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We study the problem of exact synthesis for the Clifford+R gate set and give the explicit structure of
the underlying Bruhat-Tits building for this group. In this process, we also give an alternative proof
of the arithmetic nature of this gate set.

1 General synthesis problem

Let PU(d) be the group of unitary matrices up to phases and let d(-,-) be some natural distance function
on PU(d). The general circuit synthesis problem can be stated as follows: Given a target unitary matrix
U € PU(d) and a universal gate set G = {g1,---,g,} C PU(d), output a circuit consisting of words over
G that realizes U. A good synthesis algorithm is one in which, given a target error € > 0 and U € PU(d),
the algorithm outputs a circuit Y = g;, g;, - - - g&;, for some r that is at most a polynomial in log é

In the special case where an exact decomposition of the unitary U over G is possible, the problem is called
exact synthesis. One method to address this problem is to give an explicit algebraic characterization
of those unitaries that are exactly implementable using G. This boils down to proving that the group
generated by G consists of matrices having entries in a particular ring R C C. For example, [[17] shows
an exact synthesis characterization for the single qubit Clifford+7" gate set. To do so, they show that the
group generated by this gate set is PUz(Z[%, i]). This approach of giving an algebraic characterization
for the group generated by a gate set G, can also be used to give more efficient algorithms to solve the
general circuit synthesis problem (approximate synthesis) via a “rounding-off" procedure, see [24, 25|
15)[16].

1.1 Our work

In this work, we will focus on the exact synthesis problem for single qutrits (d = 3). Previously, algebraic
characterizations similar to the qubit case have been shown for certain qutrit gate sets, see [[13, 9, 14, 11}
21]]. In particular, [9] studies both the exact and approximate synthesis problem for the Clifford+ 2 gate
set using Bruhat-Tits buildings.

Motivated by these results, and with the goal of furthering the connections between Bruhat-Tits theory
and circuit synthesis, we study the problem of synthesis over the qutrit Clifford+R gate set. This gate
set was first studied in [2], where a protocol to implement it in a fault tolerant manner via magic state
distillation was proposed. Following this, the Clifford+R gate set has been studied in different contexts
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(see [8, (15,16, 4} 10]). Some progress was made on the problem of synthesis using this gate set soon after
its proposal in [S]] and more recently, in [13}[12].

In this paper, we give the structure of the Bruhat-Tits building associated with the Clifford+R gate set.
This allows us to give a new proof for the arithmeticity of this gate set, which was first proven in [[13]].
In this paper, we give an entirely different proof by constructing the Bruhat-Tits building for Us (Z[ )(1])
and show that this building is in fact a tree. One advantage of this point-of-view is that the circuit
synthesis algorithm can be visualized in terms of a path traversal on such a tree.

1.2 Bruhat-Tits Theory and Gate Synthesis

In number theory, the statement “Clifford+7 satisfies a ring equality” would usually be stated as “the
Clifford+T gate set generates an S-arithmetic group”. Such arithmetic groups are a well studied classical
object (see [[7,[23]]). One of the main tools to understand the properties of these groups (and hence, exact
synthesis) is to study their action on certain combinatorial structures (simplicial complexes) known as
Bruhat-Tits buildings. This interplay of number theory and gate synthesis has been explored for various
arithmetic gate sets [[18 9} 20} 3 [15].

The other aim of this paper is to further this connection and give a relatively self-contained exposition of
these mathematical tools (Bruhat-Tits theory) used to establish synthesis results of this nature. In partic-
ular, we present an exposition on the construction of the Bruhat-Tits building for PU(3) while avoiding
traditional definitions involving root spaces of algebraic tori inside p-adic Lie groups. In the past, Bruhat-
Tits theory has been useful in showing that when finitely generated subgroups are not arithmetic, they
are thin [9]. Due to the lack of an arithmetic structure, thin groups are more difficult to deal with as one
does not have an efficiently computable membership criterion for thin groups in general [26]. For the
circuit synthesis problem, the implication is that if the gate set G in question is thin, it does not satisfy
a ring equality. This makes the problem of finding good synthesis algorithms for the gate set G much
harder. So in summary, thinness is undesirable and arithmeticity is desirable for finitely generated groups
of quantum gates.

For the case of S-arithmetic unitary groups that the synthesis problem is concerned with, one is greatly
aided by the use of the concrete lattice chain models of [1] that distill the mathematical content of
the general theory into a tractable simplicial complex. This makes the sophisticated number-theoretic
machinery more amenable to explicit calculations over local rings and their finite residue fields. This
way, we hope that our paper helps to bridge the gap between mathematicians and quantum computing
specialists interested in this topic.

2 Preliminaries

Denote F = Q(w) := {a+bw | a,b € Q} where & = i is the primitive third root of unity. This is a
number field of degree [F : Q] =2 over Q. The ring of integers of F is Op = Z|w] := {a+bw | a,b € Z}.
Here, the following is true:

30F = )(2@:, where y =1 — .

X generates a principal prime ideal in O and we will denote © = )y OF. In particular, we have that the
residue field OF /x OF is 3. EI

lf: 0p — T3, f(a+bw) = (a,b) where"denotes mod 3. ker(f) = 3CF. By the first isomorphism theorem, O /30 = F3
as an additive group. Since y is a principal prime ideal OF/x OF will be a field. It would have to have 3 elements because
Or/ %20 has 9 elements.
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2.1 The Clifford+R gate set

Definition 2.1. The Clifford+R gate set for qutrits is a group generated by the following matrices:

;11 1 0 0 1 0 0
H=— |1 o ®*| S=(0 o 0] R=|0 1 0
ﬂlwza) 0 0 1 0 0 —1

In [13]], the following theorem was proved:
Theorem 2.2 (Corollary 5.8 in [[13]]). The group generated by the Clifford+R gate set is

(H’S7R> =U; (Z[Xfl])

Here the group on the right is the set of unitaries with entries in Z[y '] and Z[, 0] = Z[x ']

2.2 Local fields
For F, we define Fy to be the local completion of F with respect to the prime ideal # = Y OF. This is
defined as the metric completion of F under the m-adic absolute ValueE] given by

vr(x)

377 ifx#0
0 ifx=0

| |z : F — R, w—)\x\n—{

Here we define vz (x) for x € Op \ {0} as vz(x) =max{n € Z | x "x € Op}, and for x € F \ {0} as
vz (x) = vz(a) —vz(b),where x = a/b for some a,b € OF.

Remark 2.3. The v defined here is called the m-adic valuation in number theory. In some quantum
circuit synthesis literature [13} [17]], this quantity is known as the smallest denominator exponent.
We define & C F; to be the local completion of & with respect to the prime ideal & = )y OF. It can be
identified as

Or={x € Fr||x|zr < 1}.

Lemma 2.4. Any element x € Oy can be written as x = xo +x1 X +x2%>. .., where {x;}i>0 € {0,1,2}.
Furthermore, every element of Fy can be written as )X'x for some i € Z<y and x € Of.

Remark 2.5. Fr = Q3[x] = Q3]0], O = Z3[x] = Z3| 0]

2.3 Involutions, fixed subrings and bilinear form

By (-), we mean @ +— @~ !. This defines an automorphism of the rings F, O, Fy, Oy and has the fixed
subrings Q,7Z, Q3,73 respectively. The involution U commutes with all the natural inclusions among
these rings, wherever applicable. On &y /w0y ~ F, () is the trivial automorphism since @ = 1 (mod )
(indeed, (-) preserves 10 C Oy).

The residue field of Q3 is also [F3, the same as the residue field of Fj.

Wherever the involution (-) is defined for a ring R, one can define on R" for any n the bilinear form

n
<.X,y > = Z.X,‘}Ti.
i=1

21t is also possible to define the absolute value as |x|; = e™"= (). The choice presented here is used to ensure that 13|z =
133 = % as desired, where | |, is the usual p-adic norm on Q.
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2.4 Lattices over local valuation rings

Definition 2.6. Consider a domain R whose field of fractions is K. For a K-vector space V, we define
an R-lattice in V to be a finitely generated torsion-free R-module A C V such that KA = V. We denote
dimV to be the rank of the lattice.

In particular, this means that if we have a Oy-lattice A in F,?, then we can conclude that for some
Vi,.e..,V3 € F,?, one has
AN=0O D Orvy ® Orvs.

This implies that there exists g € M3(Fy) such that A = g&3. This g is not unique, but if g2 = ¢’ &3 for
some g, then one knows that g~'g’ € GL3(0y).
This leads to the following definitions.

Definition 2.7. Let A be a lattice over a PID R of rank n and let K be the field of fractions of R. We denote
det(A) C K to be the R-module generated by det(g), where det(g) is the determinant of g € M,,(K) such
that A = gR".

Remark 2.8. For an Oy-lattice A, we know that det(A) = 7* for some k € Z.

Definition 2.9 (Equivalence of O -lattices). Two O -lattices Ay, A, are considered m-equivalent if

A= nk/\z for some k € Z.

2.5 Dual lattice

Definition 2.10. For any O-lattice A C F,?, one defines the dual lattice to be

A ={x e F} | (x,y) € Oy foreachy € A}.

The dual lattice A% is also a @-lattice and upon further dualization gives (Aﬁ)t = A . One then readily
checks that if A € M3(Fy) is a matrix whose columns are a basis of A, then the conjugate-transpose
(A*)~! € M3(Fy) contains in its columns a basis of A®.

Proposition 2.11. Dualization satisfies the following properties:
* One has for Oy-lattices A1, Ay C F,? that A C Ay = Azii C AR
» If A1 and A, are m-equivalent, then so are A1ji and Azﬁ.

Definition 2.12. A lattice is called self-dual if A" = A. We say that it is self-dual up to m-equivalence if
Af = 7' A for some i € Z.

Remark 2.13. The lattice A = A - 03 is self-dual if A € Us(Fy). The converse is not always true.
For example, Oy is a self-dual lattice, as is &2. Here is a useful lemma about duality.

Lemma 2.14. Suppose A is a lattice over Oy of rank 3 such that A is Tt-equivalent to A*. That is, for
some i € 7, we have A* = mt'A. Then, necessarily i € 27, and ©'/>A is a self-dual lattice.

Proof. One can check that that det(A%) = det(A)_l. Also, we have that det(7'A) = 7% det(A).
Hence, we conclude that det(A)-det(A) = 73, But we know that if det(A) = z* for some k, then det(A)

is also 7¥ as (-) leaves 7 invariant. Therefore, i must be even. The second statement trivially follows. [

Remark 2.15. The rank 3 in Lemma [2.14] can be replaced by any other odd number, but fails for even
dimensions not equal to 2.
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2.6 Cartan decomposition

Lastly, we recall the following theorem about Cartan decompositions over local fields which we make
use of extensively in this paper.

Theorem 2.16 (Theorem 3.3 of [22]). Let g € GL,(F) be a matrix over a local field F whose ring of inte-
gers is O with uniformizing element @. Then, one can find k,k' € GL,(0) and some diagonal a € GL,(F)
with entries that are powers of @ such that g = kak'. Furthermore the choice of a = diag((D'7Ll ey (DA")
is unique if we add the condition that Ay > Ay > --- > A,.

3 Buildings over unitary groups

3.1 Lattice chains

We will consider the lattice chain model of Bruhat-Tits buildings given by Abramenko-Nebe [1].

Definition 3.1. Suppose R is a discrete valuation ring with a uniformizing element @ and whose field of
fractions is K. Consider the vector space K" over K.

A lattice chain of dimension n over a ring R is defined as a nested sequence of lattices with proper
inclusions

rCALCA_ICANCAICANC---

where each of the {A;};cz is an R-lattice inside K" with the condition that the chain is preserved under
the action A — @WA.

Remark 3.2. In [1], the definition given above is the definition of an “admissible” lattice chain and a
lattice chain is simply a nested sequence of lattices.

The infinite chains in Definition [3.1] are actually just finitely many equivalence classes. One can prove
so in the following lemma.

Lemma 3.3. Suppose {A;} is a lattice chain of dimension n over a discrete valuation ring R. Then, up
to multiplication by powers of @, the chain contains at most n inequivalent lattices.

Proof. Let’s consider Ag. We know by Deﬁnitionthat A is also in the chain. What is the maximum
number of lattices @WAg C A1 C Ay C --- C Ag that can be between @A and Ay?

The answer is n — 1. Indeed, notice that Ag/@ Ao ~ k" where k = R/@R. We know that k is a field. One
can show that the intermediate lattices A, A, ... form a flag of subspaces of k. Hence, they are finitely
many and at most n — 1. O

Definition 3.4. We define the rank of a lattice chain {A;} to be the number of @-equivalence classes
inside a lattice chain.

We say that admissible lattice chain {L;} contains {L]} if the latter chain appears as a subsequence in the
former chain. If {L;} has rank n, the {L!} has rank at most .

In this paper, we will only consider lattice chains relevant for qutrit synthesis. In our setting, ® = 7,
K=F;,R=0;and n=73. Alatticechain--- CA_, CA_{ C Ay CA; CAy C ... will consist of O
lattices over Fy.
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3.2 Self-dual lattice chains

Observe that when we have a nested chain of lattices we can dualize each lattice in the chain and obtain
CAQCA CACACAC +— DA, DA DA DA DA S

The right hand side is called the dual lattice chain. Our interest is in self-dual lattice chains.

Definition 3.5. A lattice chain over O} is called a self-dual lattice chain if it is the same chain when we
dualize each lattice in the chain.

Lemma 3.6. For a self-dual lattice chain {A;}cz, at least one of the two statements are true.

1. One has A; :Ajﬁforsome jEZ, or
2. One has Aj = Aj+1ﬁf0rs0me jEZ.

Proof. A lattice chain is equal to its dual if and only if there exists a bijection d : Z — 7Z such that
A= Ad(,-)ji that respects the condition d(i — 1) = d(i) + 1. This map enforces that the lattices in the dual
chain are the same as in the original chain, but in a reversed order.
1. Let2j € Z satisfy d(2j) = 0. d(j) = d(2j — j) = j implies that A; = A }*
2. Let2j+1 € Zsatisty d(2j+1) =0.d(j) =d(2j+1—(j+1)) = j+ 1 implies that A; :AjJrlji
O]

3.3 Simplicial complex of lattice chains

Now we are ready to define the building on which our finitely generated gate set will act.

Definition 3.7. We define 4 to be the set of all self-dual lattice chains of rank 3 over &;. This is the
building associated to the unitary group.

3.3.1 Description of 0-simplices and 1-simplices

As a set, £ is just a collection of chains. But it actually has the structure of a simplicial complex. The
0-simplices of Z are the minimal lattice chains. The 1-simplices are lattice chains that strictly contain
only O-simplices. The 2-simplices are lattice chains that only contain 1-simplices and O-simplices, and
SO on.

Remark 3.8. The set of all lattice chains (not necessarily self-dual) form a 2-building for the group
PGL3. In the PGL3-building, lattice chains of rank k form the (k — 1)-simplices for k = 1,2,3. The
building associated to Us is a sub-building of this building. We will not discuss the building of PGL3 for
simplicity of exposition.

We shall prove the following properties about # (c.f. Appendix [A).

Proposition 3.9. For the 9 described above, we have the following classification of simplices.

1. All the O-simplices of % are one of the following two types.
s Lattice chains of the form {m'A}cz, for some self-dual lattice A C F; arranged as

. CmPACTACACT 'AC...
» Lattice chains of the form {n'A, n'A%};cz, such that A* C A and

S CTACANCACT 'AC...
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2. All the 1-simplices of & are of the form {w' Ay, Tt Ay, niAlﬁ}ieror some lattices Ag, A1 C F,? such
that Ay is self dual and A:1 C A arranged as

L CANCTAI CAFCACA ST IAfC L.

3. There are no 2-simplices in A.
We will henceforth think of O-cells as vertices and 1-cells as edges. Therefore, & has the structure of a
graph. We will call O-cells of the form {7/A};cz for a self-dual lattice A as “pure” vertices. We will call
the O-cells that are not “pure” as “alternating” cells. We will denote pure cells to be Py and alternating
as Ag. One then has that vertex set of 4 decomposes as

Vertices of =Pyl 1Ay.

Denote ez to be the distinguished 0-cell given by {7/ },cz which we will often call the “origin” (also
written vg or eg below).

Remark 3.10. Py and A 4 split 4 into a bipartite graph.

One can summarize the structure of % according to the following proposition (c.f. Appendix
Proposition 3.11. The O-simplices and 1-simplices of B form a forest. That is, X has no loops.

3.3.2 Some subspaces in finite field vector spaces

We are interested in establishing some general facts about quadratic forms on vector spaces over 3.
First we consider the case of F3. Consider F3 with the standard inner product ( , ) : F3 x F3 — F5 given
by:

(D x2)y = xﬁ”x?) +x§”x§) +x§1)x§2)

where x = (x{) X XYy e F3 fori=1,2.
For any bilinear form ( , ) : ]F% X ]F% — [F3, one defines the dual space of a vector space V C F% with
respect to (, ) to be

Vi={veFi| (v,w)=0forallweV}.
Lemma 3.12. Consider F3 and let A € M3(F3) be a symmetric invertible matrix. Consider the bilinear
Sform (, )4 given by

<X,y>A = <Ax7y>'

Then, there are exactly 4 one-dimensional subspaces V C F% such that V. C V+, where V* is the dual of
V with respect to  , )a.

Proof. We know by [19] that in a finite field of odd characteristic, every non-degenerate quadratic form
can be diagonalized. Hence, for x = (x1,x2,x3) € F3, one gets that there exists some B € GL3(F3) such
that

q(Bx) = (Bx,ABx) = ax} + bx3 + cx3
for some a,b,c € {£1}. We want to count the number of x € F3 \ {0} such that g(Bx) = 0. For this
purpose one sees that without loss of generality, we can assume that

q(Bx) = x7 +x3 4+ x3 or x7 +x3 —x3.
The exact diagonalized form of ¢(Bx) depends on whether detA is a quadratic residue in [F3. In both the
cases, we have exactly 8 solutions and they must give rise 4 subspaces V C IE‘% that are one-dimensional.
For each V, it is clear that V C V1 and one sees that these are all. O
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We also need to consider the situation of anti-symmetric linear forms.

Lemma 3.13. Consider IF% and an anti-symmetric matrix A € M3(FF3) given by the following for some

(a,b) € F3\ {(0,0)}: ab
A= (:Z )

Consider the bilinear form ( , )4 given by

<X,y>A = <Ax7y>'

Then, the vector v = (0,b,—a)" € IF% is the unique vector up to scaling satisfying (v,w)4 = 0 for all
we F% Furthermore, there are exactly four subspaces V. C IF% of Fs-dimension 2 such that F3-v CV
and V+ = {w € F3 | (u,w)a =0forallucV}=V.

Proof. Proof is in Appendix [C| O

3.4 Understanding the tree using finite fields
3.4.1 Pure vertices

For any O-lattice A C F,E, one has that A/7A is a finite vector space over Oy /w0y ~ F3 of dimension
3. Let us consider a pure 0-simplex {7'A};cz for A C F; a self-dual lattice. One then gets the following

“(, ) modulo 7 map:

Op:— X — :
()20 A 7A  moy

Indeed, this is well-defined since self-duality of A implies (A,A) C Oy whereas (A, TA) C w0y

ey

Lemma 3.14. Consider A C F,? to be a self-dual lattice. Then the bilinear form ( , ) + n0y given in
Equation|l|defined on the finite F3-vector space A/TA is non-degenerate and symmetric.

Proof. The symmetry is trivial to check since x + 10, =X+ n0 for any x € €. What we want to then
check is that for any v € A, (v,w) € ©0y for all w € A then v € wA. But this is clear since we must then
have (y ~'v,w) € 0 for all w € A forcing that ¥y ~'v € A¥ = A. O

This makes us conclude the following fact about the geometry of the Bruhat-Tits tree A.

Proposition 3.15. Each pure vertex x € & g is connected to 4 alternating vertices in A z.

Proof. Let x = {'A};cz such that A C F is a self-dual lattice. The goal is to find all possible lattices
A C F,g such that

CaACTA CASCACA ca A e AC ...

Fix a vector space isomorphism % o~ Fg Then, we know that the bilinear form ( , ) + w0 defines a
quadratic form on IE‘% This form is non-degenerate and symmetric so we can invoke Lemma
One can check that each chain TA C @A, C A;* C A corresponds bijectively to a chain of subspaces
{0} cvcvtc F% where V has F3-dimension equal to 1 and V= is the dual of V with respect to
(, )+ m0O%. The number of such V is exactly 4 as shown in Lemma[3.12]

O
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Alternating vertex Pure verte)é Alternating vertex
Vi C Vi AJN =TS Vi c Vi
Alternating vertex Alternating vertex
Vi C Vit Vo C Vs

Figure 1: A pure vertex connected to four alternating vertices via the four isotropic lines V C V* in IE‘%

3.4.2 Alternating vertices
We will now start with an alternating O-simplex v = {7'A, 7'A*},c7 such that
caACANCcAcT A )
The goal is now to find how many self-dual lattices A} C F,? one can find, if any, such that
CcahM CAACN CAICACT AN Ccr A C - 3)

The image of A® in the F3-vector space A/mA must be a 1-dimensional vector space. One can indeed
check this by observing that if A = g&3 then [A : Af] = 372"2(48) j5 an even power of 3 (as N(detg) =
det(g)det(g) has even z-valuation) dividing [A : wA] = 27; since A is not self-dual it is forced to be 9.
Hence, we can consider A/TA ~ IF% The relevant bilinear form on this F3-space is
AN 1l0
Or:— X — —
Gt O R X IR T e,
One can check that this is indeed well-defined. First observe that (A, A) C 7~ '(A,A") C 77! 0, makes
sense whereas (A*, A) C Oy is in the kernel.
To have an Oy-valued form on A/mA, one can consider the form x( , ) + n 0y instead. The next two
lemmas are about this bilinear form.

Lemma 3.16. Let x,y € Fy be such that Xx+75y € Oy. Then, x,y € 0.

~ Fs. 4

Proof. The proof can be found in Appendix D] O

Lemma 3.17. Consider the form ( , ) + Oy defined in Equation[d| Then, after identification of A/ TA ~
Fg the map X (, )+ Oy is anti-symmetric and is equivalent to the bilinear map F g X Fg — F3 considered
in Lemma

Proof. The proof can be found in Appendix [E| 0

Furthermore we have the following proposition:
Proposition 3.18. Each alternating vertex v € @ is connected to 4 pure vertices in & z.

Proof. Letv = {m'A, niAﬁ}iez where A C F; is a lattice satisfying Equation [2l We know from Lemma
m that the bilinear form x(, ) + 70 on A/mA ~ F3 must be isomorphic to the one in Lemma
up to some linear transformations on F3. The subspace I3 - v for the vector v = (0,5, —a)” € F3 must
correspond to the image of A? in A/mA. The four self-dual subspaces V in Lemma therefore lift to
four self-dual lattices A satisfying Equation

O]



10 Buildings for Synthesis with Clitford+R

3.4.3 The tree is connected

We will now show that the tree 4 is a connected tree. First, observe the easy lemma.

Lemma 3.19. Let A = v{ Oy + 205 +v30, C F be a lattice. Then, A is self-dual if and only if the
Gram matrix [(vi,v;j)]1<i j<3 € GL3(Ox).

Proof. 1f A € GL3(Fy) is a matrix with columns being vy, vz, v3, we know by the discussion in Section
that the matrix (A*)~! contains a basis of A* = A. Hence, for some y € GL3(0), one has (A*)~! = Ay.
This implies that A*A € GL3(0) and it can be checked that A*A is exactly the Gram matrix. Conversely,
if A*A € GL3(0y) then (A*)~! = A(A*A)~! € AGL3(Oy), so A* = (A*) 103 = A0 = A. O

We will show the following key proposition towards connectedness.

Proposition 3.20. Let g,h € GL3(Fy) be such that Ay = g0 and Ay, = hO’3 are self-dual lattices. Fur-
thermore, we assume that

e CH A CA ST A, SN C (5)

where n € 7> is the least such n that makes Equation [5|hold. Then, there exists a sequence of self-dual
lattices A1, Aa,...,Ay_1 C F,g such that

- CaA CA S IA CrA C
CTACA Co ' A C A C ..

o CRA S C T A S AL C

Proof. The proof can be found in Appendix [F O
Corollary 3.21. The tree A is connected.

Proof. 1t is true that for any self-dual lattices Ay, A, € &2 one can find some minimal n € Z>( such
that Equation [3is true. In Lemma.4] we will see that if n = 1, one can connect such pure vertices by
an alternating pair. If n > 1, we can reduce to the case of n = 1 by Proposition [3.20

To connect x,y € o754, one can use Proposition to connect them to pure neighbors and assume
x,y € &4 without loss of generality. O

We have plotted in Figure [J[(a) the appearance of the tree with the structure described above.

4 Clifford+R action on the Bruhat-Tits building

Observe that U3(Fy) has a natural action on 2. The stabilizer of the origin ey is U3(Oy).
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(a) Vertices up to distance 3 from the center of %. Note .
that the pure vertices are denoted by red and the alter- (b) The distance-2 shell Sy, as well as the dot-
nating ones by blue. ted path from eg to v.

Figure 2: Traversing the tree

4.1 Distances in the building

The following lemma describes the set of relevant matrices that we need to focus on to get all vertices

Lemma 4.1. Define o C GL3(Fy) as
o ={o € GL3(Fy) | a*a € GL3(Oy)}.
Then, for each v € P one has v = Qv for some o € o/ where vo € A is the origin.

Proof. It is clear that v = {m'A};cz for some self-dual lattice A. We write A = gﬁg for some g €
GL3(Fy). Then, the self-duality condition implies that (g*)~'&2 = g&2. This means that g*g03 =
0. O

Here’s something important to know about elements of </ C GL3(Fy).
Lemma 4.2. Write the Cartan decomposition of g as g = kak’ for k,k' € GL3(0y) and some diagonal
a € GL3(Fz). Then, we can assume that a = diag(x",1,x™") for some n € Z>.

Proof. Since for some y € GL3(0y), we get g = yg~! = y(k')"'a~'k!, by the uniqueness part of
Theorem [2.16, we know that one must take a = diag(x",1,x™"). O

Consider the group GL3(Fy) and define for g € GL3(Fy)
I(g) = _erilijn{vn(gij)}- (6)

Lemma 4.3. Recall <7 from Lemma

1. Given any k,k' € GL3(Oy), we have [(kgk') = 1(g).

2. One has1(g1g2) <1(g1)+1(g2) for any g1,g2 € GL3(Fy).

3. Forge o/, 1(g) >0andl(g™') =1(g).

4. For g,h € o, one has 1(g~'h) > 0.

5. The map d(g,h) := 3[I(g~'h) +1(h~'g)] defines a metric on </ | GL3(O%).
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Proof. See Appendix [G] O

One can use the map / from Equation@to understand the action of U3(Fz) on 2. Here is a lemma about
what / can measure.
Lemma4.4. Let o7 be as in Lemmaand letg,h€ of. Let Ag=gO3 and Ay = hO3 and Ay, # Ag. Thus

Ag, Ay are distinct self-dual lattices in Fy. Then d(g,h) =2 if and only if Ag C T~ ' Ay and Ay, C T A,.
Proof. The proof can be found in Appendix [H] O

Proposition 4.5. Consider % as a graph and let d(x,y) denote the edge-distance between two points
x,y € B Let g, h € o/ C GL3(Fy). Then, one has d(g,h) = d(gvo,hvo).

Proof. The full proof can be found in Appendix[I| O

4.2 Proof of main theorem

Denote I' = U3(Z[x !]). We now describe the overall idea. Let 5 C T be the finitely generated group
of Clifford+R. We want to consider the orbit .7Z - e and show that it is the same as the orbit I'- e 4.
We will do this by starting with some v = gvy for some g € I'. Via induction on /(v), we will show that
v = hyg for some h € 7. Once this is done, we have

g 'heTNU3(0;) = Us(0F).

The following lemma helps us show that all monomials are in Clifford+R.
Proposition 4.6. The set U3(OF) is the set of monomial matrices. They form a subset U3(Or) C 5 and
are therefore in the Clifford+R set.

Proof. First observe that if m,n € Z then
m? +n* —mn <1 = (m,n) € {(0,0),(£1,0),(0,£1),(1,1),(—1,—1)}.

Hence, if o = m + on satisfies @@ < 1, we know that a € {0, +1,+®,+®°}. Now, if aj,as,a3 € Op =
Z|o] satisfy aaj + apa; +azaz = 1, then we know that each a;a; € Z> so exactly one of the three terms
on the left must be 1. Hence, if A € GL3(0F) satisfies A*A = I, we know that each row has exactly one
non-zero element and it must be one of {+1,+w®, +®?}.

Finally, all of these monomials lie in J#, since ¢ contains S, R, H 2 and HSHHHSH, and one checks
that these four elements generate U3 (). O

Proof. (of Theorem [2.2)
We will argue that for any pure vertex v € &4 such that v # ¢, one can find an element g € 7 such
that d(geo,v) = d(eo,v) — 2. See Figure 2b) for a schematic.
Let Sy € H4 be the set

So={we Py |d(eg,w)=2}.
We observe that #S) = 4 x 3 = 12. Write e; = Heg. We have d(ej,ep) =2 and e; € Sp. It is sufficient
to show that U3(OF)e; = Sp. Indeed, at least one e € Sy lies on the shortest path connecting ey to v and
if we show e € Us(OF)e;, we are done. We also have that Stab(eg,I') = U3(0F) = Stab(e;,I') =
HU;(Op)H™'. So the group

9 = {g € Stab(eo,F) | gey = 61} = HU3(ﬁF)H71 ﬂU3(ﬁF).

By calculating these finite groups explicitly, we know that #4 = 108, whereas #U3(0F) = 3! x 63 =
1296. By the orbit-stabilizer theorem, we get that #U3(OF )e; = 12 and hence we are done. O



M Deaconu, N.Gargava, A.R Kalra, M.Mosca & J.Yard 13

5 Acknowledgments

We would like to thank Shai Evra, Ori Parzanchevski for discussing and sharing their understanding
about Bruhat-Tits buildings with us. The authors also thank the QPL reviewers for their comments. This
work was supported in part by Canada’s NSERC, NTT Research, and the Royal Bank of Canada. IQC
and the Perimeter Institute (PI) are supported in part by the Government of Canada through ISED and
the Province of Ontario (PI). JY acknowledges support from the NSERC project FoQaCiA under Grant
No. ALLRP-569582-21. NG acknowledges funding from the ERC Grant 101096550 and from the SNSF
grant 225437.

References

[1] Peter Abramenko & Gabriele Nebe (2002): Lattice chain models for affine buildings of classical type. Math-
ematische Annalen 322, pp. 537-562.

[2] Hussain Anwar, Earl T Campbell & Dan E Browne (2012): Qutrit magic state distillation. New Journal of
Physics 14(6), p. 063006.

[3] Terrence Richard Blackman & Zachary Stier (2023): Fast navigation with icosahedral golden gates. Quan-
tum Information and Computation 23(11&12), pp. 0901-0923.

[4] Alex Bocharov (2016): A note on optimality of quantum circuits over metaplectic basis. arXivi1606.02315.

[5] Alex Bocharov, Xingshan Cui, Vadym Kliuchnikov & Zhenghan Wang (2016): Efficient topological com-
pilation for a weakly integral anyonic model. Physical Review A 93(1), doi:10.1103/physreva.93.012313.
Available athttps://doi.org/10.1103%2Fphysreva.93.012313|

[6] Alex Bocharov, Martin Roetteler & Krysta M. Svore (2017): Factoring with qutrits: Shor’s algorithm on

ternary and metaplectic quantum architectures. Physical Review A 96(1), doii10.1103/physreva.96.012306.
Available athttp://dx.doi.org/10.1103/PhysRevA.96.012306.

[7] Armand Borel & Gopal Prasad (1989): Finiteness theorems for discrete subgroups of bounded covolume in
semi-simple groups. Publications Mathématiques de I'IHES 69, pp. 119-171.

[8] Shawn X Cui & Zhenghan Wang (2015): Universal quantum computation with metaplectic anyons. Journal
of Mathematical Physics 56(3).

[9] Shai Evra & Ori Parzanchevski (2024): Arithmeticity and covering rate of the 9-cyclotomic Clifford+ 2 gates
in PU(3). arXiv:2401.16120.

[10] Andrew N. Glaudell, Neil J. Ross, John van de Wetering & Lia Yeh (2022): Qutrit Metaplectic Gates Are a
Subset of Clifford+T. In Francgois Le Gall & Tomoyuki Morimae, editors: 17th Conference on the Theory of
Quantum Computation, Communication and Cryptography (TQC 2022), Leibniz International Proceedings
in Informatics (LIPIcs) 232, Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl, Germany, pp.
12:1-12:15, doii10.4230/LIPIcs. TQC.2022.12. Available at https://drops.dagstuhl.de/entities/
document/10.4230/LIPIcs.TQC.2022.12.

[11] Andrew N. Glaudell, Neil J. Ross, John van de Wetering & Lia Yeh (2024): Exact synthesis of multi-
qutrit Clifford-cyclotomic circuits. Electronic Proceedings in Theoretical Computer Science 406, p. 44—62,
doi:10.4204/eptcs.406.2. Available athttp://dx.doi.org/10.4204/EPTCS.406.2.

[12] Erik J Gustafson, Henry Lamm, Diyi Liu, Edison M Murairi & Shuchen Zhu (2025): Synthesis of single
qutrit circuits from Clifford+R. arXiv preprint arXiv:2503.20203.

[13] Amolak Ratan Kalra, Michele Mosca & Dinesh Valluri (2025): Synthesis and arithmetic of single qutrit cir-
cuits. Quantum 9, p. 1647, doi:10.22331/g-2025-02-26-1647. Available at https://doi.org/10.22331/
q-2025-02-26-1647.

[14] Amolak Ratan Kalra, Manimugdha Saikia, Dinesh Valluri, Sam Winnick & Jon Yard (2024): Multi-qutrit
exact synthesis. arXiv:2405.08147.


https://arxiv.org/abs/1606.02315
https://doi.org/10.1103/physreva.93.012313
https://doi.org/10.1103%2Fphysreva.93.012313
https://doi.org/10.1103/physreva.96.012306
http://dx.doi.org/10.1103/PhysRevA.96.012306
https://arxiv.org/abs/2401.16120
https://doi.org/10.4230/LIPIcs.TQC.2022.12
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.TQC.2022.12
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.TQC.2022.12
https://doi.org/10.4204/eptcs.406.2
http://dx.doi.org/10.4204/EPTCS.406.2
https://doi.org/10.22331/q-2025-02-26-1647
https://doi.org/10.22331/q-2025-02-26-1647
https://doi.org/10.22331/q-2025-02-26-1647
https://arxiv.org/abs/2405.08147

14

Buildings for Synthesis with Clitford+R

[15] Vadym Kliuchnikov, Alex Bocharov, Martin Roetteler & Jon Yard (2015): A framework for approximating

Qubit unitaries. arXivi1510.03888.

[16] Vadym Kliuchnikov, Kristin Lauter, Romy Minko, Adam Paetznick & Christophe Petit (2023): Shorter

quantum circuits via single-qubit gate approximation. Quantum 7, p. 1208, doii10.22331/q-2023-12-18-
1208, Available athttps://doi.org/10.22331/q-2023-12-18-1208.

[17] Vadym Kliuchnikov, Dmitri Maslov & Michele Mosca (2013): Fast and efficient exact synthesis of single-

qubit unitaries generated by Clifford and T gates. Quantum Info. Comput. 13(7-8), p. 607-630.

[18] Vadym Kliuchnikov & Sebastian Schonnenbeck (2024): Multi-qubit circuit synthesis and Hermitian lattices.

arXiv:2405.19302.

[19] Rudolf Lidl & Harald Niederreiter (1997): Finite fields. 20, Cambridge university press.
[20] Ori Parzanchevski & Peter Sarnak (2018): Super-golden-gates for PU(2). Advances in Mathematics 327, pp.

869-901.

[21] Shiroman Prakash, Akalank Jain, Bhakti Kapur & Shubangi Seth (2018): Normal form for single-qutrit

Clifford+ T operators and synthesis of single-qutrit gates. Physical Review A 98(3), p. 032304.

[22] Dipendra Prasad & Anantharam Raghuram (2001): Representation theory of GL(n) over non-Archimedean

local fields. preprint.

[23] Gopal Prasad (1989): Volumes of S-arithmetic quotients of semi-simple groups. Publications Mathématiques

de I'THES 69, pp. 91-114.

[24] Neil J Ross (2014): Optimal ancilla-free Clifford+ V approximation of z-rotations. arXiv preprint

arXiv:1409.4355.

[25] NeilJ. Ross & Peter Selinger (2016): Optimal ancilla-free Clifford+T approximation of z-rotations. Quantum

Info. Comput. 16(11-12), p. 901-953.

[26] Peter Sarnak (2012): Notes on thin matrix groups. arXiv preprint arXiv:1212.3525.

A

Proof of Proposition 3.9

Definition A.1. Given a self-dual lattice chain {A;};cz, we define the anchor of the lattice chain as the
unique half-integer i € %Z defined as the following.

1. IfA; = /\jﬁ for some j € Z, we denote the anchor to be i = j.
2. IfA; = AJHﬁ for some j € Z, we denote the anchor tobe i = j+ 1/2.

We assume the labeling of a lattice chain {A,;};cz is such that the anchor point is at i = 0 or i = % for
each case respectively.

Proposition A.2. For & described above, we have the following classification of simplices.

1. All the O-simplices of B are one of the following two types.
s Lattice chains of the form {n'A};cz for some self-dual lattice A C F,g arranged as

. CmACTACACT 'AC...
» Lattice chains of the form {m'A, t'A*};cz such that A* C A and
- CIACACACT A C...

2. All the 1-simplices of 9B are of the form {T' A1, 7' Ao, niAlﬁ}ieror some lattices Ao, A1 C F,? such
that Ay is self dual and A:1 C A arranged as

- CANCTAICAFCACA CTIAfC. L.
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3.

{ﬂ'i/\o} i i ) {ﬂil\l,ﬂ:i/\]u} ) ) - {ﬂ'i/\z}
{mAL, T Ag, WAL} {7AL, T Ay, WA}

Figure 3: An alternating vertex (centre) and two of its four pure neighbours

There are no 2-simplices in 2.

Proof. We will systematically investigate lattice chains of rank 1,2,3 to get all possible self-dual lattice
chains.

(a)

(b)

©

(d)

Let {A;} be a rank-1 lattice chain in Z8. Hence Ay must be m-equivalent to every lattice in the
chain. In particular, A; = 7 ¥A¢ for some k € Z~;. To maintain rank 1, the only possibility is
k=1.

By assumption the anchor point of the chain is either at O or % If the anchor point was at index %,
it would imply that Ao* = A| which would be an instance of odd-self duality, contradicting Lemma
[2.14] The only remaining option would be for the anchor point to be at index 0, which implies
self-duality for Ag.

Clearly {7'Ag}icz cannot contain any subchains and will be a O-simplex in Z. Setting A = A
gives the chain equation.

Let {A;} be a rank-2 lattice chain in Z.

* First, let us assume that the anchor point is at index 0. Hence, we get that the chain {71,'"A0} -
{A;} forms a self-dual subchain inside {A;}. But since {A;} is a rank 2 lattice chain, there
exists another m-equivalence class of lattices. A; could not be m-equivalent to Ag, as this
would cause the whole chain to be m-equivalent to Ay, contradicting the chain being rank 2.
Additionally, A could not be m-equivalent to a self dual lattice as there can only be one self-
dual lattice in the chain, because there can be at most one anchor point in the chain. By the
anchor being at index 0 we have A_| = Alﬁ, while rank 2 forces A_; = wA; (arank-2 chain
has period 2). Hence A1ji = A1, i.e. Aj is m-equivalent to its dual with the odd exponent
i = 1, contradicting Lemma [2.14]

* Suppose now that {A;} has its anchor at % This directly implies that Ao = A;. Hence,
Ao and A cannot be m-equivalent (Lemma , so all other lattices in the chain must be
scalings of those 2. Since there will be no self-dual lattice in the chain, the lattice chain
{A;}iez cannot contain any rank 1 0-simplex lattice chains. Alternating between scalings of
Ao and A is forced due to the lattice chain being fixed by 7 scalings, which leads us to the
second type of O-simplex in the statement.

Let {A;} be a rank-3 lattice chain in Z.

Because duality is an involution, at least one of the three m-equivalence classes of lattices in {A;}
contains a self-dual lattice. Let Ag be this self-dual lattice (and so anchor is at 0). There can be
no other m-equivalence class containing a self-dual lattice other than {niAO}L-eZ because of the
construction of the anchor point. In particular Arf must be A_;.

Hence, we must necessarily have that this lattice chain is of the type given in the statement and is
a 1-simplex since it contains the two types of 0-simplices demonstrated above.

There are no rank 4 or above lattices chains since we are working with lattices in F;. Hence, all
self-dual lattice chains are classified and no 2-simplices could be found.

O]
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{An,S0,AL} {Ao,S0,AL}

{Au1,80,A%_ 1} {Ao,S1,AL}

]
Figure 4: What a loop would look like in %

B Proof of Proposition 3.11]

Proposition B.1. The 0-simplices and 1-simplices of 9 form a forest. That is, 8 has no loops.

Proof. Suppose that % contains a loop (see Figure ). Since each edge connects a vertex in Py to a
vertex in Ay, we may arbitrarily choose a vertex {7'Sp};cz € Py as the start and end of the loop. This
loop, as for any other path, can be described as a sequence of edges.

# _ 1.0

- CTAYC Sy CAgC Sy CAyCt 'Socm'AgC...
# _ 1,4

- CTAYC RS CAYC S CAyC 'Sy cr'AgC...
# _ 1.0

. CmA CS|CA CS CA Cr s crnla c...

# _ 1,4
L CRmAICTS, CACS, CA Crn 'S, crnla c...

# _ 1.0
- CmA, C TS, CA, CS, CA, Cr 'S, cn A, C...

# _ 1,4
- CRA, CRSo CA,CSyCA, Cr'Socn A, C...

by starting at Ay and forming a chain of subsets on the left diagonal, then starting at Ao’ and forming a
chain of subsets on the right diagonal you arrive at the following relations:

ﬂ'nAn C Ay
Ay C A,

n

this relationship implies that you can form the following self-dual lattice chain

o C(T"Ay) C Ag C So C Ay C (T"A,) C ...

Since the loop uses two distinct alternating vertices Ag and A, together with the pure vertex Sy, this is a
self-dual lattice chain of rank greater than 3 (a 2-simplex), contradicting Proposition [3.9] O
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C Proof of Lemma

Lemma C.1. Consider IF% and an anti-symmetric matrix A € Ms(F3) given by the following for some
(a,b) € F3\{(0,0)}-

Consider the bilinear form ( , )4 given by

(6,504 = (Ax,y).

Then, the vector v = (0,b,—a)’ € F% is the unique vector up to scaling satisfying (v,w)4 = 0 for all
we F% Furthermore, there are exactly four subspaces V- C IF% of Fs-dimension 2 such that F3-v CV
and V+ = {w € F3 | (u,w)r =0forallucV}=V.

Proof. We know that for x = (x,x2,x3) and y = (y1,y2,y3), one has

(x,y)a = a(x1y2 — x2y1) + b(x1y3 — x3y1).

Then, it is clear that the only way one can have (x,y)4 =0 forall y € F% is when x; = 0 and ax; +bxz = 0.
This shows that v = (0,b, —a) is the vector as required.

Then assuming a # 0, one can identify (x;,x2,x3) +F3-v <> (x1,x2) and get an isomorphism of F3-spaces
IE‘% JF3-v o~ F% Because of the property of v, the map (, )4 quotients on IF% /F3-v to the map

((x1,%2), (y1,2)) = alx1y2 —x2y1).

This is a non-degenerate alternating form on [F, so every line F3w is self-dual: it is isotropic because the
form is alternating, and (F3w)* is again 1-dimensional by non-degeneracy, hence (F3w)* = F3w. There
are four such lines w in IF% giving the four subspaces V = F3v + F3w.

We leave the case of a = 0 for the reader which is identical. O

D Proof of Lemma 3,16
Lemma D.1. Let x,y € Fy be such that Xx+5yy € Oy. Then, x,y € 0.

Proof. If vz(x) < vz(y) then we clearly have that 0 < vz (Xx+7yy) = 2vz(x) and we are done.

Otherwise, let’s assume that x = x"x',y = x"y' for some n < 0 such thatx’,y’ € €. Then, we have X',y €
+1+ w0y implying that X'x’ 4+ y'y' € 2+ n0,. Therefore, we must have that xx+yy € " 3" (2 + n0y)
forcing n to be non-negative. This is impossible. So x,y € 0. O

E Proof of Lemma[3.17

Lemma E.1. Consider the form (, )+ Oy defined in Equation Then, after identification of A/ TA ~ T3,
the map x( , )+ n0y is anti-symmetric and is equivalent to the bilinear map IF% X IF% — 3 considered

in Lemma(3.13]
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Proof. To show anti-symmetric, one sees that the unit ¥ /x = 3—x)/x = -1+ € O;. Therefore,
one gets that ¥ /x = —1 (mod m0y). So one sees that for x,y € A we get

X(x,y) + 7Oy = % (y,x) + WOy
= (/) (X0 +70%).

Then, using that for a € Oy one has @ = a (mod w0y), we get the required anti-symmetric property.
Now suppose that A = g&3 for some g € GL3(F;). Without loss of generality, we can replace g by gk
for k € GL3(0r). Hence, one can write g in Hermite normal form (up to scaling and rescaling by some
power of ¥) and assume that g is a lower-triangular matrix.

Using the isomorphism x — g~ !x, one can get the isomorphism

A _ 80z | Oz

TN gl w03

Keeping track of the bilinear product, one knows that the relevant form on &3 /03 ~ 5 is

(x,y) — x(gx,8y) + 0y € F3.

Let
811
8= 1821 822
831 832 833

Then we get that the matrix

211811 1 821821 1831831 821822 1 831832 8&318433
g'g= 222821 + 832831 2280 +808% §08%
233831 833832 233833

must satisfy (yg*gx,y) € Oy for all x,y € &3. Therefore, all the entries must be in . In particular, the
diagonal entries are fixed by () and lie in Z3. Therefore the valuation v,( ) evaluated at the diagonal
elements of yg*g must be at least 1. Hence all the diagonals are in 70, and therefore reduce to 0 € Fs.
This implies that g33 € 0. Furthermore, the entry g2,82> + 832832 € 0. By Lemma [3.16| applied to
this entry, g22,832 € Oy (and g33 € O from above). In particular, we get that the bottom-right half of
xg ¢ =0 (mod n0y).
Depending on g»1,831 € Fr, the only non-zero entries in yg*g can be a = ¥ (8,822 +g31¢32) and b =
X (831)g33. Observe that both a,b cannot be zero, otherwise one gets that AP =A.

O

F Proof of Proposition 3.20

Proposition F.1. Let g,h € GL3(Fy) be such that Ay = g0 and A, = hO3 are self-dual lattices. Fur-
thermore, we assume that

CA, CALC T A, C T AL C
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where n € 7> is the least such n that makes Equation [5|hold. Then, there exists a sequence of self-dual
lattices A1, Aa,...,Ay_1 C F,? such that

- CaA CACr A CrA C (7)
CaMCA I Cr A C T A C. .

o CRA CALC T A SN C

Proof. We claim that we can find a basis of v{,v,,v3 € F; such that Ag =10z +Vv207 +v30; and
Ap=Y"v1Og+ X" vy O + X" v30; for some ny > ny > n3 € Z.

Here is how one can get this claim. Observe that g~ € GL3(F;) admits a Cartan decomposition.
Hence for some diagonal a = diag(x™,x",x™) and ky,ko € GL3(0), one has g~'h = kjak, —>
(gk1)~'h = ak,. Note that g0 = (gk;) 02 because ki € GL3(0). We observe that the columns vy, vy, v3
of gk; € GL3(Fy) are the required basis. Indeed, A, = gk;(gk1) ' hO3 = (gk))ak, O3 = (gki)a&> which
is exactly what we need.

Denote g; = gk;. Because of self-duality of Ag, A;, we also know that (g]*)_1 =gily and (h™1)* = hi,
for some 11,1, € GL3(O%). This implies that ((g;'7)*)~! = I;((k1akz)*)~'l». By the uniqueness of the
Cartan decomposition, we must therefore have n; = —n3 and n, = 0. Because 7"A, C A, C T7"Ay, we
have n > n; > np > n3 > —n. By the minimality of n, we must have (ny,ny,n3) = (n,0,—n).

Consider the Gram matrix A, = [(v;,v;j)]1<i j<3 of Ag. Because A, is self-dual, we must have that A, €
GL3(0%) by Lemma[3.19] The Gram matrix A;, of A; must then be

xx)" (vi,v1) 2" (vi,v2) (vi,v3)
X" (va,v1) (va,v2) X "{va,v3) € GL3(0y).
(va,vi) 2 M (vav2) (X)) "(vs,va)

This means that (v3,v3) € "0y and (v3,v3) € 2" Oy (the (2,3) entry carries the factor " of 7-
valuation —n, while the (3,3) entry carries (x¥) ™" = 37" of m-valuation —2n). To ensure that detA, €
Oy, wemusthave (vi,v3),(v2,v2) € O} . One can see this via projection of A under the map GL3 (&) —
GL3(F3).

It is clear that the lattices L; = x'v{ O +v,0r + x 'v30y for i = 1,...,n — 1 satisfy Equation 7. The
only thing left to verify is that they are self-dual. For this, by Lemma [3.19] it is sufficient to argue that
the Gram matrices of L; satisfy

(xZ) (vivr) - 2/ (v, va) {v1,v3)
X va,vr)  (vama) X 'va,v3) | €GLs(On).
vy X vav2) (X)) (v3,v3)

G Proof of Lemma

Lemma G.1. Recall </ from Lemma
1. Given any k,k' € GL3(Oy), we have l(kgk') = 1(g).
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2. One hasl(g1g2) <1(g1)+1(g2) for any g1,82 € GL3(Fy).
b

3. Forge o/, 1(g) >0and (g I(g).

4. For g,h € o, one has 1(g~'h) > 0.

5. The map d(g,h) := 3[I(g~'h) +1(h~"g)] defines a metric on o/ | GL3(O%).

Proof. 1. For this statement, observe that for any ay,as,a3 € Oy and by,by,b3 € Fy, one has

Erlli& va(bi) < vr(aiby + axby + azbs).

This proves that /(kgk’) < 1(g) for each k, k" € U3(Oy). Replacing g with kgk’ and k, k" with their
respective inverses gives us the equality.

2. It is known by Cartan decomposition that any g € GL3(Fy) can be written as
g = kak',

where k, k" € GL3(0r) and a € GL3(Fy) is a diagonal matrix with entries that are powers of 7.
Writing g; = kja k] and g» = kaaxk) in their respective Cartan decompositions for ki, k2, k], k) €
GL3(0r) and diagonal a;,a; € GL3(Fy) gives us that it is sufficient to show

l(arkikyay) < I(ay) +1(az).

Note that [(a,) = [ (K| kaaz). So the inequality follows from the claim that for any g € GL3(Fy) and
any diagonal a € GL3(Fy), one has

l(ag) < l(a)+1(g)-

This is easy to verify from Equation [6]

3. For g € o/ we have g*g € GL3(0%), so det(g*g) € O and vy(detg) = 1vy(det(g’g)) = 0. If
every entry satisfied vz(g;j) > 1, then g € ¥ M3(07) and vz(detg) > 3, a contradiction. Hence
minl-_’jvn(gij) <0, so l(g) = —2miniﬁjvn(gij) >0.

The statement /(g) = I(g~") is a simple consequence of Lemma

4. We get that I(h) < 1(g)+1(g 'h)and I(g) = (g™!) < I(g'h)+1(h™"). In particular, [(g~'h) >
max{l(g) —1(h),1(h) —1(g)} = 0.

5. One knows that d > 0, is symmetric and satisfies the triangle inequality. The only thing to see is

what happens if d(g,h) = 0 for some g, € 7. In this case, we know that [(g~'h) =0 =1I(h"'g).

If the Cartan decomposition of g~ '/ has the diagonal a = diag(y™, ¥, x") with n; > ny > ns,

then /(g 'h),I1(h~'g) force that 0 > ny > ny > n3 > 0. This means that g € hGL3(&;) and we are
done.

O
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H Proof of Lemma 4.4

Lemma H.1. Let o be as in Lemmaand let g,h € o/. Let Ay = 203 and A, = hO2 and A, # Ag.
Thus Ag, Ay, are distinct self-dual lattices in F,?. Then d~(g,h) =2 if and only if Ay C n Ay and Ay, C
1A,

Proof. We know that d(g,h) = 2 is possible if either [(g~'h) =2,1(h"'g) =2 or (g7 'h) =4,1(h"'g) =
0.

Let us show that the latter cannot happen. If I[(h~'g) = 0 then we must have [(g) = I(h) since 0 =
I(h~'g) > max{l(g) —I(h),I(h) —1(g)} > 0. Suppose 2n = I(g). This means that for some ki, kz,k},k, €
GL3(0%) and d = diag(x",1,x "), by Lemma[d.2| we get

g =kidk),h = kydKk).

Denote x = k; 'k, € GL3(0y). Then, because of Lemma 4.3 we get that [(g~'h) = [(d~'xd) = 4 and
I(h'g) =1(d~'x'd) =1((d 'xd)~") = 0. The last equality means

d'x7'd € (47" GL3(0%)d) NGL3(C%).

The right side is a congruence subgroup in GL3(&,) and therefore is preserved under taking inverses.
This implies that d~'xd € GL3(0) and therefore [(d~'xd) = 0 # 4.
Therefore, we conclude that [(g~'h) = I(h~'g) = 2. Let g~ ' = kdK’ be the Cartan decomposition with
k,k' € GL3(0) and the diagonal d = diag(x™, x™, x™). Because [(g~'h) = I(h~'g) = 2, we know that
1 =mny > ny > n3 = —1. This means that yd and xd‘l has all its entries in &. This lets us conclude
that g 'h03 =kd 02 D kn03 = w03 and therefore A, C w~'Ay,. Similarly, using d~! we conclude that
Ay C A,
To show that A, C 7~' A, and A, C ' Ay, imply that d(g, h) = 2, one can show that /(g 'h),l(h"'g) =
2. This follows in the same way as the above paragraph.

O

I Proof of Proposition 4.5|

Proposition 1.1. Consider % as a graph and let d(x,y) denote the edge-distance between two points
x,y € B Let g,h € of C GL3(Fy). Then, one has d(g,h) = d(gvo,hvo).

Proof. We know from Lemma4.1|that o/vy = P5.
To show that d(g,h) = d(gvo,hv), it is sufficient to show that for any g,h € </

d(g,h) = 2 if and only if d(gvo, hvy) = 2.

Indeed, here’s how this claim proves the result. For general g,h € <7 such that d(gvo,hvp) < e, we obtain

from the claim that d(g, &) is at most

2min{n | (go,...,8n) € d”“,go =g,8n = h,d(givo,gi+1v0) =2 fori=0,...,n— 1},

hence we get d(g,h) < d(gvo,hvo).

On the other hand, if d(gvo,hvo) = 2n then one shows from constructing a chain of 1-simplices that
Ay =g03 and Ay, = hO3 satisfy T"A, C Ag C 7" Ay,. This implies that g~ 162 C 77" €3 and therefore
I(g~'h) < 2n. Similarly we conclude the same for /(h~'g) and therefore obtain d(g, k) < 2n.
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From the above discussion, it is immediately clear that d(gvo,hvo) = 2 implies that d(g, /) = 2. For the
converse, we observe from Lemma that if d(g,h) = 2 then A, C Ay C A, We need to show
that there are two 1-simplices connecting {7'Aj}icz and {7'Agz}icz. For this, we must show that there
exists a lattice A C F,? such that

A CAPC A, CACT 'Agand TA, CA C A, CAC T A,
We observe that A = A, + Ay or (A, N Ag)jj works. One checks that

AR TG C AN Ay C (Ag+ A1) C AnAg C Ag+ A, C (A NAL C Ay, 1A,
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