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Abstract

We introduce a complete equational theory for the fragment of
quantum circuits generated by the real Clifford gates plus the two-
qubit controlled-Hadamard gate. That is, we give a simple set of
equalities between circuits of this fragment, and prove that any
other true equation can be derived from these. This is the first such
completeness result for a finitely-generated, universal fragment
of quantum circuits, with no parameterized gates and no need for
ancillas.

1 Introduction

Quantum circuits form the basic language which is essentially at
the core of quantum computing. The role that they play in practice
is sometimes compared to that of an assembly language in classical
computing. But formally, they are in fact the quantum equivalent
of boolean circuits. Like boolean circuits, they consist of a sequence
of gates, which are applied to some quantum data which is most
often in the form of qubits, the quantum equivalent of bits.

Quantum computing can a priori be realized on a variety of
physical platforms with various characteristics, and for now it is
essentially impossible to predict what physical implementation will
turn out to be the best, neither is it clear whether one technology
will completely supplant the others; therefore, various different
classes of quantum circuits are a priori relevant to formalize and
study. Even staying inside the most standard model of quantum
computing, where the data is encoded in qubits, several fragments of
the language of quantum circuits, corresponding to particular sets
of elementary gates with which to build the circuits, are relevant
to consider. Some of them have received particular attention, such
as the well-known Clifford+T and Toffoli-Hadamard fragments.
An essential characteristic for a gate set is to be computationally
universal, that is, to make it possible in principle to implement
any arbitrary quantum program, up to arbitrarily small error. One
reason that makes Clifford+T and Toffoli-Hadamard interesting
is that they are universal while being generated by a very small
and simple set of gates — in addition to being possibly relevant for
promising implementations such as superconducting circuits.

A central task in quantum computing is to manipulate quantum
circuits, and in particular to transform circuits into equivalent ones
that are better according to some criterion: this has various prac-
tical applications such as optimization, satisfaction of hardware
constraints, error correction, or verification. A promising approach

towards manipulation of quantum circuits is via graphical rewrit-
ing. In the recent years, several graphical languages for formal
manipulation of quantum circuits (and of other aspects of quantum
processes) have been introduced, such as the ZX-, ZW-, ZH-, and
ZXW-calculi, among others [2, 16, 20, 22, 34]. A central question
in the formalization of such languages is the completeness of their
equational theory, that is, the fact that the set of rewriting rules
with which they are equipped be powerful enough so that any
semantically meaningful transformation can be done. A related
important question is to make the complete equational theory as
simple as possible, and if possible, to be finally able to prove that it
is minimal in the sense that all redundancies have been simplified
out. There are now various complete equational theories for graph-
ical languages [23, 26-28, 42], some of which being minimal [18]
or near-minimal [3, 4, 39-42].

The language of quantum circuits itself can be viewed as a graph-
ical language, and finding complete equational theories for it has
its own added value compared to relying on external auxiliary lan-
guages like the ZX-calculus. For instance, applying arbitrary ZX
transformations to a quantum circuit can produce a ZX-diagram
from which it may be hard to get back a quantum circuit [17, 20].
Although the question of finding a complete equational theory for
quantum circuits had been formulated in the early 2000’s [25, 29],
the first complete equational theory was found only a few years
ago [13]. It was then followed by some simplifications and a proof
of minimality [11, 12]. Those results are only for the full language
of quantum circuits in the qubit setting. In particular, the gate set
is very simple but still contains a parameterized gate, and the mini-
mal equational theory is relatively simple but involves non-trivial
computations on the parameters.

In this paper, we introduce a complete equational theory for a
finitely generated fragment of quantum circuits, without parame-
terized gates, namely the fragment generated by real Clifford gates
- the Hadamard gate H, the Pauli Z gate, and the controlled-Z gate
CZ - together with the controlled Hadamard gate CH. We call this
fragment Real-Clifford+CH. This is a sub-fragment of Clifford+T,
which contains Toffoli-Hadamard' and therefore is universal. To
our knowledge, this is the first completeness result for a universal
fragment of quantum circuits generated by a finite gate set, without
parameterized gates.

Similarly to [13], our result is based on a back-and-forth trans-
lation into an auxiliary language for which a completeness result

Except in the case of 3-qubit circuits without ancillas.
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is known, namely a presentation of the matrix group U, (Z[%])
generated by one- and two-level matrices [21]. Those one- and
two-level matrices have a similar structure to the optical circuits
used in [13].

Related works. In addition to the graphical languages mentioned,
other languages for quantum computing, more or less close to
quantum circuits, are equipped with complete equational theo-
ries [8, 19, 21, 24]. The main difference is that those languages are
equipped with a control constructor (or an equivalent construction)
allowing one to express arbitrary multi-controlled gates, which
means that they are not finitely generated from a quantum circuit
point of view. Additionally, before the results of [11-13], some
completeness results were known for non-universal fragments of
quantum circuits [1, 6, 7, 14, 15, 25, 33, 35, 38] (see also [9, 30]).

2 Real-Clifford+CH Quantum Circuits

We consider the real-Clifford+CH fragment of quantum circuits,
without ancillas, generated by the following gate set:

(T3] @

Following [11-13], we give a rigorous formalization to real-Clifford+CH

quantum circuits by using the structure of PROP [10, 32, 43].

Remark 1. The minimal structure required to rigorously formalize
the circuits is a structure of PRO. Using instead the slightly richer
structure of PROP means that the swap gate is implicitly added to
the set of generators and satisfies basic topological properties. Note
however that the swap gate can be expressed from the generators
of (A) (see Equation (8)), and that its topological properties can be
expressed as a finite number (namely 4) of simple equations.

Additionally, note that the other standard real Clifford gates, such
as CNOT, can also be recovered from those of (A).

The circuits are given the standard semantics based on unitary
matrices. The semantics of a circuit C is denoted by [C]. Note that
the matrices represented by real-Clifford+CH circuits belong to the

group Usn (Z[\i@]).

3 Equational Theory

The set QC of equations that we prove to be complete is given in Fig-
ure 1. We write QC + C; = C; when C; and C, can be transformed
into one another by means of these equations.

Equations (1) to (10) and (12) to (15) are relatively standard.
Equations (16) and (17) also express a well-known property, namely
that a positively-controlled circuit commutes with a negatively-
controlled one. Equation (19) partly witnesses the fact that the
shortcut behaves as if it did not touch the bottom qubit. Finally,

Equations (11) and (18) can be more easily understood by using the
cos(%) sin(%)
sin(§) —cos(%)

H into Z (one can check that P? = ] and PZP = H): then, reasoning
from a purely semantic point of view, one could informally write

_Ter ‘T‘FL 2
‘@ T @_

which makes the commutation of Equation (11) clearly appear; and

Equation (18) says that the top part of behaves
aation ) sttt partof [T

change-of-basis matrix P := ( ) which diagonalizes
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like a P gate (indeed, one can check that the semantics of that circuit
is equal to P ® P).

Proposition 3.1 (Soundness). For any circuits C1, Cy,
lf‘QC FCi=Cy then [[Cl]] = [[CZH
Theorem 3.2 (Completeness). For any circuits Cy, Cz,

zf[[Cl]] = [[Czﬂ then QC FC1 =0Cs.

4 Shortcuts

The complete equational theory of Figure 1 is written using a few
basic shortcuts, in order to lighten the notations:

-gs [T i3

It also uses a multi-controlled Z ® I gate, which is defined as
a shortcut as well, by induction on the number of qubits. Note
that this needs to be a multi-controlled Z ® I gate, and not just an
n-qubit multi-controlled Z gate, since for n > 3 the latter cannot be
represented as a real-Clifford+CH circuit (without ancillas).? We
depict the borrowed qubit by using a small dashed box.’

The base cases of the definition are as follows:

e

and the recursive step is as follows:
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5 Proof Overview

This paper relies essentially on a result of [21] which gives a pre-
sentation (that is, a set of generators together with a complete equa-
tional theory) of the group Uy (Z[‘/%]) of N-dimensional unitary

matrices with entries in Z[%]. Similarly to [13], we turn that com-
plete equational theory into one for quantum circuits by means of a
back-and-forth encoding. However, contrary to the situation in [13],
for n > 3, the matrices represented by n-qubit real-Clifford+CH cir-
cuits do not span the whole group Uzn (Z[%]), but only a subgroup
of it of index 4.

There is a standard technique for obtaining a complete equa-
tional theory for a subgroup when one is known for the whole
group, based on the Reidemeister-Schreier theorem [36, 37]. This
theorem has been adapted to monoids in [6] and used to obtain
complete equational theories for 2-qubit Clifford+T [6] and 3-qubit

This is due to the fact that it has determinant —1 and that we are only working with
real matrices.

30ne can interpret the dashed box as representing a 1-qubit —I gate, and our drawing
as representing a multi-controlled —1I gate.
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Figure 1: Complete equational theory for real-Clifford+CH quantum circuits. Equation (19) is an equation schema, consisting
of an equation on n qubits for each n > 5. Equations (6), (7), (10), (16), (17), and (19) use shortcuts, defined in Section 4.
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Figure 2: Some equations of Figure 1, written with more shortcuts.

Clifford+CS [7] quantum circuits. One drawback of this technique is
that it often leads to a combinatorial explosion that makes it compu-
tationally costly, even in relatively simple cases. This is the reason
that the completeness result of [7] is limited to 3 qubit, whereas
the presentation of the underlying matrix group is a priori valid in
arbitrary dimension.

Rather than trying to obtain a complete equational theory for
real-Clifford+CH quantum circuits directly by applying the Reide-
meister-Schreier theorem to the equational theory of [21], we adopt
an alternative approach in two steps:

o first, we use the Reidemeister-Schreier theorem to obtain
a presentation of the appropriate subgroup of Uy (Z[\/%]),
using the same kind of generators as [21] (namely, using
one- and two-level matrices);

e then we use a back-and-forth encoding similar to that
of [13] in order to turn this presentation into a complete
equational theory for real-Clifford+CH circuits.

Additionally, we perform some simplifications of the equational
theories before and after each step. In particular, we start by slightly
simplifying the equational theory of [21]. More importantly, after
the first step, before proceeding to the back-and-forth encoding, we



greatly simplify the equational theory given by the Reidemeister-
Schreier theorem. Finally, similarly to [13], the equational theory ob-
tained by means of the back-and-forth encoding consists of several
complex, unbounded equation schemas involving multi-controlled
gates; therefore, a large part of our work is to simplify that equa-
tional theory into the much simpler one shown in Figure 1.

6 Conclusion

We have introduced a complete equational theory for unitary quan-

tum circuits over the gate set { ., I i } To our knowl-

edge, this is the second universal fragment of unitary quantum
circuits to be given a complete axiomatization, and the first which
is finitely generated. One can note the relative similarity between
our complete equational theory and that of [11], which is proved to
be minimal: both equational theories are composed of a few simple
equations on at most 3 qubits, plus an equation schema consisting
of one equation for each number of qubits; in both cases, the equa-
tion schema has a trivial semantic interpretation, and its meaning
comes from the fact that the multi-controlled gate is expressed as a
macro built from 1- and 2- qubit gates. A difference between our
equational theory and that of [11] is that since we are working in
a discrete setting, ours does not require working with continuous
parameters.

Moreover, the proof scheme followed in this paper could a priori
be reused essentially as is in order to obtain complete equational
theories for other fragments of quantum circuits. In particular for
Toffoli-Hadamard and Clifford+CS, by relying on the corresponding
matrix group presentations given respectively in [31] and [5].

References

[1] Matthew Amy, Jianxin Chen, and Neil J. Ross. A finite presentation of CNOT-
dihedral operators. Electronic Proceedings in Theoretical Computer Science, 266:84—
97, February 2018. doi:10.4204/eptcs.266.5.

[2] Miriam Backens and Aleks Kissinger. ZH: A complete graphical calculus for
quantum computations involving classical non-linearity. Electronic Proceedings
in Theoretical Computer Science, 287:23-42, January 2019. doi:10.4204/eptcs.
287.2.

[3] Miriam Backens, Simon Perdrix, and Quanlong Wang. A simplified stabilizer
ZX-calculus. In Ross Duncan and Chris Heunen, editors, Proceedings 13th Interna-
tional Conference on Quantum Physics and Logic, QPL 2016, Glasgow, Scotland, 6-10
June 2016, volume 236 of EPTCS, pages 1-20, 2016. doi:10.4204/EPTCS.236.1.

[4] Miriam Backens, Simon Perdrix, and Quanlong Wang. Towards a minimal
stabilizer ZX-calculus. Log. Methods Comput. Sci., 16(4), 2020. doi:10.23638/
LMCS-16(4:19)2020.

[5] Xiaoning Bian and Peter Selinger. Generators and relations for Un(Z[1/2,i]).
In Chris Heunen and Miriam Backens, editors, Proceedings 18th International
Conference on Quantum Physics and Logic, Gdansk, Poland, and online, 7-11 June
2021, volume 343 of Electronic Proceedings in Theoretical Computer Science, pages
145-164. Open Publishing Association, 2021. doi:10.4204/EPTCS.343.8.

[6] Xiaoning Bian and Peter Selinger. Generators and relations for 2-qubit Clifford+T
operators. In Stefano Gogioso and Matty Hoban, editors, Proceedings 19th Inter-
national Conference on Quantum Physics and Logic, QPL 2022, Wolfson College,
Oxford, UK, 27 June - 1 July 2022, volume 394 of EPTCS, pages 13-28, 2022.
doi:10.4204/EPTCS.394.2.

[7] Xiaoning Bian and Peter Selinger. Generators and relations for 3-qubit
Clifford+CS operators. In Shane Mansfield, Benoit Valiron, and Vladimir Za-
mdzhiev, editors, Proceedings of the Twentieth International Conference on Quan-
tum Physics and Logic, QPL 2023, Paris, France, 17-21st July 2023, volume 384 of
EPTCS, pages 114-126, 2023. doi:10.4204/EPTCS.384.7.

[8] Colin Blake. Polycontrolled PROPs for Qudit Circuits: A Uniform Complete
Equational Theory For Arbitrary Finite Dimension. arXiv preprint, February
2026. URL: https://hal.science/hal-05503323, arXiv:2602.09873.

[9] Colin Blake. Simpler Presentations for Many Fragments of Quantum Circuits.
arXiv preprint, February 2026. URL: https://hal.science/hal-05502157, arXiv:
2602.09874.

[10

[11

=
&

[13

[14]

[16]

(17

(18]

(19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

[29

(30]

Alexandre Clément

Titouan Carette and Emmanuel Jeandel. A recipe for quantum graphical lan-
guages. In Artur Czumaj, Anuj Dawar, and Emanuela Merelli, editors, 47th Inter-
national Colloquium on Automata, Languages, and Programming (ICALP 2020),
volume 168 of Leibniz International Proceedings in Informatics (LIPIcs), pages
118:1-118:17, Dagstuhl, Germany, 2020. Schloss Dagstuhl-Leibniz-Zentrum
fiir Informatik. URL: https://drops.dagstuhl.de/opus/volltexte/2020/12525, doi :
10.4230/LIPIcs.ICALP.2020.118.

Alexandre Clément, Noé Delorme, and Simon Perdrix. Minimal equational theo-
ries for quantum circuits. In LICS °24: Proceedings of the 39th Annual ACM/IEEE
Symposium on Logic in Computer Science, number 27, pages 1-14, Tallinn, Esto-
nia, July 2024. ACM. URL: https://hal.science/hal-04399210, arXiv:2311.07476,
doi:10.1145/3661814.3662088.

Alexandre Clément, Noé Delorme, Simon Perdrix, and Renaud Vilmart. Quan-
tum circuit completeness: Extensions and simplifications. In 32nd EACSL
Annual Conference on Computer Science Logic (CSL 2024), Naples, Italy, Feb-
ruary 2024. URL: https://hal.science/hal-04016498, arXiv:2303.03117, doi:
10.4230/LIPIcs.CSL.2024.20.

Alexandre Clément, Nicolas Heurtel, Shane Mansfield, Simon Perdrix, and Benoit
Valiron. A complete equational theory for quantum circuits. In 2023 38th
Annual ACM/IEEE Symposium on Logic in Computer Science (LICS), pages 1-13,
Boston, United States, June 2023. IEEE. URL: https://hal.science/hal-03926757,
arXiv:2206.10577,doi:10.1109/LICS56636.2023.10175801.

Robin Cockett and Cole Comfort. The category TOF. In Peter Selinger and Giulio
Chiribella, editors, Proceedings 15th International Conference on Quantum Physics
and Logic, QPL 2018, volume 287 of EPTCS, pages 67-84, 2019.

Robin Cockett, Cole Comfort, and Priyaa Srinivasan. The category CNOT.
In Peter Selinger and Giulio Chiribella, editors, Proceedings 15th International
Conference on Quantum Physics and Logic, QPL 2018, volume 287 of EPTCS, pages
258-293, 2019. doi:10.4204/EPTCS.266.18.

Bob Coecke and Ross Duncan. Interacting quantum observables: categorical
algebra and diagrammatics. New Journal of Physics, 13(4):043016, 2011. doi:
10.1088/1367-2630/13/4/043016.

Niel de Beaudrap, Aleks Kissinger, and John van de Wetering. Circuit extraction
for ZX-diagrams can be #P-hard. arXiv preprint, 2022. arXiv:2202.09194.
Marc de Visme and Renaud Vilmart. Minimality in Finite-Dimensional ZW-
Calculi. In Computer Science Logic (CSL), volume 33rd EACSL Annual Conference
on Computer Science Logic (CSL 2025), Amsterdam, Netherlands, February 2025.
URL: https://hal.science/hal-04496193, doi:10.4230/LIPIcs.CSL.2025.49.
Noé Delorme and Simon Perdrix. Diagrammatic reasoning with control as a
constructor, applications to quantum circuits. In Nathalie Bertrand and Stefan
Milius, editors, 29th International Conference on Foundations of Software Science
and Computation Structures (FoSSaCS), pages 240-261, Cham, 2026. Springer
Nature Switzerland. URL: https://hal.science/hal-05465396, arXiv:2508.21756.
Ross Duncan, Aleks Kissinger, Simon Perdrix, and John van de Wetering. Graph-
theoretic simplification of quantum circuits with the ZX-calculus. Quantum,
4:279, June 2020. doi:10.22331/q-2020-06-04-279.

Wang Fang, Chris Heunen, and Robin Kaarsgaard. Hadamard-Pi: Equational
quantum programming. Proc. ACM Program. Lang., 10(POPL), January 2026.
arXiv:2506.06835, doi:10.1145/3776647.

Amar Hadzihasanovic. A diagrammatic axiomatisation for qubit entanglement.
In 2015 30th Annual ACM/IEEE Symposium on Logic in Computer Science, pages
573-584, 2015. doi:10.1109/LICS.2015.59.

Amar Hadzihasanovic, Kang Feng Ng, and Quanlong Wang. Two complete
axiomatisations of pure-state qubit quantum computing. In Anuj Dawar and
Erich Grédel, editors, Proceedings of the 33rd Annual ACM/IEEE Symposium on
Logic in Computer Science, pages 502-511. ACM, 2018. doi:10.1145/3209108.
3209128.

Chris Heunen, Robin Kaarsgaard, and Louis Lemonnier. One rig to control them
all. arXiv preprint, 2025. To appear in LICS 2026. arXiv:2510.05032.

Kazuo Iwama, Yahiko Kambayashi, and Shigeru Yamashita. Transformation rules
for designing CNOT-based quantum circuits. In Proceedings of the 39th annual
Design Automation Conference, pages 419-424, 2002.

Emmanuel Jeandel, Simon Perdrix, and Renaud Vilmart. A complete axiomatisa-
tion of the ZX-calculus for Clifford+T quantum mechanics. In Proceedings of the
33rd Annual ACM/IEEE Symposium on Logic in Computer Science, pages 559-568,
2018. URL: https://hal.science/hal-01529623, doi:10.1145/3209108.3209131.
Emmanuel Jeandel, Simon Perdrix, and Renaud Vilmart. Diagrammatic reason-
ing beyond Clifford+T quantum mechanics. In Proceedings of the 33rd Annual
ACM/IEEE Symposium on Logic in Computer Science, pages 569-578, 2018.
Emmanuel Jeandel, Simon Perdrix, and Renaud Vilmart. Completeness of the
ZX-Calculus. Logical Methods in Computer Science, Volume 16, Issue 2, June 2020.
URL: https://lmcs.episciences.org/6532, doi:10.23638/LMCS-16(2:11)2020.
Yves Lafont. Towards an algebraic theory of boolean circuits. Journal of Pure and
Applied Algebra, 184(2):257-310, 2003. doi:10.1016/50022-4049(03)00069-0.
Sarah Meng Li, Michele Mosca, Neil J. Ross, John van de Wetering, and Yuming
Zhao. A complete and natural rule set for multi-qutrit clifford circuits. In Ale-
jandro Diaz-Caro, Ognyan Oreshkov, and Ana Belén Sainz, editors, Proceedings
of the 22nd International Conference on Quantum Physics and Logic, Varna,


https://doi.org/10.4204/eptcs.266.5
https://doi.org/10.4204/eptcs.287.2
https://doi.org/10.4204/eptcs.287.2
https://doi.org/10.4204/EPTCS.236.1
https://doi.org/10.23638/LMCS-16(4:19)2020
https://doi.org/10.23638/LMCS-16(4:19)2020
https://doi.org/10.4204/EPTCS.343.8
https://doi.org/10.4204/EPTCS.394.2
https://doi.org/10.4204/EPTCS.384.7
https://hal.science/hal-05503323
https://arxiv.org/abs/2602.09873
https://hal.science/hal-05502157
https://arxiv.org/abs/2602.09874
https://arxiv.org/abs/2602.09874
https://drops.dagstuhl.de/opus/volltexte/2020/12525
https://doi.org/10.4230/LIPIcs.ICALP.2020.118
https://doi.org/10.4230/LIPIcs.ICALP.2020.118
https://hal.science/hal-04399210
https://arxiv.org/abs/2311.07476
https://doi.org/10.1145/3661814.3662088
https://hal.science/hal-04016498
https://arxiv.org/abs/2303.03117
https://doi.org/10.4230/LIPIcs.CSL.2024.20
https://doi.org/10.4230/LIPIcs.CSL.2024.20
https://hal.science/hal-03926757
https://arxiv.org/abs/2206.10577
https://doi.org/10.1109/LICS56636.2023.10175801
https://doi.org/10.4204/EPTCS.266.18
https://doi.org/10.1088/1367-2630/13/4/043016
https://doi.org/10.1088/1367-2630/13/4/043016
https://arxiv.org/abs/2202.09194
https://hal.science/hal-04496193
https://doi.org/10.4230/LIPIcs.CSL.2025.49
https://hal.science/hal-05465396
https://arxiv.org/abs/2508.21756
https://doi.org/10.22331/q-2020-06-04-279
https://arxiv.org/abs/2506.06835
https://doi.org/10.1145/3776647
https://doi.org/10.1109/LICS.2015.59
https://doi.org/10.1145/3209108.3209128
https://doi.org/10.1145/3209108.3209128
https://arxiv.org/abs/2510.05032
https://hal.science/hal-01529623
https://doi.org/10.1145/3209108.3209131
https://lmcs.episciences.org/6532
https://doi.org/10.23638/LMCS-16(2:11)2020
https://doi.org/10.1016/S0022-4049(03)00069-0

A Complete Equational Theory for Real-Clifford+CH Quantum Circuits

[31]

[32]

[33]

[34]

[35]

Bulgaria, 14 July 2025 - 18 July 2025, volume 426 of Electronic Proceedings in
Theoretical Computer Science, pages 23-78. Open Publishing Association, 2025.
doi:10.4204/EPTCS.426.2.

Sarah Meng Li, Neil J. Ross, and Peter Selinger. Generators and relations for the
group On(Z[1/2]). In Chris Heunen and Miriam Backens, editors, Proceedings
18th International Conference on Quantum Physics and Logic, Gdansk, Poland,
and online, 7-11 June 2021, volume 343 of Electronic Proceedings in Theoretical
Computer Science, pages 210-264. Open Publishing Association, 2021. doi:
10.4204/EPTCS.343.11.

Saunders MacLane. Categorical algebra. Bulletin of the American Mathematical
Society, 71(1):40-106, 1965. doi:10.1090/50002-9904-1965-11234-4.

Justin Makary, Neil J. Ross, and Peter Selinger. Generators and relations for real
stabilizer operators. In Chris Heunen and Miriam Backens, editors, Proceedings
of the 18th International Conference on Quantum Physics and Logic, QPL 2021,
volume 343 of EPTCS, pages 14-36, 2021. doi:10.4204/EPTCS.343.2.
Boldizsar Poér, Quanlong Wang, Razin A. Shaikh, Lia Yeh, Richie Yeung, and Bob
Coecke. Completeness for arbitrary finite dimensions of ZXW-calculus, a unify-
ing calculus. In 2023 38th Annual ACM/IEEE Symposium on Logic in Computer
Science (LICS). IEEE, June 2023. doi:10.1109/11cs56636.2023.10175672.
André Ranchin and Bob Coecke. Complete set of circuit equations for stabilizer
quantum mechanics. Physical Review A, 90(1):012109, 2014. arXiv:1310.7932.

[36

[37

Kurt Reidemeister. Knoten und Gruppen. Abhandlungen aus dem Mathematischen
Seminar der Universitit Hamburg, 5(1):7-23, 1927. doi:10.1007/BF02952506.
Otto Schreier. Die Untergruppen der freien Gruppen. Abhandlungen aus dem
Mathematischen Seminar der Universitit Hamburg, 5(1):161-183, 1927. doi:
10.1007/BF02952517.

Peter Selinger. Generators and relations for n-qubit clifford operators. Logical
Methods in Computer Science, Volume 11, Issue 2, Jun 2015. URL: https://Imcs.
episciences.org/1570, doi:10.2168/LMCS-11(2:10)2015.

Borun Shi. Towards minimality of Clifford+T ZX-calculus. Master’s thesis
University of Oxford, 2018.

John van de Wetering and Sal Wolffs. Completeness of the phase-free ZH-calculus.
arXiv preprint, 2019. arXiv:1904.07545.

Thomas van Ouwerkerk, Aleks Kissinger, and Freek Wiedijk. Investigating the
minimality of the ZH-calculus. 2019.

Renaud Vilmart. A near-minimal axiomatisation of ZX-calculus for pure qubit
quantum mechanics. In 2019 34th Annual ACM/IEEE Symposium on Logic in
Computer Science (LICS), pages 1-10. IEEE, 2019.

Fabio Zanasi. Interacting Hopf Algebras- the Theory of Linear Systems. PhD
thesis, Ecole normale supérieure de lyon - ENS LYON, October 2015. URL:
https://tel.archives-ouvertes.fr/tel-01218015, arXiv: 1805.03032.


https://doi.org/10.4204/EPTCS.426.2
https://doi.org/10.4204/EPTCS.343.11
https://doi.org/10.4204/EPTCS.343.11
https://doi.org/10.1090/S0002-9904-1965-11234-4
https://doi.org/10.4204/EPTCS.343.2
https://doi.org/10.1109/lics56636.2023.10175672
https://arxiv.org/abs/1310.7932
https://doi.org/10.1007/BF02952506
https://doi.org/10.1007/BF02952517
https://doi.org/10.1007/BF02952517
https://lmcs.episciences.org/1570
https://lmcs.episciences.org/1570
https://doi.org/10.2168/LMCS-11(2:10)2015
https://arxiv.org/abs/1904.07545
https://tel.archives-ouvertes.fr/tel-01218015
https://arxiv.org/abs/1805.03032

	Abstract
	1 Introduction
	2 Real-Clifford+CH Quantum Circuits
	3 Equational Theory
	4 Shortcuts
	5 Proof Overview
	6 Conclusion
	References

