus, CIJ((CS,’;Q)‘F) CV(F)*
and we can consider ® as a map P : (C'S,’;’g)Jr — V(F)" instead.

We can now more generally raise the question if there always exists a realization as in Eq. (5.1)
for a given steering assemblage as it is the case in quantum theory. To be more precise, given a
state space K4 we consider an assemblage o = {04, }aci]zelg) C V(KK 4)T with the property that
> aclk] Oale = 0 € Ky for all @ € [g]. Then, there are two questions:

(1) Is there a state space Kp, a tensor product ®, a state z € K4 ® Kp and a multimeter
M:Kp— C’S,i’g such that o4, = (id @M, )(2) ?
(2) Is there a tensor product ®, a state w € K4 ® K4 and a multimeter N : K4 — CS,i’g such
that Oalz = (id ®Na‘x)(w) ?
The answer to these questions will show that the existence of a realization cannot be taken for
granted and depends on the second state space.
If we may choose Kp freely, we can give a suitable choice and thus a positive answer to question
(1) in the following proposition. This already follows from the considerations at the beginning of
this section, but we will give a simpler proof below.

Proposition 5.7. An assemblage 0 = {043 }ack]velq) C V(K a)T, with an average state Y, 04, =
o, always finds a realization, i.e., 04, = (Id @M,;)(2) with a state z € Ko ® Kp and a multimeter

M:Kg — CS;,Q if Kp is chosen as Kp = (Ka)% and & is in the relative interior of K 4.

Proof. Let 0 = {04z }aelk]ze[g] e an assemblage with ) o4, = 7. We consider a trivial map
oia : A(Ka)t — A(K4)™, that is, as a tensor £, = Xa(k,) € V(EKa)T ® A(KA)T (see Eq. (3.7)).
If we could choose M,|, = 0,,, we would be done since then by Eq. (3.8)

(ld ®Ma|ﬂf)(£90id) =Oq|z - (511)
Thus, we set Kp = (K4)% and the assemblages become functionals on the states in K. We recall
from Section 3.2 that & is the order unit for the GPT constructed from the state space (K4)%.
Moreover, for all a € [k], z € [g] it holds that o, € A((Ka)5)", as A((Ka)35)* = V(Ka)". Thus,
setting M|, 1= 04, indeed gives a valid multimeter acting on (K4)%. Tt remains for us to verify
that &,,, € K4 ® Kp: Using again that the order unit on (K4)% is &, we can confirm that

]]‘KA ®]1KB (&Pid) = ]]'KA (5) =1, (5‘12)

which is all we needed to check. O

However, if Kp is fixed, a realization does not always exist. While this was known previously
[Jen18], explicit counterexamples are lacking in the literature. Necessary conditions on state spaces
such that every assemblage admits a realization can be found in [BGW13, SB14]. We will find an
explicit counterexample by considering a cube and an octahedron as shown in Figure 1. One can
choose a state space represented by an octahedron. The corresponding dual state space is then
represented by the cube. Note that this also works the other way round. For the measurements on
the respective bodies we consider the ones that pick certain faces of the body (see also Figure 1),
which generate all other measurements on that state space.
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F1GURE 1. The two state spaces represented by an octahedron (left) and a cube
(right) are dual to each other. For the measurements on the octahedron we choose
the measurements NN; that pick out a face (colored). The opposing face is then
picked by 1k, ,, —N; and the fourth measurements follows from normalization. For
the cube we choose measurements that pick front (red, Ms), bottom (green, My)
and right side (blue, M) of the cube.

Before we can proceed, we need to prove some facts about the measurement incompatibility
in the cube and the octahedron: For a multimeter M : K — CS,lg’g, we define its compatibility
robustness as

R, (M) = max {)\ € 10,1] : 3(p.z)zefg such that {AM, + (1 — A)p.j, ]lK}J:E[g] is compatible}
(5.13)

Lemma 5.8. Let M = {My, My, M3} be a multimeter containing the measurements that pick out
the front (Ms), bottom (Ms) and right (My) side of the cube as in Figure 1. Then, Ry, (M) = 3.

Proof. Analogously to an argument later in the proof of Theorem 6.11 which shows that C’Si2
is isomorphic to a square, one can show that 052173 is isomorphic to a cube (see also [Jenl8,
Proposition 3] for a more general statement). Thus, we can consider the multimeter M as a

channel M : (5’5’2173 — 05573. Then, as shown in [Jenl8, Example 12], the dichotomic measurements

of the multimeter M are maximally incompatible, that is, R, (M) = % O

Let us now shift the focus from measurements on the cube to measurements on the octahedron.
The aim is to find distinct separability constraints, i.e., different thresholds for robustness.

Lemma 5.9. Let Kocta be the state space represented by an octahedron and let N = { N1, No, N3, Ny}
be the multimeter containing the face-picking measurements on Kocta from Figure 1. Then every
dichotomic measurement can be classically simulated by N.

Proof. In [FHL18, Corollary 3] it was shown that a dichotomic measurement can be classically
simulated by a multimeter containing dichotomic measurements if and only if the effects of the
measurement are contained in the convex hull of the effects of the measurements contained in the
simulating multimeter together with the zero effect 0 and the unit effect 1k, .. The effects of
the four measurements N1, No, N3, N4 generate the extreme rays of the effect cone and together
with the zero and the unit effect, their convex hull is the whole effect space E(Kqcta). Thus, any
dichotomic measurement can be simulated by N. g

Lemma 5.10. Let K be a state space. Then for any multimeter M : K — C’S% g and any classical
simulation ® : CS,%,Q — C’S}W we have that Ry, (P o M) > R,,(M).
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Proof. Let Ry, (M) = A. Thus, there exists a conditional probability distribution p = (P.|2)zelg ON
[k] such that the multimeter M = {AM.,; + (1 — A)p.| Lk }¢[q is compatible. By Corollary 4.7
this means that there exists some measurement G : K — S, and a channel y : S, — C’S’é g such
that M = o G. Now clearly

(Pop)oG=>0o(uoG)=>doM (5.14)

so that again by Corollary 4.7 the multimeter ® o M: K — CSllr is compatible with a joint
measurement G : K — S, and a postprocessing channel ® o p : S, — CSZ{T. Now since p € C’S,i’g
we can set ¢ = ®(p) and we have that

(@ 0 M)y =A@ 0 M)y, + (1 — Ny, L (5.15)
for all b € [I] and y € [r]. Since ® o M is compatible, it follows that Ry, (® o M) > . O

Lemma 5.11. For any multimeter E on Koctn consisting of dichotomic measurements it holds that

Rn(E) > 3.

Proof. Consider the dichotomic measurements Ny, No, N3, Ny on the octahedron as visualized in
Figure 1 and let us denote the defining effects for them as e1,es,e3,e4. A joint measurement for
the noisy versions of these measurements can be given by the measurement

3
€1 €2 €3 €i
G=<—, — —,1 — — 5.16
{272727 Kocta ;2}7 ( )
as it can be used to obtain the noisy measurements {5, 1x,., —%} for all i € [4]. We rewrite each
of these measurements as {3e; + 3 -0 L, ., 3(1Ko —€i) + 5 1+ L. } SO that they correspond
to the noisy measurements {AN; + (1 — X\)T;}, where we have A = %aT—s—li =0, T_; = 1g,,,, for
all i € [4]. Thus, for the multimeter N = {Nj, No, N3, N4} we have that R,,(N) > 1. Since by

2
Lemma 5.9 every dichotomic multimeter F can be classically simulated by N, and since according to

Lemma 5.10 classical simulation cannot decrease the robustness, we have that R,,(E) > R, (N) > %
for any dichotomic multimeter F. O

Now we can finally provide our counterexample.

Proposition 5.12. Let K, be the state space of an octahedron. There exists a steering assemblage
o= {Jakc}a,m C V(Kocta)™ which does not have a realization in terms of a multimeter on Koeta
and a state in Kocta ® Kocta for any tensor product &.

Proof. Tt is a well-known fact that the dual of a cube is an octahedron and vice versa. Consequently,
(V(Keupe)T)* = V(Kocta) ™ and Lemma A.6 implies (V(Kocta)T)* = V(Keupe) -
We start by defining the robustness for assemblages o = {04/, }ac[k],v€lg)s Zszl Oqly = 0, as

Rs(0) = max {,u € [0,1] : 3(pa)aery st {pog + (1 — u)paw&}aw has an LHS model} .
(5.17)
Let us consider the assemblage on the octahedron given by the (unnormalized) opposing extreme
points embedded in a hyperplane in a 4-dimensional space, i.e.,

1 1 1
O'1|1 = 5(1,0,0, 1), O'1|2: 5(0,0,1,1), 0'1‘325(0,1,0, 1), (518)

1 1 1
0211 = §<_1707071)7 022 = 5(0707_171)7 023 = 5(07_1707 1) (519)

Here, the notation for the extreme points is as in Figure 1. We can identify this assemblage on the
octahedron with measurements on the cube: if we consider the cube embedded on a hyperplane
of a 4-dimensional space as Keupe = {(7,¥,2,1) : =1 < x,y,2 < 1} it follows that 1,

cube
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g = (0,0,0,1), and also that now {O'a‘m}ae[ﬂ,me[g] are the only non-trivial ray-extremal effects on
Keube and that E(Keupe) = conv({{ogjs tac2) o) 0 Lkou.) })- As the ray-extremal effects (in
polytope state spaces) are in one-to-one correspondence with the facets of the state space [HLP19,
Proposition 16], then considering o as a multimeter we can identify o1 with My, o.o with M3 and
0.3 with M3 from Figure 1. Then from Lemma 5.8 it follows that R, (o) = :.

Now, if Rs(c) = A, this means that there exists a conditional probability distribution p =
(P.|2)zep3) such that {Ao. |, + (1 — A\)p.|z0 }2e[3) has an LHS model. By Definition 5.5 there exists
n € IN, an ensemble 0 = {0¢}eejn] C V (Kocta)™ with g := 377, oc = 7 and a conditional probability
distribution v = (v.j0.4)celn],zefz) 0N [2] such that Aog, + (1 = A)pejad = 30— Vaje,z0c for all a € [2]
and x € [3]. Now, since {0c}een] C V(Kocta)® = (V(Keube)T)* and ¢ = 3.0 = Tk ., it
follows that ¢ is a measurement on Kcype. Thus, the multimeter {Ao ., + (1 — A)p.jo Lk e Faelz) 18
compatible, meaning that R,,(c) > A so that Rs(0) < R, (M) = %

Suppose now that F : Kycta — CS§73 is a multimeter and w € Kyeta @ Kocta such that

Oae = (Eue ®id)(w)  Vae[2), z € [3]. (5.20)

Then clearly 7 = (1g,.,, ®id)(w). Let R,,,(E) = p so that there exists a measurement F' = {Fy}7"
on Kocta and conditional probability distributions ¢ = (q.|¢)ze(3) and 7 = {1.ja.2 fde[m],zc[3) On [2]
such that

,UfEa|x + ( Qa|m ]lKocta Z Nald, Fa (521)

for all a € [2] and =z € [3]. Now

KO q)z + (1 - M)Qa\x& = ((MEa\x + ( >QQ|1‘ ]]‘Kocta) ® 1d Z Nald,x Fd ® ld)( ) (522)
d=1

for all a € [2] and z € [3]. If we define kg = (Fy ®id)(w) € V(Kocta) ', we see that £ :=) kg =0
and thus the assemblage {u0oq; + (1 — 1)qq|20 tacf2),we3) has an LHS model. This shows that
Rs(o) > p. Finally, by Lemma 5.11 we have that R,,(F) = pu > % so that also Rs(o) > % This
contradicts our earlier observation that Ry(c) < 1.

Thus, the presented assemblage o on Kty cannot have an realization in terms of a multimeter
on Koea and a state in Koepa @ Kocta for any tensor product ®. O

5.3. Factorizations of maps preparing ensembles. For multimeters, we considered different
factorizations of the associated map and related them to the compatibility of measurements, Kp-
simulability and classical simulability. In this section, our aim is similar, but this time we consider
a map that prepares the assemblage and then factorize it.

Now assume that you are given a bipartite state space K4 ® Kp with an appropriate tensor
product ® and a state pap € K4 ® K. We recall that one way to prepare an assemblage from a
bipartite state is to apply a multimeter M to one of the systems, e.g., the system K 4. This yields

da)|zOQalc = (Ma\x ® id)(QAB) (523)

with g4, € Kp and Zl;:l Ga|z0a)e = 0 for all z € [g]. Let’s assume now that the multimeter M is in
addition K’;-simulable, i.e., there exists an instrument ® with operations @y : V(K4)* — V(K’,)T,
and a multimeter N = { Nz y}ze[g,ae[a] o0 Ky such that

a\x Z (I))\ alz, )\ (524)
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for all @ € [k] and = € [g]. If we have moreover a family of channels ¥ : Kp — Kz that can access
the outcome M\ of the instrument ®, then

A
9a|eQalz = Z \II)\(O-G,)\|QE) Va € [k]7 HAES [g] ) (525)
A=1

where the o, 5|, are subnormalized states defined as 0, \z = ((Ngje,x 0 P2) ®id)(0a5). Hence, using
the properties of the multimeter and the instrument, 22:1 Ta e = O for all z € [g], where 7, is

again a subnormalized state, and Zj)}:l o) =0 € K. This motivates the following definition:

Definition 5.13. Let {qq|ss Oajz }ac|k],zclg b6 an assemblage with average state ¢ € Ka. The
assemblage is K p-simulable if there exists a finite number of outcomes A, a family of chan-
nels Wy : Kp — Ka, and a set of subnormalized states {04 )|z }acp)re[A]zclg C V (KB)T with

Z];:l Taxe =0 € V(Kp)T for all x € [g], and Z‘;\\:l oy =0 € Kp, such that

A
Qa|cQalz = Z \IIA(Ua,A|x) Va € [k]7 S [g] : (526)
A=1

As in the case of K pg-simulability of multimeters, we can also characterize K pg-simulability of
assemblages in terms of a particular factorization of the associated map.

Theorem 5.14. Let {qa|z, Qa‘m}ae[,{]@e[g] be an assemblage with average state p € K 4 and associated
map P : (C’S’Zyg)‘F — V(KA)T such that @(ﬂcsi’g) = 0. Then this assemblage is Kp-simulable if
and only if there exists a finite number of outcomes A, a map ¥y : (C'S;;Q)Jr — V(Kp®Sy)*T
with \1’1(105;79) € Kp® Sx and a channel ¥y : KpRSy — K4 such that the following diagram
commutes:

(CSt ) q’ y V(KT

xl) y (5.27)

V(Kp&Sy)*

Proof. Let us assume the existence of the maps ¥, ¥y as in the commuting diagram. Let us
consider the map W, first and let us define \Ill(m((f)) =: 04y for all @ € [k] and = € [g]. Since
\111(110511 ) =:6 € Kg® Sy, it follows that

°s 9

k
= Gup Vzelg). (5.28)
a=1

We can furthermore decompose uniquely
A
Gafs = > Tana @0y Va € [k], Yz € [g]. (5.29)
A=1

Here, 0, o € V(Kp)" for all a € [k], x € [g], and X € [A]. We can likewise decompose uniquely

b= Z§:1 o) ® 0y with gy € V(Kpg)™T for all A € [A]. Since both decompositions are unique, we
conclude

k A
veelg Y gune=0r. D oa=(d®1s,)(6) =5 € Kp. (5.30)
a=1 =1
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As Wy is a channel, so is Wy(-) := Uy(- ® 0y) for all A € [A]. Combining Eq. (5.7) and Eq. (5.8)
with & = U5 o ¥, we obtain that indeed

A
Qa|zOalz = Z \IJ)\(O-a,Mz) Va € [k]’ T € [g] ) (531)
A=1

which proves the converse. The other direction follows straightforwardly along the same lines,
ES

k.g’
and & uniquely define a positive map ¥ with ‘I’l(]lcs,i ) € Kp ® S). Finally, we can set
29

verifying the properties of U1 and Ws. Since {]ICS,i,g’ mﬁf)}ae[k_l]@e[g] is a basis for C'S}; , the 74,

A
Uy (x) :Z(D\\I’A(l‘)\) Ve € Kp® Sy, (5.32)
A=1

since any such z has a unique decomposition as x = Zﬁzl gy ® 0y for (gn) Ac[A] @ probability
distribution and z) € Kp for all A € [A]. Thus, Vs defines a channel, which concludes the proof. [

Now by looking at the dual map ®*, which we were able to interpret as a multimeter, we can
prove a very similar factorization:

Theorem 5.15. Let {qa|x, Qa\x}ae[k],a:e[g] be an assemblage with average state p € K 4 and associated

map ® : (CS} g)+ — V(KA)T such that (I)(]lcsé ) = 0. Let p € K4 be in the relative interior of
) 59

K 4. Then, there exists a finite number of outcomes A € N, a map ¥y : (CS}, g)+ — V(Kp®Sp)*T

with ‘I’l(ﬂcs,i ) = & ®q for a probability distribution (gx)xe[a] such that gy > 0 for all X € [A] and
»g

7 in the relative interior of Kg, and a map s : V(Kg®RSp)T — V(K4)T with ¥9(6 ®q) = 0 such
that the following diagram commutes:

(CSt ) L y V(KT
& y (5.33)
V(Kp®Sa)t

if and only if the multimeter ®* : (Ka)5 — C’S,;g is (Kp)%-simulable.

Proof. As & and ¢ are both in the relative interior of Kp and Sy, respectively, we can define
the state spaces (Kp); and (Si);. By Example 3.5, we can identify (Si); >~ Sx. We observe
that W} : (Kp)s®©(Sa); — CSl ; is a channel, since for all probability distributions (p;); and
oy € (KB)§7 S; € (SA);,

<]lcsli,g, \IIT <Zpi0£z‘ X Si) > = Z <\I/1(]lcsé’g),piai ® SZ‘> = Zpiai((_f)si(q) =1. (5.34)

7

Moreover, as W3(6) = g with ¢ = & ® ¢, we have that for all a € (Ka)3,

V3(a), 0 ®q) = a(¥2(6)) = afg) = 1, (5.35)
hence W5 : (Ka)5 — (Kp)s ®(Sa); is a channel. The assertion then follows by Theorem 4.2. It

thus follows that the multimeter ®* is (K p)%-simulable.

Conversely, for (Kp)% to be a state space & has to be in the relative interior of Kg. Theorem 4.2
guarantees the factorization ®* = W} o ¥} with channels ¥ : (Kp)i® Sy — CS,ag and U3 :
(Ka)s — (KB)j ®Sx. Thus, ¥; and Wy are both unital. Picking any ¢ in the relative interior of
Sp, we can define Sy ~ (Sy)} such that 1g, ~ ¢ (see Example 3.5). Note also that Ligp): = 0.

q
We recall that A((Ka)p)* = V(Ka)* and A((Kp);)" = V(Kp)*. Hence, ¥ : (CS; )" —
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V(Kp)* ®V((SA);;)+ fulfills ‘Ill(]lcs,ig) =0®q€ Kp ®(SA)Z and Wy : V(Kpg)™ ®V((SA)Z)+ —
V(K 4)™T fulfills Uy(6 ® q) = 0. O
Remark 5.16. The main differences between the factorizations in Theorem 5.14 and Theorem 5.15

is that in Theorem 5.1/ the map Vo is a channel, whereas we only require Vo(d ® q) = 0 in
Theorem 5.15. On the other hand, ‘Ijl(]lcs,i ) =0 ®q in Theorem 5.15, whereas in Theorem 5.14
g

\Ill(]lCS,i,g) € Kp ® Sp needs not be a pure tensor product.

Remark 5.17. Let us take a closer look at Theorem 5.15 for the case of quantum theory. Seeing

D" = { M.} el as a multimeter on (D(Cd))’é, the factorization of ® in Theorem 5.15 is equivalent

to the existence of a finite number of outcomes A, of an instrument W : (D((Dd))g — (D(CY))E@S,
with operations ¥y : PSDy — PSDy, and of a multimeter N = {N\x,/\}xe[g],Ae[A] of g - A measure-

ments with k outcomes on (D(C))% such that

[

A
Mz = Ui(Napwn) (5.36)
A=1

for alla € [k] and x € [g]. We will now relate this to the existence of ordinary quantum multimeters
and instruments. Example 5.6 tells us the shape of (D((Dd))’g and (D(CY)):. Thus, there exists a
multimeter {M-|z}:13€[g] on D(CY) such that

Mojo(1) = My, (8727072)  Va € [k],Va € [g],¥7 € D(CY). (5.37)

Moreover, there exist positive maps W% : PSDy — PSDy such that Zﬁ\\:l % . D(C?) — D(CY) is
a channel (although it is not a quantum channel, since it is not necessarily completely positive) and
such that

1

(1) =620k (g 275 2)52 VA€ [A],Vr € D(CY). (5.38)
Finally, there exists a multimeter {]\Nf.|z7)\}m€[g]7/\€[/\] on D(C?) such that
< 11
Nuo(T) = Noo (6727672)  Va € [k],Va € [g],¥A € [A],¥r € D(C?). (5.39)

Hence, since ¢ and & are invertible, the factorization of ® is equivalent to

A
Ma|a: = Z\P;(N(ﬂx,)\) (540)
A=1

for all a € [k] and = € [g].

Similarly to the discussion that motivated the definition of Kp-simulable assemblages, we can
instead assume the multimeter preparing the assemblage to be classically simulable. This motivates
the following definition:

Definition 5.18. Let {qa|$,ga|x}ae[k]@e[g] be an assemblage with average state o € K. We say
that the assemblage can be classically simulated (or is classically simulable) by an assemblage
{Vblys Tbly Yoe) yer) with & = 0 € K if there exist conditional probability distributions ™ = (T.3)ze(q]
on [r] and v = (Vb 2y )beli),zelgyelr] O (K] such that

r l
qa|eQalz = Z Tyl Z Va|b,z,yVblyObly (541)
y=1 b—1

for all a € [k] and z € [g].

We can again find a characterization of classically simulable assemblages in terms of factoriza-
tions.
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Theorem 5.19. Let {qa‘m, ga‘x}ae[k |,zelg) be an assemblage with average state o € K and associ-
ated map ® : (CSy )T — V(K)" such that <I’(]ICS1 ) = 0. Then this assemblage is classically

szmulable by some assemblage {vb|y, ab|y}b€[l 1welr] wzth o = 0 € K if and only if there exist a map
(CS;Q) — (CS], )T with \Ill(]lcsl ) = ]lcsl and a map Vg : (C’S*’r) — V(K)t with
\Ilg(]lcs} ) € K such that the following dzagmm commutes

(CS; )T 2 » V(K)*

& V (5.42)

(C©S7,)"

Proof. Using Theorem 4.5 and duality of maps, every map Wy : (C’Sz?g)+ — (CS},)" with
\111(110% )= Icgy can be written as
g 3T

g k-1
Uy (a) = O‘(Skw-qk) ]lCSl{T +Zza(e(gx Zﬁybczya\bxymb ) (5.43)
z=1a=1 y=1

where a € (CSf )*. Now given Wy : (CSf,)" — V(K)", we can define \Ilz(ml()y)) =: Up|yOp|y With
opy € K and vy, = ]lCSl{T(\I'Q(mI() ))) Setting moreover

l

va‘yabw =0cecK Yy € r], (5.44)
b=1

it follows that (v, )pep) is a probability distribution for all y € [r]. As ‘Pl(]lcs,i ) = Legy s it
29 T
follows that & = g. Using ® = ¥4 0 Wy, we find

QajaOalz = Z Tyla Z Valb,e.y Vbly Tbly (5.45)
y=1

for all a € [k — 1] andxe[]. For a = k, we infer

k-1 r
Ak|eOk|z = E E Ty|2 E Va|b 2,y VblyObly = E Tyl E Vk\bxyvb\yabw (546)
a=1y=1 = y=1

l
Z;:l Tylx Zb:l(l_l’kw,x,y)”b\yo—b\y

The converse is straightforward defining the map W5 using the assemblage {vy),,, Ub\y}be[l],ye[r}- U

Instead of seeing classical simulability as a property of the assemblage, we can consider it as a
property of the associated multimeter, as the next corollary shows.

Corollary 5.20. Let {qq|z; Qajz }ac[k,zclg be an assemblage with average state o € K and associated

map @ : (CS;; )* — V(K)T such that O(Lpg )= 0. Let ¢ be in the relative interior of K. Then
) 29

this assemblage 1is classically simulable if and only if the multimeter ®* : K3 — C’S,i g 18 classically

simulable.

Proof. By Theorem 5.19, the assemblage is classically simulable if and only if there exist a map
1 (C’SZg)“‘ — (C’SZT,) with \111(11051 ) = 11031 and a map WUy : (CSl*,r)+ — V(K)* with
\Ifg(]lcsq ) € K such that ® = Uy 0 ¥;. Therefore \I/* K3 — €S, is a multimeter, and as ¥y

is unltal vT C51 — CSlg is a channel as well. As ® = ¥y 0 ¥y, we have ®* = W] o 3. The
assertion follows from Corollary 4.6 and the converse follows in the same manner. O



30  TIM ACHENBACH, ANDREAS BLUHM, LEEVI LEPPAJARVI, ION NECHITA, AND MARTIN PLAVALA
Finally, we can recover from our results a characterization of assemblages admitting an LHS
model, see also Proposition 5.3.

Corollary 5.21. Let {qa|x, Qa|x}a€[k]7xe[g] be an assemblage with average state p € K and associated
map ® : (CS}; g)+ — V(K)™T such that ‘I)(]lcs,g ) = 0. Then, the following are equivalent:
) g

(1) (id ®‘1))(XCS;7§) € CS%79®K

(2) {Qa|acv Qa|m}a6[k],w€[g] has an LHS model

(3) There ezist a finite number A, a map ¥ : (CS; )" — (S¥)* with \I'l(]lcsi )=1g, and a

’ 'g
map Vs : (SY)* — V(K)T with ¥a(1ls,) € K such that the following diagram commutes:

(CSp )" 2 V(K)*

& V (5.47)

(S53)*

Proof. The equivalence of (1) and (3) follows from Proposition 3.7. The equivalence of (2) and (3)
follows from Theorem 5.19 with = 1 and [ = A, because a classical simulation of this kind has
the form

A
Galealz = D, ValraVATA - (5.48)

=1
for all a € [k] and = € [g]. O

6. BELL NONLOCALITY

Another form of quantum nonlocality that is closely related to measurement incompatibility is
Bell nonlocality, a phenomenon that questions the assumption of locality in an experiment. A no-
signaling probability distribution (Bell behavior) is said to be local if it has a local realization (local
hidden variable (LHV) model). Then Bell nonlocality can be detected through a violation of a Bell
inequality. We can use our formalism to show how no-signaling probability distributions can be seen
as tensors and that separability of that tensor corresponds to having a local realization through
an LHV model. Again, this will correspond to a factorization of the associated map through
a simplex and we see how different factorizations give different simulation processes for the no-
signaling distributions. We will also see how Bell inequalities can be formulated in this framework
and we will be able to recover some important known results from [WPGF09, BBBT10, Pirl4].

6.1. Bell nonlocality in quantum theory. We begin investigating Bell nonlocality by consid-
ering two multimeters M : D(C%) — C’S,jg, N : D(C%%) — CS;" and o € D(C%%). Both
multimeters together yield a map

M&®&N:o— (M®N)(o), (6.1)
which forms a bipartite Bell behavior with the outcome statistic
Tr[(Myjy @ Npjy) 0] = Papley >0 witha e [k], bell], z€[g], y € [r]. (6.2)

The following is straightforward to confirm.
Lemma 6.1. The image (M ® N)(p) is in the mazimal tensor product C’S,i,g ®0511,r~

As a classical explanation to nonlocality one could search for a model that explains nonlocal
correlations by local hidden variables. Knowledge of these hidden variables would allow for a
complete determination of the measurement outcomes and hence leave the inherit randomness of
quantum theory behind. Such models are consequently called local hidden variable models and will
be abbreviated with LHV models from now on.
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Definition 6.2. A Bell behavior (Pal,...,aN\xl,...,xN)aje[kj],xje[gj],je[N] with N parties, each party
J € [N] performing g; measurements with k; outcomes, can be described by an LHV model if there
is a locally hidden variable A € N and probability distributions q on [A] and (p.x z;)re[A),z;eg;] OP
[k;] for all j € [N] such that the outcome statistics defined likewise as in Eq. (6.2) can be written
as

N
pal,,..,aN|xl...xN = Z Q/\ Hpajl)\,l‘j (63)

Ae[A]  g=1
for all a; € [kj], z; € [g] and j € [N].

The idea is partially similar to LHS models, and as with LHS models, there is a quite similar
connection between separability and LHV models to be found. However, in contrast to steering,
where every bipartite quantum assemblage has a realization (Lemma 5.2), not all outcome statistics
can be achieved by quantum theory. Formally, this means 3P € C’S,;g ® CSZ{T st. P# (M®N)(o),
where M, N are quantum multimeters and p is a density matrix. An example of such objects P
are Popescu-Rohrlich nonlocal boxes [PR94].

Typically, in scenarios where more than one party performs sets of measurements on a shared
system, the parties are considered spatially separated. For example, the parties are in distinct
laboratories performing their operations and measurements. Thus, it is fair to assume that the
outcomes of one party are not affected by the measurement choice of another party, since that
would require instantaneous or superluminal signal transmission. Hence, the assumption is well
motivated by special relativity and is widely known as no-signaling.

Definition 6.3. A conditional probability distribution (p..|wy)ze(gyer] on k] X [I] is said to be
no-signaling if it satisfies:

k k
(1) Za:l pa,b|z,y = Za:l pa,b|x’,y vxax/ € [9]7 be [l]

l l
(2) Zb:l pa,b\x,y = Zb:l pa,b|z,y’ vyay/ € [T]? ac [k]
In the context of experiments, these probability distributions are also called no-signaling behaviors.

The concept of no-signaling is more general and weaker than local hidden variables. As the next
lemma shows, all physical statistics are covered in the set C'S ,i g ® C’Sll’T (see Proposition 6.14 for
proof, originally shown in [Jen18]).

Lemma 6.4. The set of all no-signaling behaviors is in one-to-one correspondence with C’S,i’g ® CSll’r.

As we saw with the steering assemblages, the separable assemblages correspond to those that are
classically explainable with LHS models. We can make a similar conclusion here with the separable
no-signaling behaviors being classically explainable with LHV models (see Corollary 6.19 for proof,
originally shown in [P1417, Jen18)]):

Lemma 6.5. Let P € C'Ség ®C’Sl1r. Then P € C’S,ig ® CS}T if and only if P has an LHV model.

In particular, if a behavior P has a realization as P = (M ® N)(p) for some multimeters M and
N and some shared state g, we get the following:

Corollary 6.6. Consider M @ N : D(C%8) CS,i’gQA{)CSll’T and ¢ € D(C%9B), Then (M ®
N) (o) has a LHV model if and only if (M @ N)(p) € CS,%’Q®C’S&T.

It is possible to detect nonlocality in Bell behaviors with Bell inequalities. Statistics from quan-
tum theory are able to exceed bounds to statistics stemming from local realist behaviors, that is,
statistics that have an LHV model. There are also bounds to the statistics of quantum theory, for
instance the Tsirelson bound, which in turn is exceeded by the already mentioned Popescu-Rohrlich
boxes. Those are consequently also nonlocal. A necessary condition for violating a Bell inequality
is the inseparability of the quantum states and incompatibility of the measurements in the Bell
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experiment [Fin82]. As we saw earlier, incompatibility can also be seen as a form of entanglement.
Therefore, the Bell inequality acts as an entanglement witness in a generalized sense.

Definition 6.7. A Bell inequality is a witness-type map defined as W : CS,;Q ®CSI17T — R such
that W(P) > 0 for all P € C'S,;g@CSllﬂ,.

This definition can easily be extended to every finite number of parties. We call functionals
witnesses if they are positive on separable elements. Moreover, we will also often make use of the
fact that for every inseparable (entangled) element, there is always a witness that detects it, i.e.,
maps it to a negative number. For more details, the reader is asked to see Appendix A.2. The claim
from above that Bell inequalities are generalized entanglement witnesses shall now be formalized
for two parties.

Lemma 6.8. Every Bell inequality is an element of the set (C'Sy )" ®(CS},)T and vice versa,
every functional in this set is a Bell inequality.

The statement follows directly from the fact that (C'Sf )* &(CSF, )T = (C’S,j’g®CSl';)* (see
Appendix A.2).

As mentioned before, it is a well-known fact that measurement incompatibility in the Bell setup is
a necessity for violating Bell inequalities. In fact, no Bell inequality with N parties can be violated
if N — 1 parties perform compatible measurements [Fin82]. In the bipartite case, this reduces to
one set of compatible POVMs. Both entanglement and incompatibility are a form of inseparability,
which can be witnessed by a Bell inequality.

Popescu-Rohrlich nonlocal boxes are able to achieve the algebraic maximum of Bell inequalities,
succeeding the Tsirelson bounds of quantum theory. A question arises whether normalized elements
of D(C%)& D(C9) lead to statistics unachievable by quantum states. That is, we could relax
the condition on the joint system and instead of considering density matrices, let it be a more
general object, the elements of which get mapped to probabilities by POVMs. In this way, we
might get more than quantum correlations in CS+ © CS;' . However, in [BBB'10] this possibility
was already ruled out. Here we are able to write down a dlﬂerent proof and also give another point
of view on this result.

Theorem 6.9. Let dg > da. For all multimeters M : D(C%) — CS} o NV D(C4) — CSZI’T and
I' € D(C%) & D(CB) there exist multimeter N : D(C8) — CSZJ, and o € D(C448) such that

(M@ N)(I) = (M®N)(o). (6.4)
Proof. For this I' we can write
(id®@N)(T) € D(C)®CSL,, (M&N)T)eCSE,&CS},. (6.5)

These objects are still positive and we get an assemblage o from I'. According to Lemma 5.2 the
obtained assemblage o finds a quantum realization

(id@N)() = o = (iId®@N)(o). (6.6)

Now we are already done since for all a € [k], b € [I], = € [g], y € [r] it will hold that
Tr[(Ma\z & Nb\y) F] = Tr[(Makt & Nb|y) Q} . (67)
([l

It follows that there cannot be a Bell inequality to detect if the statistics in C'S} g & CS},. stemmed
from a density matrix in D(C%98) or a block-positive, unit trace matrix I' € D(C%) & D(C95).
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Corollary 6.10. For every I' € D(C™)&D(C*) and multimeters M : D(C%4) — CS,i’g, N :
D(C4) — C'Sllm there is mo Bell inequality W € (CSf )" ®(CS;‘?T)+ with W((M @ N)(I')) < 0
and W((M ® N)(0)) > 0 for all multimeters M : D(C%) — CS]ag, N : D(C%) — CSZI’T and
density matrices o € D(C%9B).

Note that the correctness of this theorem is not clear anymore when extending to the general
multipartite case. The technique of the given proof breaks down since there is no quantum real-
ization for every steering assemblage in case of more than two parties as it was shown in [SBCT15]
by considering PR-boxes again.

6.2. CHSH inequalities as incompatibility witnesses. This section is about proving a the-
orem linking CHSH inequalities and isomorphisms between cones with square basis, and about
applying it in order to retrieve interesting results in quantum theory. The CHSH scenario, in which
two parties perform two dichotomic (also binary or two-outcome) measurements, therefore plays a
special role among Bell experiments. Most commonly, a CHSH inequality is represented by quan-
tum correlations, which are expectation values of the products of outcomes +1. A lower and an
upper bound together with 4 positions of a negative sign lead to 8 CHSH inequalities.

—2< Fi1+FEip+FEy1 —E2<2
—2<FEi1+FEi19—FEy1+FEyp <2
—2<Ei1—FEip+FEy1+E2<2
—2< -Fy1+F1o+ FEy1 + B <2

(6.8)

where Ey y = P1 1),y — P1,2j2,y — P2,1|e,y +P2,2)z,y- Here, the first index corresponds to the first party
and the second index to the second party, whereas the value indicates which measurement is being
used. Those inequalities hold for all classical correlations and can be violated by nonlocal theories
such as quantum mechanics or theories containing PR-boxes.

Theorem 6.11. The tensors &1, € (CS3,)T ©(CS3,)T corresponding to linear isomorphisms L
05’22 — (CS5,)" are in one-to-one correspondence with CHSH inequalities.

This was also observed in [Jenl8, Example 14]. Here, we give a more elementary proof. We first
provide an outline of the proof.
(1) We show that the cone CS; » 18 generated by matrices {X;};c[4 satisfying the square con-
dition and we map them to vectors {w; };c(4 in the Euclidean space R3.
(2) For the vectors {m;}icpa C R? we construct dual vectors {®jtiel C (R3)* = R? and we
make sure that both sets of vectors lie in a square and span the corresponding vector space.
(3) A linear isomorphism L maps vectors {z; };c4) to dual vectors {p,};c[4 in (R3)*. Using the
one-to-one correspondence of linear maps and maximal tensor products of cones, we can
decompose the tensor £;.
(4) We find the dual matrices {F}};c(4 corresponding to the set of dual vectors and specify &y..
(5) The decomposition enables us to show that £;, is a CHSH inequality.
(6) We show that all CHSH inequalities correspond to such a tensor ;,, or equivalently, to such
an isomorphism L.

Proof. Any matrix from 05’2172 can be written in the following form, with a, b € [0, 1]:
a b 1 b 0 b
[1—@ 1—b}_“{0 1—b}+(1_a){1 1—5} (6.9)

:a<b[(1) (1)%(1—1;)[(1) ﬂ)+(1—a)(bﬁ) é}+(1-b)ﬁ ?D (6.10)
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So we can define the generating matrices

1 1 10 00 01
which form the basis of the cone C’S;f 5. Note that:
X1+ X3 =X+ Xy, (6.12)

which will be referred to as the “square condition” because it says that two diagonals intersect in
the center of the shape the 4 points form. Consequently the cone C’Sgr 5 is generated by a square.

We now use an isomorphism ¢ : CSZ 9 — R3, X; — z; to map the four matrices X; to vectors in
Euclidean space R? that, satisfying Eq. (6.12), lie in a square.

1 1 0 0
Il = —1 , Lo = 0 , L3 = 1 , g = 0 (6.13)
1 0 0 1

The choice was arbitrary except that the vectors {;};c4) have to satisfy Eq. (6.12) and as such
they can be seen as the extremal points of C’SZ o- From here we want to find dual vectors {p,} ;e
that fulfill the constraint
@j(z;) > 0. (6.14)

To find the dual vectors, fix one ¢; = (a b ¢) and with Eq. (6.14) one can solve for the components
of ;.

01 =(110), 0, =(011), 93 =(001), o3 =01 —pa+¢3=(100) (6.15)
Also these dual vectors form a square and they span (R®)*. As both cones are generated by
a square, they are isomorphic to each other CS;C g = (CS%:Q)*. The linear isomorphism is L :
CS’;r 5 — (CS;,)T. We can map a square to a square by mapping a vertex to a vertex. Since the
isorriorphism must be linear, neighboring vertices must remain being neighbors. Therefore we are
left with 4 - 2 = 8 isomorphisms L. For instance, one could choose L such that:

h h h h
Tl > Pg, T > O3, T3 > Oy, Ta > O, (6.16)
where h = (1*) Yo Los~! : R® — (R®)*, but up to the isomorphisms this can be thought of as just
L. For an isomorphism L we define the tensor {1, € (CS35)T ©(CS5,)™:
P, (20) = (L(z), 2i) = (LX), (X)) = (€, X; © Xi) (6.17)

Let {ei}icp3) and {f;};¢(3 be the standard bases of R? and R?" respectively, such that f;(e;) = d;;
with the usual Kronecker delta. We write down the action of &;, using its basis decomposition
L= p 11 Okttk ® i, where piy, = 1*(fi), so that

3
<fL,Xi®Xj> = Z akmk@)m,fl(xi) ®L71(l‘j) (6.18)
k=1
3
=) o (g ()Y s () (6.19)
k=1
3
= () () wa) () () ) (6.20)
k=1

Il
[

gl fr ® fi, 2 ® x5) (6.21)

>
Il
—
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and the coefficients are found via (£7,,: 7 (ex) ® t71(e;)) = (L(ex))(e;) = ag. Since the set of dual
vectors {(,}je[4) span (R3)*, the standard basis {f;} je[3) can be expressed through them and vice
versa. Expressing §; with the ¢’s yields for the above example:

(€ir ) = {P3@Pa + 9 @y +(ps —p3) @ p3, L @ 1(+)) (6.22)

Due to the isomorphisms ¢ and &7 there must be a correspondence between the functionals
{®;}jep) and dual matrices {F}};epy via:

Tr(FjT Xi) = (Fj, X)) = (Fjou ' o1, X;) = (@), 1(Xi)) = @;(z:) (6.23)

Recall that the matrices X contain conditional probabilities X, = pq|, for a,z € [2]. So, the
result of Eq. (6.23) has to be a combination of (conditional) probabilities. Let ¢ be an arbitrary
vector in convex hull of {z}, z9,z3, 24} in R? corresponding to some column stochastic matrix

{p1|1 p1|2} . (6.24)
P21 P22

Then, there is a convex combination of matrices {X;};c(4, such that:

o5(0) = <W (2; Aixi>> =1 (] Eﬁ:i hie| ) (6.25)

This can be written down explicitly for every ¢ by calculating ¢;(z;) because {z;};c(4 span R3.
This is explained best by showing one instance, that is, we fix one index j, say ;. We have

p1(21) = p1(24) =0, p1(22) = 1 (23) =1 (6.26)
and the matrices {X;};c4) were given above. By solving Eq. (6.23) for every i we can deduce that
1 1
T_
F| = {_1 0} and so
_ T [P1in Pi2| ) _ _ _
p1(q) =Tr <F1 [ D =pip + P21 — P12 =1 — P12 =P (6.27)
P2;1 P22

Note that the construction of Fj is not unique although matrices, vectors and dual vectors are
fixed. We repeat the same procedure for the remaining ¢; to compute ¢,(g) and find:

v1(q) = 2|2, ©a(q) = P21, v3(q) = P1)2, v4(q) = Pipn (6.28)

The results we obtained again satisfy the square condition Eq. (6.12). By construction (recall
Eq. (6.14)) ({1, P) > 0 for any P that is a convex combination of product elements, i.e., for
any separable P € CS5,® Sy, and hence &1, € (CS5,)* &(CS3,)" for any L. It follows from
Lemma 6.8 that &, is a Bell ineduality.

For P = >, MiQr ® Qr € CS;Q ®CS;2, we use the above positivity and plug the obtained
expressions of ¢;(qx) and ¢,(gx) for the corresponding vectors gy and gy of the matrices @) and
Qy, into the decomposition Eq. (6.22) to find that

(€1, P) = (" @ %) (03 @ 0o + 92 ® g +(04 — 3) ® 3), P) (6.29)
= Z/\k (B30 F+ F@Fy+ (Fy— F3) @ F3), Qr @ Q) (6.30)
k=1
_ - (k) ~(k) (k) (k) (k) (k) (k) ~(k)
= Z)‘k (p1|2 “Po1 TPy - Prjp TPy Prp ~ Prjg 'p1|2) (6.31)
k=1

= D122, tP211,1 + P12 — Prape2 = 0, (6.32)
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FiGURE 2. The isomorphisms S1, S92, @1 and @2 are reflections of the square and
can also be used to get counterclockwise rotations by 7,7 and 37” The arrows
indicate the effects of the maps, that is, they reflect across the symmetry axes of
the square. As a consequence, measurement choices and outcomes get swapped.

where we have set p, p|z,y = D1 Mk pg‘g : ﬁl()lfy), which is a LHV model for P. We want to rewrite this
in terms of expectation values in order to show that this is indeed a CHSH inequality. Using the

normalization of the probabilities and the marginal probabilities as well as standard correlations

Ex,y = Pi,1|z,y — P1,2j2,y — P2,1|2,y + P22\ (633)
the inequality obtained from Eq. (6.32) is equivalent to

Ei1+4+FEy1+FEyo—Fi9 <2. (6.34)

This is a CHSH inequality. Constructing the remaining CHSH inequalities now becomes easier as
we can obtain them by applying the symmetries of a square to L.

By symmetries of a square we mean reflections along the symmetry axes and rotations as indi-
cated in Fig. 2, i.e. the elements of the dihedral group Dy, which is known to have 8 of them. By
comparing the effects of the symmetries in Fig. 2 with the explicit expressions in Eq. (6.28), it can
readily be verified that the symmetries have physical implications, e.g. 1(q) = paj2 2 ©9(q) = pay1-
1) id: identity
Sy: reflection along vertical axis (flip measurement choice)

Sy: reflection along horizontal axis (flip measurement and outcome)

Q1: reflection along diagonal ¢, — ¢4 axis (flip outcomes of second measurement)

Q2: reflection along diagonal ¢, — ¢, axis (flip outcomes of first measurement)

Rg = 51 0 Q2: rotation by 7

R; =51 0 S5: rotation by 7

R%ﬂ = S5 0 (Q9: rotation by 37”

A key step in obtaining the inequality corresponding to L was to find the decomposition of §; in

terms of {¢;} e (see Eq. (6.22)). By concatenating L with an element from Dy, that is, another
isomorphism between squares, we get a decomposition of a new tensor £7,. This allows for recycling
the previously calculated gy, e.g.

L(er) = L(za) = Ry 0 L(wa) = Rul(ps) = ¢y = L(a4) = L(es) > an = oPvie 3. (6.35)
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This leads to another CHSH inequality by repeating the same procedure as before and in the end,
to all CHSH inequalities.

(€rpoir P) =DP1221 TP111,0 — D122 TP2222 > 06 =2 < Ej1— E21 + Eao + Eio
2

5,00 P) =DP2211,1 +P12p12 — P2gpe +P2ip1 =06 —Eri+ Eoq1 + Eop+ Erp <2

Er_;»P) =prip1 +P2221 —Poip2 t 2112206 —2< Ei1+Eo1+ Eag— Eip

Iy
=
(o]
N
o
&
3
I
=
[y
o
=
—
+
=
N
=
=
o
|
=
[y
=
»
o
+
=3
=
=
~
T
Vv
(@)
t
:—‘
|
=
~N
_|_
&
o
+
s
o
IN
[\

§Q10137P> =Dp1212 T P211,1 —Pr121 TP1122 20 Eri+ Eon — Eeo+ Eip <2
<§Q20137P> =Dp1112 TP22/1,1 —P12)2,1 TP12)22 20 —2< E11+ E21 — Esa+ Er

This concludes that all 8 CHSH inequalities can be obtained by such an isomorphism L from
above. O

Of course, there are easier ways to derive the CHSH inequality and the above result was already
discovered. So, let us immediately make use of the obtained isomorphism. In [WPGF09] the
authors showed the equivalence of dichotomic POVMs being incompatible and them allowing for
violation of the CHSH inequality. We reformulate this result in our terms and prove it using our
established formalism.

Theorem 6.12. A multimeter M : D((DdA) — 6’5’572 is incompatible if and only if there exists

another multimeter N : D(C98) — 05’2172 and a bipartite entangled state o € D(C44B) such that
the resulting behavior violates the CHSH inequality.

Proof. To begin with, let M : D(C%) — 052172 be a multimeter and let us consider the correspond-
ing tensor &y € PSDy, " ®CS;: 5. From Lemma A.10 we get a witness-type functional Wy, such
that (W, &) < 0 if €57 is not separable, i.e., M is incompatible.

W € PSDg, ©(CS54)" = (id®L)(PSDg, ® CSy,), (6.43)

where the linear isomorphism L : C’SZ o = (CS5,)" was used. We are free to choose a normalization
here, so we can take Wy, € (id®@L)(D(C%) & CS35). The set D(C44) & CS3 5 is the already known
set of assemblages 0. Recall that for each assemblage o € D(C%4) ®C’S§72 there is a multimeter
N : D(C%) — CS3, and a bipartite state ¢ € D(C%498) that reproduce it as ¢ = (id @N)(o).
Thus, there exists such o such that Wy, = (id ®L)(0). By expressing o = >, g ® 5, we have that

0> (W, énr) = (Id@L)(0),m) = > (e ® L(N(Ba)), éur) (6.44)
= (M(aw), LN (Ba))) = > (6L, M () ® N(Ba)) (6.45)
= (€2, (M @ N)(0)), (6.46)

where £, € (CS55)" ®@(CS35,)T is the tensor corresponding to the map L which by Theorem 6.11
can be interprete7d as a CHSH inequality.

For the converse direction, one just needs to read the previous equations backward and con-
clude (id®L)(0),&m) < 0. Now Wy = (id®L)(o) is an incompatibility witness for M. As an
image of the assemblage o € D(C%) ®052172 under the positive map id ®L : PSDg, ®CSZ2 —
PSDg, ®(CS5,)" we have that Wy € PSDg, ®(CS3,)*. By the definition of the maximal ten-
sor product we then have that (Wys, &) > 0 for all £ € PSDgy,* ®CSy,. Thus, Wy, detects the
incompatibility of M. , O
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The more well-known direction is the implication that if the set of measurements M enables the
violation of a Bell inequality, then it must be incompatible. Usually, this is shown via contraposition:
If in a bipartite scenario a Bell inequality is violated, then all measurements must have been
incompatible because the measurement incompatibility on both parties is necessary. As soon as one
party has more than two measurements, incompatibility does not imply Bell nonlocality anymore
[HQB18, BV18].

We go a bit further and relax the conditions on one party. So now suppose that the second
party has an arbitrary number of measurements g as well as arbitrary many outcomes k, whereas
without loss of generality k can be set to an equal constant for every measurement by adding zero
outcomes. This gives some measurement statistics, which could arise from any (nonlocal) model.
Then the same witness-type argument can be made as before. Again, all nontrivial facets of the
Bell polytope can be constructed from CHSH, which was found in [Pirl4].

Theorem 6.13. For any Bell inequality W € (CS3,)" ®(CS; g)+ there is a positive map =*
CS’:g — C’S;f2 such that W can be expressed through the CHSH inequality as W = (id ®=*)(&1),
where £, € (CS549)" ®(CS’§72)+ is the tensor corresponding to L in Theorem 6.11.

The channel =* can be understood as a post-processing, enabling the reduction of the witness
W to a CHSH inequality.

Proof. We can rewrite W € (0S5 )" ®(CS’Z’g)+ by using the isomorphism L : C’S’;f2 — (CS5,)1,
which is the already familiar CHSH inequality, simply as W = (L®id)(L~!®id)(W) = (L®id)(¢=),
where we have defined &z = (L™ ®@id)(W) € C'S;2 ®(C’S,’;7g)+. Now &z corresponds to a positive
map = : (CS5,)" — (C’S,’;g)‘*'.

Now if we write P =), A; ® B; we see that

> (W, P) = Z((L ®id)(¢=z), P) = Z<£5, L*(Ai) ® By) = Z<L*(Ai)v E*(Bi)) (6.47)

—Z@A@ By)) = (&1, (id @E%)(P)), (6.48)

where Z* : C’S,jg — CS;Q. The map Z* is positive since its dual map = is. O

Up to normalization, we see that Z* is exactly the type of map that was characterized in Theo-

rem 4.5 as classical simulations. The way =* acts on P is by reducing the k£ X g column stochastic
matrix to a 2 X 2 column stochastic matrix.

6.3. Bell inequalities in general probabilistic theories. In this section, we will again look at
Bell inequalities from a factorization point of view. The following in particular proves Lemma 6.4.

Proposition 6.14. £ € C’S,i’g ® CSll’T if and only if there exist no-signaling probability distributions
(Pa,bla,y)acik)bellaelglyelr] such that

g
§= Z (Z Pab|z, 1) ) ® si,.. (6.49)
T= 1y 1

a—
ro 1— k
+ (Zp@m,y) Skyk @ eéy) + Sk k@S- (6.50)
y=1b=1 \a=1

r k—1 k—1

-1 g
Da,b|z,y® a ®eb +§ :
1b=1 rz=1a=1
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Proof. Let £ € CS ,i I ®C Sllr. Then, we can use the basis of the polysimplex to write

r k—11-1 g k-1 r
= ZZZZ)\ZMJQ i ®€(q +ZZMz|g € ®Sl, ,H—ZZ#MQ’% k®€(q)+775k TSET
7j=1¢q=1 i=1 p=1 7j=11i=1 qg=1p=1

(6.51)
are positive functionals

We infer (]ICS1 ®]lcsl ,&) =, thus n = 1. Moreover, using that the m( 2

for all ¢ and j, We obtam

(m? @mD.€) =Ny 20 Vielgdgellick-1,peli-1, (652
-1
(m? ©mi?,€) = i =Y Nipig 20 Vi€lglgelliek—1], (6.53)
p=1
k—1
<m,(€]) ® m,(f),@ = M;qu - Z Nipljg = 0 Vi€ lgl,q€lrl,pel—1], (6.54)
i=1
(m? @1cs) & =py; 20 Vielglielk—1], (6.55)
(Lo, ©@mP, &) =y, >0 Ygelrlpell—1] (6.56)
and
k—11-1
<ml(c)®ml 3 *1+ZZ)‘7P\M ZMI\J Z”p\q>0 (6.57)
i=1 p=1

We can therefore define pq |, , = <m,(1 2 & ml() ),f) for all x € [¢], y € [r], a € [k], b € [l], i.e.,

Aa,bl,y zelglyelrlack—1]be[l—1]
D . ,u;;|y - Z’;;i )‘a,b|x,y T e [k}vy € [TLQ = k)b € [l - 1]
a,blz,y — —
oy Hajz — Zé lllalb‘ oy 1 xzekl,yelrl,b=1,a€k—1]
1+Za 122b= 1)‘ab\x,y_za 1Ma|z Zb 1N§7|y velkl,yelr),a=kb=

From the inequalities above, we can verify that the (py pjey)ack) pepy defined in this way form valid

probability distributions. As ), mgj ) = Lo . for all j, they satisfy the no-signaling condition, as
9,

l
Zpa,b|z,y = Ha|z Vy € [T’] ) (658)
k
Zpa,b|m,y = Hg\y Vr € [g] . (659)
=1
The converse follows as the mgj ) form the extreme rays of (C’S;k)* and (CS;")*. O

By the general correspondence between tensors and positive maps (see Section 3.2) we can also
equate the no-signaling probability distributions with some positive maps.

Corollary 6.15. @ : (CS,';g) — C’S+ with ‘D(ﬂcsl ) € CSZ{T if and only if and there exist
no-signaling probability distributions (pa,b\ 2.y)a€lk],be[l] such that

i RmE) = poggey  Va € W,V € [,V € [g), Yy € 1) (660

<]ICSZ17T7 (I)(mt(zm)» = Zpa,b\x,l Va € [k]vvx € [g] (661)
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(m”, ®(Lesy ) Zpabu y Vel Vel (6.62)
<]105,{T7‘I’(]lcs;’g)> =1 (6.63)
Proof. This follows from directly from Lemma 3.4 and Proposition 6.14. O

Analogously to K-simulability of multimeters and assemblages, we can look into K-simulability
of no-signaling distributions. It turns out this relates to how the no-signaling distribution can be
realized in terms of multimeters and state assemblages on the simulating state space.

Theorem 6.16. Let @ : (CS] )" — CS/ with (1pg )€ CS}, and let (V(K),V(K)*, 1K)
be a GPT. Furthermore, let U : (CS,:Q)* = V(K)* ®Sj{ such that \11(11051 ) € K® Sy and let
F:K®Sy— CSllﬂﬂ. Then, the following diagram commutes

(€S ) . cSt

x / (6.64)

V(K)"T® Sy

if and only if the no-signaling probability distributions defining ® (see Corollary 6.15) satisfy

A

Paplz,y = Z W <Fb\y,>\> qa|$,)\Qa|az,)\> Va € [k:]aVb € [l],V:L’ S [g]avZ/ € [7"} . (665)
A=1

Here, (w/\)/\e[A} 1s a probability distribution, (qa|x7/\)a€[k} are some conditional probability distribu-
tions, Fyj,\ € A(K)" are such that Zézl Fyyr = 1k for all y € [r] and X € [A]; in other words,
F is a multimeter. The 9,4, » € K are such that 22:1 Qajz,\Oalz,x = Ox for all x € [g] and X € [A]
with oy € K. Finally, Z)\G[A] wxox = 0 € K, i.e., {qajz s Qajw,\ Fac|k],wclg) 15 an assemblage for all
A€ [A]
Proof. We start by realizing that any map F : K ® Sy — CSllﬂ, is a multimeter and can therefore
be written as F' = {F\, )} er],re[a] (see also Lemma 4.3). In particular, méy) o F(-®6d)) = Fyya-
Moreover, we find that

U(m{) =1 G4, € VIK)" @Sy Va € [k],Va € [g] (6.66)

\I/(]lcséyg) =5 K®S)

by definition and 25:1 Ogle = 0 as Z lma = ]103,1 for all z € [g]. We can furthermore
21
decompose
5a|:p Z Oa Az ® O (668)
AE[A]
and
A
7= waor @0y (6.69)
A=1

We can set ¢ := (id® 1s,)0 and ozl = L1k (84,\[z) Such that g4z = Gar|20afz,) With 04z ) € K
for all a € [k], A € [A] and = € [g]. The equation Zszl Ga\z0alz,x = WAOX can be easily inferred
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from a comparison of Eq. (6.68) and Eq. (6.69), which also implies that the (G, jz)ac[k))e[A] aT€
conditional probability distributions. We can define a probability distribution

0
da|z, ) = {Qa,)\x/w)\ WA F (670)

1/k w,\:()'

Note that for wy = 0 we can just choose gy as we please in Eq. (6.69), thus enforcing the con-

dition 22:1 Qajz,\alz,x = Ox also in this case. The assertion follows then from the relations in
Corollary 6.15, as W can easily defined from an assemblage in the way shown above. O

Remark 6.17. The roles of C'S;, and CSy 4 in Theorem 6.16 can be reversed. In quantum theory,
we can find bipartite states 954)])9 and a multimeter such that qq|q \ Qajz,x = Tra[(Egza ® ]lB)Q(A)‘) ].

Thus, Eq. (6.65) can be written as
A
Pablz,y = Zw)\ Tr [(Ea\x,)\ ® Fb\y,k)@fj\}g} Va € [k]v\v/b € [l],Vl‘ € [g]’v:y € [’I”] . (671)
A=1

Similarly we can consider classical simulability of no-signaling probability distributions and char-
acterize this in terms of a particular factorization. We note that since we want to consider classically
simulating no-signaling distributions with no-signaling distributions, we cannot simply consider any
joint classical simulations @ : C’S,il,ll’ gihy C’S,iz,l% ga-ha since they do not necessarily preserve the
no-signaling property. Instead, we consider a separate classical simulation process in which we clas-
sically simulate the first input-output pair and the second input-output pair separately. It turns
out that this kind of classical simulation results in more of a sequential factorization process. This
is formalized in the following result:

Theorem 6.18. Let O : (CS,':Q)* — CS;" with @(105’1 ) € CS},. Then, the no-signaling proba-
9. b 7g b
bility distributions defining ® (see Corollary 6.15) satisfy

u s v t
Pablz,y = Z Tw|a Z Vae,z,w [Z 92|y Z Mbd,y,ZQC,d|w,z] ) (672)
w=1 c=1 d=1

z=1
where (T2 )wefu]s (Ozly)zc), Valew,w)ack) and (Hpjd,y,z)sep are conditional probability distributions
and (CJc,d|w,z)ce[s},de[t} are no-signaling probability distributions if and only if there exist maps V1 :
(CS; g)+ — (CS*,)T with ‘I’l(]lcsi ) =1cg1 , Uy : (CSF,)T — OS} with Uo(1og1 ) € CS},
) ) g s,u ) 5 s,u )
and a channel Vs : CS’},U — C’Sllm such that the following diagram commutes:

(€S ) 4 » CSf

& V (6.73)

(CS:,)T —25 ¢Sy,

Proof. Let us define (m&z),ﬁlg(mﬁw)» = Qedw,. for all ¢ € [s], d € [t], w € [u], 2 € [v] using

Corollary 6.15. We will use Theorem 4.5 again to obtain for any o € (C'S}; g)+
g k-1 u s
(o) =l ) tos, + 330l | Y| 670
r=1a=1 w=1 c=1

and for any X € CS;,

r -1 v t
U5(X) = Logy (X)st0+ DD [Z Oty D Hpjay,.mG (X)] eV (6.75)
d=1

y=1b=1 Lz=1
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Hence, we infer for a € [k — 1], using Corollary 6.15,

v (\112(\111 Zﬂ'w\xzya\cxw]lc’sl (\112( (w )))5 sl (676)
r -1 v

+Z7rw\xzya\cxwzz [Zezwzubwyzmd \IJQ(m((: )))] g)y) (677)
y=1b=1 Lz=1

= Z Tw|z Z Vale,x,w Z de,d|w,151,...,1 (678)
r -1 v
+ Z T Z Vale,x,w Z Z [Z ez|y Z Hb|d,y,z9c,d|w, z] 61(; ) (6'79)

y=1b=1 Lz=1

Moreover,

r -1 v
Us(V2(¥1(Losy ) = Lesy, (Pa(loss ) z+Zleezwzubwyzmd (P2(Logy >>] 3

y=1b=1 Lz=1
(6.80)

r

T Z Z [Z ‘92\1/ Ziub|dy z ch d|1, z] . (681)
b=1

y=1 z=1
Thus, for b € [l — 1] and a € [k — 1],

Paplz,y = Z Tw|x Z Vae,z,w [Z 9z|y Z b)d,y,z9c,d|w, z] : (682)
z=1

For b =1 and a € [k — 1], we have using the no-signaling of g, g,

u s t
Pa,l|z,y = Z Tw|x Z Vale,z,w Z 9e,d|w,1 (683)
- Z 7Tw|le/a|cxwz [Z ez\yzlubklyzqc dw, z] (684)
b=1 Lz=1
- Zﬂwmzyﬂcrwzadyzchd\wz (1 - Z,U'de, > : (685)
z=1

Hid,y,=

For b € [l — 1] and a = k, it follows that, using the no-signaling of g, 4ju,,

B

-1

Profay =y [Ws(Wa(W1(Lagy )] = D my” [W5(Ta(T2(mD)))] (6.86)

(]

a

- Z ez\y Z Hb\d,y,= Z de,d|1,z Z Z T Z Vale,z,w [Z ez\y Z Hb|d,y,z4c,d|w, z] (687)
z=1 z=1

a=1 w=1

Z GZ\y Z :ubld,y z Z 7Tw|x Z qc d|w z (1 - Z Va|c7:c,u)> . (688)
z=1 a=1

Vk|c,z,w

I
;?‘ —
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Finally, we find, using again the no-signaling of ¢ 4|4, -

k-1
Prley = <1c51 —Zmb ) Us(V2(V1(Losy ))) = D Us(Wa(Wr(m?))) (6.89)
a=1
h—1 v t
=1- Z Z 0-1y Z/‘bldy z Z Twla Z e, dw,zVk|c,w (6.90)
b=1 z=1
k-1 u s

_Zzﬂw\x E Va|c:cw E de,djw,1 R 1 , (691)
a=1w=1 d=1 Zl

—_——— b=1Hb|d,y,z

ZZ 192|y Zg 1q(' dlw,z

- Z 02‘3/ Zulldy z Z Tw|x Z qe,djw,zVE|c,xw - (692)
z=1

The converse is stralghtforward as we can deﬁne the maps ¥y, Uy and Y3 via the conditional and
no-signaling probabilities. g

Finally, as with multimeters and assemblages, for no-signaling probability distributions we can
equate the special case of factoring through a simplex and being separable with having a classical
realization, i.e., having an LHV model.

Corollary 6.19. Let @ : (CS} )" — CSZ’T with (I)(ﬂcs,i’g) € C’Sllﬂ,. Then, the following are
equivalent:

(1) (®®@id)(xcs,,) € CS}’T ®CS,%79.

(2) The associated no-signaling probability distributions (P p|e.y)ack)bely by Corollary 6.15 ad-

mit an LHV model.
(3) There exist a finite number of outcomes A, a map ¥y : (C'S}; g) — S{ such that ‘1’(]105; ) €
29

Sh, and a channel ¥y : Sy — C’Sl , such that the following diagram commutes:

CSJr
\ / (6.93)

Proof. The equivalence of (1) and (3) follows from Proposition 3.7. The equivalence of (2) and (3)
follows from Theorem 6.16 with K = S; as follows: We obtain that (3) is equivalent to

(€S,

Paplz,y = Zw)\Qahc,)\fb\y,)\ Va € [k]7Vb € [Z],\V/IL‘ € [g]7vy € [T] ) (694)

A=1
where (fyjy.2)sep is @ conditional probability distribution and g, » = 1 for all a € [k], z € [g],
A € [A] in this case. This gives an LHV model for (p, pz,y)ack] bell]z<lgyelr- O

7. SEPARABILITY AND EXTENDABILITY

The notion of extendability has been recognized to be central in the context of quantum en-
tanglement [DPS04]. In this section relate the extendability of relevant tensors to intermediate
notion of classicality in the setting of measurement compatibility (Section 7.1) and existence of
LHV models for correlations (Section 7.2). In order to introduce the concept of extendability,
we recall a known instance from quantum theory. Consider a separable bipartite quantum state
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0aB = Y, P(A) QE\A) ® Q&B). We can construct a possible extension of this state with finitely many

parties as follows:

A B)\ ®"
TABBy..By = Y _DP(N) oV @ (QE\ )) ; (7.1)
)
such that
(1) Tr,..B,|0ABB,...B, ] = 0AB
(2) 7By By..Bo(0AB\Bs...B,) = OAB\B,...B,, Where m permutes By, ..., B,

In [DPS04] it was found that if a quantum state oap, B,.., having properties (1) and (2) exists for
all n > 2, then p4p is separable. On the other hand, if there is some n > 2 with no state cap, B,..B,
satisfying above properties, then 9 4p must be entangled. This result was also recently generalized
to arbitrary convex cones [AMHP25, ZKSP26|, where one obtains the very same hierarchy, but
trace is replaced by a strictly positive functional.

We will first of all argue that factorizability can be solved using the generalization of the afore-
mentioned methods of symmetric extensions. Consider the case where we are given state spaces
K4, Kp and amap ¢ : K4 — Kp. We want to determine whether given the state space K¢ there
are maps ¥ : K4 — Kc®Sh and ¥y : Kc®S)y — Kp such that the following diagram commutes:

V(KT ® y V(Kg)T

~ e (7.2)

V(Kc®Sa)t

Here, as before, Sy represents a classical side information. For every value A € A we define the
partial maps Uy ) : V(K4)T — V(K¢)T and Uy ) : V(Ke)™ — V(Kp)*t by fixing the value of A
in the output or input respectively. Then, commutativity of the diagram (7.2) is equivalent to
o= Z\I/uoxpu. (7.3)
A
Defining the evaluation functional xy (k) on V(K¢) ® A(K¢) via

Xv(ke) (@@ f) = f(x) (7.4)
for z € K¢, f € A(K(¢), we get that the commutativity of (7.2) is equivalent to

® = (id ®xy(x,) @ id) (Z NS xlzg,A) . (7.5)
A

It thus follows that commutativity of (7.2) is equivalent to the existence of a separable tensor
Y2 P2 ® ¥y such that (7.5) holds. Thus one can use the hierarchy of symmetric extensions
[AMHP25] that generalizes the idea of (7.1) to rule out the existence of suitable maps ¥;  and
Uy ». We will investigate this in detail in the case of joint measurability bellow, but before that we
have to address the case without classical side information.

Consider again state spaces K4, Kp and a map ¢ : K4 — K. We want to determine whether
given the state space K¢ there are maps V1 : K4 — K¢ and ¥y : Ko — Kp such that the following
diagram commutes:

V(KT *I’ » V(Kp)t
~ e (7.6)
V(Kce)*
Repeating the steps as above, we get that this is equivalent to
d = (id XV (K¢e) @ id) (¥ ® Uy). (7.7)
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In this case ¥} ® Wy is a product tensor rather than a separable tensor and one clearly cannot
just replace ;1 ® Wy with an arbitrary separable tensor >, Wy ® ¥y ) as this would change the
definition of the problem. Nevertheless even in this case one can construct a hierarchy of symmetric
extensions that could be used to rule out the existence of ¥ : K4 — K¢ and ¥y : Ko — Kp such
that (7.6) commutes using the methods outlined in [PLG25].

7.1. Extendability of measurements. Let us now investigate the case of extendability and joint
measurability in depth. We will start by recalling the first two theorems from [AMHP25]. Let us
consider proper cones Vj and Vg in vector spaces V4 and Vp. First we define a reduction map of
n-th order:

1~ i :
nVET = Ve =) 0T ideetn T (7.8)

where @ is a linear form in the interior of (Vg )*, e.g., the trace function Tr in the case of quantum
theory. We make the following definition:

Definition 7.1. Let ® be a linear form in the interior of (Vg)*. A tensor & € VX@VE 18
n-extendable with respect to ® if there exists £ € Vi &(VA)®™ such that (id ® v2) (™) = €.

As shown in [AMHP25], if a tensor is n-extendable then it is also n — 1 extendable so that we
get a hierarchy. In particular, Theorem 1 of [AMHP25] states the following:

Lemma 7.2 ([AMHP25]). A tensor € VX ® Vg is separable, i.e., £ € VX @V, if and only if it
1s n-extendable for all n € IN with respect to some linear form ® in the interior of (Vg)*, i.e.,
viavg = (ides) (Vi vy)®n) (7.9)
n>1

Thus, the consequence is similar as in quantum theory, we get a separable vector via reducing all
finite extensions of it. The procedure in Eq. (7.9) can be thought as cutting the set of all vectors
closer to the subset of separable vectors with increasing n, eventually converging. Although in
practice this is not very applicable unless one wants to check a small set of n-extensions where the
reduction fails in order to find an entangled vector; otherwise one would need to check infinitely
many n which is naturally not feasible.

In special cases, however, [AMHP25, Theorem 2| provides a remedy. Under a certain condition
there is a threshold, i.e., one must only check finitely many extensions up to some fixed n.

Lemma 7.3 ([AMHP25]). Forn > 1 the following are equivalent:
(i) VieVy = (idey?) (Vi &(vy)en)
(ii) The base Ko = Vg N ®7Y(1) is affinely equivalent to a Cartesian product of at most n
simplices, that is, a polysimplex with at most n simplices.

We want to apply this result to multimeters in order to find a criterion for compatibility. To do
this, let M = {M.;},¢c[q be a multimeter that we identify with the tensor £y € A(K)™ ®CSljg.
From now on, we fix the reduction map ® as the equal sums of the columns, that is, ®(C) =
]lcsi,g(c) = Zle Cjj for j € [g] and C € C’S+’g, and when we consider n-extendability we mean
n-extendability with respect to this choice of ®. Now the base K¢ = C’S+ N ®~1(1) is the set of

column stochastic matrices C’S1 As already discussed, the state space 051 is a special case of
a polysimplex and in partlcular 1t is affinely isomorphic to a Cartesian product of g simplices Sj.

Thus, by combining Proposition 3.7 and Lemma 7.3 we get the following characterization for
compatibility:

Corollary 7.4. A multimeter M : K — CS,i’g is compatible if and only &y € A(K)™ ®C’S’Zg 18
g-extendable.



46 TIM ACHENBACH, ANDREAS BLUHM, LEEVI LEPPAJARVI, ION NECHITA, AND MARTIN PLAVALA

The next question that arises is can we conclude something about M by considering its n-
extensions for n < ¢g?7 It turns out that we can and that it is related to the concept of n-wise
compatibility.

Definition 7.5. A multimeter M = {M.,},¢|q s said to be n-wise compatible with n < g if for
all {z1,...,x,} C [g] the measurements { M.\, }ic[n) are compatible.

Here, the choice of n measurements from M is arbitrary, i.e., if n < g, every subset of n
measurements from M is compatible. Of course, if n = g then M is (fully) compatible. The key to
connecting n-extendability to n-wise compatibility is to see that applying the reduction map v® to
a? )n—extension €M) of &y corresponds to obtaining M as a marginal of the map corresponding to
.

In order to show the connection, we first need some structural results on the extensions. The
extensions of £y € A(K)T ® C'S,:g are tensors A(K)™ ®(C’S,Ig)®”. Equivalently we can consider

the extensions as positive maps from V(K)' to (C’S,jg)(g". In fact, if M : K — C’S,ig is a
multimeter, and £ € A(K)* ®(CS; g)®” is its n-extension, then actually the corresponding map
N:V(K)" — (C’S,jg)é@” is a channel (we will prove this in Theorem 7.8). Thus, we will look into

properties of normalized elements in (CS;" g)®” similarly as we did in Proposition 6.14.

Recall that the symmetric group &,, is the set of permutations of the set [n], i.e., the set of
bijective functions m : [n] — [n]. For a permutation m € &,, we denote the descent set of m
by desc(w) as the set of indices i € [n — 1] such that w(¢) > 7(i + 1). Note that for the identity
permutation e we have desc(e) = () and it is the only permutation with this property. For m € [n—1],
we denote II,,, := {7 € &,, : desc(m) C {m}}, i.e., it is the set of permutations with at most one
descent at index m. Equivalently, II,, = {e} U{r € &, : desc(r) = {m}}. We note that
[IL,| = (}) as it characterizes in how many ways we can pick the elements 7(1) < - < w(mn)
from the set [n]. We will also make use of the fact that for all ¢ € IN the symmetric group &,, acts
naturally on [g]” by the linear map ar : [g]" — [g]" defined as ax(y1,. .-, ¥n) = WYr(1)s- -+ Yn(n))
for all (y1,...,yn) € [g]" for all 7 € &,,. Similarly &,, also acts on (C'Sy 4)®" by the linear map
Uy : (CSk,g)@)” — (CSk7g)®n defined as Z/[W(Xl R Q Xn) = X7r(1) XX X7r(n) for all X; € CShg
for all m € G,,.

Proposition 7.6. ¢ € (CS} g)®” with 2 < n € IN if and only if there exists a no-signalling
conditional probability distribution p = (p. . .|z, ..on)e1,.anclg 07 [K]" such that

g g k-1 k-1 n
_ ®n T
§ - (Sk’w-vk) + Z Y Z o palv"'van‘xlv'“vx" eg’i )
r1=1 rn=1a1=1 an=1 i=1
n—1 g g k—1 k—1 k k
D ID DI Do D 2l Parmlary e )
m=1n€ll,, zw(”:l $Tr(m):1 aﬂ.(l):1 aﬂ.(m):l a,r(erl):l a7r<n):1
(fEﬂ— ) (337r m ) —
<t (7 - 2 e @ (o))

(7.10)
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Proof. We start by writing a given tensor £ € (05;79)‘9” in the tensor basis of C'Sy 4:

g g k-1 —1 n n—1 g g
DS N SN Sl ST S AT~ 1 O S S SN
x1=1 rn=1a1=1 anp=1 =1 m=1r€ll,, x,r<1>:1 xﬁ(m)zl
k—1 k—1 () ( ) ( )
T Tr(1) T (m) Rn—m
Z T Z Naﬂ.(w,...,aﬂ.(m)|.1’7r(1>,...,acﬂ.(m) uﬂ- (ea‘n(l) ® T ® 6aﬂ-<m) ® (sk,...,k) ) .
Ax)=L  Anm)=1
(7.11)

To see that we get all the basis elements exactly once by applying the permutations in IL,, for all

m € [n—1] we argue the following: Let us fix m € [n—1]. Let us consider the tensor product as a list

of length n and let us consider filling it with the m terms of egfl), e ,egfnm) and the n —m copies of

sk,... k- (Note that in Eq. (7.11) we also relabel the indices i of ; and a; but just to get all the basis
elements we do not need to consider that). In general there are exactly n! ways to do this, but in

exactly m! ways the e((lfi) terms are in the same m positions, just differently permuted. We only need

one of these m! products and so we select the products where the relative order of the terms e[(ffi)

5) (%j41)
aj+1

To actually get these products, let us start from the product egfl) Q- ® egfn’") & (sk,.,,k)@”_m.
Since we want to preserve the relative order of the e((lfi)’s we can only apply permutations 7w € &,
which have an ascending run of [m], i.e., the set of indices ¢ where 7(i) > w(i + 1) is [m]. By
taking all such permutations we get all % products that we wanted. However, in these products
there are still multiplicities of the basis elements where the s; _ j terms are permuted among
themselves. Since there are (n —m)! ways to permute the sy j terms, in the end we want to end
up with (:1) = (n#'),m, products corresponding to the basis elements. One way to achieve this is
to take only those permutations which also preserve the relative ordering of the s; __ , i.e., those
permutations which have an ascending run of {m + 1,...,n}. Thus, in the end we are left with
permutations with one ascending run [n], which corresponds to the identity permutation, or two
ascending runs [m] and [n]\ [m]. This is equivalent to saying that we have permutations with either
zero descends (the identity permutation) or exactly one descent at position m. But this is exactly
how we defined II,,, so in the end we thus get all the basis elements exactly once for all m € [n—1].

Since £ is a state, it is clear that <]l%gl ,€) = 1 = n. We make use of the positivity of the
k,g

measurements mS” for all a € [k] and x € [g] to define the conditional probability distribution

b= (p~,...,~\x1,...,xn)xl,...,xne[g] on [k]n as follows:

. . xT |
remains the same, i.e., where e,;”" appears before e . Thus, there are now 3 of these products.

Par,oanler,an = QM €) Vai € [k]2i € [g),i € [n] (7.12)
i=1

@

Clearly, since 22:1 mg =1lgg forallze [g], we have:
29

k k k k
Z Z Dar.oanforon = <Z Z m{ @ - @mE) ¢) = <]1?igég,§> =1 (7.13)

a;=1 an=1 a;=1 anp=1

so that p = (p~7...,~\x1,...7x
T1y..., &y € [g].

What remains to see is that p is no-signaling and that the decompositions in Eq. (7.10) and
Eq. (7.11) match. To see that p is no-signaling, we fix some {i1,...,i,} C [n] for some v € [n — 1].
Let 0 € &, be the unique permutation with at most one descent at index [ such that o(j) = 4; for

e, anelg 1 indeed a conditional probability distribution on [k]" for all
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all j € [I]. Thus, o € I;. We fix some a;; € [k] and z;; € [g] for all j € [I]. Now for all x; € [g],
€ [n]\ {i1,...,u} =o([n] \ [I]) we have that
k k

Z Z pa1,...,an|x1,...,xn (714)

ay+1)=1  agm)=1

k
= Y Yme eonie omg o onE.¢) (7.15)
i€o([n]\[1)) ai=1

=(lggy @ @1gg) omi, US)) ®legr @ @log @my, i’ff” @lest ®--@lcg ,E)

(7.16)

= < ;—1 (m((la;%()l)) Q- RQm (.IO(I)) & 1%g£l> 7§> ) (717)
g

where UZ_, : (CS; )®" — (CS}; ,)®" is the adjoint of U, -1 and arranges the tensor product of the
vectors in C'S}, g i the same order as Uy arranges the tensor product of the vectors in C'Sy, 4. Clearly
the result is independent of what we choose as x; € [g] for i € o([n] \ [{]) so that the probability
distribution is no-signaling. Thus, in this case we may choose z; = 1 for all i € o([n] \ [I]).
Furthermore, if a;; € [k — 1] for all j € [I], then we have that

k k
* (zo(1)) (To1)) ®@n—l1
Z e Z pal,...,an|aa(ra(1),...,ra(”,1,...,1) <u0'_1 (maU(U ® e ® Qg (1) ® ]ICS; . ,f
ao’(l+1):1 ao‘(n)zl ‘

(7.18)
= N : (7.19)
o1 58a (1) [Ta(1) s Ta (1)
which gives us exactly the decomposition in Eq. (7.10).
The converse follows as the m'”) form the extreme rays of (CS;k)*. O

Remark 7.7. With the procedure in the above proof we also could have shown the same statement
with € € CSl ®C’Sl ® ®CSl gns b€, extending with arbitrary state cones. One just
needs to label the mdzces accordmgly and make sure the measurements act on the correct spaces.
The challenge is that the notation becomes even more challenging, see Proposition 6.1 for the
n =2 case. However, if we want to make use of the extension as described in the beginning of this
section, it is important to have copies of the same state cone.

At this point we are able to link the extensions with joint measurements.

Theorem 7.8. Let M : K — CS,;Q be a multimeter and let &y € A(K)™ ®CS’,‘:Q be the corre-
sponding tensor. Then M is n-extendable if and only if it is n-wise compatible such that for all

; oy L1y, T T1,eTn)\ k
measurements {x1,...,x,} C [g] there exists joint measurements G(@1»%n) {Gal, San Yoy an=1
which satisfy the followmg no-signaling constraints

j : L1 yeeeyTim1 T, Ljp 1 5ee L j : Tl yeeeyTie1,T5, L4150 &
Gali 7anz 1Ly Li41 Galf 7anz 1,LiyLi+1 n) (720)
a;=1 a;=1

for all a; € [k], zj € [g], j € [n]\ {i} and x;, &; € [g] for all i € [n].

Proof. Let us start with an n-extendable &);. Then there exists N : V(K)t — (CS,:g)@)”, that

is, o € A(K)T &(CS,)®" such that (id @7y,)(Enwm) = & for & = Logi - Let us first see how
’ 9

we can get a given measurement M., from the extension:

Moo (0) = (M(0),m{”) = (€ar, 0@ m{) (7.21)
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= (([d@7) (Exem), 0 ©mY) = (Eyim, 0 ® (1) (M) (7.22)
= (N (o), (3:))"(m)) = (7 (N (), m{?) (7.23)

for all a € [k], = € [¢] and ¢ € K. In particular we see that M = 2 o N(),
Now, for o € K we see that N (p) € (CS,i’g)®” so that N is a channel. This follows as M
is a channel for all p € K:

(185 NP(0) = () (Wegy ), NP () = (Tesy 2SN (@) = ey, M(0) = {1c,0) = 1,
(7.24)
where according to the results of [AMHP25] we can write (y2)*(X) = Poym, (cs; ) (X @ de(n—1))
for all X € CS*g, where )
Boym, (sy,) = Z Uy (7.25)
oceGy
is the symmetric projection onto the symmetric subspace of (C'S}; g)®". Clearly now for & = 1, sl
’ g
we have (77?)*(]103,39) = PSymn(CSZ,g)(]lggi ) = ]l?igl and the normalization of N follows.

On the other hand, by using the same expression for (v2)*, we see that

Mya(0) = (N (g), (32" (m) = (N (@), Py, 05 (P @ 15070))  (7.26)
) k,g
for all a € [k], z € [¢] and ¢ € K. For any {z1,...,2,} C [g], we can define the joint measurement

Gn) for {Mijg, ..., M, } as
G (0) = (N (o), Py, (c57, (i) @ - o miz)) -

for all ay,...,a, € [k] and ¢ € K. Clearly G@1-2n) i3 g positive map and it correctly gives the
measurements { M., ,..., M, } as marginals:

Z Z Grrn) (o) Z Z N (0), Psym, (cs; ) (i) © - @ m))) (7.28)

la;=1 la;=1
i "
n x; n—1
= (N )(Q)7PSymn(CSZ,g)(mEzi ) ® 1?5%& ) (7.29)
= ai\xi(g) (730)

for all a; € [k], x; € [g], ¢ € [n] and ¢ € K. Thus, M is n-wise compatible. Finally, by Proposi-
tion 7.6 for all o € K we have that G\ ’x”)(g) is of the form

(15005 n>(9)
Gah »an | Z 0(1)9'~~7ao(n)|mc(1)7~--’zg(n)7 (731)

oeG,

where pV (0) is the no-signaling probability distribution related to N (p) € (C’Sli’ g)®”. Alterna-
V() -
tively, one sees that ngllafl")(g) = pN (o) where N = Psymn((;gk’g) o N One then

al,...,an|T1,..,Tn’
directly sees that the joint measureme;rcs in‘hlerit the no-signaling constraints from the extension
so that Eq. (7.20) is satisfied. This also means that the map N(™ = Psym, (s, 0 N (") is also a
channel. 7
On the other hand, if M is n-wise compatible and we are given the joint measurements which
satisfy the no-signaling conditions in Eq. (7.20), we can explicitly construct the n-extension &y of

Enr. We will do this by using Proposition 7.6 by defining the no-signaling probability distributions
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V(@ for the elements N®(p) € (CS} g)®" of the channel N : K — (CS} g)®” corresponding to
+ & +\&n
the tensor {ym € A(K)" ®(CS; )™
Let us start with the joint measurements G(®1) for all measurement choices {z1,...,2n} C
[g]. Note that for any m < n we can also construct a joint measurement of the measure-

ments {M,,,..., M|, } from the joint measurement G@1n) of any set of n measurements
{M.z,. .., M, } containing {M.,,,..., M, } as

k k
G((I:f}.’....7.(;:fnm’xm+l’“.,xn) = Z Z Ggﬂia’:’afn":fnﬁt71.’.2"'(;:") (7.32)
am+1=1 an=1
for all ay,...,an € [k]. Furthermore, since the joint measurements satisfy the no-signaling condi-
tions in Eq. (7.20), we see that if we choose some different measurement settings {Z,+1, ..., Ty} for
the remaining n—m measurements and use a joint measurement G*1:%m:Tm+1.%n) for the settings
{z1, .., Tm, Tm+1,- - -, Tn} to define the joint measurement of the measurements {M.‘xl, ceey M~\xm}7
we have that
k k
i D DIEED DIl i (7.33)
am+1=1 an=1
k k
- S Y el a0
am+1=1 an=1
— G~'((l-771»~~-é$myan+17~--azn) (735)
15--,0m
for all ay,...,an € [k]. Thus, the two joint measurements for the measurements {M., ..., M, }
are actually the same so that it only depends on the measurement settings {1, ..., Zm}.

In the joint measurements the measurement choices are always different from each other but to
construct the n-extensions we need to define it also in the cases when some of the measurement
choices are identical. We will do this by giving the equal measurements always the same outcome.
Next we will do this more formally.

Let us take x; € [g] for all ¢ € [n]. Let m be the number of different measurement settings

in {z1,...,2,} and let yi,...,ym be those different measurement settings. Let [; be the number
of measurement settings in {x1,...,z,} which are equal to y;. Let us partition [n] into intervals
of length I; such that [n] = {1,.... 0,0 +1,...,01 + lo,l1 + I + 1,...,2}”:1 l;}. Let us define
ir = 5_1lj € [n] for all r € [m] so that now we have [n] = {1,... 41,91+ 1,...,42,...,im}, where

im = n. Let us define a permutation o € &,, as the permutation which orders the measurement
settings such that

.730—1(1) =...= J:J_1(i1) = Y1, (736)
x0_1(i1+1) =...= xa—l(ig) = Y2, (737)
(7.38)
33'0.71(im71+1) =...= 370*1(%) = Ym, (739)
and 071(i) < o= 1(#') for all i < 4', 4,4’ € {i,_1+1,...,i,} for all » € [n], where we set ig = 0. Now
(n)
we can define the conditional probability distribution (pN .|;(fl)._' zn) as
N (g SRl (v1,m)
pal,...,agn|ml,...,xn = Z o H 5aa_1(izfl+1)"”’aa_l(iz)’bsz?vl-’-:.v.l;iJnm (Q) (74())
bi=1  bp=12z=1
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for all a,...,a, € [k] and p € K, where we are using the Kronecker delta as
1, a1 =...=a,,
Oar,.aw = ! u for some u© € IN. (7.41)
0, else,
(n)
Clearly > Zalfl i\i (5) ot = = 1 so that it is a valid probability distribution for all z1,...,z, €

[g] and p € K. As an example, to see how the construction looks like explicitly, say we want to
N®) (o)

define Pay asas|zr,o1,05 where the first and second measurement choices are equal. Then, we have
y1 = x1 and yo = x3 and we pick the joint measurement between the first and the third party:
N(d) 0 Y1,y )
pa1’a2(7a3|3;17g;173;3 - Z Z 6&1,(12,!)1 a3ab2Gl(311b22)( ) = 6a1,a2Gz(zm1}a§3)(Q) (742)
bi=1ba=1

for all aj,as € [k] and p € K. Thus, we have just set the measurement outcomes the same for the
equal measurements.
We now observe that if we fix i € [n] so that z; = y;, for some j; € [m] then we have that

N™ (o) yl, YjyseesYn)
ZZ Pq,... 7571‘331: wTn Z Z b1,.. 7]1]—1@1,6314-1, ,bm(g):Mai|yji(g):Maill“i(9) (7'43)

t=1 at=1 s=1 bs=1
t#i s#£Ji

for all a; € [k] and ¢ € K. )
According to Proposition 7.6, in order to define the channel N(® : K — (CS;,Q)‘@” via the

(n)
<p-],v..,-|igl),...,xn)11,~~-,xn€[9} for all o € K we still need to check that

the no-signaling constraints are satisfied. Thus, let r € [n]. Now z, = y;, for some j, € [m] and
thus r € o7 1({ij, , +1,...,4;.}). Then

k k k E m
N (g) _ (Y1esYm)
Zpal,~~-,an|961,~~-,36m~~,90n - Z Z Z H 6%—1(iz,1+1)7'"vaa—l(iz)7bzGb1,1...,bm (Q) (7'44)

conditional probabilities p™v (o) =

ar=1 ar=1b1=1 bm=12=1
yl)""ym
Z Z (Z 50’ _1(7,]7‘_1-‘1-1)’ »a _1(1 )’ ) H 50, o= L(i_14+1) »a o 1(iy )7bsz17~~'vbm (Q)
bi1=1 bm=1 ar=1
z ]T
(7.45)
On the other hand, let us now change the measurement setting z, to &, for some z, € [g], z, #
Zy. Thus, we have the total measurement settings {z1,...,2r—1,%r, Try1,...,2n}. Let first &, €
{y1,- .., ym} so that there exists j, € [m] such that &, = y; . Just as before, there is a permutation
o which groups the same measurement settings together. The positions where the measurement
settings change are now denoted by i1,...,%y,. Thus, now r € &_1({1'3%1 +1,... ,i;r}). Let now
m € &, be a permutation such that 7o = 6. We note that now
T({isor + 1, ,0.)) = {iom1 + 1,4, ) (7.46)
for all z € [m]. Then we have that
k "0 E ok k. m ( :

N\™ o _ Y1,--Ym
Zpal7---7an|$17---7j'r'7---773n o Z Z Z H 50‘6'71(2271+1)""’a5*1(22)7bzGbl,-..7bm (Q) (7'47)
ar=1 ar=1b1=1 bm=12=1

_ Y1,--Ym

o Z Z (Z 6“‘*1 (s 1oL )7bjr> H 5‘1&*1(22_1“)"“7“&*1(22)1b2Gb17---7bm (Q)

bi=1 m=1 \a,=1 T " z=1
2#jr

(7.48)
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k k
— . 5
Z Z Z R G GRS D M C Y O ))’]r
b1=1 bm=1 \ar=1

0 ; b G (o) (7.49)

Go=1(n=1(i,_1+1)) %1 (z=1(iy)) "%

=N

~1
] r

N
Il

w
Ny

M»

k
(yl""7ym)
Z (Z Oa oLl 1) @ oL )7 ) H 00 o= 1(iy_1+1) % =1 (i, )7bZGb17~-~7bm (Q)

bi=1 bm=1 \a,=1 =
Z#]r
(7.50)
E ok E m ( :
— Y1s--Ym
- Z Z Z H5ao‘*1(izil+1)7---7‘1071(1-2)7bsz1,...,bm (Q) (751)
r=1b1=1 bpn=12=1
b (™) (o)
- N (e
o Z pal7"-7an‘x17“'7x7"7"'3$n (752)
ar=1
so that the no-signaling constraints are satisfied.
Above we considered the case when Z, € {y1,...,yn}. However, if Z, ¢ {y1,...,yn} we can
. . (n) n)
just repeat the whole procedure by defining pi\i ._.(ag)m » o and p]a\i _._(5)@1 &, through
the joint measurement of the measurement settings {yi,...,Ym,Ym+1}, where now y,+1 = .
Then in Eq. (7.40) and Eq. (7.47) if some setting in {y1, ..., Ym, Ym+1} is not used in the settings
{z1,.. . xp,...;xn}tor{x1,...,Tp,...,Tp}, we just sum over its outcomes in the joint measurement
GWir¥mt1) By the same procedure we see that the no-signaling constraints hold also in this case.

N (o)

Thus, the conditional probability distributions (p’ xn) satisfy the no-signaling conditions

7"'7" 1

for all z1,...,2, € [g] and ¢ € K. Then according to Proposition 7.6 we have that the tensors
N™ (o) € (CS,: g)®" defined by the no-signaling probability distributions p™ (o) are actually
normalized, i.e, N (p) € (C’S,i’g)@" for all o € K. Thus, if we define a map N™ : V(K)* —
(C’Skfg)@” by o — N (p) for all ¢ € K, we see that it is a channel, i.e., N : K — (C’S,;g)@”.

As was observed before, if N : K — (C’S,i’g)é@" is a channel, so is N := Pym, (C51.q) © N®,
In fact, we have that

N(”)(g) N(n)(g
pal,...,an\xl,...,xn n| Z Ao (1) 380 (1) [Tor (1) T () (7.53)
ceG,

for all ai,...,a, € [k] and z1,...,2, € [g]. Using Eq. (7.43) we see that

N(n)
ZZ a1, ,an\m, HTn, = ai|5’3i(g) (7'54)

t=1 at= 1
t£i

for all a; € [k], z; € [g], i € [n] and p € K.
Finally we have that

n k
2 . N(n)
(a0 @ml)) = (M(0),mE) = My (@) =S ph @ (7.55)
=t o=l
= (N0(), 135 Y em(e) @ 1557) (7.56)
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= (Psym, (50, (N (0)), n?igz Y em{) @ n%‘;r% (7.57)
= (N (0). Py, (cs7,) (151 L em{) ®166 ")) (7.58)
= (v <>,PSYmn<cs;,g><mgfl>®ﬂ?(§;j’>> (7.59)
= (N (g), (v2)*(m{))) (7.60)
= (Enms 0® (1) () (7.61)
= (([d®7) (), 0 @ m) (7.62)

for all a; € [k], z; € [g], i € [n] and p € K. Since the states in K and the vectors m{” span

the corresponding vector spaces, we have that £y = (id ®72)(£y) which shows that &y is n-
extendable. n

7.2. Extendability of no-signaling behaviors. Going back to the setting of Section 6, we can
also consider the concept of extendability of the general no-signaling statistics P € C S,}% g ®C Sllﬂ,,
where separability corresponds to the corresponding no-signaling distribution having an LHV-
model. As n-wise compatibility can be seen as a restricted version of compatibility, we can also
consider a no-signaling behavior to have a restricted LHV-model.

Definition 7.9. Let g,r,k,l € IN and m € [g] and n € [r]. A no-signaling probability dis-
tribution p = (P..|zy)zeclglyel] on (k] x [I] has an (m,n)-LHV model if for all (z1,...,7m) C
lg] and (y1,...,yn) C [r] the restricted no-signaling probability distribution p(@tr¥myis-yn) —
(D) ae{mzm b ye{yryn} 0T [K] X [I] has an LHV model.

We note that p = (p. .jz,y)elg)ye[r) has an LHV model if and only if it has an (g,7)-LHV model.
Before connecting n-extendability to these restricted LHV models, let us first take a closer look
on the set of LHV probability distributions. Let us denote by P{Xi ) the set of no-signaling

probability distributions p = (p. .|z, )ze(g]ye[r] 00 [k] X [I]; by Proposition 6.14 they are exactly the
conditional probability distributions related to tensors P € CSk g ®C Sl - We denote by P(k )
the subset of P(k (L) that have an LHV-model. Thus, each p € 77( ) (1) Can be written as

Pabloy = Z ax pa|,\ prp\,y (7.63)
AE[A]

for all @ € [k], b € [l], x € [¢g] and y € [r] for some probability distributions ¢ on [A] p
(P.I?A,x)/\e[A},xe[g] on [k] and pP = (p,lf)\’y))\e[A],ye[r] on [I] for some A € IN. It is clear that 77( ) (L) 18

a polytope so that it can be expressed as the convex hull of its finite number of extreme pomts The
extreme points are then probability distributions (pf?gcp.]fy)a:e[g],ye[r] on [k] x [I] such that pﬁx is non-

zero only for one outcome a,, € [k] for all x € [g] and pﬁy is non-zero only for one outcome b, € [I] for

all y € [r]. We can thus label the extreme points P by the outcome vectors @ = (ay, ...,aq4) C [k]9
and b= (by,...,b.) C [[]" such that
pZ:le’,y = 5aza$6b7by (7-64)

for all @ € [k], b € [l], x € [g] and y € [r]. Now if we can express a probability distribution
pE P(JZ*Z) (1) @5 3 mixture of these extreme points, i.e.,

pa,b|m,y Z Z qa bpa blzy (765)

ac(kl? pefir
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for some probability distribution g on [k]9 x [I]", then we know that p € P(k Do) Also, vice versa,
if p € Plig)ar
simply the probability distribution ¢ in Eq. (7.65) an LHV-decomposition of p. We note that such

a decomposition is not always unique.
Similarly for the restricted LHV models, we see that p = (p. |z.y)ze[gyer] has an (n,m)-LHV

) then it has a convex decomposition as in Eq. (7.65). We call a decomposition, or

model if and only if an LHV-decomposition exists for all restricted distributions p(@1s-@my:yn) —
(p-,~|:c,y):c6{:c1,...7a:m},y€{y1,...,yn} on [k] X [l] for all (:L‘la ce )xm) - {g} and (yla s 7yn) - [T]

In the next result we will take [ = k and r = ¢ since we will apply Proposition 7.6 where the
cones match. As was noted in Remark 7.7, the same result could be obtained also if the cones
are different, but we will not show it explicitly in this case. This restriction can also be avoided
by simply embedding the smaller cone inside the larger one. In the proof we draw inspiration
from [TDSO03], where the authors showed that in a bipartite setting where the parties are both
measuring g measurements on a shared quantum state, then if the quantum state has a symmetric
g-quasiextension (the extension need not be a quantum state but only in the maximum tensor
product of PSD, cones), then it can be only used to generate behaviors which have an LHV model.

Theorem 7.10. Let P € C’S,;g ® C’Si’g with the corresponding no-signaling probability distribution
P = (D |ay)zyelg On [K] X [k] and let n € [g]. Then P is n-extendable if and only if p has an (g,n)-
LHV model such that for all settings (y1,...,yn) C [g] there exists some (g,n)-LHV decompositions
q-yn) satisfying the followmg no-signaling constraints

y17 ’yjz"'7yn) Yi,-. »?ng 7yn
Z Z Z Yas,... 3Qiyees@g,b15eesbyensb Z E: § :q cs@iyeny Qg b1y b b (7~66)
z= 1az71b-—1 z= 1az71b-—1
zF#1 zF#1

for all by, ... b, € [k], y;,9; € 9] andi € [g], j € [n]. If n=g, then P € CS,i’gé{)CS,i’g.

Proof. Let first P be n-extendable. Thus, there exists P(") e CS,;g ®(CS,$7Q)®” s.t. (id@y?)(PM) =
P for & =1gg . By Proposition 7.6 we have that for all a,b; € [k] and x,y; € [g]
g

Paifegs = (PomD @ mi*) (7.67)
= ((iId@12)(P™),m{ @ m{") (7.68)
= (P™ m® @ Py, (s ,) (M, m¥ @ 11051 )) (7.69)
- nl Z Pasag (b1, b))z, (1 1ys,1,..01) (7.70)
jzl bjil O'EGn
J#i
n k n)
- Z Z ﬁa Lovbnl@, Ly Ly, 1,10 (7.71)
]:1 =1
J#i
where p(") = (ﬁ-(:l.).,-ln,--.,znﬂ )P +1€lg] is the no-signaling probability distribution on [k]"** related

to the tensor (id @) (P™) ¢ (CSl )® (n+1)

Let us now fix {y1,...,yn} C [g]. We set réi’lbg") = 22:1 ﬁg?l))l,...,bnll,yl,...,yn for all b; € [k] for

all 7 € [n] and define a probability distribution q(yl""’yn) on [k]9" by setting

q(ylv--wyn) — H
at,...,ag,b1,...,bn ( (y1,.. 7%))9 . w91 az,bl, b |T,Y1, o yn

Tblv :bn

(7.72)
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for all ai,...,a4,b1,...,b, € [k]. Clearly, since ™ is also a no-signaling distribution, and in
Eq. (7.66) we are summing over all a;’s except for one, we see that the no-signaling constraints of
Eq. (7.66) are satisfied for q(¥1--¥n),

Now for all a,b € [k], z € [¢g] and i € [n] we have that

g k n k ( " |
(y17"'7y7b) a1,...,0qg), b1,....bn
Z Z qal:~~~:ag,b17~~~7bnpll,b‘$,yi (7'73)
z=la,=1j=1b;=1
g n k
y17 7yn
=22 D2 2 4 b o e (7.74)
z=laz=1j=1b;=1
g k n k
yl: 7yn
Z Z Z qala Az —1,0,0x+1,-- 7ag1b17 ,b1 1,b b1+1, ,b (775)
z=la,=1j=1b;=
e
n k )
_ ~(n
B Z Z Paby,bi1,bbigt bl @,y yn (7'76)
j=1b;=1
J#i
= Da,b|z,y; - (777)

Hence, the restricted no-signaling distribution p(¥1:¥n) = (D- -ay)zelglyelyr,yn} ON [K] X [K] for all
{y1,.-.,yn} C [g] has a LHV-model which means that p has a (g,n)-LHV model.

On the other hand, let now p have a (g,n)-LHV model s.t. for all settings (yi1,...,yn) C [g]
there exists some (g,n)-LHV decompositions qWim) gatisfying the no-signaling constraints in

Eq. (7.66). We can define a conditional probability distribution p/(™) = (pf(.n“).w D EX TS

on [k]"*! by setting

g k
/(n) J— (y17 7y7L
pa7b1,~~-,bn\x,y1,--~7yn - Z qal» 0z =150, 41 5--50g,01 5 ,bn (778)
i=1 a;=1
i£T
Clearly
/(n) . /(n)
Zpa b1seesbn [T,Y15 5 Yn Z ab1, bn|ZY1,Un (7'79)

for all by,...,b, € [k], x,Z,y1,...,yn € [g]. Also, since the no-signaling constraints in Eq. (7.66)
are satisfied, we also have that

k k

/(n) _ § : /(n)
Z pﬂ,bl:"'7bn|1'7y1a'“)ij“’yn B pa7b1a"'abn‘xayl7"'7gj)"~7yn (7‘80)
b—1 b=1

foralla,bi,...,by € [k], z,91,...,Yn,J; € [g] forall j € [n]. Hence, P isa no—signaling probability
distribution and thus by Proposition 7.6 it corresponds to a tensor P'(") € (CS 1 ) 2(nt+1) | We see
that now for all a,b € [k] and z,y; € [g]:

k n k

x i seesYn Al yeeny ,b,...,bn
<P’ m((z : ® mlgy )> - pa’b|x’yz Z Z Z Z qazﬁ aa:ljlvblv abnpi(l ;|m7yz ) o : (781)

z=1la.=1j=1 b;=1
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n k

k
Yi,-.- 7yn
Z Z anh Qg —1,0,054150-,8g,01,--,0i—1,0,0;11,...,bn (7'82)

a,=1 b;=1

]_
J#i
n k )
7 *y ’y'L? 9. ?1
ZZ Q15O —1,0,Ag4-150-,0g,015,0i—1,0,0i4-1,...,bn (7'83)
7&

I
Mm

ISR
eI
8 —

I
M=
M»

8
S
w
Il
,_.

1b,=1

SR
3 Yl

/(n)
Doy, pnlz,l, il ] (7.84)

[l
LS.
s 30 M
w I
5
i M*
Il

I
]
M=

S

/(n)
Z P,y (b1 b |20 (1,een, 1,901,001 (7.85)

jj;i b;=1 Coe6,
= (P, mf?) ® Poyu, (o5, (my)") @ 155 7Y) (7.86)
— ([d@y®)(P'™),m® @ m¥), (7.87)

where the equality between Eq. (7.84) and Eq. (7.85) follows from the no-signaling constraints in

Eq. (7.80). Since the vectors mi” span CSy, , we have that P = (id @v®)(P'™) so that P is
n-extendable. O

8. ROBUSTNESS RESULTS

In the previous sections, we have seen that whether a positive linear map between two cones
factorizes through a third cone as a composition of positive maps depends heavily on the structure
of the three cones and on the types of tensor product one uses in constructing the cones. In this
section we would like to understand what type of limitations on factorization one can derive directly
from the structure of the state space of column stochastic matrices.

As a first case study, let us suppose that the identity channel id : C'S} — CS} can be factorized
through C’Sk . That means that there are channels U : CSlr — C’Sk and CD C’Skg — CSZ
such that id = ® o ¥. Operationally this means that the action of a partlcular simulation could
always be reversed. Namely, if M : K — CSZ , 1s any multimeter on a state space K, then from
the factorization of id we have that M = ® o W o M so that the simulation of M by the channel
U can be reversed by applying the channel ®. Naturally, there are cases when such factorization
cannot be feasible: if g = 1 so that ¥ o M is a single measurement meaning that M = ® oV o M
implies the compatibility of all of the measurements in M even when M would contain incompatible
measurements. On the other hand, in some cases this kind of reversibility is natural, for example
when k > [ and g > r so that CS1 can be trivially embedded in 051 We can use Proposition 4.13
to show that actually this is the only case when the identity Channel can be factorized like that.

Proposition 8.1. Let [,r € IN. The identity channel id : C’Sllﬂ, — C’Sllm can be factorized through
CS}};,Q for some k,g € N if and only if k > 1 and g > r.

Proof. If kK > 1 and g > r, we can trivially consider a column stochastic matrix of size [ X r as a
column stochastic matrix of size k x g by adding zero rows and adding extra columns with element
1 on some row (this would correspond to adding trivial measurement 15 to your multimeter).
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We first note that the identity channel id : CSl - CSl » can be seen as a multimeter on C’Sl -
Let us write this multimeter explicitly in the basis of CSZ - In fact, one can confirm that actually

ol
id(X) = Log (X)st,..0+ > Z m (X)el¥) (8.1)
y=1b=1
for all X € CS;,. Thus, id corresponds to a multimeter consisting of the measurements {m(y)}ye[r]
on C’Sll’r.

If now the identity channel id : C’Sllm — C’Sllﬂ, is factorizable through C’S,; ; then there exists
channels ¥ : CSll,r — CS,;g and @ : CS,;Q — CSll,r such that id = ® o . We can now interpret
U = {V.,},¢|g as a multimeter on CS}J, which thus consists of g measurements with k& outcomes.
Thus, by Corollary 4.6 the factorization id = ® o ¥ can be interpreted as classically simulating
the multimeter id by the multimeter W. However, since by Proposition 4.13 the multimeter id
consists only of simulation irreducible measurements {m(y)}ye[r], it means that for all y € [r], there
exists x, € [g] such that V.|, is post-processing equivalent with m®. Also, because none of the
measurements m®, ... m) are post-processing equivalent, we must have that x, # z, for all
y,y' € [r] such that y # /. This can only hold if g > . Furthermore, since m® is the unique
minimally sufficient representative of its equivalence class [[m®)]], to which ¥ |z, also belongs, we
must have that m® can be obtained from W |z, by joining all of its pairwise linearly dependent

effects as was explained in Proposition 4.12. This means that for the outcomes we must have that
k>1. O

Thus, the only time an identity channel on a state space of column stochastic matrices can be
factorized through a state space of column stochastic matrices of different size is exactly when
column stochastic matrix is a submatrix of a larger column stochastic matrix . This means that
no pathologies appear in the classical simulability of a multimeter M, since otherwise we could
decrease the size of the column stochastic matrices via factorization of the identity channel.

8.1. Compatibility. Recall that a multimeter M, |, acting on a GPT state space K can be viewed
as a channel M : K — CS ,i 4> where k denotes the number of outcomes for each of the g measure-
ment settings. The state space C’S,; g is a polysimplex.

Let us prove the following well-known result using the factorization characterization of compat-
ibility.
Proposition 8.2. Let M,, be an arbitrary multimeter, Py, = puj» 1k a trivial multimeter, and
gz 6 probability measure on g. Then, the noisy multimeter

Na|x = qCL“Ma|J: + (1 - qx)pa|x 1x (82)
1s compatible. In particular,
~ 1 1. 1x
M, = EMa\m + (1 - ;)? (8.3)

18 compatible.

Proof. For any z € [g], consider the following multimeter:

@ — M it =2 (8.4)
alz Paje LK if x # z.

The intuition from quantum mechanics is that this multimeter should be compatible, since the
effects of different measurements commute. Indeed, we have

M (=) marg,

K25 Cskg} = [k 2 o8, 25 5 2 o, | (8.5)
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where marg, is the channel that discards all the indices but z:

margz[(‘]a|x)a€[k],az€[g]] =4z (8'6)

and triv, is the channel that embeds the z-th copy of the simplex Si into the polysimplex C’S,i 9
in the following way:

) . qa ifx=2z
t . » — alz th ale = . 87
1iv(ga)] = (raa) - with 1y {pwnK if z # 2. 57

Note that the multimeter M (%) is compatible, since it factors through the z-th copy of Si. Finally,
we have
N=> ¢M®* (8.8)
z€lg]
proving the claim via convexity. (]

Let us consider now noisy multimeters as GPT channels between some GPT with state space K
and some noisy version of the polysimplex, seen as a GPT, that depends on the amount and the
type of noise considered.

We have

M
K = CSy g noisy- (8.9)

Let us consider two examples. Firstly, let us consider adding white noise to k-outcome measure-
ments: The noisy effects are

~ 1

A; = tA;, + (1 — t)?K,
where t € [0, 1] is the noise parameter. The value t = 1 corresponds to having no noise (the original
POVM), while the value ¢ = 0 corresponds to the uniform trivial measurement having effects 1 /k.
Note that the range of the map

(8.10)

K25, (8.11)

when restricted to states in K, is necessarily smaller than the full probability simplex on k vertices.
Indeed, if the outcome probabilities for the original measurement are p, then the probabilities
corresponding to the noisy measurement are

1-t¢

; (8.12)

pi = tp; +
Hence, the noisy measurement has range
A
K — Sj., (8.13)

where Sy, is the state space of the GPT having RF as a vector space, an order unit identical to the
one of S, i.e., for v € R”

k
lg,,(v) =Y v, (8.14)
i=1

but a thinner cone given by

k
(RE); := {v € R¥ : Vi € [k], v; > (1 — )5, where §:= k™! Zvj}. (8.15)

j=1

Geometrically, the set Sj.; is obtained by scaling the usual simplex S by a factor of ¢, around its
“central” point (1/k,...,1/k).
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As a second example, let us consider a multimeter M with two 2-outcome measurements, to
which we apply uniform noise, with parameters ¢; and o respectively:

. 1
My = toMyp, + (1 — tz)%. (8.16)

The situation is similar to the one before: the noisy multimeter has range
M 1
K — 05272;(#/17&), (8.17)

where the noisy polysimplex 0521 % (t1,t2) has vector space

R*™NE, (8.18)
where
E= {(Uakt) eR*: Z’Uu\l = Zva’p}v (8.19)
a a’
order unit
]10521’2#1@)(”) = v =D Vs (8.20)
a a’
and cone

[(RY)n x RY)w] N E, (8.21)

where the thin cones (R? );, and (R? );, have been defined above. We display the noisy (poly)simplices
in Figure 3.

FIGURE 3. State spaces of the probability simplex GPT Ss (left) and the polysim-
plex 052172, along with their noisy versions in blue, for noise parameters t = 2/3,
respectively (t1,t2) = (2/3,2/3).

We shall be interested in what follows in the following question: is it possible to factorize the
identity map between a noisy version of some (poly)simplex and its noiseless version through a
different (poly)simplex:

CSE i notsy ~o CSE g = CSh i nosy ~— Sty —25 CSL 2 (8.22)

Above, the maps ¢, 1 are GPT channels, i.e. positive and unit-preserving linear maps.

This type of factorization implies that a noisy multimeter with outcome counts k can be simulated
by a multimeter with outcome counts [, and that independently of the GPT G that the multimeter
acts on. Importantly, the factorization above depends only on the respective polysimplices, no
other physical GPTs being involved.
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In practice, we shall tackle the existence of such factorizations from a geometric perspective, as
follows: First, choose coordinates for the vector space space of the GPT CS,% p such that

V(CS%Q) Sv=(s,v1,...,vn) and lgg (v)=s, (8.23)
’ 9

where n := g(k—1). Proceed similarly for the GPT CSll’ , and its associated vector space R™, where
m = g(l — 1). Note that m > n is a necessary condition for the existence of such a factorization,
for obvious rank reasons. We have the following result.

Proposition 8.3. A factorization as in Eq. (8.22) ezists if and only if there exists T, an affine
image of C'Sllg in R™, such that:

° CS,i’g; noisy Om—n CT;

e there exists a projection IT : R™ — R"™, not necessarily orthogonal, such that I1(T") C C’S,i g

Proof. Consider the linear extensions of the affine maps ¢ and v from Eq. (8.22). Let ¢ : R — R™
and 1 : R™ — R" denote their unique linear extensions to the corresponding vector spaces. Let
¢ : R"™ — R™ be the standard inclusion z +— (z,0) and 7 : R™ — R" be the standard projection
(z,y) — x. Note m ot =idgn.

Define the affine map A : R™ — R™ by A = 104¢. Let T := A(CSl{g) = L(@Z)(CSZ{Q)). Since ¢ is
injective and zﬁ maps the m-dimensional affine space aff (CSl{ g) to the n-dimensional affine space
aﬂ'(CS,i’g), T is an affine image of CSl{g. It is obvious that 1I := 7 verifies the second point in the
statement. ]

8.2. Two noisy binary measurements simulated by a three-outcome measurement. It is
a standard result that any pair of dichotomic measurements are compatible, provided that they have
noise parameters t; = to =t < 1/2. Moreover, the two measurements can be post-processed from
a joint 4-outcome measurement. We shall now investigate the same question, with the difference
that we ask about pairs of dichotomic measurements that can be post-processed from a 3-outcome
measurement.

Proposition 8.4. For allt < 1/3, the identity map
id: CSy 9.4y — CS3a (8.24)

factorizes through Ss. In particular, any pair of noisy binary measurements with noise parameter
t <1/3 admit a joint measurement with 3 outcomes.

Proof. The construction is depicted in Figure 4, left panel. More precisely, noisy measurements

5 1 1

S| 1 .

Vi=2Yi+glx  j=12 (8.26)

can be post-processed from the 3-outcome measurement (A, B, C') with
~ 1 1

B=X -1y =ix 4+ ly (8.28)

A1 - gl = oAt o .
Colg-X -9 =ix, 41y (8.29)

=Lk A1 = 5 = oA+ o d. .

O

Conjecture 8.5. The value of t in the result above is optimal.
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FIGURE 4. Any pair of two noisy dichotomic measurements with noise parameter
t = 1/3 can be post-processed from a 3-outcome measurement (left). Any pair
of two noisy dichotomic measurements with noise parameter ¢ = 1/2 can be post-
processed from a 4-outcome measurement (right). The state space of C’SQ{2 is the
outer square (black), its noisy version is the inner square (blue), and the affine image
of the probability simplex Ss3 (resp. Sy) is the triangle (resp. tetrahedron), in red.
The inclusions of the state spaces correspond to those from Proposition 8.3.

FIGURE 5. Any noisy measurement with noise parameter ¢ = 2/5 can be post-
processed from a pair of dichotomic measurements. The state space of S3 is the
outer triangle (black), its noisy version is the inner triangle (blue), and the affine
image of the polysimplex 05’572 is the red rectangle. The inclusions of the state
spaces correspond to those from Proposition 8.3; note that here the state space
dimensions are equal.

Note that if we allow measurements with four outcomes as the middle polysimplex, then one can
achieve t = 1/2; this is standard result about compatibility of two noisy dichotomic measurements,
see Figure 4, right panel.

8.3. A noisy three-outcome measurement simulated by two dichotomic measurements.
We ask now the reverse question from the previous section: when can one noisy 3-outcome mea-
surement can be simulated by two dichotomic measurements?
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One can think that this is always possible: given a three outcome measurement (A, B, C'), simply
define
Xi=4A Xo=B+C (8.30)
Y1=B Yo=A+C. (8.31)

However, the original three outcome measurement cannot be post-processed from X, Y because of
the ambiguity in the case where the two measurements yield the first result.

Proposition 8.6. For allt < 2/5, the identity map
id : 53;15 — 53 (8.32)

factorizes through 055’2. In particular, any noisy ternary measurement with noise parameter t <
2/5 can be post-processed from a pair of dichotomic measurements.

Proof. The construction is depicted in Figure 5. More precisely, the noisy measurement

~ 2 1
A=-A+-1 8.33
A+ 1k (8.33)
B=2B+i1 (8.34)
"5 5 K ‘
c=2c+1q (8.35)
5 5Kk '
can be post-processed from the two dichotomic measurements (X1, 1x —X71), (Y1, 1x —Y7) with
X, = gfl + gB —1g (8.36)
5~ 5~ 1
Yi=——A+-B+-1g. .
1 1 + 1 + 5 LK (8.37)
One can easily check that X; and Y7 above define valid measurements. O

Conjecture 8.7. The value of t in the result above is optimal.

9. CONCLUDING REMARKS

In this work we have considered several nonlocal and local non-classical phenomena arising in a
probabilistic theory. Even though they are qualitatively different in their nature, we traced back
those phenomena to one common mathematical origin: the factorization of a corresponding map,
e.g. a multimeter. If the map could be factored through classical space, that is, a simplex, the non-
classicality was absent, i.e. the phenomenon could be described by classical theory. The phenomena
we considered were measurement incompatibility, steering and Bell-nonlocality. Even though not
explicitly discussed, (Spekkens) contextuality is also naturally connected to our results as it can be
expressed through simplex-embeddability.

Considering a generalized Choi-tensor and the state space of column stochastic matrices, which
can be understood as a polysimplex, allowed us to find a unique separable tensor corresponding to
the simplex-factoring map. This provides the recipe for the theme governing this work: Formulate
a non-classical phenomenon in the GPT framework in terms of the appropriate objects (measure-
ments, assemblages, statistics), find the corresponding map and tensor and check for factorizability
and separability. In this way we also get conditions on non-classicality.

Towards the end of the paper, we focused on a more practical side of our framework. We
provided a criterion for incompatibility and Bell-nonlocality by making use of generalized symmetric
extensions. Here the advantage is, that any finite number of extension already allows for conclusions
about the multimeter or Bell statistic in question. Lastly, we gave conditions on factorizability
through the space of column stochastic matrices. In the trivial case of only one column, those
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reduce to a probability simplex. We examined the noise robustness of the factorizing maps by
pushing the noise into a noisy state space.

As for future work, our framework might be useful to give criteria on steerability. Due to the
equivalence of incompatibility and steering problems in the bipartite case, it is clear that our results
on extendability apply. We saw that realization of a steering is assemblage cannot be taken for
granted in a GPT. It would be interesting to see the conditions on the GPT and the joint space in
order have a realization of any assemblage from the theory.
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APPENDIX A. CONES, TENSOR PRODUCTS, AND POSITIVE MAPS

A.1. Cones and ordered vector spaces. In [Pla23] the notion and several basic results of cones
were reviewed. More information on this topic can be found in [vDdB20, NB10] and more about
tensor products is available in [Rya02, Pis20]. A central part of the theory of cones, included in the
above references, is the equivalence of the existence of a cone in a vector space and the vector space
having an order relation. Therefore, it is reasonable to associate positivity with cones. However,
this is what makes the definition of tensor products of cones non trivial and in fact ambiguous as
we will discuss shortly.

For the upcoming definitions let V, V4 and Vg be finite dimensional real vector spaces. We start
with the definition of a cone.

Definition A.1 (Cones of vector spaces). A subset VT C V of a vector space is called a cone if
for all v € VT it holds that v € V' for any X € Ry.
A cone V' is:
e convex if VT is a convex set
closed if V' is closed in the Euclidean topology on V/
pointed if VT N =Vt = {0}
generating if span(V*T) =V, ie, if VI =Vt ={w—v|w eVt veVt}=V

If a cone V' is convex, closed, pointed, and generating, it is called a proper cone.

Throughout this whole work, to avoid pathologies all cones will be proper. Furthermore VT, VX
and Vg will denote the corresponding cones of V', V4 and Vp. An ordered vector space is a tuple
(V, V1) of a vector space and a proper cone.

The dual cone is a subset of the dual space V* of V and defined by collecting all linear functionals
that map elements of the cone to a positive number. In this way, the notion of positivity is preserved.

Definition A.2 (Dual cone). The dual cone is a subset of all positive functionals on a vector space,
e, (V)T =V ={eeV*|e(v) >0Vve VT}

An example of a cone is the set of d x d positive semi-definite complex matrices PSD (for d < o).
That is, for A € PSDy it holds that (x, Az) > 0 for all x € C?. The underlying vector space for
PSDy is the real vector space of d x d self-adjoint (or Hermitian) complex matrices M(C)35.

Proposition A.3. The set of positive semi-definite matrices is self dual up to isomorphism, i.e.,
PSD,; = PSD,".

Up to some normalization, the set PSDy can be thought of as the set of quantum states, that
is, for every A € PSD, we have A = \p for some density matrix ¢ € D(C?). Density matrices are
consequently the base of the cone PSDy since any element of the cone is a nonnegative multiple of
a density matrix.

A.2. Tensor products of cones. When considering the tensor product of ordered vector spaces,
we need to preserve the notion of positivity. Put differently, the result of a tensor product between
cones should again give a cone. In general, there are infinitely many ways of constructing the tensor
product of two cones, but there is a minimal and a maximal way to do this:

Definition A.4 (Minimal tensor product). Let V; and Vi be two cones. Their minimal tensor
product is then defined as VX QVE =conv{zs@xp|Ts € Vj, g € V];r}.
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It can be verified that the minimal tensor product indeed gives a cone. Inspired by quantum
mechanics, we call elements of the minimal tensor product of cones separable, since the normalized
elements of PSDy, @ PSDy, are the separable states.

Definition A.5 (Maximal tensor product). The maximal tensor product of two cones is the set
VieVy = (Vi) eV

It can again be verified that the above definition gives a cone. Normalized elements of the cone
PSD,, ® PSDy, are entanglement witnesses. These definitions can immediately be generalized to

any finite number of cones. We will recall next some basic but useful results about cones and their
tensor products:

Lemma A.6. Let (V,VT), (Va, VX), (Vs, VEJ{) be ordered vector spaces. Then,
(1) V= (v
(2) LetveV ande(v) > 0Ve € (V*)*. Thenv e VT,
(3) The sets V{ @ Vg and Vi @ V3 are proper cones.
(4) VX ® Vg C VX ® Vg. Equality holds if and only if at least one of the cones is simplicial,
i.e., isomorphic to R for some n € N [ALPP21].

(5) (Vi @Vg) = (V)T &(VE)*

We will omit the isomorphism between V and V** when we make use of the fact V' = V** for

real, finite-dimensional vector spaces. A tensor product of cones V4 and Vp is any cone VXB such
that Vi @ Vg C V3 C VS & V4. Note that PSDy, ® PSDy, C PSDg,.a;, € PSDy, ® PSDy;,.

= =

A.3. Positive maps. So far, we have focused on the notion of positivity and emphasized the
connection to cones of vector spaces. We can now define what it means for a linear map to be
positive.

Definition A.7 (Positive maps). Let L : V4 — Vg be a linear map. Then, L is positive if
L(Vy) cVy.

We can in fact connect tensor products between cones and positive maps. For this, we will use
that one can identify a linear map L : V4 — Vp with a tensor {1, € V} ® Vg. As pointed out, e.g.,
in [Rya02], the one-to-one correspondence is given via

Yp(L(va)) = (va @ ¢¥B)(EL), where vq € Va, ¥p € V5. (A1)

Lemma A.8. Let VX and Vg be two cones. Then &, € (V)T ®V]§r if and only of L : V4 — Vp is
positive in the sense of Definition A.7.

The next proposition shows again that the maximal tensor product is in general strictly bigger,
which means that the conditions on its elements are less strong. Here in the case of positive maps
this is demonstrated by not having an if and only if statement in contrast to the above lemma.

Proposition A.9. L€ (Vi) T@Vy = LV cVvy

Quantum theory already provides us with a counterexample for the direction from right to
left, that is, set (V;)T = PSDg,* and VE = PSDg,. Separable maps can be thought of as
being entanglement breaking and not every positive map is entanglement breaking, but every
entanglement breaking map is positive.

It is crucial for this work to understand that inseparable operators can be distinguished from
separable operators by functionals (“witnesses”), which can map some of the former to negative
numbers and always map the latter to positive numbers. This is formalized by the next lemma.

Lemma A.10. For v € VX@VE, such that v ¢ VX@VJ, there is a witness type functional
W e (V)T (VAT with W(v) <O0.
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The proof can be done with the help of the strict hyperplane separation theorem, using that we
only consider proper cones which are in particular closed.
Finally, we extend a positive, linear map to a map between tensor products while not breaking
the positivity.
Lemma A.11. Let VX, Vg as well as ng be cones and P : VX — Vg be a linear map. Then ®
mnduces the maps:
(i) e®id: ViVl - Vi oVF
(i) e@id: Vi@V = Vi @Vd
Note that the induced maps are still positive because a cone gets mapped to a cone. Creating a

tensor product between cones and hence adding an identity to the map ® preserves the notion of
positivity.

Remark A.12. At this point one needs to be careful when talking about positive maps. A map
from Lemma A.11 might be positive in the sense that it maps a cone to a cone, though this is
not the same as complete positivity, which is a term also found in quantum theory. If we let Vg
and VCJF be sets of positive operators on a Hilbert space, then the operators in the mazximal tensor
product are not always positive in the sense that they map all bipartite states to positive numbers.
There might be entangled states that get mapped to something negative. An example is the partial
transposition which is a positive, however not completely positive map. This fact is the quintessence
of the PPT-criterion for entanglement detection [HHHI6].
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