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In order to understand in which respects quantum theory truly resists classical explanation, it is crucial to define a
well-motivated, rigorous, experimentally testable, and practically useful notion of classical explainability. Generalized
noncontextuality has been shown to provide such a notion [1]. It refers to the requirement that a theory admits
of a generalized-noncontextual ontological model. This means that experimental procedures that are operationally
equivalent are represented identically in the ontological model of the theory. The ontological model constitutes a formal
framework for providing a realist explanation of the theory’s predictions [2]. The assumption of noncontextuality
is motivated by a methodological principle inspired by Leibniz’s principle of the identity of indiscernibles [3], or,
equivalently, by the principle of no operational fine-tuning [4]. The violation of noncontextuality — which we refer
to as contextuality — has been subjected to experimental tests [5-9] and has been shown to constitute a resource in
information-processing tasks [10-14].

Despite its importance, determining which aspects of a given quantum phenomenon witness contextuality is
often nontrivial. Results have been established in state discrimination [15-21], interference [22, 23], uncertainty
relations [24], cloning [25], measurement compatibility [26, 27], coherence [22, 28], metrology [29], thermodynamics
[29, 30], weak values [31], and quantum Darwinism [32]. However, although this list is extensive, it is still outpaced by
the number of quantum phenomena for which such analysis has not been implemented. Moreover, there is currently
no systematic method to address the question in general. Each new case typically requires the development of a
dedicated proof.

In this work, we describe a method for deriving contextuality proofs in theories with a tomographically complete
set of three two-outcome measurements satisfying A3-symmetry. Specifically, we show that, under these assumptions
and for a single system, the toy theory of [33] is the unique largest theory admitting of a noncontextual ontological
model—every such theory being a subtheory of it— modulo a gauge freedom in the ontological model that we refer
to as junk ontology, and which can be ruled out by appealing to the same methodological principle (Leibnizianity)
that motivates noncontextuality. The precise statement is as follows:

Theorem 1. For a single system, the toy theory of [33] is the unique largest theory that admits of a noncontextual
ontological model and satisfies A3-symmetry with respect to three two-outcome measurements forming a tomographically
complete set; that is, every such theory is a subtheory of the toy theory, up to the gauge freedom (junk ontology). The
underlying ontological model is, in turn, unique up to this gauge freedom.

Thus, for experiments in which A3-symmetry is tested and tomographic completeness assumed, if the corresponding
quantum phenomenology can be reproduced within the toy theory, then it admits of a noncontextual explanation;
otherwise, it constitutes a proof of contextuality. There is no need to examine all possible noncontextual ontological
models to determine whether they can reproduce the phenomenology under consideration.

An operational theory satisfies A$-symmetry with respect to three two-outcome measurements on a single system,
which we denote by X,Y, Z, if, for every state in the theory, there exist seven other states with the same X-, Y-,
and Z-predictabilities, such that the resulting set of eight states spans the eight possible combinations of expectation
values (X), (Y), and (Z). Many operational theories satisfy this condition, including qubit quantum theory, its
stabilizer subtheory, and gbit theory. The assumption, which implies a nontrivial set of operational equivalences
among single-system states, was originally employed in [24] and [23].



A theory that satisfies Aj-symmetry is the toy theory!, an example of a classical statistical theory with an
epistemic restriction—namely, a constraint on the allowed probability distributions over the underlying phase-space
points. A more formal treatment than [33], appealing to symplectic structure and applicable to both discrete and
continuous-variable systems, can be found in [34]. The toy theory demonstrates that many phenomena previously
regarded as genuinely nonclassical features of quantum theory can in fact be reproduced within such a noncontextual
theory, and it has inspired a substantial body of subsequent research.

We apply the result above to identify contextual aspects of the SWAP-test phenomenology. The SWAP test
is a central primitive in quantum information processing: it provides a way to compare two quantum states by
estimating their overlap (equivalently, by testing their symmetry/antisymmetry properties), and it underlies a variety
of state-comparison and overlap-estimation tasks.

Although Theorem 1 is stated for a single system, it is all that is needed for the two-particle analysis below.
Assuming that the composite ontic state space is the Cartesian product of the single-particle ones, each subsystem is
a toy bit and the relevant tests can be taken to be arbitrary response functions on the resulting 16-cell joint ontic space;
the argument then uses only the ontic representations of product states. A full characterization of the two-particle
state space—only partially resolved in the attached manuscript, where the partially entangled case remains open—is
not required here.

Assuming A$-symmetry with respect to three two-outcome measurements forming a tomographically complete set,
we first establish an ideal-case result: in the toy theory, and therefore in any noncontextual theory, any two-particle
test that is passed by all states of the form ¢ ® ¢ with probability 1 must be trivial, i.e., it is passed with probability
1 by all products of two pure states.

Theorem 2. Consider any noncontextual model satisfying A3-symmetry with respect to a tomographically complete
set of three two-outcome observables. Suppose there is a two-particle test that is passed with probability 1 by all states
of the form ¢ ® ¢. Then it is the trivial test, and thus is also passed with probability 1 by all states ¥ @ ¢, for  # ¢.

We then prove a noise-robust extension: if 1) ® ¢ passes a test with sufficiently high probability, then (under the
same assumptions) any pair 1) ® ¢ must also pass with a correspondingly high probability.

Theorem 3. Consider any noncontextual model satisfying A3 -symmetry with respect to a tomographically complete set
of three two-outcome observables. If there exists a test such that all six pairs of pure states ¥ @1 pass with probability
p > 3/4+ 0, then any pair of states ¥ @ ¢, with 1 # ¢, must pass the same test with probability p > 1/2 + 20.

These noncontextual predictions differ from those of the SWAP test in quantum theory, where a gap is present
between the output probabilities for the cases of identical and orthogonal states. This gap allows us to identify
the SWAP-test phenomenology as a witness of contextuality. Since this phenomenology already appears in the
stabilizer subtheory, our result constitutes a new proof of contextuality for the two-qubit stabilizer theory. In
the article we also show that the same noncontextual SWAP-test phenomenology arises in the 8-state model of
Wallman and Bartlett [35], which is preparation- and measurement-noncontextual for the single-system case but
transformation-contextual [36].

Our uniqueness theorem implies that, in any setting where A3-symmetry can be certified (and the measurements are
tomographically complete), noncontextual predictions can be read off directly from the toy theory, thereby providing
an easier and more systematic route to demonstrating contextual /noncontextual separations. In an updated version of
this work, we plan to show how a range of existing contextuality proofs can be reproduced via our result, including those
found in the contexts of state discrimination [15], conclusive exclusion [21], uncertainty relations [24], state-dependent
cloning [25], and two-state overlap [37]. Beyond re-deriving known separations, it would be particularly interesting
to use the toy-theory reduction as a search tool for identifying new contextuality witnesses in phenomena that have
not yet been analysed.

A second direction for future research concerns our contextuality witness based on the SWAP-test phenomenology.
Since the SWAP test has been shown to be operationally equivalent to the Hong—Ou-Mandel effect [38], our
results suggest a possible route to studying contextual aspects of bosonic indistinguishability. More broadly, it
would be valuable to understand to what extent the present approach can be extended beyond the assumption of
A3j-symmetry.

ore precisely, it is the convexified version of the toy theory o , i.e., the version in which any state that is a convex mixture of vali
LM isely, it is th ified i f the toy thi f [33], i.e., th ion in which tate that i ixt f valid
pure states is itself a valid state. We will refer to this as “the toy theory”.
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In this work we show that, for single systems, the toy theory developed in [Spekkens, PRA
75, 032110 (2007)] is essentially the unique largest theory with a tomographically complete set of
three two-outcome measurements that satisfies A3-symmetry and that admits of a noncontextual
ontological model. The A$-symmetry assumption is satisfied by many commonly studied theories,
such as qubit quantum theory and its stabilizer subtheory, and has been adopted in several previous
works. This result implies that, in order to establish contextuality proofs for quantum phenomena
(in theories satisfying A3-symmetry) it suffices to analyse them in the toy theory. As an application,
we investigate contextual features of the SWAP test phenomenology. In particular, we show that, in
the toy theory (and therefore in any noncontextual theory satisfying A3-symmetry), any two-particle
test that is passed by the tensor product of two identical pure states with high probability must
also be passed by the tensor product of two orthogonal states with high probability. This is in stark
contrast with what occurs in quantum theory, where there is a gap between the output probabilities
associated to the tensor product of two identical and the tensor product of two orthogonal input
states. Consequently, the quantum phenomenology of the SWAP test is a witness of contextuality.
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I. INTRODUCTION

In order to understand in which respects quantum theory truly resists classical explanation, it is crucial to define a
well-motivated, rigorous, experimentally testable, and practically useful notion of classical explainability. Generalized
noncontextuality has been shown to provide such a notion [1]. It refers to the requirement that a theory admits
of a generalized-noncontextual ontological model. This means that experimental procedures that are operationally
equivalent are represented identically in the ontological model of the theory. The ontological model constitutes a formal
framework for providing a realist explanation of the theory’s predictions [2]. The assumption of noncontextuality
is motivated by a methodological principle inspired by Leibniz’s principle of the identity of indiscernibles [3], or,
equivalently, by the principle of no operational fine-tuning [4]. The violation of noncontextuality — which we refer
to as contextuality — has been subjected to experimental tests [5-9] and has been shown to constitute a resource in
information-processing tasks [10-14].

Despite its importance, determining which aspects of a given quantum phenomenon witness contextuality is
often nontrivial. Results have been established in state discrimination [15-21], interference [22, 23|, uncertainty
relations [24], cloning [25], measurement compatibility [26, 27], coherence [22, 28], metrology [29], thermodynamics
[29, 30], weak values [31], and quantum Darwinism [32]. However, although this list is extensive, it is still outpaced by
the number of quantum phenomena for which such analysis has not been implemented. Moreover, there is currently
no systematic method to address the question in general. Each new case typically requires the development of a
dedicated proof.

In this work, we describe a novel method for deriving proofs of contextuality in theories with a tomographically
complete set of three two-outcome measurements satisfying the assumption of A$-symmetry. Specifically, we show
(Theorem II.1) that, under these assumptions, the only noncontextual theory is the toy theory of [33], modulo a certain
gauge freedom in the ontological model that we refer to as junk ontology, and which can be ruled out by appealing to
the same methodological principle of Leibnizianity that motivates noncontextuality. Thus, for experiments in which
A3-symmetry is tested and tomographic completeness assumed, if the corresponding quantum phenomenology can
be reproduced within the toy theory, then it admits of a noncontextual ontological model; otherwise, it constitutes
a proof of contextuality. There is no need to examine all possible noncontextual ontological models to determine
whether they can reproduce the phenomenology under consideration.

An operational theory satisfies A3-symmetry with respect to three two-outcome measurements on a single system,
which we denote by X, Y, Z, if, for every state in the theory, there exist seven other states with the same X-, Y-, and
Z-predictabilities, such that the resulting set of eight states spans the eight possible combinations of expectation values
(X), (Y), and (Z). Many operational theories satisfy this condition, including qubit quantum theory, its stabilizer
subtheory, and gbit theory. The assumption, which implies a nontrivial set of operational equivalences among single
system states, was originally employed in [24] and [23].

A theory that satisfies A$-symmetry is the toy theory of [33]', an example of a classical statistical theory with
an epistemic restriction—namely, a specific constraint on the allowed probability distributions over the underlying
phase-space points. A more formal treatment of the toy theory than that of [33], appealing to symplectic structure and
applicable to both discrete and continuous-variable systems, can be found in [34]. The toy theory demonstrates that
many phenomena previously regarded as genuinely nonclassical features of quantum theory can in fact be reproduced
within such a noncontextual theory, and it has inspired a substantial body of subsequent research [35-46].

We apply the result obtained above to identify contextual aspects of the SWAP test phenomenology. The SWAP
test is a central primitive in quantum information processing: it provides a way to compare two quantum states by
estimating their overlap (equivalently, by testing their symmetry/antisymmetry properties), and it underlies a variety
of state-comparison and overlap-estimation tasks.

Assuming A$-symmetry with respect to three two-outcome measurements forming a tomographically complete set,
we first establish the ideal-case result (Theorem III.1), in which we consider any two-particle test that is passed by
the tensor product of two identical pure states with probability 1. We show that, in the toy theory, and therefore
in any noncontextual theory, such a test must be the trivial test, i.e., the one that is passed with probability 1 by
all products of two pure states. We then prove a robust extension of this result (Theorem II1.2): any two-particle
test that is passed by the tensor product of two identical pure states with high probability must also be passed by a
product of two orthogonal states with high probability in the toy theory, and therefore in any noncontextual theory.

ore precisely, it is the convexified version of the toy theory o , i.e., the version in which any state that is a convex mixture of vali
LM isely, it is th ified i f the toy thi f [33], i.e., th ion in which tate that i ixt f valid
pure states is itself a valid state. We will refer to this as “the toy theory”.



The noncontextual predictions of both the ideal and robust cases differ from those of the SWAP test in quantum
theory, where there is a gap between the output probabilities for the cases of identical and orthogonal states. This gap
allows us to identify the SWAP test phenomenology as a witness of contextuality. Since this phenomenology already
appears in the stabilizer subtheory, our result constitutes a new proof of contextuality for the two-qubit stabilizer
theory.

The remainder of the article is structured as follows. In Section II we prove our main result for a single system:
the toy theory is the largest noncontextual theory in this symmetry class. The composite-system case is treated in
Appendix A, where we establish the result on the separable and maximally entangled sectors and explain why the
general (partially entangled) case remains open. In Section III we apply this result to show that the phenomenology
of the SWAP test witnesses contextuality. In Section IV we conclude and outline avenues for future research. We also
include Appendix B, where we show that the same noncontextual SWAP-test phenomenology arises in the 8-state
model of Wallman and Bartlett [47], which is preparation- and measurement-noncontextual for the single-system case
but transformation-contextual [48].

II. UNIQUENESS OF THE TOY THEORY

In this section we prove the following theorem.

Theorem I1.1. For a single system, the toy theory of [33] is the unique largest theory that admits of a noncontextual
ontological model and satisfies A3-symmetry with respect to three two-outcome measurements forming a tomographically
complete set; that is, every such theory is a subtheory of the toy theory, up to the gauge freedom (junk ontology)
described below. The underlying ontological model is, in turn, unique up to this gauge freedom.

A. A —symmetry

Before proving the result, let us clarify what we mean by A3—symmetry and how we impose it, given it is an
important assumption behind our key result.

We follow the definition of [24], which states that a theory satisfies A3 —symmetry relative to the three observables
X,Y, and Z if, for every state p; in the theory, there exist other 7 states {pa, ps ... ps} in the theory which agree with
p1 on the absolute values | (X)|,|(Y) ], and | (Z) |, but which correspond to all 8 choices of different signs for these
quantities. That is, we have, for example

(X),, =(X),,» (1)
) =y, (2)
(2)p, = =(2),,, (3)
and so on. Geometrically, if we represent the states as points with coordinates {(X),(Y),(Z)} (i.e., in Bloch-sphere
coordinates), then the 8 points {p1, ..., ps} lie in the 8 vertices of a rectangular prism with faces parallel to the XY,

XZ and Y Z planes.

Since we assume that the X, Y and Z measurements are tomographically complete, this symmetry leads to several
operational equivalences, such as

1 1
5(,01 +ps) = Z(m + ps+ ps + p7).

In this work, we impose this symmetry in a different manner that turns out to be more convenient, but is ultimately
equivalent. For any model, we posit the existence of a set of Pauli-like transformations, which act on the expectation
values of the Pauli observables as expected. For instance, for any state p, we have that applying X to p leaves the
value of (X)) invariant but flips the signs of (Y) and (Z), with the obvious extensions to Y and Z transformations. We
also consider a transformation, which we call R, which acts as an “inversion about the origin” in these coordinates,
namely flipping the sign of the three expectations above.

It is then clear to see that the set of 8 states {p1,...,ps} are actually the orbit of p; under combinations of the
three Pauli operators and the inversion. The operational equivalences can now be written as
1 1
5 (p+Rlpl) = 7 (p+ X[p] + Y[ + Z[p)), (4)



which is the form that we will use. We emphasize that, even though we are describing them in terms of a set of
transformations, the expression above should be interpreted as the ontological equivalence between two preparations
(and subsequently, when imposed at the ontological level, as a consequence of preparation noncontextuality).

B. Proof of Theorem II.1 — states

We now prove that any theory admitting of a noncontextual ontological model for a single system which satisfies
A3 —symmetry with respect to the three Pauli measurements is the toy theory [33], up to a spurious unobservable
degree of freedom (i.e., junk ontology).

Consider an operational theory with a tomographically complete set of three measurements {X,Y, Z}, each with
two outcomes +1, and consider an ontological model of this theory. Without loss of generality, we may assume
that the ontic state space can be taken to consist of 8 ontic states, corresponding to all deterministic assignments of
outcomes to the three measurements.”? Equivalently, we represent the ontic states by the standard basis vectors of
R3, namely

{(1,0,0,0,0,0,0,0), (0,1,0,0,0,0,0,0), ..., (0,0,0,0,0,0,0,1)}. (5)
Without loss of generality we can identify the three effects corresponding to the Pauli measurements
£+1\X = (171707071a17070) (6)
§+1|Y = (170717071507170) (7)
§+1|Z = (17171a1a0507070) (8)

with the other three effects defined such that

§411a + & 14 = 14,

for A={X,Y, Z} and where @ is the unit effect. We define the corresponding three expectation values on some state
p as

(A) = (§4114 — E-1a) - p-

Finally, we also define the X, Y and Z transformations in this model as the following permutations:

X :(16)(25)(38)(74), 9)
Y : (17)(28)(35)(46), (10)
Z : (14)(23)(58)(67). (11)

These Pauli-like transformations have been defined by the property that the X should preserve the expectation of the
X observable and flip the sign of the Y and Z observables, and so on.

Consider now an arbitrary vector in this ontological model

ﬁ: (a7b,c,d,e,f,g7h), (12)
with normalization h =1—a—b—c—d—e — f —g. Define the Pauli-twirled state obtained from it as follows
1
Plel = 7 (Xlpl +Ylp] + Zp] + p). (13)

It is easy to check that, for this state, (X) = (Y) = (Z) = 0. Indeed, in quantum theory and in the toy theory,
this preparation corresponds to the maximally mixed state for any p. In our model, at this stage, this preparation
corresponds to the following state

Plo)=L(A1—A1— A A1—A A A1 A) = v4,
forA=a+d+ f+g€]0,1].

We now invoke the assumption of preparation noncontextuality, and demand that the maximally mixed state is
unique. This breaks down our model into a class of distinct models, each corresponding to a different choice of A.
Let us begin by considering the simplest case, where A = 1.

2 If the ontic state space contains more than these 8 ontic states, we can coarse-grain it into 8 disjoint regions labelled by the induced
deterministic assignments to (X,Y,Z). By tomographic completeness, this coarse-graining preserves all operational statistics, so no
generality is lost by restricting attention to these 8 states.



1. The case A=1.

If we choose the model corresponding to A = 1, its maximally mixed state is given simply by
U1 = i(lv 07 Oa la 07 17 17 O)a
and the arbitrary state p from Eq. (12) becomes
p= (1 *d*f*Q,b,C,d,G,f,Q,*b*C*e).
The fact that p must only have nonnegative entries implies b = ¢ = e = 0, and thus
p= (1 —d - f_gvoaovd,()mfvg?o)'

These correspond to arbitrary convex combinations of the following four states
(1,0,0,0,0,0,0,0)
(0,0,0,1,0,0,0,0)
(0,0,0,0,0,1,0,0)
(0,0,0,0,0,0,1,0)

If we compute the expectations of the three Pauli operators for these four states — i.e., their “Bloch sphere
coordinates”, we find that they lie at the vertices of a tetrahedron

{(_17 L _1)7 (17 -1, _]-)7 (_17 -1, ]-)7 (]-7 L, 1)}

We now want to impose that the theory satisfies A3 symmetry. This effectively corresponds to demanding that the
equal mixture of a state p and the one with diametrically opposed Bloch sphere coordinates (let us call it p*) is the
maximally mixed state, following Eq. (4). However, there is no obvious transformation that generates p* given an
arbitrary p. Therefore, we instead flip the logic of the A? symmetry, and rather than demanding that p and p* mix
to vy, we will use this as a definition of p=:

pl = 2v, — p.

If we now impose the constraint that pt is a valid state (i.e., all entries in the range [0, 1]) whenever p is a valid state
we obtain a set of inequalities relating the free variables d, f, g. This simple set of constraints defines a polytope, and
it is not hard to show that this polytope is the convex hull of the six extremal points:

0,0,0,0,0,1,1,0
0,0,0,1,0,0,1,0
0,0,0,1,0,1,0,0
1,0,0,0,0,0,1,0
1,0,0,0,0,1,0,0
1,0,0,1,0,0,0,0

_ T T T T

N N NI N N N

(
(
(
(
(
(

Note that, if we simply ignore the entries 2, 3,5 and 8 in each of the above vectors, they correspond exactly to the 6
epistemic states in the toy theory of [33].

We now need to consider the set of allowed transformations in this model. A priori, all permutations of the ontic
states should be valid. However, note that there are permutations that do not preserve the maximally mixed state.
For example, if we define the reversal operation by

R : (18)(27)(36)(45).
then we get
R[vl] = %(Oa 1,1,0,1,0,0, 1)

If we demand that the maximally mixed state is invariant under any transformation in the model, this means that
we must discard R as a valid transformation. Alternatively, notice that the statistics of R[v1] is again that of the



maximally mixed state, and thus its presence would contradict the assumption that the maximally mixed state is
unique. From these considerations it follows that, in order to preserve the uniqueness of the maximally mixed state,
the set of allowed transformations in this model must correspond to only permutations within entries 1, 4, 6 and 7,
which correspond exactly to the set permutations allows in the toy theory.

In conclusion, the state space of the resulting model uses only 4 of the 8 ontic states from the original model, which
is preserved by all allowed transformations. If we were to simply disregard vectors entries 2, 3, 5, and 8, in all states,
transformations and effects, the resulting model would be exactly the one corresponding to the toy theory.

Clearly the same reasoning applies in the case where A = 0, which would also correspond exactly to the toy theory,
but now using ontic states 2, 3, 5 and 8.

2. The case A # 0, %, 1.
Let us now consider a more general case, where we choose any value of A € [0,1/2) U (1/2,1]. The case A =1/2
has some extra subtleties which we delay to the next section.

For this choice, the maximally mixed state is now given by
va=1(A1-A1-AA1-AAA1-A).

We now apply the same set of constraint as before. First, we discard from the model all transformations that mix
entries 1,4,6,7 with entries 2,3,5,8. The reason is the same as before: these permutations (e.g., the reversal R), when
applied to v4, generate a state that is distinct from it but that also has maximally mixed statistics, thus would violate
the constraint that the maximally mixed state is unique.

Next, we impose A7 symmetry, in the form of demanding that p~ = 2v4 — p is a valid state whenever p is a valid
state. The resulting inequalities again define a polytope, whose vertices are characterized by 36 distinct states. This
can be understood as a natural consequence of the previous result, as follows. The state v4 is a convex combination
of states v; and vg. In the cases where A = 0 and A = 1 we showed, in the previous section, that we recover the toy
theory using sets of ontic states {1,4,6,7} and {2,3,5,8}, respectively. The states that we obtain for general A are
then all 36 convex combinations, with weights {A4,1 — A}, of the 6 states in the {1, 4,6, 7} sector and the 6 states in
the {2, 3,5, 8} sector. They include states of the type:

{3(A,1-A,1— A, A0,0,0,0),3(A1—A0A4,1-4,0,0,0)...}

However, we now argue that the resulting model is preparation contextual. To see why, we separate the states in
two classes. There are 6 of them, which we call “pure” states, which have the Pauli statistics that corresponds to
pure stabilizer states in quantum theory, or the epistemic states of the toy theory. In these cases, we have a convex
combinations of two “copies” of the toy theory in the two sectors, but they are perfectly correlated, in the sense that
for both sectors the states have the same statistics. For example, the state

3(A,1-A,1-A4,4,0,0,0,0)

has (X) = 0 = (Y) and (Z) = 1, for any A. Crucially, these states (and their convex combinations) are already
sufficient to generate any set of Pauli statistics compatible with the toy theory or stabilizer quantum theory.

The remaining 30 states, which we call “pseudo-pure” states, correspond to choices where, in each sector, we have
a state with a different statistics. For example, the state

(A, 1-A4,0,A,1 - A,0,0,0)

is such that (Y) =0, (X) = A and (Z) =1 — A. Now note that the exact same Pauli statistics can be obtained by a
convex combination of pure states:

4(A4,1-A1-A,A,0,0,0,0)+52(4,1-A,0,0,1— A, A,0,0).

Since we assume that Pauli measurements are tomographically complete, we have two distinct preparations that
correspond to the same state. Therefore, in order for our model to include the 6 states corresponding to perfect
predictability for all three Pauli measurements, that is, the 6 pure states, preparation nonconextuality implies that
we must discard all the 30 pseudo-pure states from the model.



Similarly, the only set of allowed transformations in this model should correspond to those which take allowed states
into allowed states. This means that we can apply arbitrary permutations between ontic states {1,4,6, 7}, but they
must always be accompanied by a corresponding permutation in sector {2, 3, 5,8} such that every pure state is taken
into another pure state, and not into a pseudo-pure one.

After imposing all described restrictions on the set of allowed states and operations, we are left again with a model
that corresponds effectively to the toy theory. Every state is fully determined by its entries on the {1,4,6,7} sector,
and every operation is also fully determined by how it permutes the elements in this sector—the corresponding states
and transformations in the {2,3,5,8} sector must always be fixed in order to maintain the model with the convex
hull of the 6 pure states.

We now return to the big picture. We started from the assumptions of preparation noncontexuality, tomographic
completeness of the Pauli measurements and A3 symmetry. By demanding that the maximally mixed state is unique,
the original model broke down into a class of distinct models parameterized by some A € [0,1]. However, for every
value of A (except for 1/2, which we will return to shortly) the resulting model is completely isomorphic to the one
associated with the toy theory in every way, and the Pauli measurements are insensitive to the value of A. Therefore,
we can interpret the possible choices of A as a form of gauge freedom, concluding therefore that the toy theory is the
unique theory admitting of a noncontextual model compatible with this set of assumptions, up to unobservable “junk
ontology”. Notice that the removal of junk ontology can be justified by appealing to the same credential underlying
noncontextuality, namely the principle of Leibnizianity. In its contrapositive form, this principle states that ontological
distinctness must correspond to empirical distinguishability, which precisely prohibits junk ontology.

3. The case A=1/2

We now consider the more subtle case where A = 1/2. First, notice that the arguments from the previous section
can be repeated in the case A = 1/2, and would lead to the same conclusions. However, in this case there is one step
that would not be well justified, namely the removal of certain permutations from the model. To see this, recall that
the maximally mixed state now is

V12 = %(15 17 17 17 la 15 17 1)
This state is invariant under a larger set of transformations than v4. For example, we can define

P : (2431)(5687), (14)
H : (12)(36)(45)(78), (15)
R : (18)(27)(36)(45), (16)
where H and P are analogues of the Hadamard and Phase operations from quantum theory, and we encountered R

before as a Bloch-sphere inversion (i.e., which flips the sign on all three Pauli expectations). There is no good a priori
reason to exclude them from our model. However, it is now easy to see that the state

§@+mm

has again the same Pauli statistics of the maximally mixed state. Once more invoking the assumption of preparation
noncontextuality, we demand that
1

B} (p+ R[p]) = v12.

Since vy /5 = P[p], it is clear that the expression above is nothing more than a manifestation of A3 —symmetry. By
imposing this constraint, the resulting model corresponds to a polytope whose vertices are given by the six states

$(0,0,0,0,1,1,1,1
(1,1,1,1,0,0,0,0
(0,0,1,1,0,0,1,1
(1,1,0,0,1,1,0,0
(1,0,1,0,1,0,1,0
(

)
)
)
)
)
0,1,0,1,0,1,0,1)

N N N N e



which are exactly the states in the 8-state model of Wallman and Bartlett [47].

There is a subtly different route to the 8-state model, in which one defines pt := 2uv; /2 — p, analogously to the
previous subsection. This construction yields two a priori distinct states, R[p] and p*, that nevertheless have identical
operational statistics. If one additionally imposes R[p] = p* on the grounds of preparation noncontextuality, then
one again recovers the 8-state model. The key difference from the analysis of the previous subsection is that here one
does not need to exclude permutations such as R from the model: the availability of R, together with the preceding
argument, bypasses the issue of pseudopure states and leads directly to the 8-state model.

However, from our perspective, the standard 8-state model should still be excluded from our conclusions, since it is
transformation contextual, as shown in [48], precisely due to the existence of transformations that permute between
the sectors {1,4,6,7} and {2,3,5,8}. Therefore, when A = 1/2 we find that either (i) the model coincides with the
8-state model of [47], includes transformations such as R, and is contextual, or (ii) it is a subtheory of the 8-state
model of [47] in which the allowed transformations are restricted to permutations within each sector, in which case it
is simply another instance of the toy theory up to a gauge transformation, as described in the previous section.

Since the SWAP test fits within a prepare-and-measure paradigm, one might worry that excluding the Wallman—Bartlett
8-state model on the grounds that it is “only” transformation contextual is too strong. In appendix B we show that, in
the SWAP-test setting, one recovers the same conclusion as for the toy theory even if the 8-state model is contextual.
Along the way, we also show that any preparation noncontextual fragment of the two-particle 8-state model admits
no nontrivial entangled states.

C. Proof of Theorem II.1 — effects

In this subsection, the goal is to complete our reconstruction of Spekkens’ single-particle toy theory by obtaining
also its effect space as a consequence of A3 symmetry. Our starting point is the ontic state space spanned by 4 states
described in the previous section. In other words, we assume it has already been established that the underlying
ontological model that explains our system satisfies A3 symmetry and preparation noncontextuality, and that we have
already discarded any junk ontology. The goal now is to prove that the largest possible effect space compatible with
the underlying ontological model and with A3 symmetry also coincides with that of the toy theory. Here the four
surviving ontic states from the previous section are relabelled 1,...,4, and the components ey, ..., e4 are the response
probabilities of the effect on them.

We begin by considering an unconstrained set of effects represented in the underlying ontological model, i.e., we
assume 4-dimensional effect vectors

€= (e, e2,€3,€4) (17)

subject only to the constraints that 0 < e; <1 for ¢ = 1...4. We remark that this is not fully unconstrained in the
GPT sense [49], where the effects are only required to satisfy 0 < &-p'< 1 for all states p'in the state space. If we use
this GPT definition to construct all effects compatible with the state space of the toy theory, we would obtain effects
such as (2,0,0,0), which give sensible results over all epistemic states of the toy theory but do not make sense in
the underlying ontological model. Instead, by starting with € subject only to 0 < e; < 1 we are allowing all possible
effects compatible with the ontological model, whilst making no reference to the allowed epistemic states.

Given an arbitrary effect € as in Eq. (17), we can map it to a more convenient set of coordinates as
R 1
€:= (€, €y, €5, 1) = Z(el —egt+e3—eyq,61 —€a—e3+eq,61+ea—e3—eq,e1+ e+ es+eq). (18)

The first three entries of € correspond to the “Bloch sphere” coordinates of the effect vectors, whereas ¢ is the probability
associated to the maximally mixed epistemic state (1,1,1,1)/4. We could have described the states p in the previous
section in terms of these same coordinates, where r; would have corresponded to the expectation of the corresponding
Pauli observable in state p, and the last coordinate would be trivially equal to 1 due to normalization of the state
vectors.

As in the previous section, we now demand that the effects space satisfies A3 symmetry in terms of its Bloch sphere
coordinates. Concretely this means that, for any effect vector €, there should exist 7 other effects vectors obtained
by flipping the sign of the three first entries of €. Computationally, the most straightforward way to obtain the
largest effect space compatible with this symmetry is to (i) map all 16 extreme effects defined by Eq. (17) to the
corresponding € coordinates, (ii) compute the 4-dimensional convex hull of these 16 extreme effects, encoded as a set



of linear inequalities, (iii) compute the corresponding inequalities defining the other 7 polytopes defined by the orbit
of these 16 effect vectors under A3 symmetry, (iv) map all inequalities back in terms of the coordinates in the original
ontic state space, and (v) solve the vertex ennumeration problem for the resulting polytope. By construction, that
is the largest polytope which is a subset of the unconstrained polytope and that is compatible with A} symmetry.
Performing these steps, the extreme effects of the resulting polytope are given by the two trivial effects (the zero effect
and the unit effect)

(0,0,0,0),(1,1,1,1),
and the six toy theory effects

(1,1,0,0),(1,0,1,0), (1,0,0,1),(0,1,1,0), (0, 1,0,1), (0,0,1,1).

This concludes the proof that A3 symmetry is sufficient to reconstruct the toy theory (together with noncontextuality,
here embodied in the assumption of the underlying ontological model). We reiterate that this argument did not use
any information about the epistemic state space of the toy theory.

D. Composite systems

This completes the proof of Theorem II.1 for a single system: its state space, its effect space, and its allowed
transformations all coincide with those of the toy theory, up to junk ontology. The extension to two particles is
more delicate. As shown in Appendix A, the same set of single-particle constraints recovers the toy theory exactly
on the separable and maximally entangled sectors, but does not by itself rule out a family of spurious “bad” states
with partial entanglement; we discuss there the additional principles that would close this gap. We stress that our
application to the SWAP test (Sec. IIT) does not require resolving this issue: it relies only on the single-particle
result, the product structure of the composite ontic space, and the freedom to take the relevant effects to be arbitrary
response functions.

III. CONTEXTUAL ASPECTS OF THE SWAP TEST

In this Section we leverage Theorem II.1 to provide a noncontextual bound for the phenomenology of the SWAP
test.

Theorem III.1. Consider any noncontertual model satisfying A3—symmetry with respect to a tomographically
complete set of three two-outcomes observables. Suppose there is a two-particle test that is passed with probability 1
by all states of the type @ ® ¢. Then it is the trivial test, and thus is also passed with probability 1 by all states ¥ ® ¢,

for v # ¢.

Notice that in (stabilizer) quantum theory, which does satisfy A$—symmetry, the conclusion of the theorem does
not hold, as evidenced by the SWAP-test, which is passed with probability 1 for all symmetric states but passed with
probability 1/2 by any state [¢)|¢) for (p|tp) = 0. Therefore, this consists of a new proof of contextuality of the
stabilizer theory of 2 qubits.

We can also prove a noise-robust version of the result, stated as follows.

Theorem III.2 (Noise-robust version). Consider any noncontextual model satisfying A3—symmetry with respect to
a tomographically complete set of three two-outcomes observables. If there exists a test such that all six pairs of pure
states ¥ @1 pass with probability p > 3/4+ 6, then any pair of states ¥ @ ¢, with 1 # ¢, must pass the same test with
probability p > 1/2 + 26.

We recover theorem III.1 when 6 = 1/4. This version of the Theorem is noise-robust in the following sense. Suppose
we wish to experimentally implement a proof of contextuality via the SWAP test. This involves two steps: (i) checking
that all states ¥ ® ¢ pass a particular test with probability 1, and (ii) checking that some state ¥ ® ¢ passes it with
smaller probability, say 1/2. However, neither outcome will perfectly match the theoretically predictions. The robust
version then tells us that some noise is acceptable on both estimates of probabilities while still providing a proof of
contextuality. Below we prove only Theorem III.2, since Theorem III.1 immediately follows.

Proof of Theorem II1.2. By Theorem I1.1, each single system in a noncontextual model satisfying A$-symmetry is, up
to junk ontology, a toy bit, with the four-element ontic space of the toy theory. We assume that the ontic state space
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of the two-particle system is the Cartesian product of the single-particle ones, so that it consists of the 4 x 4 = 16
cells of two toy bits. We make no assumption on which two-particle states are allowed and, following the standard
treatment of effects in an ontological model, we take the relevant test to be an arbitrary response function on these
16 cells, i.e., a vector with entries in [0, 1]. The argument below uses only the ontic representations of product states
together with this effect; in particular, it does not rely on any characterization of the full two-particle state space (for
which see Appendix A).

The main step of the result relies on the following important fact: in the toy theory for two toy bits, the collection
of all states of the type ¥ ® 1, where 1 runs over all 6 pure states, spans the full two-particle ontic state space. More
precisely, we can write the uniform mixture over all symmetric states (i.e., ¢ ® ) as

1113

11131
Pr=sil1311 (19)

3111

where the 4 x 4 grid corresponds to the ontic state space of two toy bits, following [33], and the numbers correspond
to the relative weight associated to each ontic state. The uniform mixture over all non-identical states (i.e., ¥ ® ¢,
for ¢ # ¢) can be written as

8 886

1 8 86 8

PD= 150 (8 688 (20)
6 888

(as a sanity check we can immediately verify that p; + pp is the maximally mixed state). We also need the uniform

mixture over all orthogonal states (i.e., where ¢.1p = 0):

1

2 (21)

bPo =

ON NN
N O NN
NN O N
NN O

Suppose now that there is some effect vector in this two-particle ontic space given by

€11 €12 €13 €14
€21 €22 €23 €24 (22)
€31 €32 €33 €34
€41 €42 €43 €44

for which p; - e > C for some constant C'. This means that
3 et Yy 2240
i#]
It then follows that the probability assigned to the pp is

E 62612+8261j

i#£j

Oﬂoo
wa

Pp-e=

Similarly, the probability assigned to po is

1
PO'e:E§eijZQC_1'
7]

Meanwhile, in the ideal quantum case, the 6 stabilizer product states of the form |¢)|¢) where (¢]1p) = 0 pass the
SWAP test with probability 1/2, while other product states where ($|¢)') = 1/4/2 (of which there are 24), pass it with
probability 3/4. Consequently, the quantum-mechanical predictions are

61 243 7

L 23
Pp €= 555301~ 100 (23)

Po-e= (24)

N |
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This means that, as long as C' is not too small, we expect to observe a quantum violation of the noncontextual bound.
How much noise can we tolerate? In order to witness contextuality with a state p; we require

8 3 7

5975710
which means

C > 0.8125,

whereas to witness it with a state po it suffices to have

2C —1>
which means

3
c>=.
~

Clearly the latter case is more noise robust. By setting C' = % + & we conclude the proof of Theorem III.2. By
setting C' = 1 we obtain the particular case of Theorem III.1. O

IV. CONCLUSION AND FUTURE DIRECTIONS

In this work we identified a regime in which generalized noncontextuality rigidly constrains the space of admissible
operational theories. Assuming A3-symmetry with respect to a tomographically complete triple of two-outcome
measurements, we proved that the toy theory is essentially the largest theory that admits of a noncontextual
ontological model, with this model unique up to junk ontology. In particular, once operational equivalences implied by
A3-symmetry are imposed at the ontological level, the single-system state space and allowed transformations collapse
(modulo this gauge freedom) to those of the toy theory; for composite systems, the same argument fixes the toy theory
on the separable and maximally entangled sectors, while the general case remains open (Appendix A). Conceptually,
this elevates the toy theory to the canonical representative of noncontextual theories in this symmetry class.

A direct consequence is a systematic route to contextuality proofs for phenomena within this regime: rather than
searching over all noncontextual ontological models, it suffices to analyse the phenomenon in the toy theory. We
illustrated this by studying the SWAP-test phenomenology. Using the fact that, in the toy theory, the collection of
all symmetric product states ¢ ® ¥ span the entire two-system ontic state space, we derived a strong restriction on
any noncontextual behaviour: in the ideal case, any two-particle test passed with probability 1 by all ¥ ® 1 must
be the trivial test, hence passed with probability 1 by all pairs of pure states; and in the noise-robust case, if ¢ ® 1
passes with probability at least 3/4 + §, then any other pair must pass with probability at least 1/2 + 25. These
noncontextual predictions are incompatible with the SWAP test in (stabilizer) quantum theory, where a certain gap
persists between identical and orthogonal inputs. This also yields a new proof of contextuality for the two-qubit
stabilizer subtheory.

Our uniqueness theorem implies that, in any setting where A3-symmetry can be certified (and the measurements are
tomographically complete), noncontextual predictions can be read off directly from the toy theory, thereby providing
an easier and more systematic route to demonstrating contextual/noncontextual separations. In an updated version of
this work, we plan to show how a range of existing contextuality proofs can be reproduced via our result, including those
found in the contexts of state discrimination [15], conclusive exclusion [21], uncertainty relations [24], state-dependent
cloning [25], and two-state overlap [50]. Beyond re-deriving known separations, it would be particularly interesting
to use the toy-theory reduction as a search tool for identifying new contextuality witnesses in phenomena that have
not yet been analysed.

A second direction for future research concerns our contextuality witness based on the SWAP test phenomenology.
Since the SWAP test has been shown to be operationally equivalent to the Hong—Ou-Mandel effect [51], our
results suggest a possible route to studying contextual aspects of bosonic indistinguishability. More broadly, it
would be valuable to understand to what extent the present approach can be extended beyond the assumption of
A3-symmetry.
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Appendix A: Uniqueness for two particles

In this appendix we discuss the extension of Theorem II.1 to two particles. We show that the natural two-particle
analogues of the single-particle constraints recover the toy theory exactly on the separable and maximally entangled
sectors, and we explain why they do not, on their own, pin it down for general (partially entangled) states. None
of the open issues below affects the SWAP-test application of Sec. III, which uses only the single-particle result, the
product structure of the composite ontic space, and the freedom to take the relevant effects to be arbitrary response
functions.

We begin by assuming that the ontic state space for two copies of the system is given by the cartesian product of
two copies the ontic state space of a single system, which we take to be the 4-dimensional space of the toy theory. By
consistency, we admit the existence of all 36 pure product states, e.g.,
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corresponding to the case where both systems are in the state (1/2,1/2,0,0), and so on. The state corresponding to
an equal mixture of all pairs of pure product states is the two-particle maximally mixed state:
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Let us now construct the entangled states available in this model. As before, we start with an arbitrary state p
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We now impose preparation noncontextuality by demanding that p satisfies the following identities (satisfied by all
perfectly-entangled states in quantum theory)

1
Pilpl = 55D v ®¢,
V.0

1
Polpl = 55D ¥ ®6,
P,¢

where P; is the Pauli twirl from Eq. (13) applied to particle i. These relations imply a series of constraints® between
the matrix elements of p:

ntptot+q=j+k+l+m=

etf+g+h=d+h+m+qg=

ctg+l+p=b+f+k+o=

b

e L

1
f+g+h+k+l+m+o+p+q:a+5

The set of states compatible with these constraints and the demand that every matrix element of p is in [0, 1] forms
a polytope, which is the convex hull of 24 extreme points, given by

0100 0

or oo
e

10 0001
001 0010
000)” 01007
100 1000

which corresponds exactly to the 24 perfectly entangled states in the toy theory [33].

Two remarks are in order. First, the constraints above amount to demanding that both single-particle marginals
of p are maximally mixed. The extreme points of the polytope of 4 X 4 nonnegative matrices with uniform marginals
are precisely the 24 maximally entangled toy states. This argument therefore characterises only the mazimally
entangled sector: it constrains neither the product states (whose marginals are pure) nor, more importantly, the
partially entangled states (whose marginals are neither pure nor maximally mixed). Together with the 36 product
states admitted above and their convex combinations, we thus recover the toy theory exactly on the separable and
maximally entangled sectors.

Second, the general case is genuinely open. If, instead of fixing the marginals, one imposes a two-particle
generalisation of A3-symmetry together with the available Pauli, Clifford, and (positive but not completely positive)
transpose constraints, vertex enumeration returns the 60 toy-theory pure states (36 product and 24 entangled) together
with a family of 192 spurious “bad” states. These correspond to non-positive semidefinite Hermitian operators, are
supported on 6 of the 16 ontic cells, and have squared Bloch radius |7]> = 5/3 rather than the value 3 shared by
all toy-theory and quantum pure states. We have explored several approaches to remove these bad states, but the
question is still open. We leave a fully operational two-particle uniqueness statement to future work.

Appendix B: SWAP test in the 8-state model

In this appendix we show that not only there exist a separation between the SWAP-test phenomenology in contextual
theories and in the toy theory (and hence in any noncontextual theory satisfying A3-symmetry with respect to a

3 Incidentally, exactly the same set of constraints also follows if we assume, instead, that p reduces to the single-particle maximally-mixed
state when marginalized over either particle.
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tomographically complete triple of measurements) but also with respect to the the 8-state model of Wallman and
Bartlett [47]. The key ingredient is to impose uniqueness of the ontic representation of the maximally mixed state of
two systems /4, in particular under the operational equivalences 1 (p+XpX+YpY +ZpZ) = + and Lp+1 Ri(p) = 1,
where R; denotes the transformation that flips the signs of the X, Y, Z expectation values of the ith subsystem. This
transformation is allowed in the 8-state model, but it is not valid in the toy theory (nor in quantum theory, where
it would not correspond to a completely positive map). For this reason, it is natural to invoke it only in the 8-state
model.

More precisely, our proof proceeds as follows. We first note that the argument does not apply immediately, since
the 1 ® 9 states in the 8-state model do not span the entire ontic state space. In particular, they have no support
on the main diagonal (i.e., on a singlet-like state, where the two particles are always perfectly anticorrelated). This
is perhaps unsurprising: the model is known to be transformation-contextual already at the single-system level (via
Lillystone’s work [48]), and one can show that it becomes preparation-contextual as well if this singlet-like state is
admitted, simply by applying a Choi—Jamiotkowski version of Lillystone’s proof.

Our goal is therefore to argue that, under the same set of constraints imposed at the single-system level, the 8-state
model admits no nontrivial entangled states. We start from an arbitrary two-particle state p and impose the following
constraints:

(i) We impose that p reduces to the maximally mixed state upon marginalization over either subsystem. Importantly,
the maximally mixed state is fixed by our choice of single-particle model. In particular, if a single particle is
described by the 8-state model, then the two-particle maximally mixed state is the 8 x 8 matrix with all entries
equal to 1/64, obtained as the uniform mixture over all product states of the form ¢ ® ¢.

(ii) We impose that the state is invariant under U @ U and under the SWAP transformation. This step is not meant
to characterize the full set of two-particle states in the 8-state model, but rather to reduce the search space for
the effects of interest. Since the SWAP test is invariant under these operations (i.e., it depends only on the
two-particle overlap), it is natural to restrict attention to effects satisfying the same symmetry (alternatively,
one could state a theorem for fragments of quantum theory/the 8-state model whose effects satisfy it). Note
that this concerns U ® U symmetry: transformations of the form U ® I, for example, do affect the statistics.

(iii) We impose the ontological equivalence corresponding to the operational equivalence that we call the Pauli twirl:
1(p+ Xilp] + Ya[p] + Z1]p]) = 1. Note that this is applied to a single subsystem (though it does not matter
which). This operational equivalence is also satisfied by all 24 perfectly entangled stabilizer states, both in
quantum theory and in the toy theory. Here we impose it on the grounds that, for any state p satisfying (i) and
(ii), the statistics of its Pauli-twirled version coincide with those of the maximally mixed state (i.e., all single-
and two-qubit Pauli expectation values vanish). Notice how in this case the choice of maximally mixed state is
fixed by our single-particle model.

(iv) We impose the ontological equivalence corresponding to the operational equivalence +p + 1 R;(p) = 1. This
equivalence does not make sense in quantum theory or in the toy theory because R; is not a valid operation in
those theories: it is not completely positive in quantum theory, and it is not a permutation in the toy theory.
However, there is no reason not to include this transformation in the 8-state model. Furthermore, as in (iii),
one can verify that the resulting state has the statistics of the maximally mixed state.

We now begin by applying conditions (i) and (ii). In particular, demanding invariance under U ® U for the
single-qubit Pauli gates reduces the set of extreme points in the convex hull of entangled states to 64. However, this
set still exhibits contextuality: it contains distinct states that nevertheless agree on the statistics of all two-qubit
Pauli measurements (which form a tomographically complete set). If we restrict the effect space to the convex hull
of these 64 extreme points together with all product stabilizer effects, then we recover the ideal version of our result.
We also obtain a robustness curve similar to that of the toy theory, though not identical.

Figure 1 shows four curves, corresponding to the different sets of requirements imposed, as explained in the caption.
When we also impose (ii) and (iii), we obtain the desired result. Interestingly, in this case we also find that the only
states satisfying all constraints are convex mixtures of product states of the form ¢ ® 1 and 1 ® ¥+. Figure 2
compares the curves for the two-system toy theory (black) and for the noncontextual 8-state model (blue), illustrating
the expected behaviour of the robustified theorem. The region of interest is the top-right corner,* and we see that
the two theories agree there. This establishes the desired result.

4 Recall that the desired statement is of the form: if 1 ®1) passes a test with probability p > X, then ¥ ® ¢ must pass it with probability
p > Y. In the SWAP test in quantum theory, however, ¢ ® v passes with probability 1 while ¢ ® ¥ passes with probability 1/2.
Therefore, as long as Y > 1/2, there is a gap between the quantum value and the lowest value achievable by a noncontextual model.
Accordingly, the plot is only relevant in the region Y > 1/2.
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Let us conclude by considering an additional requirement:

(v) We impose the ontological equivalence corresponding to the operational equivalence that we call the Clifford
twirl: i(HpH + HXpHX + HY pHY + HZpHZ) = %. This operational equivalence is satisfied by all 24
perfectly entangled stabilizer states in quantum theory, but not in the toy theory, where the Hadamard gate
H does not correspond to a valid permutation. As in conditions (iii) and (iv), applying this twirl to p yields
statistics identical to those of the maximally mixed state.

Imposing requirement (v) in place of (iv), together with (i), (ii), and (iii), yields the same blue curve in Fig. 2,
consistent with the desired result.

FIG. 1: In the x azis we plot the probability that 1 ® 1 passes the test, and in the y axis the probability that ¢ @ ¢
passes the test. The point (1,1) corresponds to the ideal (exact) version of the result. The black curve is associated
with the toy theory. The blue curves arise when we impose only (i), (ii), and (iii), or only (i), (i), and (i),
respectively. In both cases the desired result still holds, but with weaker robustness than in the toy theory. The green
curve arises when we impose (i), (i), (i), and (i), or alternatively (i), (ii), (#i), and (v). Since the result is
relevant only in the top-right corner of the plot, we conclude that in this region the green curve agrees with the
toy-theory curve (see also Fig. 2).
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FIG. 2: In the x axis we plot the probability that 1 ® 1 passes the test, and in the y axis the probability that ¥ @ ¢

passes the test. The point (1,1) corresponds to the ideal (exact) version of the result. The black curve is associated

with the toy theory. Since we are only interested in the top-right corner of the plot, the toy-theory curve agrees there
with the blue curve, which arises when we impose (i), (i), (1), and (), or alternatively (i), (i), (i), and (v).
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