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We introduce a new exact classical sampling algorithm for Clifford+T circuits, called T-by-T sam-
pling. For a circuit with T-count #, it reduces sampling to evaluating 2t amplitudes of circuits with
successively increasing T-counts 1,2, ...,¢, without the need to compute costly marginal probabilities.
Crucially, the number of amplitude evaluations is completely independent of the surrounding Clifford
structure. This makes T-by-T sampling well suited for use together with low-rank stabiliser decom-
positions, which enable efficient amplitude evaluations as long as the T-count is not too high. In
that sense, T-by-T sampling is an improvement over the gate-by-gate sampling technique introduced
by Bravyi, Gosset, and Liu [6], where the number of amplitudes instead scales with the number of
non-monomial operations such as Hadamard gates, which can remain large even in circuits with low
stabiliser rank. Concretely, T-by-T sampling offers significant speedups in regimes where T gates
are embedded within large Clifford computations. This makes it well suited for applications such as
simulating quantum error correction experiments, which typically have lower T complexity but in-
volve extensive Clifford operations and measurements. In particular, we show how T-by-T sampling
allows us to take samples from recent end-to-end magic state cultivation circuits with escape up to
distance 19 in a couple of seconds.

1 Introduction

It is widely believed that simulating universal quantum circuits on a classical computer has an exponential
runtime cost. Nevertheless, classical simulation of quantum systems continues to play an important role
in the field, with applications ranging from the design and validation of quantum algorithms to bench-
marking and verification of hardware. Consequently, there is significant interest in accelerating classical
simulation methods and coming up with techniques that work well for specific classes of circuits. One
such example is the class of Clifford+T circuits that allow for fault-tolerant compilation while at the
same time being approximately universal. As a result, Clifford+T serves as the standard compilation
framework for many fault-tolerant architectures, and the number of T gates, also known as the T-count,
is widely regarded as a key resource measure. An effective technique for simulating Clifford+T circuits
with relatively low T-counts is the low-rank stabiliser decomposition method [5, 4]. Given a circuit C,
the idea is to decompose C|0) into a linear combination of stabiliser states. The number of terms in
this decomposition, also known as the stabiliser rank, is believed to scale as 2% where ¢ denotes the
T-count of C and o < 1 is a constant. The best known strategy achieves & ~ 0.396 and was discovered
in [12, [T1]. This decomposition then allows us to compute an output probability P(¥) := |(¥|C|0)|* by
evaluating the corresponding amplitude for each stabiliser term and summing up the contributions. The
task of computing such probabilities P(X) is also known as strong simulation.

In many applications, however, the objective is not to compute individual probabilities, but rather
to sample from the output distribution P. This task is also known as weak simulation. For example, in
the context of quantum error correction (QEC), one typically performs Monte Carlo simulations over
many noisy shots to estimate the logical error rate of fault-tolerant protocols or gadgets. A standard
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method to reduce weak simulation to strong simulation proceeds via sequential marginalisation. The
idea is to calculate marginal probabilities P;(x1,...,x;) = (0|C"(|¥)(¥| ® I,—;)C|0) and then sample the
qubit outcomes one by one, conditioning on the previously sampled bits and marginalising over the ones
that have not been sampled yet. However, this approach comes with a significant runtime overhead. In
the case of Clifford+T circuits, computing a marginal P; corresponds to evaluating an amplitude of a
circuit with twice the number of T gates. This leads to an exponential runtime increase from O(2%) to
O(4%"), making it very costly in practice.

Several approaches have been proposed to mitigate this overhead. For example, Refs. [5 4] approx-
imate marginal probabilities via a norm estimation technique based on overlaps with carefully chosen
random stabiliser states. [4] also proposed a Metropolis-Hastings Markov Chain Monte Carlo method
for approximate sampling, however without rigorous error bounds. To the best of our knowledge, the
current state-of-the-art method is the gate-by-gate algorithm proposed by Bravyi, Gosset, and Liu [6].
The high-level idea is to begin with a trivial sample X = 0 and update it by applying the gates of the
circuit one by one, using amplitude evaluations to resample affected bits. Concretely, if C is expressed in
the CNOT+Hadamard+T gate set, then the number of required amplitude evaluations will scale linearly
with the number of Hadamard gates. While this avoids the doubling of the T-count inherent in marginal-
based sampling, the number of Hadamard gates can still be very large even for circuits with low stabiliser
rank. For example, this situation is typical in QEC circuits, which are dominated by extensive Clifford
subroutines, such as syndrome extraction, lattice surgery etc., while non-Clifford resources are primarily
concentrated in magic state preparation. As a consequence, the gate-by-gate method may still require a
large number of expensive amplitude evaluations despite a relatively low T-count.

These considerations motivate the development of a sampling method in which the number of am-
plitude evaluations depends primarily on the T-count, rather than the surrounding Clifford operations.
This work introduces a new exact sampling algorithm for Clifford+T circuits that achieves precisely this
goal. The new method, which is called T-by-T sampling, requires only 2¢ amplitude evaluations for a
circuit with T-count ¢, completely independent of the Clifford structure of the circuit. Moreover, most
of these amplitude evaluations involve circuits with significantly smaller T-count than ¢. Concretely, the
algorithm proceeds by evaluating amplitude pairs of circuits with increasing T-counts 1,2, ...,z, so that
only the very last step incurs the full strong simulation cost of O(2%). As a result, T-by-T sampling
provides a substantial practical speed-up for circuits where T gates are embedded within large Clifford
computations. After reviewing the gate-by-gate method in Section[2and introducing T-by-T sampling in
Section [3] this advantage is demonstrated through numerical benchmarks in Sectiond] including experi-
ments on random circuits as well as magic state cultivation circuits from the recent QEC literature [9]].

2 Background: Gate-by-Gate Sampling

Before introducing T-by-T sampling, it will be useful to first review Bravyi, Gosset, and Liu’s [[6] gate-
by-gate method in detail. To this end, let C = U, - - - U; be a quantum circuit (not necessarily Clifford+T)
consisting of a sequence of m unitary gates U;. The goal is to sample from the distribution P(X) :=
|(¥|C|0)|*. Let Cx = Uy---U; be the subcircuit containing only the first k gates. In particular, we have
Co =1 and C,, = C. Finally, define the output distribution at time step k as P(%) := |(¥|C¢|0)[>. In
particular, Py(X) = |(¥|0)|* = 8¢y and P,, = P. The key idea of gate-by-gate sampling is to start with a
sample from the trivial distribution Py (i.e. the all-zero bit string) and updating it one gate at a time until
we arrive at a sample that is distributed according to P,, = P. This works because adjacent distributions
P._1 and P, are closely related: they only differ by a single gate U that moreover only acts on a small
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subset S C {1,...,n} of qubits. On the remaining qubits =S := {1,...,n} \ S, the gate acts trivially. In
particular, the distribution of outcomes x; for these trivial qubits must be the same for P, and P,_;. In
other words, the marginal distribution P (X-s) := Y5, Px(X-s,Ys) including only the qubits in =S satisfies
P (X-s) = Pr—1(X-s). Therefore,

Pi(X) = B(Xs | Xo5)Pe(X-s) = Pe(Xs | Xos) P (Xos).

Thus, in order to turn a sample ¥ ~ P,_; into a sample y’ ~ P, the trivial bits can be kept unchanged,
y’¢ := Y-s, and only the bits ¥’ that Uy acts on need to be resampled according to the conditional
distribution & )
=l | = P y&yﬁS
P(s|¥-s)=c ==
Y Pi(Xs,V-5)

For example, if Uy is a single-qubit gate, then S = {q} for some qubit g. To resample y;, one only
needs to compute the two probabilities po = Pi(x, = 0,X-, = y-) and p; = P(xy = 1,¥-y =y-), and
then set y; := 1 with probability p;/(po+ p1). In general, updating a sample after applying an ¢-qubit
gate requires 2¢ amplitude evaluations, making the gate-by-gate algorithm scale exponentially in the
maximum gate size. However, in many cases this size is bounded, for example when considering circuits
made up of standard single- and two-qubit gates.

Furthermore, there is a special case where amplitude evaluations can be skipped completely: Suppose
Uy is a monomial gate, meaning it maps computational basis states to other computational basis states
up to a phase In other words, suppose there are functions f : 5 — F5 and ¢ : F; — R such that
UilX) = €@ |f(X)) for all ¥. Examples of these monomial gates include CNOT, Toffoli, T gates and
(controlled) Z rotations. Note that f must be injective since Uy is unitary with U,j %) = e 0| £~1(%))
such that

2
P (%) = [FIC110) P = |(RIU; Ui [0)|

= e O @G 0] =BG @),

Thus, given a sample y ~ P;_1, it can be deterministically updated to y’ := f(¥), which satisfies P(y’) =
Pc_1(¥) without needing to perform amplitude calculations. Therefore, expensive resampling is only
required when we encounter non-monomial gates such as Hadamards. In particular, if the circuit is
given in the CNOT+Hadamard+T gate set, then gate-by-gate sampling requires exactly 24 amplitude
evaluations, where # is the number of Hadamards. The goal of the T-by-T sampling procedure that will
be introduced in the next section is to remove this dependence on % and instead make it scale only with
the T-count ¢.

3 T-by-T Sampling

At a high level, T-by-T sampling follows a structure similar to the gate-by-gate method. However, in-
stead of processing the circuit one general gate at a time, it is sampled one T gate at the time. Concretely,
the idea is to start with a pure Clifford circuit that does not contain any T gates. Obtaining a sample from
this initial circuit can be done efficiently using standard methods [3| 8]]. This sample is then refined by
reintroducing the T gates into the computation one by one, until we obtain a sample from the original cir-
cuit. In Section [3.T|below, we give a description of the algorithm using a framework similar to Section 2]

'We call these gates monomial since they correspond to monomial matrices, i.e. matrices where each row and column has
exactly one non-zero entry.
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The complexity of the algorithm is analysed in Section[3.2]Finally, Section[3.3|gives an alternative, more
circuit-centric interpretation of T-by-T sampling and points out some connections to measurement based
quantum computation.

3.1 The Algorithm

Let C be a Clifford+T circuit with T-count ¢. Similar to gate-by-gate sampling, the algorithm proceeds
by considering a sequence {Cy} of circuits derived from C. In particular, let C; be a modified version of
C that keeps only the first k T gates and replaces the remaining ¢ — k ones with Z basis measurements.
In particular, Cy is a Clifford computation and C; = C. Sampling from C; yields the final outcomes
X € IF;, but also ¢t — k additional bits @ € }F’Q_k for the intermediate measurement results. We write C,‘z
for the circuit where these intermediate measurements are replaced with projectors I1% := |a;){(a;| onto
the outcomes d. This yields a distribution P (X,d) = } x|C“\0 ‘ over the outcomes X,d. The idea behind
T-by-T sampling is to start with a sample from Py which can be computed efficiently. Then, we refine this
sample by inserting 7 gates into the computation one by one until we arrive at a sample from the final
distribution P, = P. Similar to gate-by-gate sampling, this works because adjacent distributions P,_; and
P, are closely related. Consider the following lemma:

Lemma 1. There exist bit strings ¥ € 3 and & € F % such that for all % € F3 and d@ € F5*

Py (%,d,ar = 0) + Py (¥,d, ax

1 L L =
D=3 (Pk(x,a) LR (RS }/k,a@5k)> . (1)

Proof. By definition
C“ “ V”H“kU L =VT,U
where U is the Clifford+T prefix of e 1 containing the first k — 1 T gates, IT% is the projector replacing

the k-th T gate on qubit ¢, and V¥ is the remaining Clifford suffix of CZ_“’I‘ with projectors replacing the
remaining r — k T gates according to outcomes d. Using the fact that

1 _. =
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Note that while the first term already corresponds to %Pk (X,5), Ehe second term has the wrong form since
Z,T, is applied instead of the desired 7,. However, since V¢ is Clifford, the Pauli Z can be pushed
through it, potentially flipping some of the projector outcomes. In particular, there is a Pauli string P and
flip vector Sk eF tz’k such that Vﬁzq = PV@% yp to a phase. Similarly, there is a flip vector J; € I such
that (X|P = (X@® 7| up to a phase. Therefore,

s 2 =
[& ZeRVERT,UI0)| = RFeT.de8). -

Lemmaltells us that the marginal distribution P,_; (X,d) over a is an equal mixture of two coples of
P, where one of them is shifted by the bit-flip vectors % and 5/< Therefore, to refine a sample (¥, b ybi) ~
P, to the new distribution P, it suffices to choose between these two copies with the appropriate relative
weight. To this end, let
P(F® %, b® &)
Pe(¥,b) + P (Y S Ve, b B &)

p(3,b) == 3)

be the flip probability for the sample (¥,5). Similar to the gate-by-gate algorithm, p(¥,b) can be evaluated
by computlng the two probablhtles P.(¥,b) and Pk()_)’ ® ¥, b B Sk) Then, with probability p(i,l;), set

=¥& ¥ and b':=b® &. Otherwise, keep ¥’ := ¥ and b’ :=b. The claim is that O, b ") is now
correctly dlstrlbuted w.r.t. P.. To see this, let Q(*’ d') be the distribution of outcomes that we obtain
using this process. Note that there are exactly two ways we can end up with a given final configuration

(x',a'):
(i) either, we already sampled (¥’,d’) from P;_; and did not apply the flip, or
(ii) we sampled (%' ® T, d@’ @® &) from P,_; and then applied the flip.

Thus, we have

0F\ad) =P (¥,@)(1 - p(&,d@)) + P 1 (¥ & T,d' ® &) p(¥ & Fi,d' ® &)
P (¥, d)P(xX',d") P (R @ ¥.a' © 8)P(F',d')
PR, af)+Pk<*'@7 a'ed)  P(F,d)+P(F ©T,d D &)
ﬁ) Py (X' @, d @ §)P (¥, d’)
2P (¥,d") 2P (¥ D%, d' @ &)

1
=R ,ad)+ EPk()"c",Ei’)

showing that ¥ b’ is indeed a correct sample from F;. To summarise, for each T gate k that is added
back into the circuit, the current sample is randomly flipped by some vectors 7%, 5k In particular, the
flip probability p at each step is computed from the relative weight between the probabilities Py (¥,d) and
P (XD Y, d D Sk) as specified in equation . At the end, we arrive at a sample that is correctly distributed
w.r.t. the target distribution P, = P of the original Clifford+T circuit. Pseudocode for the entire sampling
procedure is given in Algorithm [I]
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Algorithm 1 T-by-T Sampling
Input: An n-qubit Clifford+7 circuit C with 7T-count ¢
Output: Sample X with probability |(¥/C|0)|*
1: Cp + Replace all T gates in C with Z measurements
2: (¥,d) < Sample from Clifford Cy
3: fork=1tor do

4: (d,ax) + PoP(d) > Drop outcome ay
5: Cy + Add next T gate back into C;_;
6: (Yes Sk) < Compute flip vectors according to Lemma
7: A < PROB(Cy,X,d) > Compute P (X,d)
8: B+ PROB(Ck,f@ 7k,a@3k) > Compute Pk()?@ 7k,a@gk)
9: p< B/(A+B)
10: if RANDOMSAMPLE(p) then
1 (%,d) + (XD Th,d® &) > Apply flip with probability p
12: end if
13: end for

14: return X

3.2 Analysis

The time complexity of T-by-T sampling heavily depends on the method used for evaluating the proba-
bilities P (¥,d). In general, for a circuit with T-count ¢, the algorithm will make exactly 2¢ calls to this
strong simulation procedure. Gate-by-gate sampling on the other hand requires two amplitude evalu-
ations per non-monomial gate in the circuit. Assuming that we are working with polynomially sized
circuits, this corresponds to a polynomial number of strong simulations. For simulation via low rank sta-
biliser decompositions, computing an amplitude for a circuit with T-count # requires 2* stabiliser terms.
In the case of gate-by-gate sampling, the worst case would be a circuit where the non-monomial gates
occur after all T have already been applied, making every evaluation cost the maximum of 2* stabiliser
terms, resulting in O(poly(n)2*') terms in total. For T-by-T sampling, the T-count increases gradually in
each step, requiring only Y} _,2-2% = O(2%) terms in total, thus yielding a polynomial advantage over
gate-by-gate sampling. Of course, the asymptotic growth is still dominated by the exponential scaling
in ¢, in particular for the final evaluation of the circuit containing all T gates. However, in situations
where the input circuit contains a lot more non-monomial gates than T gates, T-by-T sampling requires
significantly fewer calls to this exponentially costly procedure than gate-by-gate sampling, which makes
it a lot faster in practice.

3.3 MBQC Perspective

Finally, we give an alternative perspective on T-by-T sampling using ideas from measurement based
quantum computation (MBQC) [13] and further relate it to gate-by-gate sampling. First, note that Clif-
ford+T circuits can be viewed as pure Clifford computations that consume |T') := %(]O) +¢/%|1)) magic
states. In particular, those magic states can be turned back into 7" gates using the following injection cir-
cuit:

“)




M. Koch 7

Instead of state injection in its standard form, we may however also consider the time-reversed version
of this protocol where, instead of preparing the ancilla in |T) and measuring in the {|0),|1)} basis,
we prepare the ancilla in |0) and measure in the {|7%),|7_)} basis where |T.) := \%2(\0> + €7 |1)).
Equivalently, this corresponds to first applying HT and then measuring in the computational basis:

0) —¢
&)

Notably, the correction for the —1 outcome is now Z as opposed to S in {@). As an example, apply this
transformation to the following circuit with two 7' gates separated by a Clifford V:

|0) —4 H — Meas

JrHv | — &
e

Since V is Clifford, the first Z correction can actually be delayed by pushing it through V and the follow-
ing CNOT, resulting in some Pauli string P on the remaining qubits:

0 :
0

Note that the beginning of the circuit in the dashed box is now purely Clifford and the T gates are applied
at the very end, only interleaved with measurements and Pauli corrections. By iterating this argument,
it is easy to see that any Clifford+T circuit with T-count ¢ can be represented as some Clifford W with ¢
additional ancillas initialised in |0), followed by HT measurements and Pauli corrections:

0) —
0) —
0~y — ©)

P
1 P,

4

This transformation can be viewed as a limited form of MBQC, where Cliffords remain as regular gates
in the circuit model, but all T gates are realised via ancilla measurements. Interestingly, the MBQC
computation in (6) is closely related to the steps we described in Section [3.1] First, note that a sample



8 Classical Clifford+T Sampling without Computing Marginals

from the initial Clifford V exactly corresponds to a sample from the initial distribution Py(¥,d): All T
gates are replaced with CNOTs according to (5) with the target initialised in |0). Thus, measuring one
of the ancillas in the Z basis corresponds to applying a projector I1% instead of the 7" gate and yields
the additional outcome a;. After applying the change of basis HT, the measurement injects either a T
or a ZT gate into the circuit, which is similar to equation (2} in the proof of Lemma |ll Finally, the X
components of the Pauli corrections Py exactly describe the bit flips %, Sk from Lemma

From this perspective, once we have sampled from the initial Clifford circuit W, the remaining
computation in (6) can be interpreted using the gate-by-gate framework. The injected T gate itself is
monomial and therefore preserves computational basis states. The subsequent Hadamard, however, is
non-monomial and requires resampling. Resampling after the Hadamard amounts to evaluating two am-
plitudes corresponding to projections onto (7| and (7|. These amplitudes coincide with those of the
circuit in which either a T or a ZT gate is injected. After commuting the Z through the Clifford suffix,
these are precisely the amplitudes P, (X,d) and Py (X @ %, d @ Sk) from Section H Thus, Lemmatells
us that P,_; can be interpreted as the distribution coming from the equal mixture of the branches where
either T or ZT is injected. Then, the flip probability (3] is exactly the posterior probability that a given
sample arose from the ZT branch rather than the T branch. If the ZT branch is selected, we apply the
deterministic bit flip that maps the sample back into the 7" branch. Thus, we can view the T-by-T update
rule as projecting the ancilla measurements in (6) onto the +1 outcome.

Interestingly, the circuit (6)) also shows us a slight alternative implementation of T-by-T sampling.
Instead of projecting onto the +1 outcome, we could keep the -1 outcome but then modify the circuit by
adding the Pauli correction P;. Since Paulis are monomial gates, they just correspond to deterministic
flips in the outcome and do not require resampling. The main difference is that these Pauli corrections
would remain in the circuit when we move on to the next T gates. In particular, X components in the
correction frame would correspond to flipping future T gates into 77 gates. This complication is avoided
by following the postselected algorithm as described in Section[3.1]

4 Experiments

To compare T-by-T sampling against the gate-by-gate and qubit-by-qubit marginalisation method, we
ran numerical experiments measuring the sampling time for both random circuits (Section4.T) and struc-
tured QEC circuits for magic state cultivation (Section[4.2)). Since the goal of this section is to compare
sampling strategies rather than the underlying strong simulation techniques, the stabiliser decomposition
backend is kept identical across all experiments. Any observed performance differences therefore arise
from the sampling strategy, specifically, from how many amplitude evaluations are required and at which
effective T-count they are performed. In particular, all experiments use the BSS + cat state stabiliser
decomposition algorithm [[11] implemented in the quizx library [10} [1]], achieving the state of the art
worst-case scaling factor of o ~ 0.396. All tests were performed on a consumer laptop, imposing a 10
minute time limit per sample. All data points represent running times on a single CPU core. Implemen-
tations of all sampling methods, together with code to generate the circuits and reproduce the results are
open source and available at:

https://github.com/mark-koch/t-by-t-sampling
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Figure 1: Runtime for obtaining a sample from random Clifford+T circuits. The solid lines indicate an
average over 10 runs. Cross marks denote runs that exceeded the 10 minute time limit.

4.1 Random Clifford+T Circuits

First, we consider random Clifford+T circuits constructed from multiple layers of exponentiated Pauli
unitaries of the form e'5” for some dense Pauli string P whose entries are uniformly sampled from
{I,X,Y,Z}. Each Pauli exponential contributes exactly one T gate to the circuit, so the T-count 7 is equal
to the number of layers. For the qubit-by-qubit marginalisation method, this T-count will effectively
double to 2¢ since computing marginals corresponds to evaluating amplitudes of a circuit with twice as
many T gates. For the gate-by-gate method, the T-count remains ¢, but each layer requires resampling of
qubit outcomes x; for all positions where the Pauli support P, is X or Y as these require a non-monomial
change of basis. For dense Pauli strings, this occurs on approximately half of the qubits in expectation, so
each layer requires O(n) resampling steps, where 7 is the number of qubits. Over the entire circuit, this
results in O(nt) amplitude evaluations with the T-count increasing after each layer. In contrast, T-by-T
sampling only requires 2¢ amplitude evaluations in total, independent of 7.

Figure (14| plots the runtime of these three methods for random 50-qubit circuits with increasing T-
counts. As discussed in Section [3.2] any sampling method based on stabiliser decompositions is expected
to scale exponentially in #. This behaviour is clearly visible in Figure all three curves exhibit expo-
nential growth in ¢. Moreover, the gate-by-gate and T-by-T methods have essentially identical slopes.
This is because both methods perform amplitude evaluations at T-count #, which dominates the asymp-
totic scaling. Nevertheless, T-by-T sampling consistently outperforms gate-by-gate sampling by roughly
an order of magnitude across the tested range, since it only requires two evaluations at full T-count ¢.
Finally, qubit-by-qubit marginalisation remains competitive with gate-by-gate sampling only up to about
t =~ 25, after which the exponential penalty from doubling the T-count becomes dominant.

In Figure [Ib] the T-count is fixed to r = 30 and instead the number of qubits # is varied, thereby
also increasing the number of Clifford operations. This isolates the scaling of each method in relation
to the overall circuit size rather than the T-count. In this setting, the advantage of T-by-T sampling
becomes even clearer: the runtime gap between T-by-T and gate-by-gate sampling widens as the number
of qubits increases, reflecting the O(nt) resampling overhead of the gate-by-gate method. Qubit-by-qubit
marginalisation is no longer competitive in this setting, with most runs exceeding the allotted time limit.
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Figure 2: Runtime for obtaining a (noiseless) sample from distance 3 magic state cultivation circuits
including escape into codes of increasing distance. The left side shows a zoomed in view of the scaling
of T-by-T sampling. Cross marks denote runs that exceeded the 10 minute time limit.

Distance ‘ Qubits ‘ Gates | Measurements | H Gates | T Gates

7 102 | 2,290 520 520 15

9 166 | 3,675 840 825 15
11 246 | 5,424 1,240 1,206 15
13 342 | 7,573 1,720 1,663 15
15 454 | 10,014 2,280 2,196 15
17 582 | 12,855 2,920 2,805 15
19 726 | 16,060 3,640 3,490 15

Table 1: Magic state cultivation circuit sizes for different escape distances.

4.2 Magic State Cultivation Circuits

While random Clifford+T circuits are useful for studying generic scaling behaviour, they do not neces-
sarily reflect the structure of real-world circuits encountered in practice. To evaluate performance in a
more realistic setting, we now turn to Clifford+T circuits from the recent quantum error correction (QEC)
literature. Concretely, we consider magic state cultivation circuits [9] implementing a recent protocol for
constructing high fidelity | 7') magic states within QEC codes. These circuits consist of an initial injection
and cultivation step that prepares and verifies a logical |T') state in a small low-distance code. For the
following experiments, we use the distance 3 injection and cultivation circuits from [9], which have a
T-count of only t = 15. Then, the circuit is composed with an escape stage that rapidly grows the code
size. Notably, the escape stage is purely Clifford, but it involves a large number of qubits, gates, and
measurements. Following [9], we consider escape circuits with three QEC rounds during the growth step
and five rounds in the final code. Overall circuit statistics for increasing escape distances are summarised
in Table[1l

Figure [ shows the sampling time for noiseless cultivation circuits with increasing escape distances.
Because the escape stage contains many qubits and a large number of Hadamard gates, both qubit-
by-qubit marginalisation and gate-by-gate sampling incur substantial runtime overheads as the distance
increases. In contrast, the T-by-T method requires only 2¢t = 30 amplitude evaluations, independent of
escape distance and the size of the surrounding Clifford computation. As a result, the sampling time
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increases only moderately, from approximately 1.5s to 10s, as the escape distance grows from 7 to 19.
Gate-by-gate sampling, on the other hand, suffers an increase from roughly 11s to 500s over the same
range. Finally, the qubit-by-qubit method already times out after distance 9. These results highlight
that T-by-T sampling is particularly well suited for large-scale QEC simulations, where a small number
of non-Clifford resources are embedded in large Clifford computations, making it a promising tool for
simulating fault-tolerant protocols.

5 Discussion

In this work, we have shown that exact weak simulation of Clifford+T circuits can be reduced to a number
of strong simulations that depends only on the T-count, and is independent of the surrounding Clifford
structure. We demonstrated the advantage of this new T-by-T sampling approach over existing methods
for a class of random circuits as well as magic state cultivation circuits [9], where other baselines are out-
performed by one to two orders of magnitude. However, it is important to emphasise that this advantage
is not universal. There exist classes of circuits for which alternative approaches may be more suitable.
For example, dense single-layer IQP circuits [[7] can contain significantly more T gates than Hadamard
gates. In such regimes, the gate-by-gate method may be preferable, as its cost scales with the number
of Hadamard gates rather than the T-count. T-by-T sampling, by contrast, is most effective in settings
where a moderate number of T gates are embedded within large Clifford-dominated computations.

One such setting is simulation of large scale QEC experiments. The magic state cultivation bench-
marks in Section[d.2) are very promising and suggest that T-by-T sampling could become a valuable tool
for this application. In that context it is worth stressing that the simulations in Section [4.2] were single
noiseless samples, whereas actual QEC simulations would typically insert stochastic noise across many
shots, apply corrections conditioned on detected syndromes, and evaluate the overlap with the ideal logi-
cal state in order to determine the logical error rate. However, the goal of this work was not to reproduce
such an end-to-end QEC study, but rather to demonstrate that T-by-T sampling is particularly well suited
to the circuit structures that arise in that context.

A natural next step for future work would therefore be to integrate T-by-T sampling into a complete
QEC simulation pipeline. Notably, there has been substantial recent progress in simulating Clifford+T
QEC experiments, including techniques for pushing noise though circuits [14]], improved stabiliser de-
compositions for cultivation circuits [[16], and parametric decompositions that allow many shots to be
sampled in parallel [2] [15]. To the best of our knowledge, however, all of these works still rely on the
qubit-by-qubit marginalisation approach for sampling and none of them have simulated full end-to-end
circuits including the escape stage. In that sense, the contribution of this work is largely orthogonal to
these developments. By combining T-by-T sampling with some of these other ideas, we can hopefully
obtain further significant speedups for QEC simulations.

Finally, although this work focuses primarily on Clifford+T circuits, the T-by-T algorithm actually
trivially generalises to arbitrary Clifford+R circuits. However, in that broader setting, stabiliser decom-
position techniques are typically only approximate rather than exact [4]. Investigating the robustness
of T-by-T sampling to approximation errors and applying it to Clifford+R circuits would therefore be
another interesting direction for future work.
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