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Invariance under quantum permutations rules out parastatistics
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Quantum systems invariant under particle exchange are either Bosons or Fermions, even though
quantum theory in principle admits more general behavior under permutations. But why do we not
observe such paraparticles in nature? The analysis of this question was previously limited primarily
to specific quantum field theory models. Here we give two distinct model-independent arguments
that rule out parastatistics, i.e. fundamentally indistinguishable quantum systems transforming un-
der higher-dimensional representations of the symmetric group, which draw on quantum information
theory and recent research on internal quantum reference frames. First, we introduce a notion of
complete invariance: quantum systems should not only preserve their local state under permuta-
tions, but also the quantum information they carry about other systems, in analogy to the notion
of complete positivity in quantum information theory. Second, we demand that quantum systems
are invariant under quantum permutations, i.e. permutations conditioned on values of permutation-
invariant observables. For both, we show that the respective principle is fulfilled if and only if the
particle is a Boson or Fermion. Our results show how quantum reference frames can shed light on
a longstanding problem of quantum physics, they underline the crucial role played by the compo-
sitional structure of quantum information, and demonstrate the explanatory power but also subtle
limitations of recently proposed quantum covariance principles.
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INTRODUCTION

It is a fundamental empirical finding that all known
particles in our universe are either Bosons or Fermions.
But why is this the case? A standard but incomplete
argument sometimes presented in the textbooks is as
follows. Relabelling of identical particles should pre-
serve all physical predictions. Thus, given a wavefunc-
tion ¢ (x1,...,xy) for N particles, exchanging, say, the
first two particles should only result in a global phase,

¢($2,£E1,£L’3,...,.’EN):eie’(/)(xl,.’EQ,...,ﬁrN), (]-)

which implies that the wavefunction transforms under
a one-dimensional representation of the permutation
group. It is either symmetric, e’ = +1 (as for Bosons),
or antisymmetric, e? = —1 (as for Fermions). This
requirement is sometimes known as the symmetrization
postulate [1].

However, it has been understood since the 1950s [2]
that quantum theory admits more general behaviors of
quantum systems under particle exchange. After all, gen-
eral quantum states are represented by density operators,
not state vectors, and these can preserve their form under
actions of the permutation group which are more general
than multiplication by a complex phase. This would lead
to neither Bosonic nor Fermionic statistics, but paras-
tatistics. Indeed, hypothetical paraparticles have been
extensively studied over the last few decades [2HIT].
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FIG. 1. Complete invariance. All physical predictions are
invariant under permutations 7 of the system of particles S.
This includes the statistics and correlations of measurements
of S and any ancillary system A, even if SA is potentially in
a pure entangled state |1)sa.

A widely accepted consequence of this research has
been termed the equivalence thesis: every consistent the-
ory of paraparticles is physically equivalent to some the-
ory of regular Bosons or Fermions [I2]. However, this
conclusion has only been obtained under significant as-
sumptions [I3], such as a “locality-inspired charge recom-
bination principle” formulated in the framework of quan-
tum field theory (QFT). Indeed, recent works have the-
oretically reinforced the consistent possibility of paras-
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tatistics [I4] [15], including in certain quantum many-
body systems [I6] [I7], which evade the usual QFT for-
malism and its locality principles. It is thus natural to
ask: is parastatistics excluded by natural arguments that
do not rely on (but still apply in a special case to) the
framework of QFT?
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FIG. 2. Invariance under quantum permutations. The
system of particles S with state ps in some superposition of
[11) and [¢2) is permuted “branchwise”, i.e. conditioned on
the value of a permutation-invariant observable. For example,
we could apply U(swap) and swap the particles or apply the
identity I and do nothing, depending on their distance. This
must be possible in a way that preserves the statistics of all
measurements on the system. We also consider what kinds
of correlations with ancillary systems A are allowed by global
invariance of SA.

We answer this question in the affirmative by recon-
sidering the basic question of what it even means that
a quantum system is permutation-invariant. The stan-
dard notion says that all observables of the multi-particle
system should remain invariant if the particles are ex-
changed according to a fixed permutation . Imple-
menting this unitarily, = — U(7), leads to Bosonic and
Fermionic, but also parastatistics. This term has been
used to refer to other important families of particles with
exotic exchange statistics such as anyons, which trans-
form under the braid group, emergent parastatistics from
ordinary Bosons and Fermions, and paraparticles where
the invariant permutation action does more than just
swapping modes, as in graded systems described by Lie
superalgebras [14].

In this work, we rule out parastatistics arising from
fundamentally indistinguishable quantum systems trans-
forming under multidimensional irreducible representa-
tions of the symmetric group. While not applying to
parastatistics in emergent, anyonic and graded systems
(as we will discuss), our results are rather general because
they apply to all kinds of quantum systems that can be
permuted, not only to particles with spatiotemporal lo-
cations. To this end, our approach defines permutation
invariance directly at the level of Hilbert space operators,
and not on the level of classical configuration space [18].
We take guidance from quantum information theory and
research on quantum reference frames, suggesting two
important aspects of permutation-invariance that have,

to the best of our knowledge, not been considered in this
context.

The first aspect is that a quantum system S (say,
of N indistinguishable particles) is more than its local,
permutation-invariant state: it may contain quantum in-
formation about other systems A in the form of entangle-
ment, which should also remain invariant under permu-
tations on S (see Figure[l)) — even if SA is potentially in a
pure entangled state. As we show, if we assume that any
total state on S'A is invariant under permuting S locally,
then this more general form of invariance, which we call
complete invariance, singles out Bosonic and Fermionic
statistics.

A second aspect is that all physical predictions should
remain invariant even if the system of particles S is per-
muted branch-wise, i.e. if the permutation 7 is chosen
conditionally on the value of some permutation-invariant
observable. For example, we could decide to swap two
particles, or to do nothing, depending on the value of
their distance d, see Figure 2] While classically equiv-
alent to standard permutation-invariance, we show that
invariance under such quantum permutations is respected
by Bosonic and Fermionic, but not by parastatistics.

Furthermore, since we are able to understand quan-
tum permutations as quantum reference frame (QRF)
transformations, our results relate in a surprising way to
the field of QRFs. There, the idea is to extend the no-
tion of reference frames, and of transformations between
them, to quantum theory [19-43]. In this picture, invari-
ance under standard permutations reflects the lack of a
fundamental reference frame for labeling particles, while
quantum permutation-invariance expresses the absence
of a fundamental quantum reference frame for labeling.

RESULTS
Standard permutation invariance and parastatistics

The notion of indistinguishability of particles in quan-
tum physics describes the fact that particles with identi-
cal properties cannot be identified uniquely in principle,
contrary to classical intuition. This means that shuf-
fling NV particles, either passively by changing the labels
in their description, or actively by exchanging them via
prescribed physical operations, must preserve all physical
predictions.

Capturing this in mathematical terms, we associate to
each way of shuffling N systems an element 7 in the per-
mutation group Sy. On a given Hilbert space H, we
then have some unitary representation 7 +— U(w) of this
group, depending on the formalism we use to describe
indistinguishable particles. For example, in first quanti-
zation, a single particle is described by a Hilbert space H1
such that the total Hilbert space is given by H = HPY.
An element U(w) then acts by permuting these N ten-
sor factors. For instance, in the case of N = 2, the
swap operation U(swap) would map a state |¢) ® |¢) to



|¢) ®|). In second quantization, and in particular in the
formalism of Green’s paraparticles that we include in our
analysis, this tensor product structure is lost, and so are
the aforementioned permutations of tensor factors. In-
deed, attempts to define analogous transformations lead
to non-unitary and non-physical maps (see Subsection
in Supplementary Note 4 ). Instead, individual systems
to be shuffled are associated to modes k;, representing a
property such as position or momentum, which can be
occupied by some number ny, of indistinguishable parti-
cles. Bosons (Fermions) are described by a Fock space F
generated by creation operators ‘IL that fulfill the usual
(anti)commutation relations, or more general trilinear re-
lations in the case of paraparticles [I], 2], see Subsection
Bl in Supplementary Note 2 . The N-particle subspace
Fn of the Fock space is spanned by vectors
k1, oo k) 7 = al .l |0) 7, (2)
where |0) 7 is the vacuum state. Here, an element U ()
represents a physical transport operation [44] that per-
mutes the modes, while it acts mathematically by per-
muting the labels of the modes, and thus the associated
creation operators, via U(ﬂ')aLU(ﬂ')T = azw).
Regardless of the formalism, the concept of indis-
tinguishability can then be formalized by requiring
permutation-invariance for all physical states: A state
p of indistinguishable particles is physically allowed if

U(m)pU(m)t = p (3)

holds for any permutation 7. In second quantization we
will only consider situations where we have N distinct
modes with each mode occupied by one particle. On the
one hand, this is a necessary restriction to make: if the
modes have different occupation numbers then the physi-
cal systems they represent are simply distinguishable. On
the other hand, this restriction still allows for the pos-
sibility of physically interesting parastatistical behavior,
such as relative (27 /3)-phase shifts under coherently con-
trolled permutations (see Example [3[ in Supplementary
Note 2) that are impossible for Bosons and Fermions [44].

As a direct consequence of Schur’s lemma (see the
for details), permutation-invariant states de-
compose into a direct sum

p:@(f)\, (4)
A

where the (subnormalized) density matrices o) are each
contained in invariant subspaces Hy, known as superse-
lection sectors. The different sectors, labeled by the dis-
tinct irreducible representations (irreps) A of U(w), cor-
respond to different particle types. Bosonic (Fermionic)
states are contained in the symmetric (antisymmetric)
subspace of H and fulfill U(n)|b) = |b) (U(m)|f) =
sgn(m)|f)), thus transforming according to the trivial
(sign) irrep of Sy. All other irreps of the permutation
group denote exchange statistics which is neither Bosonic

nor Fermionic, known as parastatistics and obeyed e.g.
by paraparticles. For examples of Bosonic, Fermionic and
parastatistical states in first and second quantization for-
malisms, see Supplementary Note

Complete Permutation Invariance

So far, we have been considering any system S of
N indistinguishable particles in isolation: implement-
ing invariance on the level of states, i.e. demanding
U(’IT)SpsU(’/T)g = pg, led to the form of p = pg above,
which includes the possibility of parastatistics. However,
S will typically be part of a larger quantum system SA,
consisting of itself and some ancillary system A, which
may be a different type of system on which the permuta-
tions do not act. Then, the quantum state pg will be the
local reduced state of an extension pg4, i.e. of a quantum
state that satisfies pg = Trapsa. The assumption that
this global state is invariant under local permutations of
S means

(U(m)s @1a)psa(U(m) @ 14) = pga. (5)

In analogy with the notion of complete positivity from
quantum information theory, we will say that pg is com-
pletely invariant if Eq. holds for all possible exten-
sions psa. Complete invariance implies invariance, but
the converse is not in general true.

It turns out that complete invariance follows already
from the existence of a single pure state psa = |¥)(¢|s4,
i.e. a purification [45)] of pg, that satisfies Eq. . In this
case, Eq. can be interpreted as saying that not only is
the local state of S preserved under permutations (as in
standard invariance), but so is the quantum information
that it carries about other systems A.

It turns out to be the case that complete invariance is a
crucial difference between ordinary statistics and paras-
tatistics. Requiring this property rules out the latter:

Theorem 1. A quantum state pg is completely invariant
under permutations if and only if it is fully supported on
either the Bosonic or the Fermionic subspace.

The full proof of this is deferred to the sec-

tion, but in essence, it works by virtue of showing that
complete invariance of a state pg is equivalent to the
existence of a single purification [¢))ga of ps which is in-
variant under local permutations U(m)s ® I4 on S. Fur-
thermore, given any invariant purification, we find that
its marginal on S must be either a Bosonic or Fermionic
state, thus ruling out invariant purifications for para-
particles.

Besides being a natural notion from the perspective
of quantum information theory, another possible motiva-
tion for complete invariance comes from the idea that the
universe should always be in a pure quantum state, and
that all mixed states of subsystems S should be under-
stood as improper mixtures, arising from entanglement



with the rest of the world A. This is in line with some
versions of the many-worlds interpretation of quantum
mechanics, and it resembles an attitude of quantum in-
formation theory that has been termed the “church of the
larger Hilbert space”. Furthermore, complete invariance
expresses a strong compatibility of symmetries and com-
positions of systems: if we have a system S in our lab,
and we know that it is prepared in a completely invariant
state (e.g. by measuring the projector onto the Bosonic
or Fermionic subspace), we can be sure that nothing else
in the universe will change under local permutations, re-
gardless of how S is correlated or entangled with other
systems A. Similarly as for complete positivity, a more
detailed analysis of this notion could benefit from the
category-theoretic methods of process theories, analyz-
ing the compositional structure of quantum theory in a
more systematic way.

While complete invariance is a natural requirement for
fundamentally indistinguishable particles, it is not ex-
pected to hold in systems with emergent symmetries.
This is illustrated by Example [4 in Supplementary Note
2 and Subsection [D]| in Supplementary Note 3. Beyond
permutations, it is natural to expect that complete in-
variance also holds for fundamental gauge symmetries in
quantum field theory. In Subsection [E]in Supplementary
Note 3, we prove a generalization of Theorem [} com-
plete invariance under a compact group G is equivalent
to the system S transforming under a one-dimensional
representation of G. Even though it is beyond our math-
ematical framework, note that Dirac quantization imple-
ments gauge symmetries via constraints such as C|¢) = 0
(for example, the Gupta-Bleuler condition C' = 8“14:[ in
quantum electrodynamics [46]). The gauge transforma-
tions G generated by C hence satisfy G|y) = |¢) (or, in
more general Yang-Mills theories, G|y) = e¥|¢) [AT]),
corresponding to one-dimensional representations, even
if the gauge group is non-Abelian. Hence, if the mathe-
matical framework can be suitably generalized, we expect
complete invariance to hold here, confirming the natural
intuition that it expresses “nothing in the world to change
whatsoever” under gauge transformations.

Quantum Permutation Invariance

We now consider another extension of standard permu-
tation invariance which is naturally motivated by quan-
tum reference frames, as we explain further below: in-
variance under a quantum permutation group. In con-
trast to the previous argument, this one rules out paras-
tatistics in both first and second quantization.

A quantum permutation can be thought of as a col-
lection of permutations, each one acting independently
on a different branch of a superposition — a coherently
controlled, conditional permutation. For example, if we
have N = 2 particles, we might swap them if their dis-
tance is less than d, or otherwise do nothing (see Figure

, as implemented by
Vi =U(swap)- P+1-(I—- P), (6)

where U(swap)|z1,z2) = |zo,z1), and Plzy,z3) =
|z1, z2) if |1 — 22| < d and 0 otherwise. The two
branches here are defined by the distance between a pair
of particles. Generally, the branches can be defined by
any projective measurement that is itself permutation-
invariant. The projective action on the separate branches
must be the same as that of the base representation
U(7), and if we do the same permutation on each branch,
7 = (m,...,7), then we must obtain the projective action
of U(m). This leads to the following definition, with an
arbitrary phase 6(m) depending on the permutation 7:

Definition 1. A quantum permutation is a unitary
transformation of the form

V() = Z U (m;) P, (7)

where {P;} is a permutation-invariant projective mea-
surement, i.e. [U(n),P;] = 0 for all 7 € Sy and
all j. If # — V() is a projective representation of
SN X Sy X ...x SN, then we call the set V of all V(7) a
quantum permutation group. We call V mazimal if
the P; have finite and smallest possible rank under these
requirements.

Now, while all Bosonic states are invariant under V7,
a quantum permutation such as

V_=—-U(swap)-P+1-(I—P) (8)

leaves all Fermionic states invariant. Moreover, we find
that elements such as Vi and V_ are separately contained
in different quantum permutation groups, each of which
still leaves all Bosonic or all Fermionic states invariant.
As it turns out, there exists no such group for all para-
particle states, leading to our main result ruling them
out:

Theorem 2. For any system S of indistinguishable par-
ticles and any admissible {P;}, there exist exactly two
quantum permutation groups Vi and V_, respectively
containing elements of the following forms:

o V() = Zj U(m;) P,
o V_(7) = 3, sen(m;)U (7)) F;.

All Bosonic (Fermionic) states are invariant under Vy
(V_). In contrast, any paraparticle state invariant under
either group must be diagonal in the basis {P;}. Hence,
paraparticle systems invariant under any maximal quan-
tum permutation group can neither be entangled nor in-
teract unitarily with any ancillary system, in contrast to
Bosonic and Fermionic systems.



Furthermore, if we require quantum permutation-
invariance with respect to all possible projective measure-
ments {P;} (which holds for Bosons and Fermions), then
every paraparticle system must be completely uncorre-
lated with its environment. The proofs can be found in
the section. As a direct consequence, one finds
that in the case of only considering classical states of in-
distinguishable particles, i.e. diagonal states in a given
basis, requiring this conditional kind of permutation-
invariance does not imply more restrictions than stan-
dard permutation-invariance. The two notions are thus
classically equivalent. Tables [] and [T show the forms
of invariant states under standard, quantum and strong
quantum permutation-invariance, and the possible corre-
lations with ancillary systems.

For the remainder of this section, we will relate our
results to the field of quantum reference frames (QRFs).
Initiated decades ago [I9H22] it has recently received a
significant amount of attention in quantum information,
quantum foundations, and quantum gravity research [23-
13]. We will now argue that quantum permutations can
be understood as QRF transformations. Since indistin-
guishable particles lack individual identity, there is no
natural, physically preferred way to label them. Hence
there exists a relabeling group of elements U(7) preserv-
ing all physical predictions, and we can understand stan-
dard permutation invariance as the consequence of a lack
of a fundamental reference frame for labeling. A choice
of labeling then means breaking permutation-invariance
and choosing a reference frame from which to describe
the system: for example, we can identify the electron
that is closer to Alice’s (Bob’s) laboratory as the “first
(second) particle”.

Now, as a natural requirement strengthening this, we
argue that there is also no physically preferred way to la-
bel particles — or to identify labeling conventions — across
branches of superpositions. For example, what is labeled
as “first particle” on one branch may be called “second
particle” on another. Hence there exists a quantum re-
labeling group preserving all physical predictions, and
choices of labeling on each branch constitute a choice of
a quantum reference frame.

QRF transformations in general are understood
as coherently-controlled classical reference frame
changes [30], where the controlling branches are
themselves defined in a frame-independent way [48],
or as state-dependent gauge transformations [49].
Hence, quantum permutations can be interpreted as
QRF transformations. As abstract groups, they are
Sy X Sy x ...x Sy (one independent choice of permu-
tation per branch), but the specific way they act on a
Hilbert space depends on the type of physical system
(via Vi for Bosons, via V_ for Fermions). This is a
well-known general phenomenon in quantum physics: for
example, electrons carry a different representation of the
rotation group than photons. Indeed, it is well-known
that applying an inappropriate quantum permutation
group, such as V, via active permutations to Fermions,

will violate invariance and lead to physically detectable
relative phases [44]. Hence, elements of V (understood
either as active transformations or passive relabellings)
are symmetry transformations for Bosons, but not for
Fermions (and vice versa for V_ and Fermions). Sim-
ilarly, for other types of systems without fundamental
permutation invariance, e.g. anyons, none of the two
groups would be symmetry transformations, and our
results do not apply.

DISCUSSION

One of the goals of the QRF research program is to ob-
tain novel physical predictions by postulating some ver-
sion of covariance of the physical laws under QRF trans-
formations [31) [38] [0l [43], such as the one formulated
in [40]: “Physical laws retain their form under quantum
coordinate transformations.” (for details see Subsection
in Supplementary Note 5). This extended covariance
principle in the context of quantum gravity is but one
example of a larger class of quantum generalizations of
symmetry principles considered in the literature, includ-
ing also, for example, proposals for a quantum version of
the equivalence principle [3T}, B8, [50], or a notion of quan-
tum conformal symmetries [43]. Our result is an instance
of this: postulating invariance under quantum permuta-
tions for fundamental particles predicts the empirically
correct absence of parastatistics. While this supports
the idea that such principles can be predictively power-
ful, it also motivates some caution: we show that whether
or not a given quantum permutation is a QRF transfor-
mation depends on the type of system (here Bosonic or
Fermionic) it acts on. Therefore, only some transforma-
tions will in general preserve the physical predictions for
a given system, and we suggest the following modification
of the postulate:

Physical laws retain their form under a suitable rep-
resentation of the quantum coordinate transformation
group.

Our results rule out fundamental parastatistics defined
by multidimensional representations of the symmetric
group. They do not exclude the possibility of emergent
parastatistics, and hence do not stand in opposition to
recent results showing the detectability of parastatisti-
cal correlations in many-body and quasiparticle systems
[I5HI7]. In Example [4] in Supplementary Note 2 and
Subsection [D| in Supplementary Note 3, we show that
the intuitive reason for this is that permutations U ()
on the emergent system S are typically accompanied by
non-trivial permutation actions on the complement of S,
violating both our stronger notions of invariance in a nat-
ural way.

In principle, our mathematical results apply to all uni-
tary representations of the symmetric group, enforcing
that U(rw) acts either trivially or with the sign repre-
sentation on the physical states. If U(w) simply per-
mutes the tensor factors or modes (as assumed above),



then the corresponding symmetric and antisymmetric
subspaces describe Bosons and Fermions, such that our
results rule out parastatistics. However, if U(w) is a
more exotic representation that e.g. couples the permu-
tations to internal degrees of freedom, then these allowed
states may still have an interpretation as particles with
exotic exchange statistics. For example, this happens
with Zg X Zs-graded parastatistics [14], where creation
operators are exchanged with a grading-dependent phase
aTbt — (=1)@P)pTal. Such systems transform trivially
under exotic permutation actions and are therefore con-
sistent with our principles of quantum permutation in-
variance and complete invariance as applied to those ex-
otic permutation actions.

Our work raises a number of interesting follow-up ques-
tions. May complete invariance point towards a deeper
principle related to composing subsystems consistently,
in the presence of more abstract, structural properties?
Can further transformation properties of fundamental
particles be understood as consequences of quantum co-
variance principles? These future questions notwith-
standing, we believe that our results provide a novel per-
spective on the nature of Bosons and Fermions and thus
of the very building blocks of our universe.

METHODS
Representation theory and permutation-invariance

Suppose that we have N > 2 and a complex, separa-
ble Hilbert space Hi describing particles or modes, de-
pending on which quantization formalism we use. We
assume that the dimension of H; is at least two, but
at most countably-infinite, thus the total Hilbert space
is H = HPN. We then have some unitary representa-
tion 7 — U(m) of the permutation group Sy whose ir-
reps are labelled by Young diagrams (also called Young
frames [51]) A. The two special cases are

ABos = D:] . D and  Aferm = N boxes
T ——

N boxes D
(9)

denoting one-dimensional representations of Sy: the
trivial representation and the sign representation, respec-
tively. These correspond to Bosons and Fermions. All
other Young frames A\ correspond to irreps that are at
least two-dimensional, and these describe irreps of Sy
associated with paraparticles [2] [52]. Since Sy is a finite
group, its representation decomposes as

U(ﬂ') = @ UA(W) ® ]InAa (10)
A

with the Hilbert space decomposing as

H = M@ Na (11)
A

Here, ny = dim(N,) (which may be infinite) denotes the
number of copies of the irrep A and Uy (7) the represen-
tation matrix on the irrep subspace M. Since these
abstract decompositions apply to all unitary representa-
tions of Sy on separable Hilbert spaces, our results will
apply broadly to all of them.

Let us now postulate permutation-invariance: only
quantum states p with U(w)pU(m)" = p are allowed to
describe the results of physical preparation procedures.
Hence, quantum states must be described by density op-
erators that commute with all U(7) and are of the form

I\
p=@pxa®pm (12)
A

where d) is the dimension of the irrep A, {px}, is a prob-
ability distribution, and the p) are density matrices. All
decompositions above are the direct result of Lemma
in Supplementary Note 1.

Formalism of complete invariance

Complete invariance dictates that “physics is invari-
ant” under local permutations of S, even in the presence
of an arbitrary ancillary system. Given a permutation-
invariant state pg on a system S of indistinguishable par-
ticles, it is expressed by the condition that all possible
extensions pga with ps = Tr(psa) are invariant under
local permutations, i.e.

(U(w)s®]IA)pSA(U(7r)L®HA) = PSAs (13)

for all permutations 7 any ancillary system A.
The following lemma shows that this notion can be
mathematically defined in different ways.

Lemma 1. The following conditions are all equivalent,
and can be used to define what it means that a quantum
state ps is completely invariant under permutations:

(i) Eq.(13) holds for some purification psa of ps;
(it) Eq.(13) holds for all purifications psa of ps;
(iii) Eq.(13) holds for all extensions psa of ps.
Moreover, all three are equivalent to
(iv) ps has full support on the Agos- 0T Aperm-subspace.

Proof. Clearly, (iii) = (i) = (i), and we will now show
that (¢) = (iv). We have the decomposition

U(m)s © Lo = P Ua(m) ® (Lo, ®La),
A



and so Lemma [ in Supplementary Note 1 implies that
psA = 65/\]),\2—A ® px,a, where every py 4 is a quantum
state on Ny ® A. But if psa is a pure state, then py > 0
is only possible if dy = 1, leaving the two possibilities
psa = [0)(¥rgo,a O psa = |¥) (1| rpem,4- Hence, ps
has full support on the A-subspace, where either A\ = Ay
or A= /\Ferm-

Let us finally show that (iv)=-(iii). Let Py be the or-
thogonal projector onto My ® N, and let psa be any
extension of pg. We have 1 = Tr(Pyps) = Tr((Py ®
Ta)psa), and thus (P\ ® 14)psa(P\ ®14) = psa. Using
that U(m)gPy = sgn,(m)Py, where sgn,(m) = sgn(m) if
A = Aperm and sgn, (m) = 1 if A = Apos, we obtain

U(r)s ®Lapsal(m)k @ 1a
= (U(r)s ®14)(Py ® La)psa(Pr ® L) (U(m)§ ® Ly)
= PSA,

and so pga satisfies . O

This implies Thm. [1| that rules out parastatistics in
first quantization.

Formalism of quantum permutations

Starting from the definition given in the main text,
we can give a more explicit form of the quantum per-
mutations. Recall the decomposition of the total Hilbert
space H = @, M ®AN,, on which the permutations act
as U(m) = @, Ux(m)®Ix. By Schur’s Lemma, projective
measurements commuting with all those unitaries are of
the form

{Ix ® Pyt (14)

and this will define a maximal quantum permutation
group if the Py ; are all rank-one projectors. Such maxi-
mally finely-controlled quantum permutations are hence
of the form

V(7) = e ™DU(m ;)1 ® Py )
A

= Z ey (13 4) @ Pa (15)
AJ

with Tr(Py ;) = 1. Note that we always have at least
two particles (or modes) with associated Hilbert spaces
of dimensions at least two, and so the number @ of pos-
sible (A, j) pairs is at least two. In what follows, we will
hence always assume that @ > 2. In the case of infinite-
dimensional Hilbert spaces, we will restrict our attention
to finite-rank projections for simplicity.

In the following lemma, let us now prove the first part
of our main theorem: the existence of exactly two quan-
tum permutation groups.

Lemma 2. The map @ — V(%) in FEq. de-
fines a quantum permutation group if and only if either

e?(mi) = ¢i0 or ¢0(mr;) = ei‘gsgn(wxﬁj) for some fized 0
(which we will in the following, without loss of generality,
set to zero). In both cases, if we set 0 to zero, it is not

only a projective, but a linear representation of S]?,.

Proof. The map 7 +— V(&) is a projective representa-
tion if and only if there are complex numbers w(d, 7)
such that V(&)V (%) = w(&, 7))V (7). Direct calculation
shows that this implies

w(@,7) = e0(x3)if(mans) e =i0(orimxi) for all A, j.

Suppose that ¢’ and 7 are elements of S]Cg, that agree
with & and 7 on at least one entry (X, j), i.e. there exists
some (A, j) such that oy ; = 0} ; and 7 ; = 7} ;. Then it
follows that w(&,7) = w(d’, 7). Let &, 7" be arbitrary
elements of S]C\g,. Then we can always find some pair ¢/, 7@’
that agree with the pair &, 7 in at least one entry, and
that also agrees with the pair &, @ in at least one entry.
Thus, w(d,7) = w(d”,7") = w is a constant that does
not depend on & or @. The special case 7y ; = I shows
that w = € for @ := 0(I), and hence 7@ + e V(%)
is a linear unitary representation. Furthermore, 7=
e~ 0e(m) is a linear one-dimensional representation of
SN, i.e. either the trivial or the sign representation. This
shows that V(%) is of the claimed form. O

Thus, for every choice of one-dimensional projectors
P, ; in the subspaces M), there are (up to a global
phase) two maximal quantum permutation groups, as
stated in Theorem [2} one where e?(™) =1 and thus

Vi(®) =) Ux(mr;) ® Py, (16)
AJ

and another one where (™) = sgn(r) and thus

V_(7) =Y _sgn(ma;)Ux(mr ;) @ Py j. (17)
AJ

Note that we would have obtained the exact same result
if we had started with an even more general definition
of quantum permutations. In contrast to Definition
where the representation V' of the symmetric group is
fixed, we could even let the representation (and thus the
associated complex phases) depend on the permutation-
invariant variable, i.e. on the branch j,

V(7) = Zei"f(”j)U(wj)Pj. (18)

In Subsection [G] in Supplementary Note 4, we show that
this more general definition leads to the same conclusions
as Definition [I

Now, in order to derive the form of states invariant
under quantum permutations and thus to show the rest
of our main result Theorem [2] we will first need to es-
tablish the in-equivalence of representations on invariant
subspaces for quantum permutations in Lemma be-
low.



Recall the decomposition of the Hilbert space , and
rewrite it slightly as

H = @@HM (19)

where every H ; is an irreducible subspace for the repre-
sentation U () of (10); concretely, Hy ; = im(I\ ® Py ;).
It is immediate from and that the H, ; are in-
variant subspaces for the quantum permutation groups
V(7). Since subspaces invariant under all V(7)) must
also be invariant under all U(n) = e~ ™V (x,... ),
the spaces H, ; cannot be decomposed any further into
smaller-dimensional irreducible subspaces.

Thus, for both representations = — U(w) and @ —
V(7), we have an identical decomposition into irre-
ducible subspaces. However, for the former, every pair
of subspaces H) ; and H) j carries equivalent represen-
tations of the permutation group, which is not true for
the group of quantum permutations:

Lemma 3. If A # p, then Hy ; and H,  carry inequiv-
alent representations of the quantum permutation group
V(7)) ~ SJ%, Moreover, if j # k, then Hx; and Hy
carry inequivalent representations of SJ(\?, in all cases ex-
cept for the following two:

o A= Apos and V() = Vi (7),
® A= Aperm and V(7) = V_(7).

Proof. Denote the action of V(7)) on the invariant sub-
space Hy ; by Vi ;(7). Suppose that p # A, but that
the representations 7@ +— V) ;(7) and © — V), (%)
are equivalent. Then there is a unitary W such that
Vy,; (%) = WV, ,(F)WT. The special case 7 = (,...,7)
implies Uy () = WU, (m)WT, and this can only hold for
all m € Sy if A = u, which is a contradiction.

Now let j # k, and suppose that Hy ; and H i carry

equivalent representations of 516\2,. Then there is some
unitary W such that Vi ;j(7) = WV ,(7)WT for all 7,
or equivalently, w(7;)Ux(m;) = w(m) WU (7, )W for all
7j,Tp € Sy, where by Lemma [2| w(m) = 1 for all 7 if
V(®) = Vi (&), or w(m) = sgn(w) for all = if V(7)) =
V_(#). For the special case m = I, this implies Uy(7) =
w(m)I for all m € Sy, and so Uy corresponds to the trivial
representation acting on the Bosonic subspace in the case
V(®) = V.(7), or the sign representation acting on the
Fermionic subspace in the case V(%) = V_(#). In both
cases, U, is a one-dimensional representation acting on
the Bosonic/Fermionic subspace respectively. O

Let us now analyze the consequences of quantum per-
mutation invariance. We will denote the IV indistinguish-
able particles by S (the system), and a possible additional
quantum system (the ancilla) by A. To consider S in iso-
lation, we can simply treat A as a trivial quantum system
of Hilbert space dimension one. Let us note that, unlike
complete invariance, we are not imposing that the global

invariant state is pure (or equivalently that every exten-
sion must be invariant). Rather, our goal is to determine
the set of all invariant extensions.

First, let us consider the case that the quantum permu-
tation group is the one of Eq. (I6), i.e. V(%) = V(7).
If we apply some quantum permutation on S and the
identity map on A, the resulting transformation can be
decomposed as

Vi(@)s@la = (I, L)@ P Vii(® @La, (20)
j)>‘7£>‘Bos

and all the representations © — V), ;(7) in this equa-
tion are irreducible and pairwise inequivalent. Let us
now implement the invariance of all physical predictions
under V, (%) on the level of states, and postulate that
all allowed states are invariant under all these quantum
coordinate transformations. Using Schur’s Lemma again
(see Lemmain Supplementary Note 1), the requirement

[Vi(7)s @L4,psa]l =0 forall 7 € S]C\Q, implies

IS Aj
PSA = PBos PBos,A ©® @ DPx,j d,j X Pil J), (21)
FAFNBos A

where dy is the dimension of Hy ; (which does not de-
pend on j). Furthermore, pgpos and the py ; are prob-
abilities that sum to one, ppos,a is a quantum state on
HBos ® A, with Hpes the symmetric subspace of S, and
the p(j’j ) are quantum states on A. This state describes a
classical mixture of different types of statistics (for more
details on how the X\ are related to types of paraparticles
such as parabosons and parafermions, see Supplemen-
tary Note . If the quantum number is measured and
found to be A = Apos, then the post-measurement state
PBos,A can describe any quantum state whatsoever, and
it may in particular be pure and entangled. However,
if another type of statistics A # Apos is found, then the
post-measurement state will be

I
psa(N) = Dr; 2
i

\J AJ
; @ o, (22)

where p; = p» ;/ Zj pa,;- This is a separable state.
However, we can say more. Due to , all possible
psa(A) are diagonal in the same basis of S, which is de-
termined by the projective measurement . Thus, it
is effectively a classical system. It is well-known that
classical systems cannot reversibly interact with quan-
tum systems in a nontrivial way. While stochastic evo-
lution of SA under a Lindblad equation is possible [53],
no unitary time evolution generated by any nontrivial
Hamiltonian Hga # Hg + H,4 is possible: any consis-
tent coupling between a classical and a quantum system
must be fundamentally irreversible [54]. Essentially, if
the particle is not a Boson, it cannot interact reversibly
with any ancillary system. (Up to the fineprint that
paraboson Hilbert spaces carry a Bosonic sector which
may be entangled with other systems, but which, as the



Symmetry V(g) ps = V(g)psV(g)' psa pure, psa = (V(g) ®1a)psa(V(g) ®1a)'

U(TK‘),TI' € SN ps = @)\ P)\dl ® P PS = Px, e {>\B057)\Ferm}

V(TT—)77? S 51(\21 PS = PyP~ + @A;ﬁwp/\dl ® Piiag, Yy € {)\Bos, AFcrm} PS = P, A S {>\B057>\Fcrm}

V(ﬁv P)’T_l: S S]?hp S PrOjSN PS = PvP~ + @)\¢ﬂ/ pADL, Y € {)\Bos,)\Ferm} PS = P, A € {>\B057>\Ferm}

TABLE 1. General form of invariant and completely invariant states for the different symmetries {U(7)} C {V(®)} C
Up{V(#; P)} considered in this paper, where V(7; P) denotes either V, (%) or V_(®) defined relative to a projective mea-
surement P = {P;}, and V(%) = V(7, P) for some fixed maximal P. We use the notation p§** = > PiaPix for a quantum
state diagonal in the basis of the measurement {P; »} controlling the quantum permutation, and Projg = for the set of projec-
tive measurements where all projections commute with the representation of Sy. This table shows that without appeal to an
ancillary system, one can effectively rule out parastatistics by appealing to invariance under quantum permutations V(%) or
V(#; P). By appealing to an ancilla and the existence of a pure global state psa, invariance under the standard permutation
group is enough to rule out parastatistics.

Correlations with Ha for A € {ABos, AFerm } | Correlations with Ha for A € {ABos, AFerm }
pPSA pure psa arbitrary

No global state

No global state| Classical correlations only

No global state

Symmetry Vs(g) ® Ia -
psa arbitrary

U(r),m € SN
V(7),7 eSS
.7 € S, P e Projg

Entanglement possible Entanglement possible

Entanglement possible

Entanglement possible No correlations

V(#; P)

TABLE II. Allowed correlations with the environment when imposing invariance on system S and ancilla A for the different
symmetries considered in this paper. Requiring that psa is pure and invariant under the standard permutations V() is
enough to rule out parastatistics. If psa is not required to be pure, then invariance under quantum permutations {V(7)} or

Up{V(#, P)} rules out parastatistics.

wording indicates, behaves exactly like a Boson. For the
corresponding parafermion case, see Example [2] in Sup-
plementary Note 2).

The second case of the quantum permutation group
(as in Eq. [17)) can be treated analogously, starting from
the decomposition

Vo(T)s @14 = (Dgpep, ®1a) © @ V(7)) @ 1a.
J>AFE AFerm
(23)

This establishes our main result.

Theorem [2| also shows that classically, invariance of
probability distributions under conditional permutations
is equivalent to invariance under unconditional ones.
This follows from the fact that Theorem [2| does not yield
any additional constraints in the case that all possible
states and measurements are diagonal in the product ba-
sis.

If we assume the stronger form of quantum permuta-
tion invariance, we get an even stronger result:

Theorem 3. Consider a system S of indistinguishable
particles, and assume strong quantum permutation in-
variance, i.e. invariance with respect to all mazximal
sets {Py ;} of permutation-invariant projective measure-
ments. Suppose that the particle type A and the quantum
permutations V(7T) are among the following two cases:

e A= Apos and V(7) = V(7) as in Eq. (16));

e A= Aperm and V() = V_(7) as in Eq. (17).

Then all quantum states of S are allowed. Moreover, S

can be arbitrarily entangled with ancillary systems A.
In all other cases, however, and in particular if X &

{ABos; AFerm }, the state of S must be mazimally mized:

I\
D,’
where Dy = dyny is the dimension of the paraparticle

Hilbert subspace. Moreover, if we have an additional an-
cillary system A, then S and A must be uncorrelated:
I\

psA = Dy X pAa,

ps =

and no continuous interaction whatsoever between S and
A is possible. If one of the multiplicity spaces is infinite-
dimensional, i.e. if there is some A € {ABos; AFerm } With
ny = 00, then there does not exist any quantum state pg
(or psa) with support on the corresponding subspace that
satisfies strong quantum permutation invariance.

The proof of Theorem [3] is given in Subsection [H| in
Supplementary Note 4. Furthermore, Tables [I| and
below show the forms of invariant states for the differ-
ent symmetries, i.e. under standard, quantum and strong
quantum permutation-invariance, and the possible corre-
lations with ancillary systems in each case.

Quantum reference frame descriptions

The invariance of all physical predictions under permu-
tations can be implemented in three different ways. First,



we can have invariance on the level of states, by postulat-
ing that only quantum states p with U(m)pU ()t = p are
allowed to describe the results of preparation procedures,
without any restriction on the observables. Second, we
can implement invariance on the level of observables, re-
quiring that only operators A with UT(7)AU(7) = A
can be measured, without any restriction on the states.
Third, we can implement invariance on the level of states
and observables, requiring that both lie in the subalge-
bra of operators commuting with all U(r). The three
conventions are equivalent because

Te[P(p)A] = Tr[pP(A)] = T[P() P(A)]  (24)

holds, where P(X) := IS—INI Y oresy U(m)XU(7)" projects
every operator X into the subalgebra of invariant opera-
tors. These three conventions are also available for other
symmetries, including symmetry under quantum permu-
tations.

Now, while we have been working with the first con-
vention so far, the second one is sometimes chosen im-
plicitly in the context of QRFs: only observables invari-
ant under the symmetry are deemed measurable, but all
quantum states are allowed as descriptions of preparation
procedures. There is an algebra of observables that can
be measured under a certain condition of invariance, for
example the subalgebra of all Bosonic operators A, to-
gether with invariance under the group of Bosonic quan-
tum permutations V. For any state p € S(H), we then
have Tr[pA] = Tr[V, (7)pV,(7)TAL] for all Vo (%) € V.
This means that the set {V, (7)pVy(7)T|Vi(T) € Vi}
contains alternative, equally valid descriptions of one and
the same quantum state. Choosing one description over
another can be interpreted as choosing a quantum coor-
dinate system. Since quantum permutation in V, map
from one quantum coordinate system to another, they
are viewed as QRF transformations for Bosons. In Sub-
section [I| in Supplementary Note 5 we provide a short
introduction and more details on QRFs. In [33] B7],
it is demonstrated that the paradigmatic QRF transfor-
mations of “jumping into the perspective of one of sev-
eral particles” under translation-invariance can be under-
stood in exactly this way.
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SUPPLEMENTARY NOTE 1 - CONSEQUENCES OF SCHUR’S LEMMA

In the following we consider unitary representations of compact (but not necessarily Lie) groups G on separable
Hilbert spaces. We will always assume that G is, as a topological space, a Hausdorff space. We describe a consequence
of Schur’s Lemma [55 Proposition 5.8] that is used several times in the main text. We make use of the fact that unitary
representations of compact groups are isomorphic to the Hilbert space direct sum of irreducible representations [56,
Theorem 7.8], and irreducible representations of compact groups are finite-dimensional [56, Corollary 5.8].

The following is well-known, but we include the proof in our notation for completeness. For the basic representation-
theoretic facts that we are using, we refer the reader to the books by Barry Simon [5I] and Alain Robert [56]. Our
two main cases of interest are the permutations and the quantum permutations, i.e. G = Sy and G = SI%, where @
denotes the number of branches, i.e. independent copies of Sy. If @ is not finite, but countably-infinite, then S]% is
still a compact group in the product topology due to Tychonoff’s Theorem. Moreover, it is a totally disconnected
group and hence topologically a Hausdorff space [55], i.e. a profinite group. The representation-theoretic results below
hence apply to the case of G = S, too.

Lemma 4. Consider the unitary representation U(g) = @,y Ui(g), with N a discrete set, of a compact group G

acting on H ~ @, n Hi, a direct sum of finite-dimensional Hilbert spaces Hy, where each irreducible component is
isomorphic, then we have the following (group representation) isomorphism:

H~ PH, ~ My @M, (25)
iEN

where My ~ Hy and Ny =~ (?(N) (which is isomorphic to C" for N finite). The representation U(g) acts as:

Ulg) = P Uilg) ~ Ux(g) @ L. (26)
ieN
Proof. Denote ¢; the representation isomorphism Hi — M, where M carries the representation U, (g), which exists
since all H} are isomorphic. Define ®; : Hy — M) ® H; for i € N where H; ~ C:

;0" = di(v)) @ ey, (27)

where v* € H} and e; a fixed unit vector in €. The map ®; is a group representation isomorphism: ®;(Uj(g)e) =
(Ux(g) @ 1;)®;(e). Let & = P, n i : H = @, n (M ®H;). This map is also a group representation isomorphism.
Moreover,

P My @ Hi) ~ My @ @ Hi = My @ Na (28)
iEN iEN
where Ny = ¢2(N). The action of U(g) under this isomorphism is Uy(g) ® Ly, - O

Lemma 5. Given a unitary reducible representation U(g) = @;_, Ui(g) acting on H ~ @;_ H} a direct sum of
separable Hilbert spaces HY, where each irreducible component is isomorphic, there exist unitary operators Wy; : Hy —
M3 such that every operator A with [A,U(g)] = 0 can be written as

A= ZaijWij (29)
ij

for some a;; € C. Moreover, the W;; are defined by the property WijUi(g) =Ui(g)Wij.
Proof. Define the orthogonal projector II; : H — H5. Then since >, II; = [y we can decompose A as:

A= Z IL AT = Z Ayj. (30)

. j
This is a block decomposition of A, and [A,U(g)] = 0 implies AijU{(g) = Ui(g)A;;. Hence, by Schur’s Lemma, A;;
is a multiple of a unitary operator W;; which is unique up to a constant which we can absorb into a;;. O

Lemma 6. Given a representation Ux(g) @1ps, acting on M\®Ny, any operator A which commutes with Ux(g) @I,
is of the form:

A=1pm, @ An,- (31)
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Proof. We make use of the isomorphism ¢ : @, H} — My ® N. According to Lemma we have
WiiWii U3 (9) = WaiUx(9)Wis = UX (9)Wii Wi

and thus Wy;W;; = Wy;. Thus, we can find bases {|ey, ) }x of every HS such that W ek, i) = |ex,j). Hence, every
invariant operator on @, H is of the form:

A:Zaij2|ekvi><ekaj|° (32)
ij k

Under the isomorphism ¢ this is mapped to:

(6®¢")(A) =D _ai; ) _lex)idex|(] (33)
j k
=D len){er] @ D aili) (il (34)
k ij

:HMA@)AN)\- (35)
This shows that A is of the form as claimed. O

Lemma 7. A unitary representation U of a compact group G on a separable Hilbert vector space H induces a
decomposition:

H~ P My, (36)
A
where X\ labels the irreducible representations of G. The action of U(g) is
Ulg) =~ P Um, @1, (37)
A
All invariant operators A are of the form:
A=Plu, @ Ax,. (38)
A

Proof. Since U(g) is a finite-dimensional representation of a compact group, it follows that it decomposes into a direct

sum of irreducible representations:
"= DPH. )
PN

Applying Lemma to each subspace H) = EDiA Hi, gives:

'HE@M)\(@N)\, (40)
A

U(g) ~ P Ux(g) ® Ly, (41)
A

An operator A : @ Hy — H, can be decomposed as:
T 3 3 I S )
AN 4L AN i

where each Ay y ; ; is an operator from H to H,.

Invariance [A, U(g)] = 0 implies A x ;U3 (9) = Ui(g)Ax r i j. For X # X, Schur’s Lemma entails that Ay y ;; =
0. Hence A = Z/\M Ay i, is block-diagonal in the Hy, and so Ay := Zij Ax i, satisfies [Ax, Ua(g) ® In,] = 0.
Using Lemma [6] on each Hy ~ My @ N, gives:

A

This proves the main result of this section. O
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SUPPLEMENTARY NOTE 2 - DESCRIPTIONS OF PARASTATISTICS
A. Examples and classification

We first illustrate a Bosonic, Fermionic and paraparticle representation in first quantization for the case of N = 3
particles, as has been discussed in [52]. The action of standard permutations in this context is given by

U(ﬂ')\xl,...,xN>:|xﬂ71(1),...,xﬂ71(1\;)>, (44)
which permutes the tensor factors associated to Hilbert spaces describing single particles.

Example 1. For simplicity, let us only consider states of the form |xy,xa,x3) where x1,29 and x3 are all distinct
and orthonormal. First, note that the states

Z |JJ1,Z‘2,JJ3> (45)

TESs

KA Z sgn(m)U(m)|z1, x2, T3) (46)

TES3

|3|

Fulfill U (m)|by = |b) and U(m)|f) = sgu(m)|f) for allm € Ss. Hence, they are contained in the symmetric (Bosonic) and
antisymmetric (Fermionic) subspaces of H, on which U(w) acts as the trivial and the sign representation, respectively.
Now, for w = eiz‘Tﬂ, let us also consider the orthonormal states

1

[91) = %(|$1>$2,$3> + wlwg, 23, 71) + @|T3, 21, T2)), (47)
1

1) = ﬁﬂxz,xl,ﬂ?s) + wlws, xo, 1) + Olw1, 3, T2)). (48)

For the permutation 7 = (12) exchanging positions 1 and 2, we have U(T)|1)1) = |12), while the cyclic permutation
o = (123) gives U(0)|1) = wlip1) and U(o)|h2) = @|1pa). Therefore, since every m € Sz is generated by the elements
T and o, we find that Hpara := span{|y1), |12)} is a two-dimensional invariant subspace under U(w), which acts as an
irrep Upara (™) on Hpara. This is the simplest example of a parastatistics sector. The corresponding Young diagram is
given by

Apara = || (49)

Moreover, we observe that U(w) acts as the regular representation U.(m) on the invariant subspace H, :=
span{U (m)|z1, X2, z3)|m € S3}, where |x1,xa,x3) is a fized initial state, which contains the states |b),|f),|11) and
|tbe) described there. Therefore, we must have

Ur(7) = 1@ sgn(m) @ Upara(m) @ I3, (50)
and thus the orthogonal decomposition
H, = Clb) @ C|f) © 2Hpara, (51)

as 1,sgn(m) and Upara(m) are the only irreps of Ss. Furthermore, this tells us that Upaya (m) must appear twice. Indeed,
a second instance of Hpara s spanned by the orthonormal pair

1

|p1) = ﬁ(|$2,$1,$3> + @lrs, z2, T1) + wlTy, T3, T2)), (52)
1

|p2) = ﬁ(|$1,$2,$3> + @|rg, 23, 71) + wlws, 11, T2)), (53)

for which we also find (;|¢;) =0, due to 1 + w+w = 0.

Moreover, given U(T)|p1) = |2) and U(7)|2) = |31) for = = (12), the states are related by a permutation
and cannot be distinguished due to our postulate of permutation-invariance. Hence, they lead to the same physical
predictions as the mized state py = % (1) (1| + |12) (12]). This state is invariant, and is hence a valid description of
preparation procedures according to permutation-invariance on the level of states. This is true for the pair |¢1), |p2)
as well, leading to py there. However, although each pair cannot be distinguished, it is possible to distinguish the two
pairs from each other, since py and ps are both invariant and orthogonal to one another.
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Any collection of N Bosons (Fermions) is described by states contained in irreducible subspaces that correspond
to the Young diagram of a single row (column) of N boxes. Moreover, let us consider a collection of N + 1 Bosons
(Fermions), N of which are localized in a lab and one very far away, such that it cannot be accessed by an observer
in the lab. It is well-known that the representation obtained by restricting a representation of the group Syi1 with
Young diagram A to the subgroup Sy is the direct sum of all representations with Young diagram )\ obtained by
removing a square from A [51]. Hence, given the corresponding Young diagram of a single row (column) of N+ 1 boxes,
the only valid Young diagram obtained by removing one box is the single row (column) of N boxes. Therefore, it is
clear that the N particles in the lab must behave as Bosons (Fermions) as well. In the same way, by considering the
para-sector of three particles as in Example[I]above, we can imagine a scenario where we only have access to two of the
particles, and no access whatsoever to the third particle (this includes not having access to the outcomes of potential
measurements that some other observer might have performed on the third particle). Since the mere existence of the
third particle far away should not influence the measurement outcome statistics in the lab, the accessible pair should
therefore either behave as a pair of Bosons or Fermions.

This is indeed shown in [3] and generalized in their classification of paraparticles [4]: parabosons (parafermions) of
order p € N correspond to the family of Young diagrams with a maximum number of p rows (columns). Restricting
to a subset of the particles corresponds to removing boxes from the Young diagrams, and this preserves the particle
type if it is defined in this way. Note that parafermions as used here should not be confused with the notion of
parafermions in the context of non-Abelian anyons [57, 58].

B. Parastatistics in second quantization

It is second quantization in which parastatistics was first conceived of by Green [2]. There, Bosons (Fermions) are
described by a Fock space F generated by creation operators aL that fulfill the usual (anti)commutation relations,
where k denote modes such as momentum or position. However, in order to preserve the equations of motion, one
can have more general, trilinear (anti)commutation relations [T}, 2]:

[ [GLZ, ks |+]— = 20k, 1y Oy s (54)
lak,, [af,,af |+]- = 20k, k,a) + 20k, k,a] (55)
[k, s [aky s arg+] - =0, (56)
with [X,Y]y := XY £ Y X denoting anticommutators and commutators, respectively. These relations led to a

whole new class of fields that were eventually named parabosons (parafermions), corresponding to the choice of
anticommutators (commutators) above. Green’s ansatz of solutions for the trilinear equations involves writing the
parabosonic (parafermionic) operators as sums of p distinct Bosonic (Fermionic) creation and annihilation operators:

p
i =3 (57)
a=1
with
[Cl,kpca,’w]:!: = Oy ks> [ca7k17caak2]:|: =0
el hrCokalt =0, [CakisComo)s =0, a#B (58)

Parabosonic (parafermionic) operators a,(j) of order p are then identified with sums of p Bosonic (Fermionic) operators

cg)k which commute (anticommute) for o = 8 and anticommute (commute) for o # . Moreover, it can be shown [I]
that they exhaust all possible solutions compatible with the trilinear relations. In addition to the compatibility with
the equations of motion, the trilinear relations can also be derived by requiring invariance of the number operator
under unitary changes of basis [6].

The N-particle subspace of the Fock space is spanned by vectors

k1, oo kin) 7 = al .l |0) 7, (59)

where |0) 7 is the vacuum state. By fixing the entries and order of such a tuple K := (ki,...,ky,), one can define
a representation Ug () of Sy on the subspace Hg := span{|krq), ..., kx(n)) 7|7 € Sy}, which transforms creation

operators a,ti into UK(W)a};i Ug(m)f = a,t e It can then be shown [8] that this representation decomposes in the
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following way: For parabosons (parafermions) of order p, on each of these subspaces, the representation contains
exactly once each irrep whose Young diagram has no more than p rows (columns). Thus, a connection between
the parafields of second quantization and the family of Young diagrams associated to each paraparticle type in first
quantization is established. Defining Ug (7) for every ordered tuple K leads to a consistent definition of standard
permutations U () in second quantization, known as particle permutations (for more details, see Subsection [VIIL F)).

Example 2. Following the Volkov model from [9], we illustrate the case for the simplest parafermion of order 2.

There, a product of three creation operators fulfills the relation aga;a,t = —aza;al for i, j,k € {1,2,3}. This relation
halves the dimension of the space of states created from the vacuum |0)z down to 3, and the correspondence described
above tells us that it will consist of irrep spaces associated to Young diagrams with a maximum of 2 columns. Indeed,

on the one hand we find the state

1
1)z = 75 (alabol + adalo] + afafal) 10), (60)
which exhibits usual Fermionic statistics, i.e. it carries the one-dimensional sign representation under particle per-
mutations. On the other hand we find the two-dimensional irrep space spanned by the states

1
V1) Fr = — (aiagag + @a;agai + wagaiag) |0) 7, (61)

V3

1
[tho)r = —= ( ;aiag + @a{aga; + wa;agai) (%=

V3

1
=—— (agaiag + wabalal + waia%aé) |0) =, (62)

V3
j2m
3

with w = €' . As in first quantization, for the permutation T = (12) we have U(T)b1) 7 = [1h2) 7, while the cyclic
permutation o = (123) gives U(o)|1)r = w|p1) F and U(o)|h2) 7 = @|ha) 7. A permutation-invariant and therefore
physically allowed state is given by

ps = 5 (1)l + 92 {¥al). (63)

It might seem at first sight that the postulate of permutation-invariance renders parastatistics trivial: in the previous
example, it enforced a uniform mixture on the subspace spanned by [¢)1) and |i3), and one might conjecture that
this “averages out” all non-trivial consequences of parastatistics. However, in Example [3| below, we show that this is
not the case, and that interesting permutation-invariant physical behavior can be obtained, even if we have a single
particle in each mode. Allowing situations with more than one particle per mode shows this in an even simpler way.
Consider three parafermions in two modes. There are two orthogonal particle-permutation-invariant states

1) = (alaja} + afala])|0), (64)
and the other possible permutation-invariant combinations are:

(ajabal + ajalal)0) =0 (65)
(alabal + afala])|0) = F|vy) (66)

Since it is possible to have two modes with three excitations, these particles are not Fermions. Moreover, since it
is not possible to have three excitations in one mode, they also behave differently from Bosons.

We have just seen an example for parafermionic states in second quantization. For a given triple of distinct modes
and under the postulate of (particle) permutation-invariance, there is one physically allowed state. However, one must
note that the multiplicity of possible states arises from having other degrees of freedom available, i.e. more modes,
on which we can condition. This is in no way different for a permutation-invariant state of a pair of Bosons and
Fermions, when there are only two modes available. In the following example, we will introduce an additional spin
degree of freedom and implement a conditional permutation to show that paraparticles are still detectable, as well as
different from Bosons and Fermions despite imposing permutation-invariance.

Example 3. Recall Ezample[d involving three parafermions in three distinct modes, and consider an additional qubit
with basis states {|0),]1)}. This qubit may describe an arbitrary external degree of freedom, or it may (similarly
as in the experimental proposal by Roos et al. [{4]) describe internal degrees of freedom of the particles, for example
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[0) = | 111 4f all three spins are up, or |1) = | LIl if all three spins are down. We start with the permutation-invariant
initial product state

p= 7 (W) Wl + oo (a2 @ (10) + [1)) (0] + (1) (67)

We will restrict our considerations to the subspace spanned by |1)1)and |1)2), because p is fully supported on it. Similarly
as in the Roos et al. [{{|] experiment, we perform a permutation that is coherently controlled by the qubit: if the qubit
is in state 0, we do nothing; if it is in state 1, we do a cyclic permutation. However, whether we apply the cyclic
permutation o = (123) or o= shall also be controlled by whether the particles are in state |11) or [1b2). That is, we
apply the unitary transformation

V =1([1) (1] @[0){0] + [2) (2] » © [0)(0])
+ U (o)1) (W1l F @ 1)1 + U (o™ [a) (2] 7 @ [1)(1]. (68)
This is a conditional permutation, but it is not a quantum permutation in the sense of Definition 1 in the main
text: the projectors |1;)(i|r @ |1)(1| do not commute with all permutations. However, they do commute with those

permutations U(m) where w is in the cyclic group Zs ~ {I,0,07}. Hence, we can regard it as a valid Z3 QRF
transformation. It maps the initial state to p' := VpVT, which is

(1o1) (W17 + [h2) (2| ) @ (10) + w[1)) ((O] + w(1]), (69)

o~ =

p=

i.e. it induces a relative phase of w = exp (%’Tz) on the control qubit. This is clearly impossible for Bosons and
Fermions. To see that it has this effect, note that V can be simplified to

V = ([¢1) (W1l 7 + [2) (2] 7) @ (10)(0] + w1)(1]) , (70)

which also shows that it is indeed a permutation-invariant transformation, mapping every permutation-invariant state
to a permutation-invariant state.

It may seem surprising that we should regard this as an allowed operation: after all, it performs an action depending
on whether the internal degree of freedom is |11) or |¢a), and permutation-invariance forbids the measurement of the
corresponding projectors. However, these projectors are not used for measurement, but for coherent control which
can be thought of as fundamentally erasing the corresponding outcome in the process. Hence, particle-permutation-
invariant states of three parafermions, occupying three distinct modes, can induce relative phases of w = exp (%’rz) via
physically allowed conditional permutations which Bosons and Fermions cannot.

Both Examples [2[ and [3| can be understood in the same way for parabosons when the relation a;ra;aL = a};a;az

is fulfilled by the creation operators. Both relations are instances of trilinear relations that are more general than
ordinary (anti)commutation relations, corresponding to parabosons (parafermions) of the lowest non-trivial order 2.
In the case of parafermions, the order coincides with the maximum occupation number per mode: in contrast to
ordinary Fermions, (aj)2 =% 0, but the relations clearly imply that (aI)S = 0. However, in the special arrangement
that the operators have in the Fermionic state |f)# in Example [2| setting any two of them equal will lead to 0, as
expected.

C. Example of emergent parastatistics

In this subsection, we give an example (following [59, Section 9]) that shows how parafermions can emerge from
Bosons with additional degrees of freedom. In Subsection [D]of Supplementary Note 3, we will see that it demonstrates
an intuitive reason for why and how complete invariance fails for such emergent systems.

Example 4. We begin with three distinguishable isospin doublets H(3) = (L2(R3) ® (Dz)®3, which carry the following
representation of Ss:

U(3) (W)¢a1,a2,a3 ((h; q2, q3) = ’@[]aw(l),aﬂ@),aw(g) (Qﬂ'(l)7 Qﬂ'(2)7 Qﬂ'(B)) (71)
We consider the subspace Hg\? of Bosonic isospin doublets spanned by symmetrized wavefunctions:

wahaz,% (qh q2, CIS) = waﬂ(1)7a1r(2) 1@ (2) (qﬂ'(l)7 qdr(2), QW(S))' (72)
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Using Schur-Weyl for the action of Ss given in Equation (71) (i.e. permuting both spatial and spin labels) we have
that the space H®) decomposes as:

HO ~ PV, ~PHY, (73)
A A

where Vy carries the irreducible representation of Ss labeled by A and Wy a representation of U(Wy). Since Wy is
infinite-dimensional, one needs to choose the correct topology on Wy to define U(Wy), as discussed in [59, footnote
7.

However we can further decompose ’Hg\? by considering the fact that the spatial and spin components of H3) carry
separate_actions of Ss. We write H®) ~ 3{(3)spatial @ 7/ (3).spin yypere F(3)spatial ~ [2(R3)®3 g H(3)spin ~ (2)®3,
7-[(3)’51’:‘“‘&1 carries a representation U (3)’§pat‘al(ﬁ) of S3 (corresponding to permuting the spatial indices) and similarly
HE)SPI carries a representation UB)SP (1) of Sy (corresponding to permuting the spin indices).

The representation U®) of Ss given in Equation corresponds to performing the same permutation w on both
H(S),spatial and fH(S),spin’ ie. U(3)(7T) — U(B),spatial(ﬂ.) ® U(3),spin(ﬂ.)‘

Using Schur-Weyl we can first decompose the spaces H(3)spatial g q 3(():5pin 4y der their respective Sy actions:

H(B),spatial L2 R3 @ Vspatlal ® Wspatlal -~ @ ,H(3) spatlal (74)

H(B),Spin _ (@2 @V;pm ® W%pm ~ @/H(S spm (75)

where V:patial7 V/\Spi]rl carry the irreducible representation of Ss labeled by A, W)\Spatial a representation of U(W;patial)
and WP an irreducible representation of SU(2).

Clearly for Ao the Bosonic representation, any state in Hf\?’smﬁal@?-lg\?’smn

and is therefore in 'Hg\? This is just the statement that the symmetric subspace "Hg\?;) of H(3) ~ 3{(3).spatial i 9/(3),spin

contains the tensor product of the symmetric subspaces of the factors, namely ’HE\?’)’Spaﬁa] ®’Hg\?’8pm - HE\?' However,
as is well-known, the symmetric subspace of a composite system also contains the tensor product of the antisymmetric

subspaces of the factors: Hgi)’smtial ®H§i)’5pin C Hg\? where Ay labels the anti-symmetric subspace. Similarly for Ao
Hg\?;),spatlal@)/}_{f\i),spm (3) spatlal( )®

transforms trivially under permutations

the (2,1) representation of Ss there will be elements in which are invariant under U,

Ug)’Spin(w), i.e. which lie in Hg\?

For \y = (2,1) we define a permutation-invariant state in V;fatial ® foin, where V/\sfatial ~ V;fin ~ C? both
transform under the (2,1) irrep of Ss. From the well known fact that the singlet state is invariant under U @ U we
can define the following Bosonic state in Hg\? CHO:

1
|\I/> = (\/§(€Q>Vspat1al X |€1> <;1n — |€1> <pat|a1 ® ‘€0> i;)m > 0 |w>W}s\gatial’W>s\}2)in, (76)

where {|ei>v;;’a“al}i:071 is a basis for V;Satial (and similarly for V,\Sfin) and |¢>Wspanal wpin Q1 arbitrary state in
W;Eaﬁa} W;Sin . This is clearly invariant since a simultaneous permutation U®) (1) = UG) Spat‘al( ) @ UBHsPin(1) of
the spatial and spin indices acts on M) 3)’bpama1 ®’Hg\?7$pin as vaga“al (m)® UV;Qpan (m) ®HW;gatial ®HW§§i“ and the singlet
state over the first two factors is mvamant under any U@U. .

Let us ignore the isospin degrees of freedom and trace out Vi*™ @ WiP™:

1
Ppara 1= Trvspmwbpm [U)(U| = Vspdml ® Prygpsiat, (77)

where Pyygpatiat = Try \gpin (|w><¢|wspatial weein ). This is indeed a parafermionic state of three particles with just spatial
Ao

spatial

degrees of freedom, since ), |61><€Z‘Vspahal is the identity on the space Vy transforming under the (2,1) irrep of

S3 and V;paml transforms trivially under Ss.
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SUPPLEMENTARY NOTE 3 - COMPLETE INVARIANCE
D. Failure of complete invariance for emergent paraparticles

The effective paraparticles in Example [] above are permutation-invariant. But does it make sense to require
complete invariance? The answer is in the negative, as we now show.
Given an agent Alice using the effective paraparticles of Equation 7 an adversary Eve without restriction would
have access to the purification given in Equation .
Alice can implement permutations only on the spatial components, and not the spin (since by construction of the
effective paraparticles she does not have access to them). Her state ppara is indeed invariant under Uvjpatial (o) for all
2

o€ Ss.
The purification |¥) which Eve has access to is not invariant under Uvspat,al( o) ® ]IWspat.al ® 1L, p( ) @1 wipin

and therefore does not obey complete invariance. Remember that the requlrement of belng a Bosomc state meant
invariance under a different condition, namely U bpﬁtlﬁl( ) @ Lpspatiar @ Uyspin (07) @ T spin.
A2 A2 A2

We can see that the purification is not invarlant under Uy spaviar (0) from the following facts about the (2,1) irrep of
A2
Sz, namely that for o = (123):

U(o)leo) = wleo), (78)
U(o)ler) = wlex), (79)
where w = e%*. Therefore:
UV;gatial(0'> X Hwizatial ® HV;Ein( ) Q1 ipln ‘If>
1
-7 <w|eo> oraia @ [e1)yapin = Blea) ygmaeia @ o)y ) @ )it (80)

1
:\/5 (|eo)vspaua1 ® |e1)y spin W|€1>Vspatlal ® |eg) epm) ® )y gpacinl 7 i

#|V) (81)

where ~ denotes equivalence up to global phase.

The above example shows that given an effective system of paraparticles emerging from an underlying Bosonic
system, the assumption of complete invariance fails exactly because the full underlying Bosonic state is not invariant
under permutations acting solely on the parastatistical subsystem.

E. Complete invariance for compact groups

In this section, we show that our results on complete invariance do not only hold for the permutation group, but
more generally for unitary representations of compact groups G on separable Hilbert spaces. We will always assume
that G is, as a topological space, a Hausdorff space.

Since Schur’s Lemma applies to unitary representations of arbitrary locally compact Hausdorff groups [55, Proposi-
tion 5.8], and since finite-dimensional representations of such groups are completely reducible, Lemma and therefore
all the results in this section also apply to finite-dimensional representations of such more general groups.

Definition 2 (Extension of a state). An extension of a state pg is a state psa such that Tra(psa) = ps.

Definition 3 (Invariant (weakly symmetric) state). An invariant (or weakly symmetric) state pg for a given symmetry
Ul(g) is such that ps = U(g)psUT(g) for all g € G.

By Lemma |§| (where H 4 is trivial) it follows that a weakly invariant state is of the form

Im
p=€Bpr;®pNx (82)

Definition 4 (Strongly symmetric state). A strongly symmetric state p for a symmetry U(g) ~ @, Ux(g) ® In;, has
full support on a one-dimensional irreducible representation of G:

p=lex){(exlmy @ parys (83)

where My carries a one-dimensional representation of G: Uyx(g) = eifr(9),
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Definition 5 (Invariant extension). Given a state ps an extension pga is invariant iff

(Us(g) ®1a)psa(Uk(g) ®La) = psa. (84)

It is immediate that the existence of an invariant extension pga for a state pg implies that pg is invariant:
(Us(g9) ®1a)psa(Ul(g) @ 1a) = psa (85)
—> Us(9)psUs(9) = ps. (86)

Lemma 8 (Invariant purification). If a state ps = Us(g)ng;(g) has an invariant purification |)sa then ps has
support on a single one-dimensional irreducible representation X of G:

ps = lex){exlmy ® pavs- (87)
Proof. A generic invariant state pg has the form
I[MS
— A
ps = @pA 1Oy (88)

The invariant operators on Hg ® H 4 under Ug(g) @ 4 are of the form
P lus @ Ans iz, (89)
A

A generic invariant extension pga of pg therefore has the form

]IMS
— A
psa =P pa Los & PNE A (90)
A X
where
Tege s (oavg a) = P (91)
Purity of pg4 implies that
psa = lex){exlms @ [Ua)(alns 4 (92)

Iys
. . . . M
where X is a one-dimensional representation: dM; = lex){exlars-
A
This implies that ps = |ex){ex|m, ® PN where ) is a one-dimensional irreducible representation. O

Lemma 9. The following conditions are all equivalent, and can be used to define what it means that a quantum state
ps is completely invariant under a representation U(g), g € G:

(i) Equation holds for some purification psa of ps;
(ii) Equation holds for all purifications psa of ps;
(#ii) Equation holds for all extensions psa of ps.
Moreover, all three are equivalent to
(iv) ps has full support on a single one-dimensional irreducible representation \ of G.

Proof. Clearly, (iii) = (it) = (i), and by Lemma (1) implies (iv), i.e. that pg = |ex){ex|ry ® pprs, where Xis a
one-dimensional irreducible representation.
Let us finally show that (iv) = (iii). An arbitrary extension psa of pg is therefore of the form

psa = lex){exlma ® pas 345 (93)

where Try, (PNAS,HQ = pyg- The state pga is invariant under Us(g) ® I4 by construction, since the action of
Us(g9) @14 on M5 @NT @ Ha is

Ur(9) ® Lys @y, = €D]er)(ex|amy, @ Tys @ Iy, (94)

since Mf is one-dimensional. O
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This implies the following theorem:

Theorem 4. A quantum state pg is completely invariant under some compact group G with representation Ug(g),
g € G, if and only if it is fully supported on a subspace transforming under a one-dimensional representation of G.

Note that an invariant state pg with support on multiple irreducible subspaces, including subspaces with irreducible
representations of dimension strictly greater than 1, may have some extensions pss which are invariant under the
conjugate action of Ug(g) ® I4. But Lemma |§| tells us that this extension cannot be pure, and moreover that this
cannot be the case for all extensions.

Since complete invariance entails that a state pg must have full support on a subspace transforming according
to a one-dimensional representation of G, we may wonder if standard invariance of a state pg can be motivated by
appealing to an environment also. The following theorem shows that this is indeed the case.

Theorem 5. A quantum state pg is (weakly) invariant under some compact group G, i.e. ps = U(g)pSUg(g), if
and only if there exists a purification |t)sa of ps on some ancilla Ha with some representation Ua(g) such that

(Us(g) ® Ua(9)) 1) (¥ 54 (Us(g) © Ua(g))" = [6)(¥] 4.

Proof. We first prove the < direction. Consider a purification |1))s4 of pg such that (US(9)®UA (g)) |¥) W’\SA(US (9)®
UA(g))T = |){(|sa. Then:

ps = Tra(|Y)(¥|sa)
= Tra((Us(g) ® Ua(9)) ) (W]sa(Us(g) @ Ua(g))")
= Us(g)Tra(|¢) (¥]54) UL (9) = Us(9)psUs(9). (95)

For the = direction we assume there exists a (weakly) invariant state pg = U (g)psUg (9). Then by Lemma

ps = (96)
Let H4 ~ Hg carry the conjugate representation Ux(g) ~ Us(g). Then
Ha~Hs =~ V )’\4 M (97)
A
where N carries the representation U.
Now define the state
. . A
)sa =D VPr Yl mslin)sas @ [0 ) as ara (98)
A ix
with [1)*) \s g a purification of pyrs, which always exists since dim(NY) = dim(A).
This is a purification of pg which is invariant under Ug(g) ® Ua(g) by construction. O
SUPPLEMENTARY NOTE 4 - STRUCTURAL DETAILS ON QUANTUM PERMUTATIONS
F. Applicability of our formalism in second quantization: particle permutations
While the action of standard permutations in first quantization is given by
U(W)‘Sb'l,...7$]v>: |x7r*1(1)7~-~7337r*1(N)>> (99)

usually referred to as a label or place permutation, it can generally not be defined consistently this way on Fock states

k1, .o kn) 7 = af ...al, |0)F (100)

and the associated creation operators in second quantization. To see this, consider the parastatistical model from

Example given the state (agaiag + agagai) |0) 7 then exchanging the positions of the first two creation operators
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gives (aiazag + agagaD |0) 7 = 0, entailing that place permutations are not unitary. Instead, standard permutations

in second quantization, which are referred to as particle permutations, act by permuting the modes. For example,
the particle permutation corresponding to exchanging modes 1 and 2 from above can be represented by a unitary

operator U((12)) that effectively exchanges the creation operators a| and a) and transforms (a;a]{a; + agagai) |0) =

into (aiaga; + aJ{a;a;) |0) = # 0.

Following Stolt and Taylor [5] we define particle permutations by considering tuples K = (k1,...,ky) of modes,
say momenta, that are pairwise distinct, k; # k; for ¢ # j, and we choose lexicographical order, assuming that
k1 < ko < ... < ky. This is simply a convention to ensure we do not consider tuples K # K’ that have the same set
of entries, but in different order. For our purposes, we are only concerned with the case of a single particle occupation
per mode, as this suffices to derive all our results. We thus refer to [5] for the construction with different occupation
numbers of the modes.

Now, for every K, we have a subspace Hy that is spanned by the state vectors |kr(1),. .., kr))F, for all permu-

tations 7 € Sy. This subspace carries a representation 7 +— Ug (m) of Sy, which transforms creation operators a;fci

into UK(ﬁ)aLi Ur(m)f = a,t 0 The space Hy is of dimension less than or equal to N!, which in the case of Bosons
or Fermions is one-dimensional.

The Uk () define reducible representations of Sy and we get a decomposition

Hi = @H/\,Ka (101)
X

where Hy g carries the A-irrep of Sy, and the sum is over all admissible Young diagrams. That is, as shown in [§],
each irrep A corresponding to an admissible Young diagram appears exactly once in this decomposition.
We can now consider an external system described by some Hilbert space A, write

Hie @N =P Hrx ®N. (102)
A

Alternatively, the particles could carry some internal degree of freedom, such as spin, say with total spin s. In
this case, we would expect that the creation operators a}; are replaced by creation operators aLJ, where o can take
several different values (e.g. 0 € {—s,—s+1,...,s}). Consider the special case that all particles are prepared in the
same spin o, as is the case in the experimental proposal by Roos et al. [44]. Then, for every fixed o, the operators
{a?a}k satisfy relations . Since states for different o are orthogonal, we obtain a particle Hilbert space that
is also of the form , where N/ ~ C2*+1. More generally, for every choice of spins 01,09, ...,0n, there will be
a subspace spanned by vectors |(kr(1),0r1)), -- -, (kx(n), Or(ny) 7 Which individually behaves like the paraparticle
subspace without internal degrees of freedom described above. This also gives us a Hilbert space of the form ,
where now A ~ C2s+1D™  In all cases, we obtain a multiplicity space as in Eq. and Eq. that allows us to
construct quantum permutations by conditioning on observables supported on it.

G. DMore general quantum permutation groups

In principle, we could have started from a more general version in the definition of quantum permutations: instead
of conditioning only the argument 7y ; of the representation map = — ey (m) on A, j, we could also condition
the map itself on A, j as in Eq. in the main text: 7+ Wy ;(7) := € (MU(7). To do so, we will require that
the unconditional special case should still reproduce the standard permutations: applying the same permutation 7 in
every branch must projectively act like U(r); that is, V(m,7,...,m)pV (7,7, ..., m) = U(n)pU (7).

As in the proof of Lemma [2] in the main text, V(&)V(7) = w(&, #)V (67) then implies

w(d, @) = €102,5(9x.3) 1055 (7, 5) o =i0x,5 (92,572 ;) (103)
for all A, j. Assuming @ > 1 without loss of generality, suppose that ¢’ and 7 are elements of S]C\?, that agree with &

and 7 on at least one entry (A, ), i.e. there exists some (), jo) such that oy, j, = 0}, o and g g, = ™, jo- Then,
we have

w(ﬁ’ 7?) — 61'9)\0 30 (UNJ 30 ) 6i0/\0 .30 (7"*0 230 ) 671.9)\0 ,30 (0*0 30T Ao yjo)
. 7 - 7 . !’ ’
— 6165\0 .30 (UAO .30 ) 619>\o ,30 (71')\0 Jjo ) 6—19>\0 .40 (UAO .30 ™00 )

=w(d@, 7). (104)
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Let ¢”, 7" be arbitrary elements of S]?,. Then we can always find some pair ¢, that agree with the pair &, 7 in at
=/

least one entry, say Ag, jo, and that also agrees with the pair ¢, 7" in at least one entry, say A1, j1. Thus,
w(5_»17 ﬁ_»/) _ eiGMJI (0;1*-71)6i0)‘1 1 (Tr')\1 ,_7.1) 71‘9%1111 (0;1’_7»1 le‘jl)

eiekl’jl(U;\llv.jl)eie)‘lvjl(ﬂ-/)\/lrjl)e 031,31 (X 5y Xy 31)

=w(d”,7"), (105)

so w(@,7) = w(F@”,7") = w is a constant that does not depend on & or 7. The special case 7y ; = I shows that w = €%

for 6 := O(I), and hence 7 e~V () is a linear unitary representation. Furthermore, 7 s e~%¢?r.i(7)
one-dimensional representation of Sy, i.e. either the trivial or the sign representation, depending on A, j.

Now, even though this more general definition still qualifies as a projective representation of Sy, its action does
not generally reduce to that of standard permutations in the unconditional special case @ = (7, 7, ..., 7). To see this,
assume we have such a general map 7 +— V(7). Then, setting e’ = 1, there exist pairs A1, j1 and Mo, jo, where at
least Ay # A9 or ji1 # jo, such that Wy, j, (mx, ;1) = U(ma,j,) and Wi, j,(7x, j,) = sgn(ma, j,)U (7, 5, ). For any
m € Sy, set @ := (m,...,m) and define

A(m) = U(m)'V(7) = Z sx; ()1 ® Py, (106)

is a linear

where sy j(m) € {1,sgn(m)}. Furthermore, note that, since Py ; is a rank-1 projector, for every A, j there exists an
element |1y ;) such that Iy @ P ;¥ ;) = |¥a,;). This implies

A(ﬂ-)(|¢k17j1> + |¢A2,j2>) = |¢A17j1> + Sgn(ﬂ-)wjkz,]é% (107)

showing that A(m) # (™1 for any (r), as it causes relative phases, and hence V(%) # €™ U (). Therefore, V (%)
does not projectively act like U (7).

H. Proof of Theorem [3]in the main text

Assuming the Bosonic case U(nw) (the Fermionic case sgn(m)U(7) works in the same way), recall the form of the
quantum permutations of equation in the main text. They are given with respect to a fixed basis for each
multiplicity space Ny. In order to get rid of this, we define

UR(7 <@ Iv, ® R ) U(7) (@ Iv, ® Rl) = Ua(mr;) ® RaPy R} (108)

g

for arbitrary unitaries Ry € U(ny) and any A\. With this definition we have U(7) = U (7), i.e. Ry = In;,.
Now, we have seen that the requirement [U®(7)g @ T4, psa] = 0 for all 7 € S]C\Q, implies

— (ng) _ Imy A9
PSA = PBos PBos,A D ' @ DA d 1 Pa"" = PBos PBos,A D @ dy ® Zp,\,JP,\J ® py (109)
],)\#)\BOS AikBos

where d is the dimension of K, ;, and the state of system N is diagonal in the basis associated to the projectors
P, ;. Demanding invariance with respect to all possible quantum permutations without a fixed basis means that we

need to impose the stronger condition [U®)(7)s @14, pga] = 0 for all 7 € SZC\Q, and all Ry. Therefore, we require

(U (7)s @1a)psa(UR(7)s @1a)" = psa, (110)
which, due to Eq. (108)), is equivalent to

[UD(7)s @ La, (Bulp, ® R, ©1a)psa(@,luy, @ R, @14] =0, (111)

_. (R)
=Psa

SO p(;;l) must be of the same form as pga in Eq. |D for all Ry. We obtain

I .
PS5 = Poos (Roos © 1a)pposa(Rho ©10) & @) 52 @Y payRaPr Rl @007, (112)
A#ABos J
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and see that this immediately implies
Ry (D paiPri | RE =D ph,; Py (113)
J J

for some p), ; after tracing out the ancillary system A. This means that Rx(>_; pa; Py j)R) must be diagonal with
respect to the P, j-basis for all unitary conjugations by Ry, which is only the case when py ; does not depend on
J for any X\ # Apos. Due to dim(N)) = ny, we have py; = px/ny, such that ppes + ZMSBOS[»\ = 1. Note that
this is only possible if n) < co. This already proves that in the case that at least one of the Ny for A # Apgs is
infinite-dimensional, there is no invariant state pga.

Let us continue with the case that all ny < oo for A # Agos. With this, let us also make the claim that basis-
independent invariance implies that for any A # Apys, the states pf:"j ) cannot depend on j either. To show this, we
first note that, since P ; are rank-1 projectors of a projective measurement, we can find an orthogonal basis {|7)x};

of Ny such that Py ; = [5)(j|x. Then, given unitaries Ry with |j(®)), := Ry|j)», we have

Pg,? = DBos (RBos @ HA)pBos,A(R]Tgos ®la)® @ 2

)‘i)‘Bos

HM/\ (R)\/:(R) (A5)

bt 114
dAnA®zj:|j YU @ Py (114)
Now, if [UD(7)s @14, pgz)] = 0 holds, then it must follow that pgz) has the form of Eq. 1) when expressed in the
P, j-basis. Due to |j(R)>A = > (Rx)kjlk)a, we find

]I .
P = PBos (Rios ® La)ppos.a(Rhos ©L0) @ @D pa722 @ ST IR © 3 (Ba)wg (R 05, (115)
A% ABos danx 4= j

and thus, for all Ry we obtain the condition

SR (R p% =0, (116)

J

whenever k # [. In particular, let us now choose Ry to be rotations of the planes spanned by the first and the i-th

coordinate axes by an angle a. Then we have (Ry)11 = (Rx)ii = cosa, (Rx)1; = —(Rx)i1 = sina and all other
entries being equal to those of the identity. With this, the condition above implies p(AA’l) = pg\’l) for any i, and as a
(A9)

consequence, py ' must not depend on j which shows the claim.
Finally, a state ps4 which is invariant under all possible quantum permutations must have the form

Iy,; A INVINEYY A
PSA = PBos PBos, A @ @ D J & pfq) = PBos PBos,A @ @ P B & Eq)u (117)
, dxny dxny
]7A7£/\Bos )\¢>\Bos
with non-bosonic post-measurement states
I
M RN ® E:\). (118)

dxny

Tracing out the ancillary system A, we obtain the completely mixed state for any A # Apos-

SUPPLEMENTARY NOTE 5 - QUANTUM REFERENCE FRAMES
I. Application to Bosons and Fermions

In this subsection, we provide a swift introduction to Quantum Reference Frames (QRFs), thereby motivating
the form of QRF transformations as conditional transformations, and we show how these can be applied in the
context of Bosons and Fermions. In particular, we will see that the QRF transformation picture corresponds to
the implementation of some symmetry on the level of observables: only observables invariant under the symmetry
are deemed measurable, but all quantum states are allowed as descriptions of preparation procedures. This is the
convention of invariance that we adopt for this subsection (see the Methods section in the main text).
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Let us begin with a simple illustrative example of QRF transformations. Consider three particles A, B,C in one
dimension subject to translation-invariance, following the analysis of Giacomini et al. [29]. Suppose that the state in
position representation is a product state,

[Y1a) =10)a ® s +12)5) @ [3)c (119)

5
V2
(to prevent some mathematical difficulties, let us assume that all positions are integers, like on a lattice). This has
sometimes been said to describe the quantum state “as seen by A”, because A is placed in the origin. Under this
intuition, we would obtain the state “as seen by C” by translating everything by —3,

o) =1-3)a® —= (-2 +|-1)5) ®|0)c. (120)

1
V2
But what would the state “as seen by B” look like? No proper translation can move B to the origin. The idea is now
to translate in superposition: one of the branches of v, is translated by —1, and the other by —2, and this is done
coherently, obtaining

[¥8) =10} @ |=Da@2c+[-2)a®][1)c). (121)

5
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This is typically interpreted as having the particles A, B and C themselves as quantum reference frames, i.e. quantum
analogues of classical rods or clocks, and notions of entanglement being frame-dependent. Here we take a different
perspective described in [33, 37]: there is an algebra of observables X that can be measured under a certain condition
of translation-invariance, and we have

(V1al X |Y1a) = @I XY 1B) = (YiclXY0) (122)

for all of them. This means that the g are alternative, equally valid descriptions of one and the same quantum
state. Choosing one representation over another can be interpreted as choosing a quantum coordinate system; in this
case, a system that aligns the origin with one of the particles. A QRF transformation is a unitary transformation that
maps from one quantum coordinate system to another. The starting point are the global translations Ty, translating
the global state by distance d, acting as

V(Ty) (|la)albysle)c) = la+ d)alb+ d)glc+ d)c. (123)

QRF transformations are coherently controlled versions of this. For example, mapping from the quantum coordinate
system relative to A to the one relative to B is achieved by the map

Uasp=»_ V(T_4)P, (124)
deZ

where {P,;}4ez is a projective measurement of the distance d between particles B and A, i.e.

a)4|1b) gle ifb—a=4d
pd|a>A|b>B|c>c:{' albislic ith—a= (125)

It implements the transformation from QRF A to B, i.e. Usp|¢¥|a) = |¢|p). It is a global translation, conditioned on
a translation-invariant quantity, namely on the relative distance between A and B. QRF transformations in general
are understood as coherently controlled classical reference frame changes [30], where the controlling branches are
themselves defined in a frame-independent way [48], or as state-dependent gauge transformations [49].

The states 9| relative to the different subsystems S are all physically equivalent to the invariant state p :=
fu UlYs)(¥1s|U T dU, where U is the group of QRF transformations; see [33] for details. This construction is closely
related to the perspective-neutral framework, where an invariant pure state |[{pnys) on a subspace Hpnys with in general
redefined inner product takes this role [35, [60-62].

The similarity with our definition of quantum permutations, Definition |1 in the main text, is clear: we apply a
symmetry transformation conditioned on an invariant quantity. Hence, quantum permutations can be interpreted as
QRF transformations, or, slightly more accurately, quantum coordinate transformations. They transform between
different quantum conventions for labeling the particles. As a result of Theorem [2] in the main text, we find that
there exist exactly two groups of quantum permutations, Bosonic and Fermionic ones, depending on the choice of
projectively equivalent representations. Bosonic (Fermionic) QRF transformations will leave all Bosonic (Fermionic)
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observables invariant, thus providing groups of transformations between different but physically equivalent descriptions
of Bosonic (Fermionic) quantum states.
For example, for N = 2 Fermions, the quantum permutations are given by V_(7) = >, ;sgn(my ;)U(m ;) (L@ Py 7).

Hence the exchange of the two particles, denoted (1,2), is represented as V_(7 = (1,2)), where (1,2),; = (1,2) for

all )\, j, which simplifies to V((1,2;) = sgn((1,2))U((1,2)) = —U(swap). The measurable observables are all the
operators X that are fully supported on the antisymmetric subspace. Suppose we have a quantum state that we
describe as [1asc) = |1,4), where by convention we decided to describe the particles in ascending order. Then we

could equivalently decide to describe them in descending order via [tges) := V((1,2))|¥asc) = —|4, 1), and then

<’¢)asc‘XW}asc> = <wdes|X|wdes> (126)

for all measurable observables X. The states |t).sc) and [14es) are therefore physically equivalent descriptions. These
are not permutationally invariant, however the state |pnys) = %(\1, 4) — |4,1)) is invariant (not just as a state, but

also as a vector) under V((1,2)) and is physically equivalent to the states |[1)asc) and |1ges). From this simple example,

it is not obvious why the minus sign is significant in the definition of V((1,2)). Indeed, for unconditional permutations
(i.e. mx,; = mx jv), the choice of representation —U (swap) occurring in V_ () is equivalent up to a global phase (hence
also physically equivalent) to the choice U(swap). The choice of representation —U (swap) becomes significant for
conditional permutations as becomes evident in a slightly more involved example:

Example 5. Suppose that we have N = 2 Fermions, such that the measurable observables are those supported on the
antisymmetric subspace. Representing the swap of the two particles by €U (swap) with some phase 0, consider the
operator X = |{2,3})({1,4}|-, where |{z1,z2})_ = % (|1, 22) — |22, 21)), and a state |1p) = % (12,3) +11,4)). We
apply the following quantum permutation: we swap the two particles if their distance is larger than 2, and otherwise
we do nothing. This maps the state 1) to |¢') = % (12,3) + €?]4,1)), and

(YIX¥) = (| X 1) (127)

if and only if € = —1, explaining the choice of phase above. It follows from Theorem@ in the main text that this
equation is true for all X on the antisymmetric subspace. Hence, this quantum permutation maps between physically
equivalent descriptions of the quantum state.

In two upcoming publications, we will further elaborate on this usage of the internal quantum reference frame
formalism for Bosons and Fermions: we will show how it clarifies the question of entanglement of indistinguish-
able particles in a particularly transparent way [63], and that it is a simple example of a natural generalization of
the perspective-neutral framework [35] [6I] where internal quantum reference frames need not correspond to subsys-
tems [64].

J. Implications for quantum covariance principles

An ambitious goal of the internal quantum reference frames (QRF) research program is to obtain physical predictions
for some scenarios that would ultimately be described by quantum gravity. As an example, consider a thought
experiment by de la Hamette et al. [40]. We have a large mass (for the sake of the argument, planet Earth) in a
superposition of locations relative to some reference system, and a test particle moving in the resulting gravitational
field. We cannot appeal to the known physical laws to predict the movement of the test particle, since we expect to
obtain some sort of superposition of gravitational fields and spacetime geometries which would fall into the regime
of quantum gravity. However, the authors of [40] suggest that it makes sense to postulate an “extended symmetry
principle” described as the “covariance of dynamical laws under quantum coordinate transformations”. Based on this
principle, one may attempt to transform into a quantum coordinate system where Earth’s location and hence the
resulting gravitational field are definite, but the test particle is in a superposition state. Based on the generalized
covariance principle, one would then solve the quantum equations of motion of the test particle in the corresponding
classical gravitational field and transform back, obtaining a description of the movement of the test particle in a
superposition of gravitational fields.

The results of our work show a subtle difficulty of such approaches: quantum coordinate transformations do not
necessarily preserve all physical predictions, but only some of them. Before we proceed, let us remark here that the
interaction of the reference system with the gravitational field of the planet is considered to be negligible by the
authors of [40], which is a necessary assumption to establish their result. While, as a consequence of that, the scenario
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they consider is not affected by the subtleties we raise, it is nevertheless instructive to analyze it in more detail, in
order to illustrate our point.

Recall that the QRF formalism can be interpreted as implementing some symmetry on the level of observables (in
the terminology of Subsection |I| in Supplementary Note 5 and the section in the main text), while allowing
arbitrary non-invariant density operators to describe quantum states. As the authors discuss, their argumentation
applies in a physical regime where it makes sense to speak of the positions of the involved physical systems and the
associated global translations. The initial state of a reference system R, the mass M and the test particle S reads

L
V2

where x1 denotes the position of subsystem T € {R, M, S} and |¢)r is the state of subsystem T. Now they use the
QRF transformations described in Subsection ] in Supplementary Note 5 above to move into a quantum coordinate
system where the large mass M is in a definite position:

) fears = 100m—z (laihar + [2i)ar) fos)s. (128)

M 1 _ipp() o (2)
Wiris = 100 s (77 | = o) hmbes = 2id)s + 7P| = 0l rles — 2)s ) (129)
where P = 0 in [40]. Note that the transition from (128 to (129) is achieved by applying the representation of the
translation group (123)) to the initial state branch by branch. However, there are many such representations Vp, one
for every total momentum P:

Vp(Ta)la)lb)lc) = ea+ d)|b + d)|c + d). (130)

In (129) above, we give the general result if the representation according to some value of P is chosen.
From this for P = 0, the authors of [40] use standard methods to calculate the time-evolved state \1/}(15))%%% g, under
the assumption that the reference system R is far away enough such that it does not feel the gravitational pull of M.

Let us drop this assumption here. We obtain

1 _ioW _ipaM . _io® _ipa® -
B(0) s = 100ar— (7 7P | = al) 4+ 02D @) rlzy) ()s + 7 e P | — o)+ 62D @) rlFS (1))

V2
(131)

where :Eg)(t) =zg(t) — xs\i/[), and 62()(t) denotes the position of the reference system R at time ¢ in branch 4, where
the movement originates in the gravitational pull from M. We expect that 6z(9) ~ 0 if R is very far away from M in
branch ¢, which is the case considered in [40]. Then the authors of [40] use the inverse QRF transformation to map
back into R’s quantum coordinate system. In our more general case, doing so yields
R 1 _iPseM (1) —ip® -
() = |O>Rﬁ (6 Por(©) =i, 00 50 (1))3,120 (1) + () — 52D (1) 5

e PP (0= 1) 50 4)) y|3g(8) + 2D — 5x<2>(t)>s) . (132)

Hence, the extended symmetry principle predicts entanglement between the test particle S and the mass M, and a
relative phase of the corresponding quantum state ((132]) of

Ap = 3@ _ W) 4 p (5x(2)(t) - 5x<1>(t)) . (133)

Unless 61 (t) = 622 (t) (which holds for the scenario in [40], where both are zero), the predicted relative phase
depends on P, which labels the choice of representation of the translation group. Consequently, the total momentum
P attains physical significance. Let us contrast this with a physical postulate formulated in [40]: “Physical laws retain
their form under quantum coordinate transformations.” What the calculation above shows is that this cannot literally
be true for all quantum coordinate transformations, because some predictions depend on the chosen representation,
which is labelled by P. Therefore, we suggest the following modification of the postulate:

Physical laws retain their form under a suitable representation of the quantum coordinate transfor-
mation group.

The extended covariance principle of [40] is but one example of a larger class of quantum generalizations of symmetry
principles considered in the literature, including also, for example, proposals for a quantum version of the equivalence
principle [311 38, [50], or a notion of quantum conformal symmetries [43]. Our results underline the predictive power
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of such principles (we use them to rule out parastatistics), but they also motivate some caution: only some quantum
coordinate transformations will in general preserve the physical predictions.

This is demonstrated by our results on the permutation group. For N Fermions, we have shown that all physical
predictions (that is, the expectation values of antisymmetric observables) are invariant under the sign representation

V_(7) :ngn(ﬂ,\7j)U)\(7r,\7j)®P>\7j, (134)
AJ

but not under the standard representation

Vi(®) =Y U(mr;) @ Py, (135)
A

of the quantum permutation group. Indeed, the latter type of quantum coordinate maps leads to experimentally
detectable physical consequences, as described in the scheme by Roos et al. [44] for the detection of the Fermionic
exchange phase. Hence, additional physical arguments are in general needed to obtain the correct gauge phases [65H67]
for the construction of quantum coordinate transformations.

SUPPLEMENTARY NOTE 6 - RELATION TO OTHER NOTIONS OF SYMMETRY IN PREVIOUS
WORK

In this section, we describe how our notions of complete invariance and of invariance under quantum permutations
(and their generalizations to other groups) are related to other notions of symmetry that have appeared in the
literature: to strong/weak symmetry, gauge symmetries, and the notions of coherent vs. incoherent twirling for
quantum reference frames.

K. Strong versus weak and exact versus average symmetry

The requirement that a density operator pg has full support on a subspace transforming under a one-dimensional
representation of a compact group G, i.e. a subspace of the form My ® N, with M, ~ C, is sometimes known as
strong symmetry or exact symmetry [68] [69]. In this case every element |¢;) in an ensemble {|v;)}; corresponding
to the density operator pg = . pi|1;)(¥i|s is such that [¢;) transforms under the same one-dimensional irreducible
representation of G for every element in the ensemble: Ug(g)|ii)s = €@ |;)g for all |1h;)s € {|v;)g}i. This is
equivalent to the requirement Ug(g)ps = €9 pg.

This notion is contrasted to the standard notion of invariance of a density operator, which just requires that the
density operator is invariant: U(g)psU'(g) = ps, and does not require individual elements in its decomposition to be
invariant. Thus the density operator, interpreted as a proper mixture, is invariant as a statistical object, even though
the individual elements of the ensemble need not be invariant. This standard invariance is sometimes known as weak
symmetry or average symmetry, in contrast to the strong/exact symmetry described above.

In this language, Theorem [1] in the main text (generalized to arbitrary compact groups in Theorem |4 establishes
that complete invariance of pg is equivalent to exact symmetry of pg.

The distinction between exact and average symmetry was first applied to Lindbladians in the literature on open
quantum systems. Definition 4 of [0] states that for a strongly symmetric state ps = Ug(g)ps there exists a
purification |¢)) g4 which is invariant (as a ray) under Ug(g) ® I4. Our Theorem |4 establishes the opposite direction
of this statement also, showing that strong symmetry entails that every purification (and indeed every extension) of
the state is completely invariant.

The novel aspect of the present work, with regards to the notion of complete invariance, is its application to
permutation invariance, thereby ruling out parastatistics. In the open systems literature it is typically applied to
issues such as spontaneous symmetry breaking, typically involving Zs or U(1) symmetry.

L. Complete invariance from local gauge symmetry

At first glance, the requirement of complete invariance, namely invariance of an extension pg4 under (Ug(g) @ I4) @

(U; (g9)®I A) , may seem too strong, or even arbitrary. Could it not be the case that the ancilla space H 4 carries a non-

trivial representation Uy (g), and could one not require invariance of pg4 under (Us(g) @ U(g)a) ® (U; (9) @ UL (g))
instead?
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The latter type of invariance occurs in the case of spacetime symmetries, for example translation invariance,
where physics is expected to remain invariant under a global translation of every system. This is an instance of a
global symmetry, which is typically understood to be distinct from a gauge symmetry. Global symmetries act as
(Us(g) @ Ua(g)) o (Ug(g) ® Ui1 (9)), and they map between physically equivalent descriptions of the quantum state
under a lack of classical external reference frame for G in the quantum information approach [23]. As can be seen
immediately by tracing over A, invariance of a purification [1))sa of pg under this symmetry implies that ps has weak

symmetry under U(g), i.e. Ug (g)psU;(g) = ps. In Theorem |5 (see also [70]) we show the converse direction: for any
invariant state pg one can find an ancilla H 4 and purification |¥)g 4 such that |¥)g4 is invariant under Ug(g)®@U 4 (g).
Thus, the requirement of weak symmetry of a state pg can be seen to follow from the existence of a purification which
is invariant under a global symmetry.

A gauge symmetry is local if it acts non-trivially only on the system of interest, like e.g. the U(1) gauge symmetry
of quantum electrodynamics. In the case of local gauge invariance, one expects invariance of the global quantum
state under (Us(g) ® 14) o (U;(g) ®14). Permutation symmetry is a symmetry that acts locally on a system S
of N particles. Thus the requirement of complete invariance under permutations follows from the understanding of
permutation invariance as a gauge symmetry and not a global symmetry.

M. Global states in various approaches to quantum references frames

There are a number of different frameworks for the study of quantum reference frames, including the perspective-
neutral framework [35] [60H62], the operational framework [27, 28 4T], 42] [7TH73], and the quantum information-
theoretic approach [23] 24] [[4H77], amongst others. In all these approaches there exists a representation U(g) of the
symmetry group G of interest. In the perspective-neutral approach, the global state is assumed to transform under
a trivial representation of G, i.e. U(g)|v) = |¢), whereas in the operational and the quantum information-theoretic
frameworks, the global state is assumed to be weakly symmetric under U(g), i.e. U(g)pUT(g) = p.

The requirement of transforming trivially under the representation U(g) is in fact equivalent to being strongly
symmetric as we now show. Any state which is strongly symmetric and transforms under U(g) as €?(9) transforms
trivially under the projectively equivalent representation e =9/ (g). Hence requiring strong symmetry under U(g)
is equivalent to requiring that the states transform trivially under some representation V(g) which is projectively
equivalent to U(g).

Any non-invariant state p can be mapped to a weakly symmetric state p which gives the same probabilities on
all invariant observables via the incoherent, or weak, twirl: p = fgeG U(g)pUT(g)dg. A non-invariant state p can be
mapped to a strongly symmetric state ppnys which gives the same probabilities on all observables with full support
on the trivial subspace via the coherent, or strong, twirl: pphys = ngG fq'EG U(9)pUt(g")dgdg'. The action of the

coherent twirl on pure states is |¢) — fg U(g)|)dg.

Given a physical scenario with a symmetry G, imposing the additional requirement of complete invariance (or not)
allows one to single out the perspective-neutral framework (or not) as the relevant approach. As discussed above, this
requirement could be motivated by an understanding of U(g) as a gauge symmetry, or by appealing to the church of
the larger Hilbert space. An explicit argument showing that the coherent twirl, but not the incoherent twirl, fulfills
the requirements needed to define a gauge theory can be found in [78] Section II. B. 3]. In contrast, the incoherent
twirl is defended in [79] by appeal to Bayesian probability.

The generalization of Theorems [2 and [3] in the main text beyond the quantum permutation group, showing how
invariance under quantum permutations gives rise to the perspective-neutral subspace, will be given in upcoming
work [64].
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