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We study the problem of exact synthesis for the Clifford+R gate set and give the explicit structure of
the underlying Bruhat-Tits building for this group. In this process, we also give an alternative proof
of the arithmetic nature of this gate set.

1 General synthesis problem

Let PU(d) be the group of unitary matrices up to phases and let d(·, ·) be some natural distance function
on PU(d). The general circuit synthesis problem can be stated as follows: Given a target unitary matrix
U ∈ PU(d) and a universal gate set G = {g1, · · · ,gn} ⊆ PU(d), output a circuit consisting of words over
G that realizes U . A good synthesis algorithm is one in which, given a target error ε > 0 and U ∈ PU(d),
the algorithm outputs a circuit γ = gi1gi2 · · ·gir for some r that is at most a polynomial in log 1

ε
.

In the special case where an exact decomposition of the unitary U over G is possible, the problem is called
exact synthesis. One method to address this problem is to give an explicit algebraic characterization
of those unitaries that are exactly implementable using G. This boils down to proving that the group
generated by G consists of matrices having entries in a particular ring R ⊆ C. For example, [17] shows
an exact synthesis characterization for the single qubit Clifford+T gate set. To do so, they show that the
group generated by this gate set is PU2(Z[ 1√

2
, i]). This approach of giving an algebraic characterization

for the group generated by a gate set G, can also be used to give more efficient algorithms to solve the
general circuit synthesis problem (approximate synthesis) via a “rounding-off" procedure, see [24, 25,
15, 16].

1.1 Our work

In this work, we will focus on the exact synthesis problem for single qutrits (d = 3). Previously, algebraic
characterizations similar to the qubit case have been shown for certain qutrit gate sets, see [13, 9, 14, 11,
21]. In particular, [9] studies both the exact and approximate synthesis problem for the Clifford+D gate
set using Bruhat-Tits buildings.
Motivated by these results, and with the goal of furthering the connections between Bruhat-Tits theory
and circuit synthesis, we study the problem of synthesis over the qutrit Clifford+R gate set. This gate
set was first studied in [2], where a protocol to implement it in a fault tolerant manner via magic state
distillation was proposed. Following this, the Clifford+R gate set has been studied in different contexts
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(see [8, 15, 6, 4, 10]). Some progress was made on the problem of synthesis using this gate set soon after
its proposal in [5] and more recently, in [13, 12].
In this paper, we give the structure of the Bruhat-Tits building associated with the Clifford+R gate set.
This allows us to give a new proof for the arithmeticity of this gate set, which was first proven in [13].
In this paper, we give an entirely different proof by constructing the Bruhat-Tits building for U3

(
Z[χ−1]

)
and show that this building is in fact a tree. One advantage of this point-of-view is that the circuit
synthesis algorithm can be visualized in terms of a path traversal on such a tree.

1.2 Bruhat-Tits Theory and Gate Synthesis

In number theory, the statement “Clifford+T satisfies a ring equality” would usually be stated as “the
Clifford+T gate set generates an S-arithmetic group”. Such arithmetic groups are a well studied classical
object (see [7, 23]). One of the main tools to understand the properties of these groups (and hence, exact
synthesis) is to study their action on certain combinatorial structures (simplicial complexes) known as
Bruhat-Tits buildings. This interplay of number theory and gate synthesis has been explored for various
arithmetic gate sets [18, 9, 20, 3, 15].
The other aim of this paper is to further this connection and give a relatively self-contained exposition of
these mathematical tools (Bruhat-Tits theory) used to establish synthesis results of this nature. In partic-
ular, we present an exposition on the construction of the Bruhat-Tits building for PU(3) while avoiding
traditional definitions involving root spaces of algebraic tori inside p-adic Lie groups. In the past, Bruhat-
Tits theory has been useful in showing that when finitely generated subgroups are not arithmetic, they
are thin [9]. Due to the lack of an arithmetic structure, thin groups are more difficult to deal with as one
does not have an efficiently computable membership criterion for thin groups in general [26]. For the
circuit synthesis problem, the implication is that if the gate set G in question is thin, it does not satisfy
a ring equality. This makes the problem of finding good synthesis algorithms for the gate set G much
harder. So in summary, thinness is undesirable and arithmeticity is desirable for finitely generated groups
of quantum gates.
For the case of S-arithmetic unitary groups that the synthesis problem is concerned with, one is greatly
aided by the use of the concrete lattice chain models of [1] that distill the mathematical content of
the general theory into a tractable simplicial complex. This makes the sophisticated number-theoretic
machinery more amenable to explicit calculations over local rings and their finite residue fields. This
way, we hope that our paper helps to bridge the gap between mathematicians and quantum computing
specialists interested in this topic.

2 Preliminaries

Denote F = Q(ω) := {a+ bω | a,b ∈ Q} where ω = e
2πi
3 is the primitive third root of unity. This is a

number field of degree [F : Q] = 2 over Q. The ring of integers of F is OF =Z[ω] := {a+bω | a,b ∈Z}.
Here, the following is true:

3OF = χ
2OF , where χ = 1−ω.

χ generates a principal prime ideal in OF and we will denote π = χOF . In particular, we have that the
residue field OF/χOF is F3. 1

1 f : OF → F2
3, f (a+bω) = (ā, b̄) where¯denotes mod 3. ker( f ) = 3OF . By the first isomorphism theorem, OF/3OF ∼= F2

3
as an additive group. Since χ is a principal prime ideal OF/χOF will be a field. It would have to have 3 elements because
OF/χ2OF has 9 elements.
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2.1 The Clifford+R gate set

Definition 2.1. The Clifford+R gate set for qutrits is a group generated by the following matrices:

H =
i√
3

1 1 1
1 ω ω2

1 ω2 ω

 S =

1 0 0
0 ω 0
0 0 1

 R =

1 0 0
0 1 0
0 0 −1


In [13], the following theorem was proved:

Theorem 2.2 (Corollary 5.8 in [13]). The group generated by the Clifford+R gate set is

⟨H,S,R⟩= U3
(
Z[χ−1]

)
Here the group on the right is the set of unitaries with entries in Z[χ−1] and Z[1

3 ,ω] = Z[χ−1].

2.2 Local fields

For F , we define Fπ to be the local completion of F with respect to the prime ideal π = χOF . This is
defined as the metric completion of F under the π-adic absolute value2 given by

| |π : F → R≥0, x 7→ |x|π =

{
3−

vπ (x)
2 if x ̸= 0

0 if x = 0
.

Here we define vπ(x) for x ∈ OF \{0} as vπ(x) = max{n ∈ Z | χ−nx ∈ OF}, and for x ∈ F \{0} as

vπ(x) = vπ(a)− vπ(b),where x = a/b for some a,b ∈ OF .

Remark 2.3. The vπ defined here is called the π-adic valuation in number theory. In some quantum
circuit synthesis literature [13, 17], this quantity is known as the smallest denominator exponent.
We define Oπ ⊆ Fπ to be the local completion of OF with respect to the prime ideal π = χOF . It can be
identified as

Oπ = {x ∈ Fπ | |x|π ≤ 1}.

Lemma 2.4. Any element x ∈ Oπ can be written as x = x0 + x1χ + x2χ2 . . . , where {xi}i≥0 ∈ {0,1,2}.
Furthermore, every element of Fπ can be written as χ ix for some i ∈ Z≤0 and x ∈ Oπ .

Remark 2.5. Fπ =Q3[χ] =Q3[ω], Oπ = Z3[χ] = Z3[ω]

2.3 Involutions, fixed subrings and bilinear form

By (·), we mean ω 7→ ω−1. This defines an automorphism of the rings F,OF ,Fπ ,Oπ and has the fixed
subrings Q,Z,Q3,Z3 respectively. The involution (·) commutes with all the natural inclusions among
these rings, wherever applicable. On Oπ/πOπ ≃F3, (·) is the trivial automorphism since ω ≡ 1 (mod π)
(indeed, (·) preserves πOπ ⊆ Oπ ).
The residue field of Q3 is also F3, the same as the residue field of Fπ .
Wherever the involution (·) is defined for a ring R, one can define on Rn for any n the bilinear form

⟨ x,y ⟩=
n

∑
i=1

xiyi.

2It is also possible to define the absolute value as |x|π = e−vπ (x). The choice presented here is used to ensure that |3|π =
|3|3 = 1

3 as desired, where | |p is the usual p-adic norm on Q.
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2.4 Lattices over local valuation rings

Definition 2.6. Consider a domain R whose field of fractions is K. For a K-vector space V , we define
an R-lattice in V to be a finitely generated torsion-free R-module Λ ⊆ V such that KΛ = V . We denote
dimV to be the rank of the lattice.

In particular, this means that if we have a Oπ -lattice Λ in F3
π , then we can conclude that for some

v1, . . . ,v3 ∈ F3
π , one has

Λ = Oπv1 ⊕Oπv2 ⊕Oπv3.

This implies that there exists g ∈ M3(Fπ) such that Λ = gO3
π . This g is not unique, but if gO3

π = g′O3
π for

some g′, then one knows that g−1g′ ∈ GL3(Oπ).
This leads to the following definitions.

Definition 2.7. Let Λ be a lattice over a PID R of rank n and let K be the field of fractions of R. We denote
det(Λ)⊆ K to be the R-module generated by det(g), where det(g) is the determinant of g ∈ Mn(K) such
that Λ = gRn.

Remark 2.8. For an Oπ -lattice Λ, we know that det(Λ) = πk for some k ∈ Z.

Definition 2.9 (Equivalence of Oπ -lattices). Two Oπ -lattices Λ1,Λ2 are considered π-equivalent if

Λ1 = π
k
Λ2 for some k ∈ Z.

2.5 Dual lattice

Definition 2.10. For any Oπ -lattice Λ ⊆ F3
π , one defines the dual lattice to be

Λ
♯ = {x ∈ F3

π | ⟨x,y⟩ ∈ Oπ for each y ∈ Λ}.

The dual lattice Λ♯ is also a Oπ -lattice and upon further dualization gives (Λ♯)
♯
= Λ . One then readily

checks that if A ∈ M3(Fπ) is a matrix whose columns are a basis of Λ, then the conjugate-transpose
(A∗)−1 ∈ M3(Fπ) contains in its columns a basis of Λ♯.

Proposition 2.11. Dualization satisfies the following properties:

• One has for Oπ -lattices Λ1,Λ2 ⊆ F3
π that Λ1 ⊆ Λ2 ⇒ Λ2

♯ ⊆ Λ1
♯.

• If Λ1 and Λ2 are π-equivalent, then so are Λ1
♯ and Λ2

♯.

Definition 2.12. A lattice is called self-dual if Λ♯ = Λ. We say that it is self-dual up to π-equivalence if
Λ♯ = π iΛ for some i ∈ Z.

Remark 2.13. The lattice Λ = A ·O3
π is self-dual if A ∈ U3(Fπ). The converse is not always true.

For example, Oπ is a self-dual lattice, as is O3
π . Here is a useful lemma about duality.

Lemma 2.14. Suppose Λ is a lattice over Oπ of rank 3 such that Λ is π-equivalent to Λ♯. That is, for
some i ∈ Z, we have Λ♯ = π iΛ. Then, necessarily i ∈ 2Z and π i/2Λ is a self-dual lattice.

Proof. One can check that that det(Λ♯) = det(Λ)
−1

. Also, we have that det(π iΛ) = π3i det(Λ).
Hence, we conclude that det(Λ) ·det(Λ) = π−3i. But we know that if det(Λ) = πk for some k, then det(Λ)
is also πk as (·) leaves π invariant. Therefore, i must be even. The second statement trivially follows.

Remark 2.15. The rank 3 in Lemma 2.14 can be replaced by any other odd number, but fails for even
dimensions not equal to 2.
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2.6 Cartan decomposition

Lastly, we recall the following theorem about Cartan decompositions over local fields which we make
use of extensively in this paper.

Theorem 2.16 (Theorem 3.3 of [22]). Let g∈GLn(F) be a matrix over a local field F whose ring of inte-
gers is O with uniformizing element ϖ . Then, one can find k,k′ ∈GLn(O) and some diagonal a∈GLn(F)
with entries that are powers of ϖ such that g = kak′. Furthermore the choice of a = diag(ϖλ1 , . . . ,ϖλn)
is unique if we add the condition that λ1 ≥ λ2 ≥ ·· · ≥ λn.

3 Buildings over unitary groups

3.1 Lattice chains

We will consider the lattice chain model of Bruhat-Tits buildings given by Abramenko-Nebe [1].

Definition 3.1. Suppose R is a discrete valuation ring with a uniformizing element ϖ and whose field of
fractions is K. Consider the vector space Kn over K.
A lattice chain of dimension n over a ring R is defined as a nested sequence of lattices with proper
inclusions

· · · ⊂ Λ−2 ⊂ Λ−1 ⊂ Λ0 ⊂ Λ1 ⊂ Λ2 ⊂ ·· ·

where each of the {Λi}i∈Z is an R-lattice inside Kn with the condition that the chain is preserved under
the action Λ 7→ ϖΛ.

Remark 3.2. In [1], the definition given above is the definition of an “admissible” lattice chain and a
lattice chain is simply a nested sequence of lattices.

The infinite chains in Definition 3.1 are actually just finitely many equivalence classes. One can prove
so in the following lemma.

Lemma 3.3. Suppose {Λi} is a lattice chain of dimension n over a discrete valuation ring R. Then, up
to multiplication by powers of ϖ , the chain contains at most n inequivalent lattices.

Proof. Let’s consider Λ0. We know by Definition 3.1 that ϖΛ0 is also in the chain. What is the maximum
number of lattices ϖΛ0 ⊊ Λ1 ⊊ Λ2 ⊊ · · ·⊊ Λ0 that can be between ϖΛ0 and Λ0?
The answer is n−1. Indeed, notice that Λ0/ϖΛ0 ≃ kn where k = R/ϖR. We know that k is a field. One
can show that the intermediate lattices Λ1,Λ2, . . . form a flag of subspaces of kn. Hence, they are finitely
many and at most n−1.

Definition 3.4. We define the rank of a lattice chain {Λi} to be the number of ϖ-equivalence classes
inside a lattice chain.

We say that admissible lattice chain {Li} contains {L′
i} if the latter chain appears as a subsequence in the

former chain. If {Li} has rank n, the {L′
i} has rank at most n.

In this paper, we will only consider lattice chains relevant for qutrit synthesis. In our setting, ϖ = π ,
K = Fπ , R = Oπ and n = 3. A lattice chain · · · ⊂ Λ−2 ⊂ Λ−1 ⊂ Λ0 ⊂ Λ1 ⊂ Λ2 ⊂ . . . will consist of Oπ

lattices over F3
π .
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3.2 Self-dual lattice chains

Observe that when we have a nested chain of lattices we can dualize each lattice in the chain and obtain

· · · ⊂ Λ−2 ⊂ Λ−1 ⊂ Λ0 ⊂ Λ1 ⊂ Λ2 ⊂ ·· · 7−→ ·· · ⊃ Λ
♯
−2 ⊃ Λ

♯
−1 ⊃ Λ

♯
0 ⊃ Λ

♯
1 ⊃ Λ

♯
2 ⊃ ·· ·

The right hand side is called the dual lattice chain. Our interest is in self-dual lattice chains.

Definition 3.5. A lattice chain over Oπ is called a self-dual lattice chain if it is the same chain when we
dualize each lattice in the chain.

Lemma 3.6. For a self-dual lattice chain {Λi}i∈Z, at least one of the two statements are true.

1. One has Λ j = Λ j
♯ for some j ∈ Z, or

2. One has Λ j = Λ j+1
♯ for some j ∈ Z.

Proof. A lattice chain is equal to its dual if and only if there exists a bijection d : Z → Z such that
Λi = Λd(i)

♯ that respects the condition d(i−1) = d(i)+1. This map enforces that the lattices in the dual
chain are the same as in the original chain, but in a reversed order.

1. Let 2 j ∈ Z satisfy d(2 j) = 0. d( j) = d(2 j− j) = j implies that Λ j = Λ j
♯

2. Let 2 j+1 ∈ Z satisfy d(2 j+1) = 0. d( j) = d(2 j+1− ( j+1)) = j+1 implies that Λ j = Λ j+1
♯

3.3 Simplicial complex of lattice chains

Now we are ready to define the building on which our finitely generated gate set will act.

Definition 3.7. We define B to be the set of all self-dual lattice chains of rank 3 over Oπ . This is the
building associated to the unitary group.

3.3.1 Description of 0-simplices and 1-simplices

As a set, B is just a collection of chains. But it actually has the structure of a simplicial complex. The
0-simplices of B are the minimal lattice chains. The 1-simplices are lattice chains that strictly contain
only 0-simplices. The 2-simplices are lattice chains that only contain 1-simplices and 0-simplices, and
so on.
Remark 3.8. The set of all lattice chains (not necessarily self-dual) form a 2-building for the group
PGL3. In the PGL3-building, lattice chains of rank k form the (k − 1)-simplices for k = 1,2,3. The
building associated to U3 is a sub-building of this building. We will not discuss the building of PGL3 for
simplicity of exposition.
We shall prove the following properties about B (c.f. Appendix A).

Proposition 3.9. For the B described above, we have the following classification of simplices.

1. All the 0-simplices of B are one of the following two types.
• Lattice chains of the form {π iΛ}i∈Z for some self-dual lattice Λ ⊆ F3

π arranged as

· · · ⊆ π
2
Λ ⊆ πΛ ⊆ Λ ⊆ π

−1
Λ ⊆ . . .

• Lattice chains of the form {π iΛ,π iΛ♯}i∈Z such that Λ♯ ⊊ Λ and

· · · ⊆ πΛ ⊆ Λ
♯ ⊆ Λ ⊆ π

−1
Λ
♯ ⊆ . . .
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2. All the 1-simplices of B are of the form {π iΛ1,π
iΛ0,π

iΛ1
♯}i∈Z for some lattices Λ0,Λ1 ⊆ F3

π such
that Λ0 is self dual and Λ

♯

1 ⊊ Λ1 arranged as

· · · ⊆ πΛ0 ⊆ πΛ1 ⊆ Λ1
♯ ⊆ Λ0 ⊆ Λ1 ⊆ π

−1
Λ1

♯ ⊆ . . .

3. There are no 2-simplices in B.
We will henceforth think of 0-cells as vertices and 1-cells as edges. Therefore, B has the structure of a
graph. We will call 0-cells of the form {π iΛ}i∈Z for a self-dual lattice Λ as “pure” vertices. We will call
the 0-cells that are not “pure” as “alternating” cells. We will denote pure cells to be PB and alternating
as AB. One then has that vertex set of B decomposes as

Vertices of B = PB ⊔AB.

Denote eB to be the distinguished 0-cell given by {π iO3
π}i∈Z which we will often call the “origin” (also

written v0 or e0 below).
Remark 3.10. PB and AB split B into a bipartite graph.
One can summarize the structure of B according to the following proposition (c.f. Appendix B)
Proposition 3.11. The 0-simplices and 1-simplices of B form a forest. That is, B has no loops.

3.3.2 Some subspaces in finite field vector spaces

We are interested in establishing some general facts about quadratic forms on vector spaces over F3.
First we consider the case of F3

3. Consider F3
3 with the standard inner product ⟨ , ⟩ : F3

3 ×F3
3 → F3 given

by:
⟨x(1),x(2)⟩= x(1)1 x(2)1 + x(1)2 x(2)2 + x(1)3 x(2)3

where x(i) = (x(i)1 ,x(i)2 ,x(i)3 ) ∈ F3
3 for i = 1,2.

For any bilinear form ⟨ , ⟩ : F3
3 ×F3

3 → F3, one defines the dual space of a vector space V ⊆ F3
3 with

respect to ⟨ , ⟩ to be
V⊥ = {v ∈ F3

3 | ⟨v,w⟩= 0 for all w ∈V}.
Lemma 3.12. Consider F3

3 and let A ∈ M3(F3) be a symmetric invertible matrix. Consider the bilinear
form ⟨ , ⟩A given by

⟨x,y⟩A = ⟨Ax,y⟩.
Then, there are exactly 4 one-dimensional subspaces V ⊆ F3

3 such that V ⊆V⊥, where V⊥ is the dual of
V with respect to ⟨ , ⟩A.

Proof. We know by [19] that in a finite field of odd characteristic, every non-degenerate quadratic form
can be diagonalized. Hence, for x = (x1,x2,x3) ∈ F3

3, one gets that there exists some B ∈ GL3(F3) such
that

q(Bx) = ⟨Bx,ABx⟩= ax2
1 +bx2

2 + cx2
3

for some a,b,c ∈ {±1}. We want to count the number of x ∈ F3
3 \ {0} such that q(Bx) = 0. For this

purpose one sees that without loss of generality, we can assume that

q(Bx) = x2
1 + x2

2 + x2
3 or x2

1 + x2
2 − x2

3.

The exact diagonalized form of q(Bx) depends on whether detA is a quadratic residue in F3. In both the
cases, we have exactly 8 solutions and they must give rise 4 subspaces V ⊆ F3

3 that are one-dimensional.
For each V , it is clear that V ⊆V⊥ and one sees that these are all.
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We also need to consider the situation of anti-symmetric linear forms.

Lemma 3.13. Consider F3
3 and an anti-symmetric matrix A ∈ M3(F3) given by the following for some

(a,b) ∈ F2
3 \{(0,0)}:

A =
(

a b
−a
−b

)
.

Consider the bilinear form ⟨ , ⟩A given by

⟨x,y⟩A = ⟨Ax,y⟩.

Then, the vector v = (0,b,−a)T ∈ F3
3 is the unique vector up to scaling satisfying ⟨v,w⟩A = 0 for all

w ∈ F3
3. Furthermore, there are exactly four subspaces V ⊆ F3

3 of F3-dimension 2 such that F3 · v ⊆ V
and V⊥ = {w ∈ F3

3 | ⟨u,w⟩A = 0 for all u ∈V}=V .

Proof. Proof is in Appendix C.

3.4 Understanding the tree using finite fields

3.4.1 Pure vertices

For any Oπ -lattice Λ ⊆ F3
π , one has that Λ/πΛ is a finite vector space over Oπ/πOπ ≃ F3 of dimension

3. Let us consider a pure 0-simplex {π iΛ}i∈Z for Λ ⊆ F3
π a self-dual lattice. One then gets the following

“⟨ , ⟩ modulo π” map:

⟨ , ⟩+πOπ :
Λ

πΛ
× Λ

πΛ
→ Oπ

πOπ

. (1)

Indeed, this is well-defined since self-duality of Λ implies ⟨Λ,Λ⟩ ⊆ Oπ whereas ⟨Λ,πΛ⟩ ⊆ πOπ .

Lemma 3.14. Consider Λ ⊆ F3
π to be a self-dual lattice. Then the bilinear form ⟨ , ⟩+πOπ given in

Equation 1 defined on the finite F3-vector space Λ/πΛ is non-degenerate and symmetric.

Proof. The symmetry is trivial to check since x+πOπ = x+πOπ for any x ∈ O . What we want to then
check is that for any v ∈ Λ, ⟨v,w⟩ ∈ πOπ for all w ∈ Λ then v ∈ πΛ. But this is clear since we must then
have ⟨χ−1v,w⟩ ∈ Oπ for all w ∈ Λ forcing that χ−1v ∈ Λ♯ = Λ.

This makes us conclude the following fact about the geometry of the Bruhat-Tits tree B.

Proposition 3.15. Each pure vertex x ∈ PB is connected to 4 alternating vertices in AB.

Proof. Let x = {π iΛ}i∈Z such that Λ ⊆ F3
π is a self-dual lattice. The goal is to find all possible lattices

Λ1 ⊆ F3
π such that

· · · ⊂ πΛ ⊂ πΛ1 ⊂ Λ1
♯ ⊂ Λ ⊂ Λ1 ⊂ π

−1
Λ1

♯ ⊂ π
−1

Λ ⊂ . . .

Fix a vector space isomorphism Λ

πΛ
≃ F3

3. Then, we know that the bilinear form ⟨ , ⟩+πOπ defines a
quadratic form on F3

3. This form is non-degenerate and symmetric so we can invoke Lemma 3.12.
One can check that each chain πΛ ⊂ πΛ1 ⊂ Λ1

♯ ⊂ Λ corresponds bijectively to a chain of subspaces
{0} ⊂ V ⊂ V⊥ ⊂ F3

3 where V has F3-dimension equal to 1 and V⊥ is the dual of V with respect to
⟨ , ⟩+πOπ . The number of such V is exactly 4 as shown in Lemma 3.12.
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Pure vertex
Λ/πΛ ∼= F3

3

Alternating vertex
V1 ⊂V⊥

1

Alternating vertex
V2 ⊂V⊥

2

Alternating vertex
V3 ⊂V⊥

3

Alternating vertex
V4 ⊂V⊥

4

Figure 1: A pure vertex connected to four alternating vertices via the four isotropic lines V ⊂V⊥ in F3
3.

3.4.2 Alternating vertices

We will now start with an alternating 0-simplex v = {π iΛ,π iΛ♯}i∈Z such that

· · · ⊂ πΛ ⊂ Λ
♯ ⊂ Λ ⊂ π

−1
Λ
♯ ⊂ ·· · (2)

The goal is now to find how many self-dual lattices Λ1 ⊆ F3
π one can find, if any, such that

· · · ⊂ πΛ1 ⊂ πΛ ⊂ Λ
♯ ⊂ Λ1 ⊂ Λ ⊂ π

−1
Λ
♯ ⊂ π

−1
Λ1 ⊂ ·· · (3)

The image of Λ♯ in the F3-vector space Λ/πΛ must be a 1-dimensional vector space. One can indeed
check this by observing that if Λ = gO3

π then [Λ : Λ♯] = 3−2vπ (detg) is an even power of 3 (as N(detg) =
det(g)det(g) has even π-valuation) dividing [Λ : πΛ] = 27; since Λ is not self-dual it is forced to be 9.
Hence, we can consider Λ/πΛ ≃ F3

3. The relevant bilinear form on this F3-space is

⟨ , ⟩+Oπ :
Λ

πΛ
× Λ

πΛ
→ π−1Oπ

Oπ

≃ F3. (4)

One can check that this is indeed well-defined. First observe that ⟨Λ,Λ⟩ ⊆ π−1⟨Λ,Λ♯⟩ ⊆ π−1Oπ makes
sense whereas ⟨Λ♯,Λ⟩ ⊆ Oπ is in the kernel.
To have an Oπ -valued form on Λ/πΛ, one can consider the form χ⟨ , ⟩+πOπ instead. The next two
lemmas are about this bilinear form.
Lemma 3.16. Let x,y ∈ Fπ be such that xx+ yy ∈ Oπ . Then, x,y ∈ Oπ .

Proof. The proof can be found in Appendix D

Lemma 3.17. Consider the form ⟨ , ⟩+Oπ defined in Equation 4. Then, after identification of Λ/πΛ ≃
F3

3, the map χ⟨ , ⟩+πOπ is anti-symmetric and is equivalent to the bilinear map F3
3×F3

3 →F3 considered
in Lemma 3.13.

Proof. The proof can be found in Appendix E.

Furthermore we have the following proposition:
Proposition 3.18. Each alternating vertex v ∈ AB is connected to 4 pure vertices in PB.

Proof. Let v = {π iΛ,π iΛ♯}i∈Z where Λ ⊆ F3
π is a lattice satisfying Equation 2. We know from Lemma

3.17 that the bilinear form χ⟨ , ⟩+πOπ on Λ/πΛ ≃ F3
3 must be isomorphic to the one in Lemma 3.13,

up to some linear transformations on F3
3. The subspace F3 · v for the vector v = (0,b,−a)T ∈ F3

3 must
correspond to the image of Λ♯ in Λ/πΛ. The four self-dual subspaces V in Lemma 3.13 therefore lift to
four self-dual lattices Λ1 satisfying Equation 3.
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3.4.3 The tree is connected

We will now show that the tree B is a connected tree. First, observe the easy lemma.

Lemma 3.19. Let Λ = v1Oπ + v2Oπ + v3Oπ ⊆ F3
π be a lattice. Then, Λ is self-dual if and only if the

Gram matrix [⟨vi,v j⟩]1≤i, j≤3 ∈ GL3(Oπ).

Proof. If A∈GL3(Fπ) is a matrix with columns being v1,v2,v3, we know by the discussion in Section 2.5
that the matrix (A∗)−1 contains a basis of Λ♯ = Λ. Hence, for some γ ∈ GL3(Oπ), one has (A∗)−1 = Aγ .
This implies that A∗A ∈ GL3(Oπ) and it can be checked that A∗A is exactly the Gram matrix. Conversely,
if A∗A ∈ GL3(Oπ) then (A∗)−1 = A(A∗A)−1 ∈ A GL3(Oπ), so Λ♯ = (A∗)−1O3

π = AO3
π = Λ.

We will show the following key proposition towards connectedness.

Proposition 3.20. Let g,h ∈ GL3(Fπ) be such that Λg = gO3
π and Λh = hO3

π are self-dual lattices. Fur-
thermore, we assume that

· · · ⊆ π
n
Λg ⊆ Λh ⊆ π

−n
Λg ⊆ π

−2n
Λh ⊆ . . . , (5)

where n ∈ Z≥0 is the least such n that makes Equation 5 hold. Then, there exists a sequence of self-dual
lattices Λ1,Λ2, . . . ,Λn−1 ⊆ F3

π such that

· · · ⊆ πΛ1 ⊆Λg ⊆ π
−1

Λ1 ⊆ π
−2

Λg ⊆ . . .

· · · ⊆ πΛ2 ⊆Λ1 ⊆ π
−1

Λ2 ⊆ π
−2

Λ1 ⊆ . . .

...

· · · ⊆ πΛn−1 ⊆Λh ⊆ π
−1

Λn−1 ⊆ π
−2

Λh ⊆ . . .

Proof. The proof can be found in Appendix F.

Corollary 3.21. The tree B is connected.

Proof. It is true that for any self-dual lattices Λg, Λh ∈ PB one can find some minimal n ∈ Z≥0 such
that Equation 5 is true. In Lemma 4.4, we will see that if n = 1, one can connect such pure vertices by
an alternating pair. If n > 1, we can reduce to the case of n = 1 by Proposition 3.20.
To connect x,y ∈ AB, one can use Proposition 3.18 to connect them to pure neighbors and assume
x,y ∈ PB without loss of generality.

We have plotted in Figure 2(a) the appearance of the tree with the structure described above.

4 Clifford+R action on the Bruhat-Tits building

Observe that U3(Fπ) has a natural action on B. The stabilizer of the origin eB is U3(Oπ).



M Deaconu, N.Gargava, A.R Kalra, M.Mosca & J.Yard 11

(a) Vertices up to distance 3 from the center of B. Note
that the pure vertices are denoted by red and the alter-
nating ones by blue.

e0

e

e1

v

(b) The distance-2 shell S0, as well as the dot-
ted path from e0 to v.

Figure 2: Traversing the tree

4.1 Distances in the building

The following lemma describes the set of relevant matrices that we need to focus on to get all vertices
PB ⊆ B.

Lemma 4.1. Define A ⊆ GL3(Fπ) as

A = {α ∈ GL3(Fπ) | α
∗
α ∈ GL3(Oπ)}.

Then, for each v ∈ PB one has v = αv0 for some α ∈ A where v0 ∈ B is the origin.

Proof. It is clear that v = {π iΛ}i∈Z for some self-dual lattice Λ. We write Λ = gO3
π for some g ∈

GL3(Fπ). Then, the self-duality condition implies that (g∗)−1O3
π = gO3

π . This means that g∗gO3
π =

O3
π .

Here’s something important to know about elements of A ⊆ GL3(Fπ).

Lemma 4.2. Write the Cartan decomposition of g as g = kak′ for k,k′ ∈ GL3(Oπ) and some diagonal
a ∈ GL3(Fπ). Then, we can assume that a = diag(χn,1,χ−n) for some n ∈ Z≥0.

Proof. Since for some γ ∈ GL3(Oπ), we get g∗ = γg−1 = γ(k′)−1a−1k−1, by the uniqueness part of
Theorem 2.16, we know that one must take a = diag(χn,1,χ−n).

Consider the group GL3(Fπ) and define for g ∈ GL3(Fπ)

l(g) =−2min
i, j

{vπ(gi j)}. (6)

Lemma 4.3. Recall A from Lemma 4.1.

1. Given any k,k′ ∈ GL3(Oπ), we have l(kgk′) = l(g).
2. One has l(g1g2)≤ l(g1)+ l(g2) for any g1,g2 ∈ GL3(Fπ).
3. For g ∈ A , l(g)≥ 0 and l(g−1) = l(g).
4. For g,h ∈ A , one has l(g−1h)≥ 0.
5. The map d̃(g,h) := 1

2 [l(g
−1h)+ l(h−1g)] defines a metric on A /GL3(Oπ).
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Proof. See Appendix G.

One can use the map l from Equation 6 to understand the action of U3(Fπ) on B. Here is a lemma about
what l can measure.
Lemma 4.4. Let A be as in Lemma 4.1 and let g,h∈A . Let Λg = gO3

π and Λh = hO3
π and Λh ̸=Λg. Thus

Λg,Λh are distinct self-dual lattices in F3
π . Then d̃(g,h) = 2 if and only if Λg ⊆ π−1Λh and Λh ⊆ π−1Λg.

Proof. The proof can be found in Appendix H

Proposition 4.5. Consider B as a graph and let d(x,y) denote the edge-distance between two points
x,y ∈ B Let g,h ∈ A ⊆ GL3(Fπ). Then, one has d̃(g,h) = d(gv0,hv0).

Proof. The full proof can be found in Appendix I.

4.2 Proof of main theorem

Denote Γ = U3(Z[χ−1]). We now describe the overall idea. Let H ⊆ Γ be the finitely generated group
of Clifford+R. We want to consider the orbit H · eB and show that it is the same as the orbit Γ · eB.
We will do this by starting with some v = gv0 for some g ∈ Γ. Via induction on l(v), we will show that
v = hv0 for some h ∈ H . Once this is done, we have

g−1h ∈ Γ∩U3(Oπ) = U3(OF).

The following lemma helps us show that all monomials are in Clifford+R.
Proposition 4.6. The set U3(OF) is the set of monomial matrices. They form a subset U3(OF)⊆H and
are therefore in the Clifford+R set.

Proof. First observe that if m,n ∈ Z then

m2 +n2 −mn ≤ 1 =⇒ (m,n) ∈ {(0,0),(±1,0),(0,±1),(1,1),(−1,−1)}.

Hence, if α = m+ωn satisfies αα ≤ 1, we know that α ∈ {0,±1,±ω,±ω2}. Now, if a1,a2,a3 ∈ OF =
Z[ω] satisfy a1a1+a2a2+a3a3 = 1, then we know that each aiai ∈ Z≥0 so exactly one of the three terms
on the left must be 1. Hence, if A ∈ GL3(OF) satisfies A∗A = I, we know that each row has exactly one
non-zero element and it must be one of {±1,±ω,±ω2}.
Finally, all of these monomials lie in H , since H contains S, R, H2, and HSHHHSH, and one checks
that these four elements generate U3(OF).

Proof. (of Theorem 2.2)
We will argue that for any pure vertex v ∈ PB such that v ̸= e0, one can find an element g ∈ H such
that d(ge0,v) = d(e0,v)−2. See Figure 2(b) for a schematic.
Let S0 ⊆ PB be the set

S0 = {w ∈ PB | d(e0,w) = 2}.
We observe that #S0 = 4× 3 = 12. Write e1 = He0. We have d(e1,e0) = 2 and e1 ∈ S0. It is sufficient
to show that U3(OF)e1 = S0. Indeed, at least one e ∈ S0 lies on the shortest path connecting e0 to v and
if we show e ∈ U3(OF)e1, we are done. We also have that Stab(e0,Γ) = U3(OF) =⇒ Stab(e1,Γ) =
HU3(OF)H−1. So the group

G = {g ∈ Stab(e0,Γ) | ge1 = e1}= H U3(OF)H−1 ∩U3(OF).

By calculating these finite groups explicitly, we know that #G = 108, whereas #U3(OF) = 3!× 63 =
1296. By the orbit-stabilizer theorem, we get that #U3(OF)e1 = 12 and hence we are done.
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A Proof of Proposition 3.9

Definition A.1. Given a self-dual lattice chain {Λi}i∈Z, we define the anchor of the lattice chain as the
unique half-integer i ∈ 1

2Z defined as the following.

1. If Λ j = Λ j
♯ for some j ∈ Z, we denote the anchor to be i = j.

2. If Λ j = Λ j+1
♯ for some j ∈ Z, we denote the anchor to be i = j+1/2.

We assume the labeling of a lattice chain {Λi}i∈Z is such that the anchor point is at i = 0 or i = 1
2 for

each case respectively.

Proposition A.2. For B described above, we have the following classification of simplices.

1. All the 0-simplices of B are one of the following two types.
• Lattice chains of the form {π iΛ}i∈Z for some self-dual lattice Λ ⊆ F3

π arranged as

· · · ⊆ π
2
Λ ⊆ πΛ ⊆ Λ ⊆ π

−1
Λ ⊆ . . .

• Lattice chains of the form {π iΛ,π iΛ♯}i∈Z such that Λ♯ ⊊ Λ and

· · · ⊆ πΛ ⊆ Λ
♯ ⊆ Λ ⊆ π

−1
Λ
♯ ⊆ . . .

2. All the 1-simplices of B are of the form {π iΛ1,π
iΛ0,π

iΛ1
♯}i∈Z for some lattices Λ0,Λ1 ⊆ F3

π such
that Λ0 is self dual and Λ

♯

1 ⊊ Λ1 arranged as

· · · ⊆ πΛ0 ⊆ πΛ1 ⊆ Λ1
♯ ⊆ Λ0 ⊆ Λ1 ⊆ π

−1
Λ1

♯ ⊆ . . .
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{π iΛ0} {π iΛ1,π
iΛ1

♯} {π iΛ2}
{π iΛ1, π iΛ0, π iΛ1

♯} {π iΛ1, π iΛ2, π iΛ
♯
1}

Figure 3: An alternating vertex (centre) and two of its four pure neighbours

3. There are no 2-simplices in B.

Proof. We will systematically investigate lattice chains of rank 1,2,3 to get all possible self-dual lattice
chains.

(a) Let {Λi} be a rank-1 lattice chain in B. Hence Λ0 must be π-equivalent to every lattice in the
chain. In particular, Λ1 = π−kΛ0 for some k ∈ Z≥1. To maintain rank 1, the only possibility is
k = 1.
By assumption the anchor point of the chain is either at 0 or 1

2 . If the anchor point was at index 1
2 ,

it would imply that Λ0
♯ = Λ1 which would be an instance of odd-self duality, contradicting Lemma

2.14. The only remaining option would be for the anchor point to be at index 0, which implies
self-duality for Λ0.
Clearly {π iΛ0}i∈Z cannot contain any subchains and will be a 0-simplex in B. Setting Λ = Λ0
gives the chain equation.

(b) Let {Λi} be a rank-2 lattice chain in B.
• First, let us assume that the anchor point is at index 0. Hence, we get that the chain {π iΛ0} ⊆
{Λi} forms a self-dual subchain inside {Λi}. But since {Λi} is a rank 2 lattice chain, there
exists another π-equivalence class of lattices. Λ1 could not be π-equivalent to Λ0, as this
would cause the whole chain to be π-equivalent to Λ0, contradicting the chain being rank 2.
Additionally, Λ1 could not be π-equivalent to a self dual lattice as there can only be one self-
dual lattice in the chain, because there can be at most one anchor point in the chain. By the
anchor being at index 0 we have Λ−1 = Λ1

♯, while rank 2 forces Λ−1 = πΛ1 (a rank-2 chain
has period 2). Hence Λ1

♯ = πΛ1, i.e. Λ1 is π-equivalent to its dual with the odd exponent
i = 1, contradicting Lemma 2.14.

• Suppose now that {Λi} has its anchor at 1
2 . This directly implies that Λ0

♯ = Λ1. Hence,
Λ0 and Λ1 cannot be π-equivalent (Lemma 2.14), so all other lattices in the chain must be
scalings of those 2. Since there will be no self-dual lattice in the chain, the lattice chain
{Λi}i∈Z cannot contain any rank 1 0-simplex lattice chains. Alternating between scalings of
Λ0 and Λ1 is forced due to the lattice chain being fixed by π scalings, which leads us to the
second type of 0-simplex in the statement.

(c) Let {Λi} be a rank-3 lattice chain in B.
Because duality is an involution, at least one of the three π-equivalence classes of lattices in {Λi}
contains a self-dual lattice. Let Λ0 be this self-dual lattice (and so anchor is at 0). There can be
no other π-equivalence class containing a self-dual lattice other than {π iΛ0}i∈Z because of the
construction of the anchor point. In particular Λ1

♯ must be Λ−1.
Hence, we must necessarily have that this lattice chain is of the type given in the statement and is
a 1-simplex since it contains the two types of 0-simplices demonstrated above.

(d) There are no rank 4 or above lattices chains since we are working with lattices in F3
π . Hence, all

self-dual lattice chains are classified and no 2-simplices could be found.
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. . .

{A0,S0,A
♯
0}

{A0,S1,A
♯
0}{An−1,Sn,A

♯
n−1}

{An,S0,A
♯
n}

Figure 4: What a loop would look like in B

B Proof of Proposition 3.11

Proposition B.1. The 0-simplices and 1-simplices of B form a forest. That is, B has no loops.

Proof. Suppose that B contains a loop (see Figure 4). Since each edge connects a vertex in PB to a
vertex in AB, we may arbitrarily choose a vertex {π iS0}i∈Z ∈ PB as the start and end of the loop. This
loop, as for any other path, can be described as a sequence of edges.

· · · ⊂ πA0 ⊂ πS0 ⊂ A0 ⊂ S0 ⊂ A
♯

0 ⊂ π
−1S0 ⊂ π

−1A
♯

0 ⊂ . . .

· · · ⊂ πA0 ⊂ πS1 ⊂ A0 ⊂ S1 ⊂ A
♯

0 ⊂ π
−1S1 ⊂ π

−1A
♯

0 ⊂ . . .

· · · ⊂ πA1 ⊂ πS1 ⊂ A1 ⊂ S1 ⊂ A
♯

1 ⊂ π
−1S1 ⊂ π

−1A
♯

1 ⊂ . . .

· · · ⊂ πA1 ⊂ πS2 ⊂ A1 ⊂ S2 ⊂ A
♯

1 ⊂ π
−1S2 ⊂ π

−1A
♯

1 ⊂ . . .

...

· · · ⊂ πAn ⊂ πSn ⊂ An ⊂ Sn ⊂ A
♯

n ⊂ π
−1Sn ⊂ π

−1A
♯

n ⊂ . . .

· · · ⊂ πAn ⊂ πS0 ⊂ An ⊂ S0 ⊂ A
♯

n ⊂ π
−1S0 ⊂ π

−1A
♯

n ⊂ . . .

by starting at A0 and forming a chain of subsets on the left diagonal, then starting at A0
♯ and forming a

chain of subsets on the right diagonal you arrive at the following relations:

π
nAn ⊂ A0

A
♯

0 ⊂ π
−nA

♯

n

this relationship implies that you can form the following self-dual lattice chain

· · · ⊂ (πnAn)⊂ A0 ⊂ S0 ⊂ A
♯

0 ⊂ (πnAn)
♯ ⊂ . . .

Since the loop uses two distinct alternating vertices A0 and An together with the pure vertex S0, this is a
self-dual lattice chain of rank greater than 3 (a 2-simplex), contradicting Proposition 3.9.
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C Proof of Lemma 3.13

Lemma C.1. Consider F3
3 and an anti-symmetric matrix A ∈ M3(F3) given by the following for some

(a,b) ∈ F2
3 \{(0,0)}:

A =

 a b
−a
−b

 .

Consider the bilinear form ⟨ , ⟩A given by

⟨x,y⟩A = ⟨Ax,y⟩.

Then, the vector v = (0,b,−a)T ∈ F3
3 is the unique vector up to scaling satisfying ⟨v,w⟩A = 0 for all

w ∈ F3
3. Furthermore, there are exactly four subspaces V ⊆ F3

3 of F3-dimension 2 such that F3 · v ⊆ V
and V⊥ = {w ∈ F3

3 | ⟨u,w⟩A = 0 for all u ∈V}=V .

Proof. We know that for x = (x1,x2,x3) and y = (y1,y2,y3), one has

⟨x,y⟩A = a(x1y2 − x2y1)+b(x1y3 − x3y1).

Then, it is clear that the only way one can have ⟨x,y⟩A = 0 for all y∈ F3
3 is when x1 = 0 and ax2+bx3 = 0.

This shows that v = (0,b,−a) is the vector as required.
Then assuming a ̸= 0, one can identify (x1,x2,x3)+F3 ·v↔ (x1,x2) and get an isomorphism of F3-spaces
F3

3/F3 · v ≃ F2
3. Because of the property of v, the map ⟨ , ⟩A quotients on F3

3/F3 · v to the map

((x1,x2),(y1,y2)) 7→ a(x1y2 − x2y1).

This is a non-degenerate alternating form on F2
3, so every line F3w is self-dual: it is isotropic because the

form is alternating, and (F3w)⊥ is again 1-dimensional by non-degeneracy, hence (F3w)⊥ = F3w. There
are four such lines w in F2

3, giving the four subspaces V = F3v+F3w.
We leave the case of a = 0 for the reader which is identical.

D Proof of Lemma 3.16

Lemma D.1. Let x,y ∈ Fπ be such that xx+ yy ∈ Oπ . Then, x,y ∈ Oπ .

Proof. If vπ(x)< vπ(y) then we clearly have that 0 ≤ vπ(xx+ yy) = 2vπ(x) and we are done.
Otherwise, let’s assume that x= χnx′,y= χny′ for some n< 0 such that x′,y′ ∈O×

π . Then, we have x′,y′ ∈
±1+πOπ implying that x′x′+ y′y′ ∈ 2+πOπ . Therefore, we must have that xx+ yy ∈ χnχ

n(2+πOπ)
forcing n to be non-negative. This is impossible. So x,y ∈ Oπ .

E Proof of Lemma 3.17

Lemma E.1. Consider the form ⟨ , ⟩+Oπ defined in Equation 4. Then, after identification of Λ/πΛ≃F3
3,

the map χ⟨ , ⟩+πOπ is anti-symmetric and is equivalent to the bilinear map F3
3 ×F3

3 → F3 considered
in Lemma 3.13.
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Proof. To show anti-symmetric, one sees that the unit χ/χ = (3− χ)/χ = −1+ χ ∈ O×
π . Therefore,

one gets that χ/χ =−1 (mod πOπ). So one sees that for x,y ∈ Λ we get

χ⟨x,y⟩+πOπ = χ⟨y,x⟩+πOπ .

= (χ/χ) ·
(

χ⟨y,x⟩+πOπ

)
.

Then, using that for a ∈ Oπ one has a = a (mod πOπ), we get the required anti-symmetric property.
Now suppose that Λ = gO3

π for some g ∈ GL3(Fπ). Without loss of generality, we can replace g by gk
for k ∈ GL3(Oπ). Hence, one can write g in Hermite normal form (up to scaling and rescaling by some
power of χ) and assume that g is a lower-triangular matrix.
Using the isomorphism x 7→ g−1x, one can get the isomorphism

Λ

πΛ
=

gO3
π

πgO3
π

→ O3
π

πO3
π

.

Keeping track of the bilinear product, one knows that the relevant form on O3
π/πO3

π ≃ F3 is

(x,y) 7→ χ⟨gx,gy⟩+πOπ ∈ F3.

Let

g =

g11
g21 g22
g31 g32 g33

 .

Then we get that the matrix

g∗g =

g11g11 +g21g21 +g31g31 g21g22 +g31g32 g31g33
g22g21 +g32g31 g22g22 +g32g32 g32g33

g33g31 g33g32 g33g33


must satisfy ⟨χg∗gx,y⟩ ∈ Oπ for all x,y ∈ O3

π . Therefore, all the entries must be in Oπ . In particular, the
diagonal entries are fixed by ( ) and lie in Z3. Therefore the valuation vπ( ) evaluated at the diagonal
elements of χg∗g must be at least 1. Hence all the diagonals are in πOπ and therefore reduce to 0 ∈ F3.
This implies that g33 ∈ Oπ . Furthermore, the entry g22g22 + g32g32 ∈ Oπ . By Lemma 3.16 applied to
this entry, g22,g32 ∈ Oπ (and g33 ∈ Oπ from above). In particular, we get that the bottom-right half of
χg∗g = 0 (mod πOπ).
Depending on g21,g31 ∈ Fπ , the only non-zero entries in χg∗g can be a = χ(g21g22 + g31g32) and b =
χ (g31)g33. Observe that both a,b cannot be zero, otherwise one gets that Λ♯ = Λ.

F Proof of Proposition 3.20

Proposition F.1. Let g,h ∈ GL3(Fπ) be such that Λg = gO3
π and Λh = hO3

π are self-dual lattices. Fur-
thermore, we assume that

· · · ⊆ π
n
Λg ⊆ Λh ⊆ π

−n
Λg ⊆ π

−2n
Λh ⊆ . . . ,
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where n ∈ Z≥0 is the least such n that makes Equation 5 hold. Then, there exists a sequence of self-dual
lattices Λ1,Λ2, . . . ,Λn−1 ⊆ F3

π such that

· · · ⊆ πΛ1 ⊆Λg ⊆ π
−1

Λ1 ⊆ π
−2

Λg ⊆ . . . (7)

· · · ⊆ πΛ2 ⊆Λ1 ⊆ π
−1

Λ2 ⊆ π
−2

Λ1 ⊆ . . .

...

· · · ⊆ πΛn−1 ⊆Λh ⊆ π
−1

Λn−1 ⊆ π
−2

Λh ⊆ . . .

Proof. We claim that we can find a basis of v1,v2,v3 ∈ F3
π such that Λg = v1Oπ + v2Oπ + v3Oπ and

Λh = χn1v1Oπ +χn2v2Oπ +χn3v3Oπ for some n1 ≥ n2 ≥ n3 ∈ Z.
Here is how one can get this claim. Observe that g−1h ∈ GL3(Fπ) admits a Cartan decomposition.
Hence for some diagonal a = diag(χn1 ,χn2 ,χn3) and k1,k2 ∈ GL3(Oπ), one has g−1h = k1ak2 =⇒
(gk1)

−1h = ak2. Note that gO3
π = (gk1)O3

π because k1 ∈ GL3(Oπ). We observe that the columns v1,v2,v3
of gk1 ∈ GL3(Fπ) are the required basis. Indeed, Λh = gk1(gk1)

−1hO3
π = (gk1)ak2O3

π = (gk1)aO3
π which

is exactly what we need.
Denote g1 = gk1. Because of self-duality of Λg,Λh, we also know that (g∗1)

−1 = g1l1 and (h−1)∗ = hl2
for some l1, l2 ∈ GL3(Oπ). This implies that ((g−1

1 h)∗)−1 = l1((k1ak2)
∗)−1l2. By the uniqueness of the

Cartan decomposition, we must therefore have n1 =−n3 and n2 = 0. Because πnΛh ⊆ Λg ⊆ π−nΛh, we
have n ≥ n1 ≥ n2 ≥ n3 ≥−n. By the minimality of n, we must have (n1,n2,n3) = (n,0,−n).
Consider the Gram matrix Ag = [⟨vi,v j⟩]1≤i, j≤3 of Λg. Because Λg is self-dual, we must have that Ag ∈
GL3(Oπ) by Lemma 3.19. The Gram matrix Ah of Λh must then be(χχ)n⟨v1,v1⟩ χn⟨v1,v2⟩ ⟨v1,v3⟩

χ
n⟨v2,v1⟩ ⟨v2,v2⟩ χ−n⟨v2,v3⟩
⟨v3,v1⟩ χ

−n⟨v3,v2⟩ (χχ)−n⟨v3,v3⟩

 ∈ GL3(Oπ).

This means that ⟨v2,v3⟩ ∈ πnOπ and ⟨v3,v3⟩ ∈ π2nOπ (the (2,3) entry carries the factor χ−n of π-
valuation −n, while the (3,3) entry carries (χχ)−n = 3−n of π-valuation −2n). To ensure that detAg ∈
O×

π , we must have ⟨v1,v3⟩,⟨v2,v2⟩ ∈O×
π . One can see this via projection of Ag under the map GL3(Oπ)→

GL3(F3).
It is clear that the lattices Li = χ iv1Oπ + v2Oπ + χ−iv3Oπ for i = 1, . . . ,n− 1 satisfy Equation 7. The
only thing left to verify is that they are self-dual. For this, by Lemma 3.19, it is sufficient to argue that
the Gram matrices of Li satisfy(χχ)i⟨v1,v1⟩ χ i⟨v1,v2⟩ ⟨v1,v3⟩

χ
i⟨v2,v1⟩ ⟨v2,v2⟩ χ−i⟨v2,v3⟩
⟨v3,v1⟩ χ

−i⟨v3,v2⟩ (χχ)−i⟨v3,v3⟩

 ∈ GL3(Oπ).

G Proof of Lemma 4.3

Lemma G.1. Recall A from Lemma 4.1.

1. Given any k,k′ ∈ GL3(Oπ), we have l(kgk′) = l(g).
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2. One has l(g1g2)≤ l(g1)+ l(g2) for any g1,g2 ∈ GL3(Fπ).

3. For g ∈ A , l(g)≥ 0 and l(g−1) = l(g).

4. For g,h ∈ A , one has l(g−1h)≥ 0.

5. The map d̃(g,h) := 1
2 [l(g

−1h)+ l(h−1g)] defines a metric on A /GL3(Oπ).

Proof. 1. For this statement, observe that for any a1,a2,a3 ∈ Oπ and b1,b2,b3 ∈ Fπ , one has

min
i=1,2,3

vπ(bi)≤ vπ(a1b1 +a2b2 +a3b3).

This proves that l(kgk′)≤ l(g) for each k,k′ ∈ U3(Oπ). Replacing g with kgk′ and k,k′ with their
respective inverses gives us the equality.

2. It is known by Cartan decomposition that any g ∈ GL3(Fπ) can be written as

g = kak′,

where k,k′ ∈ GL3(Oπ) and a ∈ GL3(Fπ) is a diagonal matrix with entries that are powers of π .
Writing g1 = k1a1k′1 and g2 = k2a2k′2 in their respective Cartan decompositions for k1,k2,k′1,k

′
2 ∈

GL3(Oπ) and diagonal a1,a2 ∈ GL3(Fπ) gives us that it is sufficient to show

l(a1k′1k2a2)≤ l(a1)+ l(a2).

Note that l(a2) = l(k′1k2a2). So the inequality follows from the claim that for any g ∈ GL3(Fπ) and
any diagonal a ∈ GL3(Fπ), one has

l(ag)≤ l(a)+ l(g).

This is easy to verify from Equation 6.

3. For g ∈ A we have g∗g ∈ GL3(Oπ), so det(g∗g) ∈ O×
π and vπ(detg) = 1

2 vπ(det(g∗g)) = 0. If
every entry satisfied vπ(gi j) ≥ 1, then g ∈ χ M3(Oπ) and vπ(detg) ≥ 3, a contradiction. Hence
mini, j vπ(gi j)≤ 0, so l(g) =−2mini, j vπ(gi j)≥ 0.

The statement l(g) = l(g−1) is a simple consequence of Lemma 4.2.

4. We get that l(h) ≤ l(g)+ l(g−1h) and l(g) = l(g−1) ≤ l(g−1h)+ l(h−1). In particular, l(g−1h) ≥
max{l(g)− l(h), l(h)− l(g)} ≥ 0.

5. One knows that d̃ ≥ 0, is symmetric and satisfies the triangle inequality. The only thing to see is
what happens if d̃(g,h) = 0 for some g,h ∈ A . In this case, we know that l(g−1h) = 0 = l(h−1g).

If the Cartan decomposition of g−1h has the diagonal a = diag(χn1 ,χn2 ,χn3) with n1 ≥ n2 ≥ n3,
then l(g−1h), l(h−1g) force that 0 ≥ n1 ≥ n2 ≥ n3 ≥ 0. This means that g ∈ hGL3(Oπ) and we are
done.
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H Proof of Lemma 4.4

Lemma H.1. Let A be as in Lemma 4.1 and let g,h ∈ A . Let Λg = gO3
π and Λh = hO3

π and Λh ̸= Λg.
Thus Λg,Λh are distinct self-dual lattices in F3

π . Then d̃(g,h) = 2 if and only if Λg ⊆ π−1Λh and Λh ⊆
π−1Λg.

Proof. We know that d̃(g,h) = 2 is possible if either l(g−1h) = 2, l(h−1g) = 2 or l(g−1h) = 4, l(h−1g) =
0.
Let us show that the latter cannot happen. If l(h−1g) = 0 then we must have l(g) = l(h) since 0 =
l(h−1g)≥ max{l(g)− l(h), l(h)− l(g)} ≥ 0. Suppose 2n = l(g). This means that for some k1,k2,k′1,k

′
2 ∈

GL3(Oπ) and d = diag(χn,1,χ−n), by Lemma 4.2 we get

g = k1dk′1,h = k2dk′2.

Denote x = k−1
1 k2 ∈ GL3(Oπ). Then, because of Lemma 4.3 we get that l(g−1h) = l(d−1xd) = 4 and

l(h−1g) = l(d−1x−1d) = l
(
(d−1xd)−1

)
= 0. The last equality means

d−1x−1d ∈
(
d−1 GL3(Oπ)d

)
∩GL3(Oπ).

The right side is a congruence subgroup in GL3(Oπ) and therefore is preserved under taking inverses.
This implies that d−1xd ∈ GL3(Oπ) and therefore l(d−1xd) = 0 ̸= 4.
Therefore, we conclude that l(g−1h) = l(h−1g) = 2. Let g−1h = kdk′ be the Cartan decomposition with
k,k′ ∈ GL3(Oπ) and the diagonal d = diag(χn1 ,χn2 ,χn3). Because l(g−1h) = l(h−1g) = 2, we know that
1 = n1 ≥ n2 ≥ n3 = −1. This means that χd and χd−1 has all its entries in Oπ . This lets us conclude
that g−1hO3

π = kdO3
π ⊃ kπO3

π = πO3
π and therefore Λg ⊆ π−1Λh. Similarly, using d−1 we conclude that

Λh ⊆ π−1Λg.
To show that Λh ⊆ π−1Λg and Λg ⊆ π−1Λh imply that d̃(g,h) = 2, one can show that l(g−1h), l(h−1g) =
2. This follows in the same way as the above paragraph.

I Proof of Proposition 4.5

Proposition I.1. Consider B as a graph and let d(x,y) denote the edge-distance between two points
x,y ∈ B Let g,h ∈ A ⊆ GL3(Fπ). Then, one has d̃(g,h) = d(gv0,hv0).

Proof. We know from Lemma 4.1 that A v0 = PB.
To show that d̃(g,h) = d(gv0,hv0), it is sufficient to show that for any g,h ∈ A

d̃(g,h) = 2 if and only if d(gv0,hv0) = 2.

Indeed, here’s how this claim proves the result. For general g,h∈A such that d(gv0,hv0)<∞, we obtain
from the claim that d̃(g,h) is at most

2min{n | (g0, . . . ,gn) ∈ A n+1,g0 = g,gn = h,d(giv0,gi+1v0) = 2 for i = 0, . . . ,n−1},

hence we get d̃(g,h)≤ d(gv0,hv0).
On the other hand, if d(gv0,hv0) = 2n then one shows from constructing a chain of 1-simplices that
Λg = gO3

π and Λh = hO3
π satisfy πnΛh ⊆ Λg ⊆ π−nΛh. This implies that g−1hO3

π ⊆ π−nO3
π and therefore

l(g−1h)≤ 2n. Similarly we conclude the same for l(h−1g) and therefore obtain d̃(g,h)≤ 2n.
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From the above discussion, it is immediately clear that d(gv0,hv0) = 2 implies that d̃(g,h) = 2. For the
converse, we observe from Lemma 4.4 that if d̃(g,h) = 2 then πΛh ⊂ Λg ⊂ π−1Λh. We need to show
that there are two 1-simplices connecting {π iΛh}i∈Z and {π iΛg}i∈Z. For this, we must show that there
exists a lattice Λ ⊆ F3

π such that

πΛg ⊆ Λ
♯ ⊆ Λg ⊆ Λ ⊆ π

−1
Λg and πΛh ⊆ Λ

♯ ⊆ Λh ⊆ Λ ⊆ π
−1

Λh.

We observe that Λ = Λg +Λh or (Λh ∩Λg)
♯ works. One checks that

πΛh,πΛg.⊆ Λh ∩Λg ⊆ (Λg +Λh)
♯ ⊆ Λh,Λg ⊆ Λg +Λh ⊆ (Λg ∩Λh)

♯ ⊆ π
−1

Λh,π
−1

Λg.
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