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Abstract

Controlled commands—computations whose execution depends on a separate input—play a cen-
tral role in reversible Boolean circuits and quantum circuits. However, existing formalisms typically
treat control only implicitly, entangled with other aspects of computation. From a semantic perspec-
tive, control is most naturally expressed in semisimple rig categories, which—unlike standard circuit
models such as props—support both parallel and conditional composition.

We present a construction that freely adjoins an explicit syntactic notion of control to a circuit
theory specified as a suitable prop, subject to eight universally quantified equations. Our main
result is that these equations are sound and complete for the intended semantics of control: the
resulting theory satisfies a universal property, identifying it exactly as the circuit subtheory of the
free semisimple rig completion. The proof combines coherence for rig categories with a new method
based on induction over Gray codes.

We illustrate the usefulness of the framework by showing that it simplifies several existing sound
and complete axiomatisations of quantum circuits, isolating a small and conceptually clean set of
generators and equations. In addition, the same equations yield a sound and complete axiomatisation
of the multiply controlled Toffoli gate set, that is universal for reversible Boolean circuits.

This is an extended abstract of a preprint available on the arXiv [I6] and to appear in LICS’26.

1 Introduction

Many computations contain controlled commands, that is, commands that are executed depending on
the value of some memory cell. By control we mean the aspects of a computation that govern these
dependencies. Typically, the controlled command acts on one part of memory, and the controlling
memory cell resides in another part of memory. To be more precise, for example, consider controlled
negation in reversible Boolean circuits: the target bit is flipped depending on the value of the control
bit. The goal of this article is to identify, separate, and study in isolation, this notion of control.

Traditional control flow is often mixed up with other computational aspects of circuits. For example,
in reversible Boolean or quantum circuits, multi-controlled gates such as the Toffoli gate are integral
to universality and not treated differently than other, uncontrolled, gates [23]. Yet separating out the
controlled aspects of a computation has several benefits.

(i) Multi-controlled gates are of foundational importance in many computational theories, including
Boolean logic [24], reversible computation [23] 22], and quantum computation [21I]. Isolating their
control logic can help to better understand these theories.

(ii) In quantum hardware, (multi-)controlled gates are among the most costly ones to perform physi-
cally [2, 26| [8]. Separating out the control aspects can help find better optimisation strategies [I].
In general, partitioning off control aspects can help to optimise computations in a generic way that
is independent of the ‘base circuit theory’ and therefore more efficient to apply.

(iii) Several recent results about logical completeness for quantum computation rely on elaborate fam-
ilies of equations [4, [3 [I8] [IT}, 13]. Cordoning off control aspects can simplify, and thereby clarify
the core status of some and make them more modular.

This article addresses these three challenges by introducing a theory of control governed by a handful
of equations (see Figure . We argue that these equations completely capture control as follows.
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Figure 1: Control equations.

(i) The equations have clear computational interpretations, and several have appeared in the literature
before [20] 22]. Additionally, we show that the equations are canonical in a strong way, by relating
them to the natural mathematical notion of a rig category [17, 25]. Starting with an arbitrary
‘base circuit theory’, we syntactically construct a new ‘controlled circuit theory’. We do this in the
most general setting possible, using props [19, [I4] 5]. The construction has a universal property:
roughly, it is the free rig category on the base prop.

(ii) The coherence theorems for rig categories [17,25], and the fact that the control theory (of Figure|[])
consists of only eight unquantified equations, can give rise to many optimisation strategies.

(iii) The equations simplify related work. The first works on complete equational theories for quantum
circuits [I1} [9, [T0] contain a notion of structural equations, without a mathematical account of this
notion. The same holds for [4, [l I8]. This article fills that gap by showing that the structure
of control is exactly that of rig categories. Our work similarly structures and elucidates a line of
research on quantum programming languages taking semantics in rig categories [l [15] [ [13].

These results also substantiate the claim in the title, that rig structure encapsulates controlled compu-
tation, and only controlled computation. Thus rig categories form the minimum model of computation:
the ability to compose instructions sequentially (with o), to consider data in parallel (with ®), and to
use one piece of data to condition computations on another (using @).

2 Controlled props

A controllable prop (P, 4,0, x), or crop for short, is a prop (P, +, 0) whose morphisms are endomorphisms
and in which one morphism x: 1 — 1 is a distinguished involution, referred to as the NOT gate.

Definition 1 (Controlled prop). Given a controllable prop (P, +,0, z), we extend it to a new prop with
endofunctors C° and C! such that if f: n — n, then C?(f): 1 +n — 1+ n, and that, for all n and
f, f1, fa: n — n, we have equations:

(a) composition: € (g0 f) = C(g) o C1(f):

(b) identity: C(id,) = id,11;

(c) strength: C(f +id,,) = CH(f) + idsn;

(d) colour change: (2 +idy) o CO(f) o (x +id,) = CL(f);
() complementarity: C°(f) o C1(f) = idy + f;

(f) commutativity: C°(f1) o CL(f2) = C(f2) o CO(f1);
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)
)

)
(8) “swap”: C'(x) o swapy ; © C' (x) o swapy ; 0 C' (x) = swapy 1

(h) “swap” coherence: (swap; ; ®id,) o C*(C'(f)) = C*(C'(f)) o (swap; ; ®id,).

Figure [I] gives a diagrammatic account of the above equations. Write cP for this new prop, that we call
the controlled prop of P. Note that (cP,+,0,z) is itself a controllable prop.



3 Rigged props thanks to Kronecker

In the context of matrices, the Kronecker product can be computed with direct sums only. Given a
matrix M, the matrix I, ® M is obtained as the block-diagonal matrix M @ --- @ M. This hints at the
fact that any theory around the direct sum can simulate the one of a tensor product, given some more
coherence. To this effect, given a controllable prop (P, +,0,x) with a set of generators G, and a set of
relations R, we introduce its rigged crop (P,®,0), as the prop generated by:

éz{ﬁ:Zk—>21|g:k—>l€G} (1)
with equations both imported from P and for the coherence of ®.
Theorem 2. The category (P,®,1,®,0) is semisimple bipermutative.

_ We are interested in objects in P that are powers of 2. Given how generators in P are mapped into
P, the embedding P <— P corestricts to an embedding P — P».

Corollary 3. Given a controllable prop (P,+,0,z), and a strict monoidal functor F:P = Qtoa
semisimple bipermutative category with F(z) = y1.1, there is a unique prop morphism Fo: Py — Qq
such that Fo preserves the NOT gate and the following diagram commutes.
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Theorem 4. The props cP and Py are crop isomorphic.

4 Applications

A complete equational theory for quantum circuits was an open question that was solved only re-
cently [II], referring to some equations as structural. We show here that these equations are structural
in a formal and categorical sense: they are only about control, and follow directly from the structure of
a rig category.

Let (Z,+,0) be the prop generated by a: 0 — O for « € R, and Z(a): 1 - 1fora e Rjand H: 1 — 1
satisfying

= 2)

= (3)

Z()l- = (4)

H- = —— (5)

= —ZBHHEHZBIHHHZ(B:)1- (6)

where @ is the well-known Euler decomposition, in which By, 81, 82 and 4 can be computed from aq
and ag deterministically. We choose the crop (Z,+,0, HZ(7w)H) and can now form its controlled prop
cZ. Interestingly, the prop cZ is not immediately the prop of unitary operations: for a given «, the
morphisms C'(a) and Z(a) have the same semantics in unitaries but are still different in ¢Z. We need
to quotient further with the following equation:

Za)l = —o— (7)

and we write ¢Z,~ for this category. From this point, it is simple to show that we have equivalent
equations to the complete equational theory for quantum circuits [12], and therefore c¢Z .. is isomorphic
to the category of unitaries on qubits.

Theorem 5. FEquations , , , @ together with the control equations of Figure |1l and equation
@, are sound and complete for quantum circuits.
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