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The one-way model of measurement-based quantum computing (MBQC) is a universal model of quantum
computation, analogous to quantum circuits. It is a promising candidate for implementing photonic
quantum computation as its structure of single-qubit measurements on an entangled resource state
enables ‘front-loading’ the entangling gates, which are particularly difficult to implement in photonics.
At the same time, the one-way model also has applications in theoretical quantum computing: its structure
is much more flexible than that of quantum circuits, leading to advantages in circuit optimisation [6}10].
This additional flexibility has also been exploited for generating ansétze for quantum architecture search
and quantum machine learning [11} |8]]. Throughout these applications, flow properties — which ensure
deterministic implementability of a one-way computation as well as efficient translation to quantum
circuits — are vital [9, [7]. A flow consists of a partial order on the measurements and a procedure for
correcting undesired measurement outcomes, which must satisfy certain compatibility conditions. There
are different variants, from causal flow, which characterises one-way computations that are very close to
quantum circuits, via gflow and extended gflow, to Pauli flow.

The ZX-calculus is a graphical formalism for reasoning about quantum computations with appli-
cations to a variety of tasks at different levels of the quantum computational stack. It also provides a
common language for one-way computations and quantum circuits, and for translations between them
[LO, 2]. While it is easy to translate a circuit into the ZX-calculus, translating a ZX-diagram into a
quantum circuit is #P-hard in general [15]]. Yet it is straightforward to bring a ZX-diagram into a ‘MBQC
form” which means it can be interpreted as a one-way computation, and if this computation has flow,
then there is also an efficient translation to a circuit [[10} 2, [18]. This means flow properties are important
to anyone working with the ZX-calculus, whether or not they they are using the one-way model directly.

One major strength of the ZX-calculus are its complete equational theories: whenever two diagrams
represent the same linear map, these equational theories allow one diagram to be transformed into the
other entirely graphically [[1, 12} [19]. Yet the traditional equational theories for the ZX-calculus do not
preserve flow, or even necessarily the form of a one-way computation. Over the last years, researchers
have thus developed flow-preserving rewrite rules: i.e. equations that preserve not only the interpretation
of a ZX-diagram but also the MBQC form and the existence of flow [10} |2, [18} [13] [15] 4]. These have
been used for a range of applications in compilation and optimisation.

In this work, we broaden the concept of flow-preserving rewriting by dropping the requirement that
the interpretation has to be preserved. Instead of transforming a given computation into a more preferred
form, this changes the goal to that of generating one-way computations with flow. These are needed
as examples for research into the one-way model and as test cases for software that handles one-way
computations, such as the library Graphi Rewriting without preserving the interpretation also makes
the increased flexibility of one-way computations (compared to quantum circuits) available to quantum
architecture search and other quantum machine learning applications. In particular, we give a set of
three rewrite rules, stated using the ZX-calculus in Figure [T} that preserve flow but not necessarily the
interpretation, as well as any side conditions that are required for flow-preservation. This set is very
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close to the complete set of flow- and interpretation-preserving rewrite rules for one-way computations
where all measurements are Pauli (so that the overall computation lives in the stabiliser fragment) [[14]].

Sketch of the one-way model Computation in the one-way model proceeds via single-qubit measure-
ments on an entangled graph state [17]. Measurements can be of six different types: X,Y,Z denote
the eigenbases of the three Pauli matrices, while the planar measurements XY, XZ,YZ are families of
measurements in a plane of the Bloch sphere spanned by the eigenbases of two Paulis. The term ‘Z-like’
refers to the measurement types Z, XZ,YZ.

Whether or not a computation can be implemented deterministically depends on the underlying
graph, the choice of qubits to be inputs and outputs of the computation, and the choice of measurement
type for each non-output qubit; these data are combined into a tuple called a labelled open graph. A
labelled open graph corresponds to a deterministic computation if and only if it has Pauli flow. If all
measurements are planar, the condition for determinism is called gflow instead [[7].

The set of flow-preserving rewrite rules Rule allows the extension or contraction of ‘dangling
wires’, which corresponds to inserting or removing degree-2 vertices along a path graph beginning at
an input or output vertex. That inserting or removing pairs of vertices in this way preserves both gflow
and interpretation is implicit in Refs. [10, Equation (7)] and [2, Section 4.1]. The fact that inserting
or removing single vertices in this way is also gflow-preserving is also known [2, Section 4.1]; it is
straightforward to see that this simpler variant does not generally preserve the interpretation. Both
sources work with gflow, hence without loss of generality, any new vertices arising from this rule may
be considered to be planar measured.

Rule (LC) is a local complementation, an equivalence operation that complements all edges among
neighbours of some chosen vertex (i.e. deleting existing edges and inserting edges that were not previously
there) and applies certain local Clifford operations to the chosen vertex and the neighbours [16]]. Applying
four successive local complementations about the same vertex has a trivial net effect, i.e. effectively
provides its own inverse. This is why the rule is expressed as directed. Local complementation always
preserves the existence of flow assuming the central vertex is not an input, see Ref. [2| Lemma 4.3] for
the gflow case and Ref. [18, Lemma D.15] for Pauli flow. It preserve the interpretation if phase angles
are updated suitably, which leads to problems if the transformation is applied to an output or neighbours
of an output. If the interpretation is not of interest, phase angles can be ignored instead. In particular, no
particular care is needed for outputs or neighbours of an output in that scenario.

Rule (ZL) is the deletion or insertion of a Z-like measured vertex. Deletion of Z-like measurements
always preserves the existence of flow; it preserves the interpretation only for certain angles [2, Sec-
tion 4.3] [118} Section D.2]. Insertion of Pauli Z-measurements is always flow-preserving and preserves
the interpretation if the angle is O [14), Prop. 4.1]. For insertion of XZ and Y Z-measurements, flow
preservation depends on the choice of neighbourhood as shown in [4, Theorems 4.3 and 5.2]. These are
stated for Pauli flow but also applies to gflow if all measurements are planar.

Sketch of completeness proof We show that these three rules suffice to transform any one-way
computation with Pauli flow or gflow to a trivial normal form with the same number of inputs and
outputs, and conversely. This trivial normal form is a diagram in which each vertex is either a joint input-
output, or only an output, and there are no edges: this is the simplest possible diagram with flow for any
given numbers of inputs and outputs. The trivialisation algorithm first removes all Pauli measurements,
then all XZ- and YZ-measurements, and then pairs of adjacent internal XY-measurements. Finally, it
uses derived rules that enable the toggling of certain edges and the merging of vertices along other edges
to get to the normal form while preserving the property that any remaining measurements are XY .

Minimality Removing any one of the rules would mean losing the ability to generate arbitrary diagrams
with flow: in other words, the set is minimal. This is straightforward to see: ([O) is the only rule that
can turn a simultaneous input/output into two vertices of which one is an input and non-output and the
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Figure 1: The complete flow-preserving (but not necessarily interpretation-preserving) rule set. The
vertices marked i in are inputs and the vertices marked o are outputs. In both and (ZL)), «
is an arbitrary phase angle; in the latter rule moreover b € {0, 1}. The top vertex in (LC) cannot be
an input. The right-to-left application of (marked with an asterisk) is flow-preserving only under
certain conditions. All other rule directions always preserve the existence of gflow and Pauli flow.

other is an output and non-input. The local complementation rule (LC) is the only rule that can change
measurement labels on vertices, which is the only way of increasing the number of XY -measured vertices
with degree more than 2. Finally, the Z-like insertion and deletion rule is the only rule that can
change the number of connected components of the diagram.

Conclusions We have introduced a set of three rewrite rules for computations in the one-way model
which preserve the existence of flow but not necessarily the interpretation. The rule set is simple
and minimal. It can be used for Pauli flow and for extended gflow, where measurements can be in
all three planes; both are preserved by the rules of Figure [I] (as long as is used only to insert
planar measurements in the gflow case). Moreover, it is also possible to work in the setting where all
measurements are XY. This property is not preserved by individual applications of (LC) and (ZL),
but these rules can nevertheless be composed into derived rewrite rules that do preserve the property.
Indeed, the final steps of the trivialisation algorithm operate entirely on one-way computations where all
measurements are XY, so the reverse direction would first generate only XY-measurements.

Regarding the conditions for flow preservation: the ‘deletion’ direction of and both directions
of preserve flow unconditionally; breaks flow only if the top vertex (the centre of the local
complementation) is an input, which is straightforward to avoid. This leaves the ‘insertion’ direction of
as the only complicated rule. Nevertheless, as pointed out in Ref. [4], at least when working with
unitary one-way computations, it is more efficient to keep track of and update the unique focused flow,
rather than run a full flow-finding algorithm for each insertion.

It is interesting that our not necessarily interpretation preserving rule set is so close to the complete
set of rewrite rules for one-way computations with only Pauli measurements [14]. Indeed, the additional
rules of the full flow- and interpretation-preserving rule set are all concerned with handling phase
labels [3l], indicating a clear split between ‘structural’ rules that belong to the Clifford fragment and
‘phase-managing’ rules.

While we have shown which rules are fundamentally necessary and sufficient for generating arbitrary
one-way computations with flow, their practical application has not yet been explored. Even from a more
theoretical side, questions remain: for example, what strategies should be used to create interesting and
useful computations with flow? Or, how should one go about generating computations with flow that
satisfy certain properties of interest? We leave these questions to future work.
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