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Algebraic geometry has proven useful in several fields in computer science, for example in robotics [[1]],
computer vision [16], and cryptography [12]. Conversely, computational techniques have become influ-
ential in algebraic geometry with the advent of computer algebra systems [11}]. Of particular interest to
us is the use of algebraic geometry in quantum information theory. Algebraic geometry can be used to
design classical codes with good asymptotic behavior [22} 4, [15 26} [27], and these classical AG codes lift
to quantum error correction (QEC) codes with equally good properties [2, 211 (13} 18 [171 24} 25]].

The ZH calculus natively supplies classical non-linearity [3]. In the qubit case, this means it supplies all
classical boolean functions. In the qudit case, boolean functions become polynomials [23]]. Thus there are
maps of the form n —/>— m in the ZH calculus, corresponding to componentwise-polynomial functions f
of the computational basis. Maps of the form @ O are projectors onto the subspace spanned by basis
elements that are roots of f. This suggests there is a “classical backbone” of ZH that reasons about affine
varieties (solution sets of polynomials) over finite fields.

Classical algebraic structure inherent in quantum calculi is often best characterized by languages of the
Graphical Linear Algebra (GLA) family. For example, the CSS codes resulting from classical F,-linear
codes correspond to the phase-free fragment of the ZX calculus [[19], which is picked out by the language
of interacting bialgebras [6]. Similarly, the language of interacting Hopf algebras [[7, 28] picks out the
phase-free fragment of the qudit ZX calculus, which models the linear-relational core of qudit computation.
Expanding the algebraic structure from linear to affine algebra, the language of graphical affine algebra [J]]
picks out the phase-free ZX with a Pauli X gate, which is the affine-relational core of qubit computation [9].
Finally, the language of affine Lagrangian relations picks out the stabilizer fragment of the ZX calculus [[10].

The motivating question of this paper is: can we extend GLA in a principled and simple way, to pick
out the nonlinear “classical backbone” of the ZH calculus, corresponding to algebraic geometry over finite
fields? If so, can we provide a sound and complete set of rewrite rules for that extension?

The answers to both questions turn out to be yes. We construct a diagrammatic language, which we call
graphical algebraic geometry (GAG), for a span semantic of affine varieties over finite fields. We prove that
it is universal, sound, and complete. Furthermore, we show the intimate connection between GAG and the
Galois-Qudit ZH calculus [23}114]. Using a catalysis-style argument [20]], we leverage the completeness of
GAG to solve the open problem of finding a complete set of rewrite rules for the Galois-Qudit ZH calculus.

The Polynomial Fragment

Our first step is to construct a PROP with polynomials as its morphisms. Consider the Lawvere theory
]Lcmgq of commutative algebras over a finite field IF;, which is generated by the following operations:

ﬂ( —O0 } o— } G forall k € I,

copy delete addition zero multiplication one scaling

modulo the usual axioms of commutative algebras, an extract of which is given below:
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Morphisms of a Lawvere theory are (dually) homomorphisms between the algebras of that theory that
are free and finitely generated [8]. For Lcalg,, a morphism is just a tuple of polynomials over F,. For

example, for the polynomial tuple f = (x1 +x2, x1x3 +x%) e (Fy, [x1,%2,%3])2, we have

3 5 X1 X1 t+x2
Spt = om %J@ (1)
X3 L) X1X3 +x%

Structured Spans of Affine Varieties

In general, for a field k, an k-rational affine variety is (for our purposes) a subset of a space k" carved out
by some polynomial constraints:

V(Ao f)® = {x €k fi(x) = = fu(x) =0} )

If Vi C k™, V, C k™ are affine varieties, a morphism V| — V; is just a polynomial function g € (k[x1,...,x,,])"
such that g(V}) C V5. These form a category Aff\/ar,(ck). When « is finite, this category is equivalent to the
category of finite sets: every subset of Iy is an affine variety; and every function between subsets is a
polynomial mapping. However, treating these as algebraic constructs is crucial to our results.

On a variety V(f1,..., fm)(k), any other polynomial f in the ideal generated by f1,..., f,, also vanishes.
Thus we think of varieties always as varieties of ideals.

In particular, the spaces [ themselves are trivial varieties V(0)Fo) = Fy. Let G: {F;:n€N} —

Aff\/arg‘f) be the inclusion of these among all [F;-rational varieties. A G-structured span of affine varieties

is a diagram in Aff\/argq) of the form Iy, <— V' — F', modulo the usual notion of isomorphisms of spans.

These G-structured spans of affine varieties form a PROP ¢ Span(AffVarg")), where composition is the

usual composition of spans by pullback. This forms the target semantic of graphical algebraic geometry: the
Lawvere theory Lcmgq suffices as a language of the “forward-going” polynomials; we now seek a language
for a span-semantic of polynomials.

Graphical Algebraic Geometry

To create a graphical language for algebraic geometry over finite fields, we take the Lawvere theory LCA|gq,

freely adjoin it to its own opposite, to obtain a self-dual PROP L., = Lcagy +L¢'y, - This has semantics
q

in GSpan(AfF\/argq)) by sending a polynomial f € (Fy[xq,...,x,])" to the “graph” span (k" = k" ERN k™),

and dually, to the “cograph” span (k™ L= k).
We then find a set of rewrite rules £ which tell us how generators of Lcag, and ]Lg" leq should interact.
We show an extract of E in below.

(Z-SPEC) (z-FROB) (cup) (K-TRP) (QRED)
T P ol Mear O T amh

Here, f ranges over the generators of ILCNgq. This yields a the PROP ]Lspanq =L.,/E. The rule set E is

sound for our semantic, meaning that the functor L., —¢ Span(AffVa rlgq)) factors through Lspanq, yielding

a semantic functor [—|; : Lspan, —¢ Span(AfF\/arI(FE;")). Our main result is:
Theorem. The semantic functor [—), is well-defined as a PROP morphism, and fully faithful. In other
words, Lspan, is a sound, universal, and complete language for GSpan(AffVarg")).

For any polynomial mapping f € (Fy[x1,...,x,])", we have in ]Lspanq diagrams of the form @ ©
whose semantic is the span Iy, <= V(f) — [F7. These can be shown to respect the generation of ideals in

the way we expect, so that we may safely speak of gadgets of the form

ﬁ:: é} é e mevi o) 3)



D. Gao, R. A. Shaikh & A. Kissinger 3

where [ is the ideal generated by f1,..., f,;. From these we may build diagrams in “span normal form”

e ANt (Fy &vin S Fy) @)
Thus all structured spans are expressible in our graphical language. Conversely, every diagram in ]Lspanq can
be rewritten, using our rewrite rules, into span normal form. Completeness, then, is shown by demonstrating
that two diagrams in span normal form, if they correspond to isomorphic spans, are rewriteable into each
other.

Because Aff\/arlg") is secretly equivalent to FinSet, so our semantic category is in fact equivalent to
¢ Span(FinSet), which is in other words the category of N-entried matrices of g-power dimensions. The
xyth entry of a matrix corresponds to the number of points in the variety sitting above points x € Fj and
yeE IF‘Z’. In this way the language LSpanq is also sound, universal, and complete for Maty.

In general, the problem of rewriting two diagrams in Lgpan, is #P-hard. This can be seen by the fact
that determining the Maty semantics of no-input-no-output diagrams in Lspanq, where ¢ = 2, is the same as
solving a #SAT instance.

Completeness of the Qudit ZH Calculus

Now we show that the qudit ZH calculus [23} [14] can be obtained as a fairly minimal extension of Lspanq.

Consider the free dagger-PROP ng;‘;ier generated by Ligpan together with the additional generators: (D— M
q

Yicr, »"™1i) and L\ g2, and the additional rules:

(Z1-copy) (Z1-TRACE) (Z1-CHANGE)

oY (OHeke= = (- O%ZGC[O (5)

where tr(x) = x” +--- +x” is the field trace polynomial, and & is any element of F, with tr(§) = 1. This
extension is sufficient to represent the entirety of the qudit ZH Calculus over IF,. We illustrate by defining

a functor 174 : ZH — ng:[:ier on the generators of ZH as follows:
q

o0
nxCm oo DG L VAN @— »
Z spider H spider Jj-state
Fourier
Span,

axiomatization of ZH. First we show just how minimal an extension ngﬁ;'er
q

This functor is consistent with the matrix semantics of ZH and L . Thus, we choose ]Lg"””eIr as our

pan,

s over Lspanqi

Fourier

Proposition. Any diagram D in ]Lspan
q

factors into a diagram D' containing only the generators of Lspanq

Fourier .

and a single (\)—, up to a finite scalar. In other words, the following rewrite holds in ]L’Span :
q

(6)

(@k)

So a single copy of the state in the fourier basis is sufficient to extend the expressive power of Lspanq to
cover the entirety of the qudit ZH Calculus. This allows us to apply a catalysis-style argument to obtain,
from the completeness of Lspan, :

Theorem (Completeness of Galois-Qudit ZH). If D; and D, are diagrams in the Galois-Qudit ZH Cal-
culus over Fy, and [D\] = [D3], then Dy can be rewritten into D, using the rewrite rules of ng;{'er.
q
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Abstract

We introduce Graphical Algebraic Geometry (GAG), a family of
diagrammatic languages extending the Graphical Linear Algebra
programme. We construct several languages within this family and
prove that they are universal and complete for the correspond-
ing (co)span semantics of commutative algebras and affine vari-
eties. This framework provides clear graphical representations of
algebraic structures — such as polynomials, ideals, and varieties —
enabling intuitive yet rigorous diagrammatic reasoning.

We showcase two practical viewpoints on GAG. First, we show
that instances of counting constraint satisfaction problem (#CSP)
are recast as rewrite problems of closed diagrams in GAG. This
means that deciding rewriteability in GAG is #P-hard, and GAG can
be viewed as a complete and compositional rewrite system for net-
works of polynomial constraints. Second, we characterize the qudit
ZH calculus, a diagrammatic language for quantum computation,
as an extension of Graphical Algebraic Geometry. This establishes
the correspondence that Graphical Algebraic Geometry is to the ZH
calculus what Graphical Linear Algebra is to the ZX calculus. Using
this construction, we show that computing amplitudes in qudit ZH
requires only a constant number of queries to a GAG oracle. Finally,
using a catalysis-style argument, we leverage the completeness of
GAG to solve the open problem of finding a complete set of rewrite
rules for the Qudit ZH calculus.
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1 Introduction

Algebraic geometry in computer science. Algebraic geometry and
commutative algebra have been important influences in several
fields in computer science, for example in robotics [1], computer
vision [36], and in cryptography [26]. In the converse direction,
computational techniques have become influential in algebraic ge-
ometry with the advent of computer algebra systems [21].

Of particular interest to us is the use of commutative algebra and
geometry in two related areas of research. The first, and perhaps
more obvious one, is that of Constraint Satisfaction Problems (CSP)
[65]. A CSP instance where constraints are given as polynomials is a
problem about an algebraic variety. In particular, in the case where
the domain of the CSP is a finite field Fy, the corresponding #CSP
instance [41] is to count Fj-rational points in a variety defined by
polynomial constraints — a classical and central problem in 20th
century algebraic geometry [38, 68]. More recently, cryptographic
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proof systems such as SNARK and STARK have relied on algebraic
techniques over finite fields heavily, demonstrating the continuing
relevance of this approach [7, 33].

The second area is quantum information theory. It has long been
known that algebraic geometry can be used to design classical codes
with good asymptotic behavior [8, 32, 35, 40, 61, 66, 67], and that
via the CSS or stabilizer constructions these classical AG codes
lift to quantum error correction (QEC) codes with equally good
properties [2, 27, 42, 43, 56, 57, 63, 64]. Such codes also played a
central role in the groundbreaking construction of a magic-state
distillation protocol with constant overhead [69]. Aside from error
correction, algebraic geometry has also served as a useful language
for foundational areas of research such as quantum entanglement
and quantum contextuality [16, 25, 29, 53, 58].

Graphical linear algebra and its friends. To systematically under-
stand the role algebraic geometry can play in quantum information
theory, we propose that graphical calculi would be useful. Graphical
calculi are compositional diagrammatic languages based in cate-
gory theory, equipped with formal “rewrite rules” with which one
can manipulate diagrams rigorously as equational terms. They are
usually designed to represent some family of physical phenomena
or computational processes. For instance, the ZX calculus and its re-
lated calculi have become prominent as languages for representing
quantum computational processes [14, 15, 22, 48, 49, 59].

When considering the classical algebraic structure inherent in
quantum computing, we often encounter fragments of the quantum
calculi that are best characterized by languages in the family called
Graphical Linear Algebra (GLA) [10, 12, 70]. Broadly speaking,
GLA consists of diagrammatic languages that have denotational
semantics built from classical algebraic structure. On the semantic
side, the GLA story begins with a category of classical maps: for
example, the linear maps between F, spaces. It then applies the
(co)span or the (co)relation construction to that category to obtain
a dagger-category. For example, F, linear maps give rise to spans
of F, linear maps, or to F; linear subsets. On the syntactic side, it
builds a simple diagrammatic language with generators that have
clear semantic interpretations, and rewrite rules that characterize
denotational equivalence.

Languages in the graphical linear algebra family are excellent at
picking out fragments of quantum computation that correspond to
some given notion of a “classical-relational backbone”. For example,
the CSS codes resulting from classical F;-linear codes correspond
to the phase-free fragment of the ZX calculus [46], which is picked
out by the language of interacting bialgebras [10], the language that
kickstarted the GLA literature. Similarly, the language of interacting
Hopf algebras [12, 70] picks out the phase-free fragment of the
qudit ZX calculus, which models the linear-relational core of qudit
computation. Expanding our algebraic structure from linear to
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affine algebra, the language of graphical affine algebra [9] picks
out the phase-free ZX with a Pauli X gate, which is the affine-
relational core of qubit computation [17]. Finally the language of
affine Lagrangian relations picks out the stabilizer fragment of the
ZX calculus [19].

Of course, GLA has applications far beyond quantum computing.
For instance, the language for linear relations over a field of ratio-
nal functions R(x) models signal flow graphs and linear dynamical
systems [6, 11, 24], while the language for affine relations mod-
els the fundamental structure of concurrency [9]. The strength of
GLA lies in its ability to model a remarkably varied set of physical
phenomena using the same formal structure.

The need for a graphical nonlinear algebra. However, existing
versions of GLA are not yet sufficient to model the fragment of
quantum computation with classical algebraic geometry as its “back-
bone”; nor can they reason about generic constraint satisfaction
problems built on polynomial constraints. This is because commu-
tative algebra involves a multiplication operator (an AND gate in
the FF, case), which is essentially nonlinear (and non-affine for that
matter). A graphical calculi that models classical algebraic geometry
would need to supply such an operator, or equivalently, to supply
the Toffoli gate.

In the realm of quantum computing, the ZH calculus [3, 4] or
equivalently the ZX& calculus [17, 18] supply such a gate for the
F, case, and the Galois-qudit ZH calculus [28, 62] serves as the
appropriate version in the nonbinary case. The motivating question
of this paper is therefore: can we extend GLA in a principled and
simple way, to pick out the nonlinear “classical backbone” of the
ZH calculus, corresponding to classical algebraic geometry? If so,
can we provide a sound and complete set of rewrite rules for that
extension?

The solution: GCA and GAG. The answer is yes. However, unlike
in the linear case, in which algebra and geometry coincide, we
must deal with a gap between commutative algebra and algebraic
geometry, which is bridged by a family of theorems known as the
Nullstellensatze [30, 37, 39]. Therefore we construct our extension
of GLA in two steps.

First, we develop a language Lcosp, which we call graphical com-
mutative algebra (GCA). Diagrams in Lcosp are built from gates
corresponding to copying, addition, scaling, multiplication, and
the units of these operators — the standard generators featured in
the theory of commutative algebras. Diagrams can be reduced to a
pseudonormal form that looks like

O @,

FLO—++ —O2> @
Denotational semantics are given as structured cospans of commu-
tative algebras. In the pseudonormal form (1), the vertical wires
denote a commutative algebra quotiented by the ideal (g1, ..., gn),
while f; and f; denote two algebra morphisms pointing into it. This
captures the nonlinear algebraic backbone of quantum processes in
ZH. Our first main result is a sound and complete rule set for Lcosp
with respect to this cospan semantic.
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Second, we develop languages Lspan, and Lgpan , which we refer
to as Graphical Algebraic Geometry (GAG) over algebraically closed
fields and finite fields, respectively. Diagrams in these are built from
the same generators as diagrams in Lcogp, but they are subject to
further rewrite rules that express the content of the Nullstellen-
satze. Denotational semantics are given respectively, as structured
spans of affine varieties, and of Fq—loci of varieties (or, equivalently,
of finite sets). We still have the same pseudonormal form (1), but
now the vertical wires with polynomials gy, . . ., g, denote an affine
variety carved out by polynomial constraints, and fi, f, are polyno-
mial maps pointing out of it. This captures the nonlinear geometric
backbone of quantum processes in ZH. Our second main result is
that these languages are sound and complete with respect to their
span semantics.

Our languages bear a clear relation to CSP instances with poly-
nomial constraints. As will become clear, a diagram of the form
—9—0 just is the CSP instance with constraints g = 0, while the
diagram O—>9—0 is the #CSP problem of counting the number
of points satisfying g. Our language, then, gives a compositional
and complete rewrite system for networks of CSP instances with
polynomial constraints. Through this view of GAG, we show that
determining rewriteability of an arbitrary pair of GAG diagrams is
#P-hard. In the special case where the field is Fy, this just reduces
to a compositional language for SAT instances. This serves as an
algebraic elucidation of two ideas already present in the literature:
first, that the ZX& calculus completely models “qubit multirelations”
[18]; and second, that the ZH calculus can be used to model #SAT
instances, and to reason about optimizations of #SAT algorithms
[50, 51].

On the other hand, we justify our claim that GAG is to ZH what
GLA is to ZX by characterizing the Galois-qudit ZH as an extension
of GAG over finite fields. Indeed, we show that once we have access
to the “classical backbone” carved out by GAG, any process in ZH
can be built by consuming just a single basis state in the Fourier
basis, up to a finite number of global scalars.

Outline of the paper. We begin in Section 2 by covering the req-
uisite theoretical background on category theory and algebraic
geometry. In Section 3, we discuss the Lawvere theory of com-
mutative algebras, which serve as a building block (the “forward
fragment”) of our languages. We then construct the (co)span seman-
tic categories of interest, namely, the structured cospan category of
commutative algebras, and the structured span category of affine
varieties, in Section 4. We prove our first main result in Section 5,
where we construct the language Lcos, and prove its soundness
and completeness for cospans of commutative algebras. The second
main result is proven in Section 6, where we construct the languages
Lspan, and Lspanq, and prove their soundness and completeness for
spans of affine varieties and of rational loci, respectively. In Section
7, we show that closed diagrams in GAG are equivalent to instances
of #CSP, and therefore rewriting in GAG is #P-hard. In section 8
we show how the Galois-qudit ZH can be built as an extension of
GAG. Finally, in Section 9, we prove the completeness of the qudit
ZH calculus by catalysing the completeness of GAG.
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2 Background

2.1 Diagrammatic Languages

In this section we present the theory of PROPs as it relates to the
construction of our diagrammatic languages. For a more in-depth
and theoretical discussion of PROPs, we recommend the excellent
note by Lack [52].

Definition 2.1. [55] A Product-and-Permutation-Category (PROP)
is a strict symmetric monoidal category C with Ob(C) = N, whose
monoidal product on objects corresponds to addition of natural
numbers.

A PROP morphism from C to D is strict symmetric monoidal
functor such that 1¢ +— 1p, or in other words, the objects are fixed.
A PROP isomorphism is a PROP morphism that is fully faithful.

When we speak of a presentation of a PROP, we are speaking
about a particular data structure, which we describe here with
terminology adopted from the graphical linear algebra literature

[12].

Definition 2.2. A signatureisasetS = {f; : n; = m;};c; where
each element has a name, a number of inputs, and a number of
outputs, and is pictured as a node in a string diagram:

nj : .| imy
v Y

A diagrammatic term over a signature S is an inductive
structure constructed as in figure 1.

A diagram over S is an equivalence class of diagrammatic terms,
where the equivalence relation is the one generated by the coher-
ence axioms of strict symmetric monoidal categories, under the
standard interpretation of string diagrams as morphisms in strict
symmetric monoidal categories.

Definition 2.3. [12] A symmetric monoidal theory (SMT) is a pair
of sets (S, E), where

e The set S is a signature, whose elements are also referred to
as the generators or the spiders;

e The set E = {D; ~ D/}jey is a set of pairs of diagrams
over S, where each pair relates two diagrams with the same
numbers of inputs and outputs. These pairs are called the
relations or rewrite rules;

Definition 2.4. For any symmetric monoidal theory (S, E), there
is a corresponding PROP (S)/E, where:

o Morphisms from n to m are equivalence classes of diagrams
over S with n input wires and m output wires, where the
equivalence relation is the smallest one containing the ax-
ioms E while satisfying the laws of transitivity and substitu-
tion;

e Composition is plugging together of wires

IRl

e Monoidal product is side-by-side juxtaposition

= ©)
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Definition 2.5. An SMT (S, E) presents a PROP C if there is a
PROP isomorphism (S)/E = C.

Because a presentation, in this sense, lends itself to diagrammatic
representation so naturally, we will use diagrammatic language
for C as a synonym for a presentation of a C.

Often we have a concrete PROP C in mind (for example, the
PROP Maty, of finite matrices over a ring R), and we want to find a
presentation for it. It is useful, then, to think of this as constructing
a “syntax category” (S)/E, and a “semantics functor” [-] : (S)/E —
C.If [—] is well-defined as a PROP morphism, we say that E is sound
for C.If it is full, we say that S is universal for C. If it is faithful, we
say that E is complete for C. If it is all three at the same time, then
it is a PROP isomorphism, and so we have a genuine presentation
of C.

The simplest useful examples of presentations of PROPs are
Lawvere theories of well-behaved algebraic theories, which we
now define.

Definition 2.6 (Lawvere Theory). A Lawvere theory is a PROP
L whose monoidal product is also its category-theoretical product,
admitting a strictly identity-on-objects and product-preserving
functor 8y — L, where Ny is a skeleton of the category of finite
sets and functions.

Intuitively, a Lawvere theory is a PROP equipped with a cartesian
structure (of copying and deleting).

A model of a Lawvere theory L is a finite product preserving
functor L. — Set. The models of a fixed Lawvere theory form a
category Mod(L).

Proposition 2.7. (Standard Fact on Lawvere Theories. See for ex-
ample [13]) Let T be a monad on Set that is finitary (i.e. it preserves
filtered colimits). Then there is a Lawvere theory Lr, defined by the
equational theory of T, such that

Mod(Ly) ~ Alg(T) ()

where Alg(T) denotes the Eilenberg-Moore category of T. Moreover,
Lt is equivalent to the opposite of K1 T|f;,, the Kleisli category of T
restricted to finite objects.

For instance, suppose we want to find a presentation for the
category Matg of finite matrices over a ring R. Let T be the monad
sending a set X to the free R-module generated by X. Then Matg
is equivalent to the opposite of KI1T|f;,. The Lawvere theory for
finite-dimensional R modules is therefore equivalent to Matg. But
the Lawvere theory is also, in itself, a neatly presented PROP: the
generators are the operations in the Lawvere theory

(—— —0 To— o— —— VreR

(copy, delete, add, zero, scaling by r) and the rewrite rules are the
usual axioms of R-modules. This yields a diagrammatic presentation
of the PROP Matg, as we wanted.

However, in the GLA literature, the target PROP is usually more
complicated than the Kleisli category of an algebraic monad. In
particular, it usually has a dagger structure. Building presentations
of such PROPs requires us to be able to synthesize larger PROPs
out of smaller ones. The simplest way to do this is via PROP sum.

Definition 2.8. [70] Let C and D be PROPs. Their sum C + D is
their coproduct in the category of PROPs.
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Figure 1: Recursive Definition of Diagrammatic Terms

D,Dy,D; = ><

Proposition 2.9. [70] If C has a presentation (S1, E1), and D has a
presentation (Sa, E;), then C + D has presentation (S; U Sy, E; LI E;)

In the sum of PROPs, morphisms coming from two different
PROPs of course do not interact. To endow interactive behaviour
on morphisms of C and D, we need the notion of distributive laws
of PROPs.

Definition 2.10. A distributive law is a rewrite rule that distributes
morphisms from the two different PROPs past each other:

feCgeD g eDf’eC
—— ——

If E is a collection of such rewrites, then C +g D denotes the
PROP presented by (S; U S,, E; U E, LIE).

Note, this is not the traditional way in which distributive laws
and their resulting categories are defined, but in the case where C
and D admit presentations (which is the only case we encounter
in this paper), this is in fact equivalent to the traditional definition
[52].

2.2 Algebraic Geometry

In reviewing the basic algebraic geometry tools required for our
purposes, we follow standard texts [20, 23, 37].

We denote by k an arbitrary field, and k its algebraic closure.
Likewise we denote by Fy, a finite field of size ¢ = p" for some prime
p, and Fq its algebraic closure. The category of finitely generated

commutative algebras over k is denoted CAIgfk'g‘,
2.2.1 Varieties and Polynomial Mappings.

Definition 2.11. LetI C k[xy,...,
of I is:

xn] be an ideal. The zero-set

V() i={ack |Vfelf(a)=0} ()
An affine variety over k is any a zero-set of any ideal of polyno-
mials.

For an intermediate field k c kK’ C E the k’-rational locus
of a variety V C KisvE) =vn (k’)™; i.e. the set of points in
V whose coordinates lie entirely in k’. When we say “a rational
locus over k” without naming an intermediate field, we mean the
k-rational locus of a variety over k.

Definition 2.12. Let S be any subset of k. The set of k-polynomials
vanishing on S is

I.(S) ={f € k[x1,...,xn] | Va €S, f(a) =0}

It is easy to verify that this set of polynomials forms a radical ideal.

Definition 2.13. Let V C k and W C k" be affine varieties over
k. A function ¢ : V. — W is a k-polynomial mapping if there
exists a polynomial tuple f = (fi,..., f) € (k[x1,...,x,])™ such
that

d(ay,....an) = f(as,...,an)

for all (ai,...,a,) € V. An isomorphism of varieties is a poly-
nomial mapping o which is invertible as a function, such that the
inverse function 0! is itself a polynomial mapping.

The polynomial mappings from V to k forms a commutative
algebra over k, called the coordinate ring of N, and denoted k[V].

Proposition 2.14. [20] Let V be an affine variety over k. Then
k[V] = k[x1,...,xn] /I (V).

Definition 2.15. (The Categories of Affine Varieties and Rational
Loci) [20] For each fixed field k, the polynomial mappings between
affine varieties over k forms a category AffVary. For each inter-
mediate field k € k’ C k, there is a full subcategory AffVar,(ck,) C
AffVary consisting of affine varieties that are entirely k’-rational.

Proposition 2.16. There is a fully faithful contravariant functor
k[-]: AffVaer — CAngg' sending an affine variety V to its coordi-
nate ring k[V].

2.2.2 The Nullstellensatze.

Proposition 2.17 (Hilbert’s Nullstellensatz). [37] Let k be an alge-
braically closed field, and J C k[xy,...,x,] an ideal. Then

(V) =+ (6)

Definition 2.18. A commutative algebra A over k is reduced
if it has no nonzero nilpotents. The full subcategory of CAIng'

consisting of reduced commutative algebras is denoted CAIgZ’g" red..
cps f.g. f.g., red.
Proposition 2.19. [23] The functor (—)rea : CAlg,> — CAlg,
f.g., red.

sending A — A/nil A is the left-adjoint of the inclusion CAlg
CAIgfk'g'.

k -

Proposition 2.20. [23] Ifk is an algebraically closed field, then the
coordinate ring functor k[—] gives an anti-equivalence of categories

f.g., red.
k(-] :AffVarzp ~ CAngg e, 7)

Denote its inverse functor (up to isomorphism) as
Spec : CAngg" red- AffVarZP (8)

We now turn our attention to the case of finite fields. Note: while
affine varieties over algebraically closed fields are “rare” among the
subsets of k", any subset of Fy, is an affine variety over F.

(Fq)
Fq
is equivalent to the category FinSet of finite sets and relations.

Proposition 2.21. The category AffVar of rational loci over Fy

Proor. Itis well known [31, 54] that any subset of IFg is an affine
variety, and any function between them is polynomial. O
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However our results are most easily read if we think in terms
of polynomial constraints and morphisms, rather than subsets and
functions. We retain the notation AffVar]gq) as a reminder of this
“attitude”.

Proposition 2.22 (Finite Field Nullstellensatz). Let ] C Fy[xy,...,x,]
be any ideal of polynomials over a finite field. Then

Ig, (VD () = ]+ T} ©)
xI = x,). [30]

Definition 2.23. For a finite field Fy, a commutative algebra A over
Fy is called g-reduced! if for every f € A, f7 = f. The g-reduced

algebras form a full subcategory CAlg];'j’ ared. CAlng'j

where I“(;‘ = (xf — X1,

Definition 2.24. For a finite field F; and a finitely generated
commutative algebra A over it, define its g-radical as the ideal

generated as follows:
L(A):=(f1-f:feh (10)

Remark 2.25. If {xy, ..., x,} generate A over F; then

L,(A) =Ty :(xf—xl,...,xZ—xn). (11)

Proposition 2.26. The functor (=)greq : CAIg]F - CAIgfg ared.

mapping A — A[T4(A) is left-adjoint to the mcluszon
Proposition 2.27. For a finite field Fy, the coordinate ring functor

Fq[~] restricted to the Fy-rational loci defines an equivalence of
categories

Fql-1:

Denote its inverse functor as Spec.

AﬁCVar(Fq) ~ CA]g];g, qred. (12)
q

PROOF. Because AffVar( a)

=~ FinSet, so this is really just a non-
binary version of the well known Stone duality between finite
boolean algebras and finite sets [44]. The g-reduced commutative
algebras over F, correspond one-to-one with Fy-valued functions
out of finite sets, and F,[~] sends a set to its algebra of Fy-valued

functions [54]. For a more algebraic perspective see also [34]. O
Notation. Denote the g-reduced free commutative algebras
Ry = Sz, (n) /Ty, (13)

and denote the full subcategory of CAlg];'j consisting of such alge-

qred.

bras as Poly , and Fy its inclusion functor.

3 The Polynomial Fragment

Consider the free-forgetful adjunction

Sk
!
Set + CAlg,
U

On finite sets n, Sk (n) is just the polynomial algebra k[x1, ..., x,].
Then let Ty = U o Sk be the associated monad.

IThis is our terminology. In finite field error correction literature this is just called

“reduced” [30], but we need to avoid confusion with the aforementioned more standard
notion of reduction from algebra.
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Definition 3.1. Let Poly, be the full subcategory of CAIg;’g' given
by the image of Sy restricted to finite sets. In other words, let Poly,.
be the Kleisli category of T restricted to finite sets, corresponding
to the polynomial algebras k[x;,. .., xp].

Notation (Sharps and Flats). It is worth being careful about the
equivalence between Poly, and Kl Ti|f;,, the Kleisli category of
T restricted to finite objects. If f € (k[xy,...,x,])™ is a tuple of
polynomials, denote by f* its unique extension to an algebra mor-
phism Si(m) — Sk(n). This acts on a polynomial g(yi, ..., ym) by
substituting y; with fj(xy,...,x,). Notice the contravariance im-
plicit in this: algebra morphisms point and compose in the opposite
direction than polynomials. Conversely, if ¢ : Sp(m) — Si(n) is an
algebra morphism, denote by ¢ : m — S (n) the corresponding
tuple of polynomials defined by (p? = o(x;).

Recall from section 2.1 that for any finitary monad T, there is
an equivalence KIT|;, = ]LOTP , where L7 denotes the Lawvere
theory corresponding to T. In our case, the Lawvere theory is that
of commutative algebras over k, which we denote Lcajg, - Then:

Proposition 3.2. The generators and rewrite rules depicted in figure
2 form a presentation of the PROP Lcag, = Polyzp.

ProoF. This is the standard presentation of the Lawvere theory
of commutative algebras over k, with the following interpretation
for the diagrams: the white dots —C___ and —O are read as
copying and its counit deleting, the grey dots — X0— and O— are
read as adding and its unit zero, the yellow half-moons __|)— and
C% are read as multiplication and its unit one, and the “squeeze”
gadgets labelled by elements of k are read as the scaling
operation by the field k on a k-commutative algebra. The rewrite
rules of the Lawvere theory guarantee that each (finite variable)
polynomial with coefficients in k can be expressed as a diagram in
this language uniquely up to rewrites. O

Notation (Scalable Notation). We can now unambiguously intro-
duce scalable notation for diagrams in Lcayg, - For n € N we define
n-labelled wire and gates, as depicted in figure 3.

For every polynomial tuple f € (k[x,...,x,])™, we abbreviate
the diagram (unique up to rewrites) that corresponds to f* in L azg,
asn —f >— m.

For example, for the polynomial tuple f =
(k[x1, x2, x3])?, we have

X1 +x2
% ﬁ @ ji (14)
X1X3 +xf

Notice that the contravariance between morphism composition
and polynomial composition has been inherited by our diagram-
matic language. Diagrammatically, everything is drawn in the di-
rection of the Lawvere theory Lcayg, . Son —>f>— m corresponds
to a tuple of polynomials (k[xi, ..., x,])™, which corresponds to
amorphism f* € Poly, (m, n). The necessity for this will become
clear in section 6 when we construct the language for spans of
affine varieties.

(31 + X2, x1x3 +x7) €
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Figure 2: The Theory Lcay, of Commutative Algebras over k
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Figure 3: Scalable Notation for Lcaj,
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Proposition 3.3. From the rewrite rules of Lcayg, it is possible to
derive the rewrite rules about polynomials in the scalable notation, as
depicted in figure 4.

PRrROOF. See appendix A. O

4 (Co)span Semantics

In this section we describe the target semantic categories of graph-
ical commutative algebra and graphical algebraic geometry. We
begin by recalling the definition of structured (co)spans, which is
of particular importance here:

Definition 4.1. [5] Let F : A — X be a functor where X is
a category with pullbacks. Define the bicategory of structured
spans pSp(X): its objects are those of A; its 1-cells are pairs of
X morphisms of the form FA « S — FB with A, B € A, which
compose via pullback

SXpg T
5/ ) \T
N 7
FA FB FC

and its 2-cells are commuting diagrams of the form

S

S,

Quotienting the categories of 1-cells of rSp(X) by the 2-isomorphisms,
we obtain a 1-category r Span(X), whose objects are those of A,
and morphisms are isomorphism classes of spans FA « S — FB.

For a functor F : A — X where X has pushouts, the bicategory
of structured cospans Csp(X) and the 1-category r Cosp(X) are
defined dually to the above, with 1-cells of the form FA — S « FB
and composition given by pushout instead of pullback.

The following is an immediate well-known consequence of the
dual nature of the definitions of structures cospans and spans:

Proposition 4.2. IfF : A — X is a functor and X has pullbacks,
then X°P has pushouts, and there is an equivalence
rSpan(X) = pop Cosp(X°?) (15)
where FOP : A°P — X°P is the dual functor of F.
Definition 4.3. In the structured span construct, the category A
embeds into r Span(X) both covariantly by the graph embedding:
f Ff
Gspan * A>B - FA=FA - FB

and contravariantly by the cograph embedding:

F

G . (ALB) - (FBJFA:FA)
pan

Similarly in the structured cospan construct, the category A embeds

into g Cosp(X) covariantly by the graph embedding:

f Ef
Geosp : A>B — FA - FB=FB
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and contravariantly by the cograph embedding:

f f

op F
G, A—> B - FB=FB « FA

Cosp :
The following are not new results, but are recalled here as we
shall need it immediately.

Proposition 4.4. For any field k, the category CAIgL’g' of finitely-
generated commutative algebras over k has pushouts.

Xl /14,

.., 2r] /Ic with maps A L C L

Proor. To construct the pushout: suppose A = k[xy, ...
B=k[ys,.-.,yml /I, C = k[z,.

B. Then
k[x1s s Xns Yts -+ s Ym)
Ia+1Ip+ X1 (9(z) - ¢(z:))

Where, by a slight abuse of notation, I4, Iz denote the images of
I4, Ig via the embeddings

k[xl,. .

A®cB=

(16)

o Xn] o kX1, X Y1 Ym] < kY1 Ym)

[m]

Corollary 4.5. Ifk iseither algebraically closed or finite, the category
Aff Var,((k) has pullbacks.

Definition 4.6 (Semantic Category of Graphical Commutative Al-
gebra). Let F : Poly, — CAl gfk'g' be the inclusion of the polynomial
algebras into the finitely generated algebras. Then apply the struc-
tured cospans construction to obtain a category r Cosp(CAlgi‘g‘).
The objects of this category are polynomial algebras, and the mor-
phisms are structured cospans of the form

Sem) 5 a & s(m) 17)

where A is some finitely generated commutative algebra over k.
Such a cospan is, in other words, a choice of n elements of A (cor-
responding to the left leg), and a choice of m elements of A (cor-
responding to the right leg). These cospans compose as usual by
pushout.

Definition 4.7 (Semantic Category of Graphical Algebraic Geome-
try). Let k be an algebraically closed field and F, a finite field. Apply
the structured span construction with respect to the inclusions of
free spaces k", [Fy into the respective categories of affine varieties to

(Fq)
qu ). Mor-
phisms in ¢ Span(AffVary) are spans of polynomials maps k" «—

V — k™ where V is an affine variety.

obtain categories g Span(AffVary) and g, Span(AffVar

Proposition 4.8. The three semantic categories are PROPs.

ProoF. The objects of ¢ Cosp(CAIgfk'g‘) are the polynomial alge-
bras k[x1, ..., x,], the monoidal product on objects is k [x1, . . ., X, | ®
klyi, .- ym] =k[x1, ..., %n, Y1, - - ., Ym]; and on morphisms by the
tensor-product of algebra morphisms on both legs of the cospans.

The braidings are given by the graphs of
ok[xi,.. sYm] = klys, - Ym X1, Xn] (18)

The proofs for the other two categories are similar. O

XYty e -

The semantic categories for GCA and GAG are related, and we
now explain this relation. The structured (co)span construction is
“functorial”:
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Figure 4: Rules for Scalable Notation

: (POLY-COPY);@

(POLY-DEL)

= —0

(POLY-COMP)

—D—3D— = ——9°

Proposition4.9. [5]GivenF : A — X andF' : 8 —» Y, withX, Y
both having pullbacks, if there is a commutative square of functors

AL x

N

B—Y
and ¥ preserves pullbacks, then there is a functor

Span (¥, ®) :r Span(X) — p Span(Y) (19)

which sends the structured span (FA; <i x2 FA;) to a structured
span in g Span(Y) by hitting everything with ¥. The dual statement
is true for structured cospans.

Corollary 4.10. In particular, in the situation of proposition 4.9,
if &, ¥ are both equivalences of categories, then the induced functor
rSpan(X) — p Span(Y) is also an equivalence of categories.

In particular, recall from proposition 2.26 that there are functors

(S)rea : CAngg' — CA]gi‘g" red.

20)
f.g. f.g., qred. (
(=)gred : CAIg]Pj‘ — CAlgFE are

each of which are left-adjoint to the inclusion in the opposite direc-
tion, and therefore they preserve pushouts. Moreover, they com-
mute with the inclusions of the “free” algebras F : Poly, < CAl gz'g'
qred.
Fq

cospan construction (proposition 4.9) implies there are functors

and Fy : Poly — CAIngP'j. The functoriality of the structured

£ Cosp(CAlg/®) Lred, | cosp (CAIng., red.)
-) (21)
“Jgred

F COSP(CAlg;j) — Fy Cosp (CAlg;j’ qred-)

Now recall that if k is algebraically closed, then there is an anti-
equivalence (2.20)

Spec : CAIng" red. AffVarZP (22)

and if F is finite of size g, then there is an anti-equivalence (2.27)

(23)

op
Spec : CAlg];'j’ ared- AffVargq)

Moreover, it is easy to check that these commute with the inclusions
F, F4, G, G in the obvious way. So using the duality between span

» (POLY-ADD)
o p— =
29>

n (POLY-MULT)
( D— = —ro—
297

and cospan (4.2) we obtain maps

F Cosp(CAng’g‘) H_rm)F Cosp (CAIgZ’g" rE!d‘) =~  Span(AffVaryg)
(=)gre
F Cosp(CAIg]fPls') #’Fq Cosp (CAIg];j’ qred') = g, Span(AffVar
(24)

5 Graphical Commutative Algebra

We now work towards a diagrammatic presentation of the struc-
tured cospan category r Cosp(CAlg;‘g‘). All lemmas, propositions,
and theorems in this section are proven in appendix B, unless oth-
erwise specified.

5.1 Defining the Calculus L,

Definition 5.1. Construct the PROP Lcosy = Learg, +E Lg‘;lgk
where E is the set of rewrite rules displayed in figure 5. We supply

this PROP with an intended semantic functor
f.g.
[_] :LCosp —F COSP(CAngg) (25)

by mapping each generator in Lcayg, via the cograph embedding,
op

and each generator in L J ‘Algy

via the graph embedding.

Lealyg ——— POIYZP
1l
Leatg + Ll — Leag +5 Lk, ~1-13 £ Cosp(CAlg/®)
T ”
Locjqugk — Poly, Cesp

Ges 74

We must first prove that the functor [—] is well-defined, which
is equivalent to the following statement:

Proposition 5.2 (Cospan Soundness). Every rewrite rule in E is
sound with respect to the intended semantic [—].

Once well-definedness has been established, we can now derive
the following useful rewrite rules from the given rules:

Lemma 5.3. The following are some useful derived rules of Lcogp:

G G o S p—
Og@:% Vf e (k[x,. ..

(special)

,xn])m

(poly-trp)
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Figure 5: Additional Rewrite Rules for Lc,sp

(X-BONE) (Z—FROB)
o0—0 = =

(K-INV) (cup)
vl € kX

@0 (K-TRP) (x TRP)

5.2 Universality and Completeness

To consider the nature of the (essential) image of [—] in f Cosp(CAIg;‘g‘),

we first prove the following sequence of lemmas in the language
Lcosp, which will allow us to introduce an essential piece of syntac-
tic sugar for summarizing a diagram.

Lemma 5.4. Forany f € k[xy,...,
from the rewrite rules of Loosp:

Xn], the following is deriveable

So we just speak of gadgets of the form

Lemma 5.5. Foranyf,g € k[xy,...,x,], the following is deriveable

from the rewrite rules of Lcosp:

Lemma 5.6. Let fi,...
the ideal (f1, .. .,
rules of Lcosp:

184 4 -

Lemmas 5.5 and 5.6 mean that we can coherently define the
following gadget:

s fm € k[x1,...,x,], and pick some f inside
fm)- Then the following is deriveable from the rewrite

Definition 5.7. LetI C k[xi,...,x,] beanideal. Since k[x1, ..., x,]
is Noetherian [23], there exists a finite set of polynomials fi, . . ., f, €
kl[x1,...,x,] such thatI = (fi,..., fin). Then define

.4 §

Note that neither the choice of the basis fj, . . ., fi;, nor the ordering
of them, matters in the definition, since any two such choices give
diagrams which are rewriteable to each other per lemmas 5.5 and
5.6. For concreteness, we may always choose the reduced Grobner
basis with respect to some chosen monomial ordering.

(z FROB) E z (X-FROB) : : (xrnon)ﬁ

(can)
>—O = O—0O
(onE-Tre)
>
Corollary 5.8. Idempotence = is provable

in Lcosp.
We now explain the semantics of these gadgets.

Proposition 5.9 (Quotient Gadgets). The semantic of the gadget

is (any finite presentation of) the finitely generated commu-

tative algebra defined by I. More precisely, if I C k[x, ...,

ideal, then
] = (Sk(n) = Sk(n) /I « Sk(n))

where both legs are the canonical projections n; against I.

Xn] is any

This is essentially what brings us from a language for Poly, to a
language that has full information about CAIgfk'g', which forces us
to introduce the following notation:

Notation. If A = Si(n)/I, and f € (k[xy,...,x,])™, denote by
1} : Sk(m) — A the algebra morphism one gets by passing to the
quotient:

f#
Sk(m) — Sg(n) = S(n)/1 = A (28)
Or equivalently, the algebra morphism one gets by reducing f

against I component-wise to obtain f; € A™, and then taking its
extension to an algebra morphism f;* : S¢(m) — A.

Proposition 5.10 (Cospan Universality). Foranyideall C k[xi, ...,
and tuples of polynomials f € (k[xi,...,

b

where A = Si(n)/I. Since every algebra morphism Si(m) — A is
1 Leosy —>F Cosp(CAlgl®) is full.

= (Sk(m) ﬁ) A i Se(m') (29)

equal to f;' for some f, so [

It remains now to prove the completeness of the language Lcosp.
We do this by reducing diagrams to a pseudo-normal form as fol-
lows:

Definition 5.11. A diagram D in Lcesp is said to be in cospan

form if it is draw as
(30)

xp )" andg € (k[xy,...,xa])™,
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for some ideal I and some polynomial tuples f, g.

Proposition 5.12 (Cospan Normal Form). Every diagram in Lcogp
can be rewritten into cospan form.

Thus, to show completeness of Lcgp, it suffices to show that, for
any two diagrams in cospan form, if they have the same semantic
inp Cosp(CA[gZ’g'), then they can be rewritten into each other. We
do this via the following lemmas:

Lemma 5.13. Let I C k[x1,...,x,] be an ideal, and let f,g €
(k[x1,...,x,])™ be any two polynomial tuples such that f —g € I".
That is, let f,g be such that fj = g}. Then the following diagram
rewrite is derivable in Lcosp:

T SR

Lemma 5.14. Suppose I C Sg(n) and J C Sx(m) are ideals of
polynomials and f € (Sp(n))™. Suppose f;i : Sp(m) — Si(n)/I
satisfies | C ker f. Then the following rewrite holds:

o S

Lemma 5.15. Suppose I C Si(n) and ] C Sk(m) are ideals, o :

Sk(m)/] — Sk(n)/I is an isomorphism of algebras, and o € (k[x1,...,x,

t € (kly,...,yml)" are a pair of polynomial tuples such that they
represent a, ! respectively, i.e. such that the following commutes:

Sk(m) —L% Se(m)/] 4—— Sp(m)
Se(n) — Se(m)/1 45— Sk(n)

Then the following rewrite holds:

ﬁz% = (32)

By composing —>a>— on the right to both sides of the equation
in 5.15, we obtain:

Corollary 5.16. Ifa : Sx(m)/] — Sk(n)/I is an isomorphism of
algebras, and o € (k[x1,...,x,])™ represents a as in lemma 5.15,

then
ﬁ

Lemmas 5.13, 5.14, and 5.15 suffice to show that any two dia-
grams in cospan normal form which have the same semantic in

F Cosp(CAlgzg') can be rewritten into each other. And therefore:
Proposition 5.17. The functor [~] is faithful. That is, Lcosp is
complete as a language for p Cosp(CAIgL’g')‘

We have now completed the demonstration of our first main
theorem:
Theorem 5.18. The functor [~] : Lcosp — F Cosp(CAIgZ‘g') is an
isomorphism of PROPs. Thus Lcosp is a sound, universal and complete

language for ¢ Cosp(CAIgi’g').

Dichuan (David) Gao, Razin A. Shaikh, and Aleks Kissinger

ProOF. Propositions 5.2, 5.10, and 5.17 together imply theorem
5.18. [m}

6 Graphical Algebraic Geometry

Our focus now turns from algebra to geometry. In this section k
will always denote an algebraically closed field, and F; will always
denote a finite field of size g. All proofs are contained in appendix
C unless otherwise specified.

Recall from equation 24 that there are two functors

Spec(=)red

F Cosp(CAlgk ) — ¢ Span(AffVary)

pec(_)qred (33)
s

F Cosp(CAlg];j) Gq Span(AffVar( q))

We now seek diagrammatic presentations for g Span(AffVary) and
G, Span(Aff Var( q)) Since we already have a presentation Lcosp =p

Cosp(CAlgkg ), so we seek to find Lspan, and Lspanq that fit into
the following commutative diagrams:

[~ f.g. [-] f.g.
LCosp _; F COSP(CAlgkg ) LCOSp _) F COSP(CA[gkg )

| |
| lSPec<—>red | iSPeC<*)qred
¥ ¥

Lspan,, ['_iG Span(AffVark)  Lspan,, - i ? Gq Span(AffVar( "))

) ,such that [~]x and [~], are both isomorphisms of PROPs.

6.1 GAG over Algebraically Closed Fields

Definition 6.1. Let Lgpa,, be the quotient of Lcos, defined by the
following additional rewrite rule:

—c)o=—0 (red)

Proposition 6.2. The PROP morphism

Spec[—lred
Lcosp ——¢ Span(AffVary) (34)

factors through Lspan, . In other words, rule (red) is sound for affine
varieties over an algebraically closed field.

Thus we obtain a PROP morphism

Lspan, L_—]—kac Span(AffVary) (35)

It remains to show that this morphism is faithful: in other words,
that our rewrite rules are complete.

Lemma 6.3. LetI C k[x,...,x,] be an ideal. The following is
deriveable from the rewrite rules of Lspan, :

4.A .

Proposition 6.4. The semantic map Lspan, t]—k—m Span(AffVary)
is faithful. In other words, Lspan, is complete for g Span(AffVary).

Since [—]x also inherits the fullness of [—]:
Theorem 6.5. The semantic map Lspan, t]—k—)G Span(AffVary) is

an isomorphism of PROPs; ]Lspank is a universal, sound, and complete
language for ¢ Span(AffVarg).
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6.2 GAG over Finite Fields

The recipe for obtaining a language for spans of rational loci of
affine varieties over finite fields is almost identical to the one used
for spans of affine varieties over closed fields.

Definition 6.6. Let Lspanq be the quotient of Lcosp by the following
additional rewrite rule:

c°| = (qred)

Proposition 6.7. The PROP morphism

Spec[—lgred
Cosp BN Gy Span(AffVar]qu)

) (37)

factors through Lspanq. In other words, the rule qred is sound with
respect to Fg-rational loci.

Thus we obtain a PROP morphism

[-1q (]Fq))

Lspanq — g, Span(Aff VarFq (38)

Now to show that this morphism is faithful:

Lemma 6.8. For 1"; = {xf, .. ,xZ}, the following is deriveable from

the rewrite rules of LSpaan -

Proposition 6.9. The semantic map [~]4 is faithful. In other words,
the rules of Lspanq are complete.

Theorem 6.10. The semantic map [—]4 is an isomorphism of PROPs.

6.3 Matrix Semantics for GAG
Given a structured span of affine varieties over a field k (not nec-

essarily algebraically closed) of the form k" Ly i k™ we can
“repackage” the data of this structured span as an indexed family of
affine varieties

Vig =0 (x) NP (y) (39)

each of which is a subvariety of V.

In the particular case where k = Fj is a finite field, and V is an
F4-rational locus, the family of affine varieties Vxy consists of finite
sets, which we can view as entried in an N-matrix:

Definition 6.11. Let M, : ¢, Span(AffVar];]Fq)) — Maty be the
q
functor which sends a structured span of F-rational loci

Fr &V I " (40)

. AR .
to the ¢ X ¢™-matrix My («—) with entries

¢y - -
Mq(<——’)xy =|e I(X) ny I(Y)|- (41)
The following is immediate (proofs are given in C.2):

Proposition 6.12. The functor My is well-defined and fully faithful.
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Since AffVar]SFq) =~ FinSet, this is just a restriction of the equiv-
alence, well-known in folklore, between Span(FinSet) ~ Maty in
disguise.

But since we already know that Lspanq is a sound, universal, and

(Fq)

complete language for g, Span(AffVar]Fq ) from section 6.2, so:

Corollary 6.13. The diagrammatic language Lspan,, serves as a
sound, universal, and complete language for a full subcategory of
Maty consisting of the objects q" withn € N.

We use [—] ¢  Lspan, — Maty to denote this new semantic.

7 From GAG to Counting CSP

We now briefly illustrate the direct connection between GAG and
CSP. Recall that a constraint satisfaction problem over a domain D
and a constraint language I (typically a set of finite arity relations
over D) is a pair (X, C), where:

e X is a set of variables xy, ..., x,,

e C={Cy,...,Cp} is a set of constraints, each of which is a
pair Cj = (sj,g;) where s; C X is the scope of the constraint,
and g; € T is the content of the constraint.

An assignment o : X — D is said to satisfy the CSP if for every j,
the tuple (o(x;))ies; is in the relation g;. The problem of determing
whether there exists an assignment o that satisfies (X, C) is called
the decision problem CSP(T'); while the problem of counting the
number of assignments that satisfy (X, C) is called the counting
problem #CSP(T).

Now suppose that our domain of values is a finite field F, and
our constraint language I' consists of polynomial maps g : F§ — Fg,
read as the requirement g = 0. Of course, every finite-arity relation
over Fy can be expressed as an affine variety, and therefore our T
is just the set of all relations over D. The finite field GAG gives an
easy representation of instances of #CSP(T’) in the following way:

Proposition 7.1. Let (X, C) be a CSP instance over the domain F,
with set of variables X = {xi,...,x,}, and polynomial constraints
15+ 9m € k[x1,...,x,]. Let I be the ideal generated by g1, ..., Gm-
Then the span semantic of the ideal gadget is

n % n o (F; o V(D1 — F;) (42)

where, recall, V(I)F4 := {x € Fg 1 g1(x) =+ =g;(x) = 0}. In other
words, it is the set of assignments satisfying (X, C).
The same diagram with no wires on either side has the following

matrix semantic:
% [-1q
—

In other words, it is the number of assignments that satisfy (X, C).

v (1)Fa) (43)

Theorem 7.2. The problem of rewriting arbitrary GAG diagrams
into each other is #P-hard.

Proor. This is a direct consequence of equation 43 in proposi-
tion 7.1, which shows that #CSP(T’) reduces to rewriting between a
subset of diagrams in GAG, and #CSP(T') is #P-complete [41]. O

Remark 7.3. In the case g = 2, polynomial constraints are equiva-
lent to boolean constraints, and so #CSP(T’) is #SAT.
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Remark 7.4. Conversely, since every diagram in GAG can be
rewritten into cospan form, so every closed diagram (a diagram
without input or output wires) can be rewritten into:

A (POL\;DEL) f i % (z—FlgION) % (44)
.—A—. {f&EO—>D—0

So determining the semantic of an arbitrary closed diagram in GAG
is equivalent to #CSP(T').

8 From GAG to Qudit ZH Calculus

The ZH calculus is a graphical language for quantum computation,
and it has a natural correspondence with the Toffoli-Hadamard gate
set. In this section, we elucidate the connection between algebraic
geometry and the ZH calculus. We review the Galois-Qudit ZH
calculus introduced in [28] and show that the ZH calculus can be
obtained as a fairly minimal extension of finite-field GAG: adding
a single state and one scalar suffices to recover the ZH calculus in
arbitrary dimension.

8.1 Qudit ZH Calculus
Here we give a brief overview of the qudit ZH Calculus as intro-

duced in [28].

Definition 8.1. [45] A Galois-Qudit is a quantum system repre-
sented by a Hilbert space of dimension q = p’ for some prime p
and some natural number ¢, with a computational basis labelled as
|7y with j € Fg.

For a finite field Fy, the Galois-Qudit ZH Calculus over F, is
the free? dagger-PROP generated by three families of generators:

DXCn DEn @

Z spider H spider Jj-state
We will denote this free dagger-PROP as ZH. It admits a seman-
tics functor to the PROP gZ Matz[,,]. A morphism from n to m in

5 3
q? Matz|,, is a matrix of the form g2 A, where Ais a ¢ X q" matrix
with entries in the ring Z[w], w is a primitive pth root of 1, and k
is an integer.

zn e, q% Matz, (45)
This functor is full [28] and is defined on the generators as follows:

n><m - el

i€Fq

DG -

@7

where tr(x) = xP + -+ - + x*' is the field trace polynomial, which
maps F, — F, linearly over F,,.

T Utdmitin) iy 1y .ol

J1s--Jm€Fq

= Vqli) jeF,

2No complete set of rewrite rules are known for the qudit ZH. For the sake of full
generality, we work with the free dagger-PROP generated by the ZH generators.
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8.2 ZH Calculus as an Extension of GAG

We now extend the language LSpanq for finite field GAG to cover
the entirety of the Galois-Qudit ZH Calculus over F,.

Definition 8.2. Define ng;‘;ie’ to be the PROP generated by ]Lspanq

together with the following additional generators

O— (46)
and the following additional rewrite rules

(Z1-CHANGE)

(z1.:py> @ (21-T:mcz> “
OC = & ® odg, (@i;

Where tr is the field trace polynomial and ¢ is any element of F,
with tr £ = 1. Here, we think of @— as a state in the Fourier basis
as we define below.

Definition 8.3. We define the semantic functor [—] Zourier : ng;‘ge’ -
q

Fourier

q to be
the composition of [-], with the canonical inclusion Maty —

qi* Maty[,]. For each generator of Lspanq, we set [-]

qz Matz[,,|. For the additional generators, we define:

[O—1"" = > o @) (48)

ieFq

[[ ]] :ourier _ q,% (49)

This forces the following to commute:
_ 7 Fourier

] Fourier q s q% Matz[w]

Span,,

! ]

LSpanq T} Maty
q

Moreover:

Proposition 8.4. The rewrite rules in equation (47) are sound with

respect to the semantics [[—]](F;’“rier

The dagger-PROP ngzger covers the entirety of the Galois-Qudit
q

ZH Calculus. To see this, we describe how its generators can be
constructed in ]Lg‘;:;'er and show that the semantics agree.
q

Definition 8.5. We have the functor iz : ZH — ]ng:;ie' defined
q

on the generators as follows:
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Proposition 8.6. The functor izy is consistent with the semantics
of the ZH Calculus. In other words, the following diagram commutes:

Fourier
LFourier [-

q x
Spanq 7 q: MatZ[w]

lZHT AH

ZH

For the remainder of this paper we will use Lg"‘” ier as a working
pan,

notion of a Galois-Qudit ZH calculus with rewrite rules — we will
show that the rewrite rules of ng;‘;‘er forms a complete set of rules
q

Fourier

for ZH. Now, we show just how minimal an extension ]Lspan is
q

over Lspanq:

Proposition 8.7. For any diagram D in Lg;:;ie', there existsk € N
q

and a diagram D' containing only the generators ofLspanq such that

(50)

This shows that just a single copy of the state in the fourier
basis is sufficient to extend the expressive power of finite-field GAG
to cover the entirety of the Galois-Qudit ZH Calculus. Using this,
we can compute amplitudes in the ZH calculus using finite-field
GAG. Computing an amplitude in the ZH calculus corresponds to
evaluating the semantics of a scalar diagram. We have the following
result.

Theorem 8.8. Let D be a scalar diagram in the ZH calculus over
Fy. The scalar [D],,, can be computed using exactly q queries to an
oracle O that evaluates the semantics of scalar diagrams in Lspanq.

9 Catalyzing Qudit ZH Completeness

Theorem 9.1 (Completeness of Galois-Qudit ZH). If D;,D, are
diagrams in the Galois-Qudit ZH Calculus over By, and [D1],y, =
[[Dz]]ZH, then Dy can be rewritten into D, using the rewrite rules of
LFourier

Spanq .

The first thing to notice is that to prove theorem 9.1, it suffices to
prove it for states (diagrams without inputs) because any diagram,
composed with cups, can be turned into a state, and vice-versa. No-
tice also that proposition 8.7 implies that a state in the ZH calculus
can be rewritten into the form

-
[

,% ®k)
where D’ is a diagram in the language LSpanq~

Our proof uses a catalysis-style argument [47]. We have a larger
language (the Galois-qudit ZH) which extends a smaller language
(the language Lspan,, of finite field GAG), in such a way that any
diagram in ZH can be rewritten as a diagram in ]L,spanq, with some
gadgets attached. Catalysis is about reducing the ZH semantic equal-
ity of Dy, D; to some form semantic equality statement between
diagrams of ]Lspanq, involving subdiagrams of Dy, D,. This allows
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us to leverage our knowledge that Lspanq is complete for Maty se-
mantics, to derive the desired rewrites for D; and D, in ZH. In our
case, the catalysis reduction is as follows:

Proposition 9.2. If

BF 7w B

are diagrams in Lspanq, such that

s, - [2da),, 52

and satisfying the following restriction condition: for all x € F except
for those lying on one line &F,, where & is some fixed element of field

trace 1,
], - [5g],
Then there exist diagrams n, nin Lspanq such that
[e.E], + lered], = [oH, + [efs], oo

Notice that a semantic equality in ZH results not in an exact se-
mantic equality in graphical algebraic geometry, but in an equality
of sums. Luckily graphical algebraic geometry supplies the neces-
sary gadgets for diagrammatically computing sums. This involves
constructing so-called controlled-states for various diagrams in
Lspanq, and then using those to construct sums.

Lemma 9.3. LetZ be the following diagram in ]L,spanq:

= (55)

Then the following rewrites hold in Lspan,, *

offf =0~ @F}-o—

meaning that Z serves as a controlled version of O—; and moreover

the following rewrite holds in L{oue":
pan,,

(H)=—o0 (57)

Now for any state nin Lspanq, recalling the (co)span nor-

mal form of graphical algebraic geometry (see (30)), { can be rewrit-
ten into the form

= (58)

Lemma 9.4. For any state = in Lspanq, there is
a diagram 1 n (the so-called controlled state of /) such that

the following are rewriteable in ]Lspanq:

ofif-o  ¢fa--f} @

Explicitly, 1,/; is constructed as

ln = © 'é' (60)
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Proposition 9.5. For any states n, nin Lspanq, let 1/; gzg
be their corresponding controlled states as defined in (60). Then the
following diagram has the sum of  and ¢ as its semantics:

Now we return to the particular form of sums occurring in equa-
tion (70). Recall that in that sum, the second terms involve the factor

O—. Notice that
[o—®],= >, o’ =0 (62)

0€F)y

And so we might ask: are the rewrites of ng;‘f” enough to detect
q

that a sum of the form in equation (70) would lose its second term
when plugged together with a —@? It turns out that this work
is done by equation (57), which yields the following stronger form
of proposition 9.5

Proposition 9.6. For diagrams Izt n nin Lspanq, letting

(63)

where D,C, Z are the corresponding controlled diagrams, then the
following semantic equality of sums holds:

[oaH,-[oH, [, o

and moreover, the following rewrite holds in the language Lg"“”er:
pan

[Pl =[2]D (65

Which yields a catalysis argument for the completeness of the
Galois-Qudit ZH Calculus up to global scalars:
n
i

:
are diagrams in ]Lspanq such that
D = ||D (66)
g, - [k,

then the following holds in Lg;::fe’:
a

PROOF OF PROPOSITION 9.7. First, since using rule zimacywe can

rewrite
=250 5

and it is easy to check, seeing as tr(Fy) = F,, that

pl=wa], - @)

Proposition 9.7. If
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for any x ¢ £F,. So, without loss of generality we may assume that
D satisfies the restriction condition (53). Similarly, the condition
also holds for D,.

Proposition 9.2 then tells us that there exist diagrams ,

in ]Lspanq such that

B, [5,- [2H,  [s], o

Then constructing Dy ¢, D24¢, as in Proposition 9.6, we obtain
diagrams in Lspanq such that

Bt - [BH, « [T,
[BH, [Es], o
-[FH,

So by the completeness of graphical algebraic geometry (Proposi-
tion 6.9) we have rewrites in ]L,Spanq:

’ Dy, ﬁ 6'=9’ Ds.c, ﬁ (72)

But then by the rewrite (65) given in proposition 9.6, we have
rewrites

G © ’ D1y, '_@ © ’ Dzc, '_@ @ (73)
m]

10 Conclusion and Future Directions

We have introduced a family of diagrammatic languages, which we
refer to collectively as graphical algebraic geometry (GAG). This
family of languages extends the existing literature on graphical
linear algebra (GLA) by introducing the nonlinear multiplication
operator. We construct three examples of languages within this
family, and show that they are sound, universal, and complete, for
their respective semantics in (co)spans of commutative algebras
and affine varieties.

We showed that closed diagrams in GAG correspond exactly to
counting constraint satisfaction problems, thereby showing that
rewriting GAG diagrams into each other is #P-hard. We show also
that GAG forms the nonlinear classical “backbone” of the Galois-
qudit ZH calculus. Indeed, we show that all quantum processes in
the qudit ZH calculus can be represented by consuming a single
Fourier basis state, up to a finite number of scalars, meaning that
a GAG oracle would be able to simulate the ZH processes with a
constant number of queries. These connections serve to illustrate
the potential versatility of GAG.

There are several directions of future work. On the theoretic
side, there is an open question of constructing graphical algebraic
geometry over R. Indeed, for a real-closed field, one would be able
to express inequality constraints of the form g(x) > 0 using the
generators of GAG; but finding a complete set of rewrite rules for
such languages may prove difficult, and will involve the Positivstel-
lensatze. Such a language would have exciting applications in the
verification of hybrid systems, where the safety space is often given
as a semialgebraic set in R”, and dynamics are given by polyno-
mial mappings [60]. On the practical side, there are two obvious
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directions. The first is to explore the connection between GAG and
CSP: in particular, are their existing computational techniques that
can optimize GAG rewriting, or bound the complexity of rewrit-
ing between diagrams of a certain class? The second is to use the
characterization of ZH as an extension of GAG to “grok” quantum
algebraic geometry codes, in the same way graphical linear algebra
has been used to “grok” CSS codes [46].
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Derived Rules for Scalable Notation in L4,

Proposition 3.3. From the rewrite rules of Lcayg, it is possible to
derive the rewrite rules about polynomials in the scalable notation, as
depicted in figure 4.
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ProoOF. We begin by proving that rewrite rule gow-corvis derive-

able in Lcgyg, , that is,

o

(74)

Since by theorem 3.2 the polynomials are in correspondence with
diagrams in Lcayg, , S0 we may prove this proposition by structural

induction on diagrams.

First we check that the equation holds the generators. The equa-

tion is immediate if —>f)>— = ——.
If —>7/>— = —Q_, then we have:

LHS =

(z-Assoc) ; % g %
(z-sYmm) ; §

(z-Assoc)

=RHS

If —>/>— = —O, then we have (recalling that the spider with legs

labelled by 0 is the empty diagram):

LHS = —0 2™ %2 - RHS

If —>7>— = __ 30—, then we have:

LHS = >_< (ADI;—CP) § § — RHS

If >f>— = O—, then we have:

-cp) O—
LHS = O—< (zER0-CP) — RHS
o—

If —>7>— = _{)>—, then we have:

LHS = >D_< (muLT-cp) - RHS

If >7>— =(}—, then we have:

(oNE-cP) (%
(F

LHS = =RHS

(76)
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If —>fF>— = —{x)—, then we have:

LHS = e g

Thus the proposition holds for all the generators of Lcayg, . Now for
the 1nduct1ve step suppose the proposition holds forn —>/>— m

= RHS (81)

and % Then, in the case m = n’, consider the diagram
—>f>——>9>—. we have

20 < (82)
: X
=RHS
>3

Finally, for the dlagram we have

>

s = DR TG AP P (83)
::g &SP
ST

Here, LH. denotes the inductive hypothesis. This completes the
induction.
We next prove that rule eouv-omyis deriveable in Lcatg. that is,

—H-0=—0 (84)

We again use structural induction on the diagrams of Lcayg, . The

equation is tautological if either —>f>— = or —f>— =

—O (recalling that the spider with legs labelled by 0 is the empty
diagram).

If >/>— = —Q_, we have

LHS = —G<<O> =N 5 _ RHS (85)

If >p>— ="_"30—orO— or __J)— or (}— or —{®—, the
desired proposition is just a straightforward application of axioms
(ADD-DEL), (ZERO-DEL), (MULT-DEL), (ONE-DEL), (K—DEL)reSpeCtiVely. So the proposition

holds for all generators of Lcajg, . Now for the inductive step: sup-
’

’
pose the proposition holds for n —f/>— m and n*ZFm . Then,
in the case m = n’, consider the diagram —f>——>9>—. we have

LHS = s o™ _o=RHS  (86)

Finally, for the diagram we have

= RHS (87)

This completes the induction.

Finally, the rules @our-aop), (orv-uuir), and @ow-comware direct conse-
quences of the fact that Lcayg, is the Lawvere theory of commuta-
tive algebras over k. O
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B Proofs about Lcosp
B.1 Proofs about Soundness
Proposition 5.2 (Cospan Soundness). Every rewrite rule in E is
sound with respect to the intended semantic [—].
Proor. First to prove v for I € k%,

y—lx

[—D—1] = (k[x] = k[x] <——k[y])

ol 88
- (ka1 =k =t
- [~
where the second equality is the span isomorphism
k[x]
k[y
Next to prove (xsow):
x—0 x—0
[0—0] = (k =k &% klx] =25 k =k)
(89)

=(k=k=0=] |

here the second equality is the pushout

/

o

?\/

Next to provee-ron:
X1y Y121
X1 Y2 Y222

5

k[x1,x2] & kly1, y2, ys] 2, k(z1, 2]

k[x1, %2, 21, 22]

(k[xl,xz] -
(1 — 21, X1 — 22, X2 — 23)

X1y Yyizy
X2y Yiz;
= k[x1,x0] =5 k[y] & k[z1, 2]

— k[z, Zz])
X1y Y121
Xz‘—'yz Y22z

D~ "

= k[x1, x2] <— kly1, y2, ys] —— kz1, 2]

]
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Next for the soundness of -ron: first, by a pushout we obtain

(]

=(k[x1,xz] et Y b k[zl,zﬂ) 01)
_ (k[xl,xz] L, _kbxzzn] k[zbzﬂ)
(x1 +x2— 21 — 22)

Now consider the apex of the cospan in the final line of 91. We can
parametrize it in two ways:

K [us, ug, us]
X1Putuy zZ1—u
XZHV IZT wuzﬂxg
k \ _klxixzize] k
[x1, x2] > < [21, 22]

(x1+x2-21-22)

xp—)N ﬁ\l/ z101+0y

le—)212+03 Z203
k[v1, 05, 03]

where «a, f are the obvious maps that make the above diagram
commute:

X1 > up +uy X1 0

X9 > U3 Xy > U2 +03
a: E (92)

zZ1 > U Z1 0 +0y

Zo B Uy + U3 Zy > U3

Which are both isomorphisms of algebras. This gives:

(]

k[x1,x2,21,2
= (k[xlst] - M — kl[z1, 23]
(1 +x0— 21— 23)
XUy tug U <z1

X2U3 Uzt+u3z iz

= | klx1, x2] ——— k[uy, up, u3] «———— k[z1,22]
ﬁ] "
X101 01 +U2 21

X2 U2+03 V322
= | k[x1, 6] —— k[0v1,02,03] «——— k[z1,22]

]
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Now for the soundness of (cur):

Oo—Q
_ (k 0—ix k[x] XPY1—Yy2 k[y1,yz])
kly1, y21
= (k - ﬁ - k[yl,yz]) (94)

X<yr

k — k[x] &= k[y1, v]

o]

The proof for the soundness of (caris almost identical:

k[x1, x2] )
— —k
(x1 = x2)

xX1—=y

= [Klxix2] =5 K[yl « k) = [)ﬂ]

Now for the soundness of -rxe):

X1Y1

KX1¢Y2 Z§:§§
x Xp Y y1] y3—z 2
= | kbl > k[3] <=2k ] 225 k(2] Kz | ©0)
_ (k[xz] N k[x1, x2, 21, 22] - k[zl])
(1 = z1, K1 = 22, X2 — 22)
= (Klxw] 2255 Kz« klzi]) = [—@—]
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For the soundness of -mw): Proor. First we show how to derive special. The reasoning in
this proof is almost identical to the reasoning in the proofs con-
tained in appendix A.2.2 of [70]. We first make the following deriva-
tion: for any k € k,

X1 Y121
X1X2¢Y2 Yaro2z2
X3¢Yy3 n Y32z ;
X X -z
= ] = ] 2 k] e
Y4
97)
k[x1, x2, x3, 21, Z2, 23] Ezfj}?ﬁ 9)
(k[X3] N 15 A2, A35 415 £25 43 —k [2]) =
(X1 — 21, X1X3 — 22, X3 — Z2, X2 — 23)
= (klxal =25 klzi, 23]  klz1,231)
= [4G<] (K-A;SOC) (X'F:ROB)
For the soundness of (ows-mmw): and with this we can make the desired derivation:
(X-B_ONE) (z- UNIT)
o—0O
F/D_O (ZERO:-IN-K) ... (k- ADD)
[0—(]
)1(:321 Zé:; (z-Assoc)
=[klx] —— kly1. yo] — klz] —k (98) = O
Q0)
k[x, z] Q
= |k[x] — k 2
([x] (x—2z1-2) ) =Q
x—1 [
= (k[x] ke k) = [ ] (z-Assoc)
(X—Aisoc)
This completes the proof that every rewrite rule contained in (x-aDD)
figure 5 are sound with respect to the semantics functor [—] : (zERO-IN-K)
o =
Lcosp —F Cosp(CAlgkg ). o
(z-UNIT)
(x-UNIT)
B.2 Proofs of Derived Rules B G0

(100)
Lemma 5.3. The following are some useful derived rules of Lcosp:
as required.

Next we show how to derive poly-trp by structural induction
on Lcaig, - First we show that the proposition holds for —/>— =

. When n = 1 this is easily derived as:
(special)

&g@ —Ge—  Vfe(klxn...x])" LHS:Q‘;\/%W;"E)M“@”)=RH5

(poly-trp) (101)
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whereas for n > 1 we can induct on n:

(102)

in = RHS

where the equality labelled “ILH is an application of the inductive
hypothesis.

We then check that the proposition holds for f ranging over
every generator of Ly, .

If >/>— =—C, then

(z-FROB)

LHS = ()

(z-FROB) (z-FROB)
(z-unrT)

(z-unrT) : i‘/E (103)
(z—SYMM)‘L
= =RHS

If >fF>— = __ 30—, the derivation is similar:

LHS =

(X-FROB) _ _
(i-fgli) .’ (X-S;MM) o
(K-A:DD) H H E (K-AiSOC) i

(104)
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For —/>— = —O or O—, the proposition is a straightforward
application of their respective (co)unitality laws ¢-vwmand owm. Fi-
nally, for >/>— = 3D— (% or —{x)—, the proposition is
verbatim identical to the laws ), ©ne-rww), OF wrwrespectively.

Now for the inductive step: suppose the proposition holds for
’

n’ m
n —f>— mand —>%— . Then, in the case m = n’, consider the
diagram —/>——>9>—. we have

(105)

, we have

Where the second equality follows from the naturality of the braid-
ings, and the fourth equality follows from both the naturality and
the involutivity of the braidings. This completes the structural in-
duction and proof. O

B.3 Proofs about Ideal Gadgets

In this appendix we prove that the following lemmas hold in Lcosp.

Lemma 5.4. Forany f € k[xy,...
from the rewrite rules of Lcosp:

,Xn], the following is deriveable

Proor.
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puly—trpﬁaly—t‘rpT

(Z-FiOB) fz i ? — RHS

Lemma 5.5. Foranyf,g € k[xy,.
from the rewrite rules of Lcosp:

O

.., Xn], the following is deriveable

(107)

Here the equality labelled S.M.C. follows from the naturality of the
braidings in a symmetric monoidal category. ]

.oy fm € k[x1,...,xn], and pick some f inside
-» fm). Then the following is deriveable from the rewrite

Lemma 5.6. Let fi,.
the ideal (f3, . .
rules of Leosp:

4.8-8 af -

Proor. First, by the completeness of Lcajg, , we know that the
following equation is deriveable:

5%=%=%) o— (108)

Note, the second equality here is verbatim rule ¢ero-w-x; while the
first equality can be easily derived by substituting

(ON];DEL) ] (ZERO:—IN-K) ] [:

Now, since f € (fi, ..., fin), so there exist polynomials g1, . .., gm €
k[xi1,...,x,] such that f = g1fi + -+ + gmfm. Then by the com-
pleteness of Lcayg, , we know that the following is deriveable by its
rewrite rules:

(109)
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Thus we can rewrite the right-hand-side of (26) as follows:

RHS =

(z—FEOB)

(POLY-COPY)

(zX-BIALG)
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(POLY-DEL)

(z-unrT)

(z—AS:SOC) 4@ 4@ =LHS (110)

O

Proposition 5.9 (Quotient Gadgets). The semantic of the gadget

is (any finite presentation of) the finitely generated commu-
tative algebra defined by I. More precisely, if I C k[xy, ...,

ideal, then
} = (Sk(n) = Sk(n)/I « Sk(n))

where both legs are the canonical projections wry against I.

Xn] is any

Proor. We first show this for the case where I is a principal
ideal: say I = (f). We view the gadget as a composition of two

diagrams like so:

Note that the left-half is a diagram in Lcayg, , while the right-half

is a diagram in LCAlg So

(111)

Tf
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y] I—)Zj

f&®)<yo yo—0
yj
= (k[xl,.., xn] PCARL klyo, ..., yn] AN k[zl,...,zn])

_ kX1, . s Xns 215+ > 2Zn) -
= (k[x1,...,xn] — Foox-2) k[zl,.,.,zn])
=(k[x1 ] o Hxe Xl ]) (112)
b svn (f(x)) b svn

where, in the derivation 112, the index j is always quantified uni-
versally over 1,...,n.

Now we perform the inductive step: suppose that I, | C k[xy, ..., xy,]

are ideals for which the proposition holds. Then the composition

is the gadget corresponding to the ideal generated by

the union of the elements in I and J (since we have taken a union
of the generators). In other words it is the gadget corresponding to
I+ J. We compute:

%ﬁ
} (113)

kd
() [ =+
()= )

Recall that, since k[x1, ..., x,] is a Noetherian ring, every ideal is a
finite sum of principal ideals. This completes the induction and the
proof. O

B.4 Proofs about Universality and
Completeness

Proposition 5.10 (Cospan Universality). Foranyideall C k[xi, ...,
and tuples of polynomials f € (k[xy,...

7 7
l o i o } - (Sk(m) 1Al s im) (29)

where A = Si(n)/I. Since every algebra morphism S(m) — A is

equal to f;' for some f, so [~] : Leosp —F Cosp(CAngg') is full.

ProOF. Recall from proposition 5.9 that the semantic of the quo-
tient gadget in the middle of the diagram on the left-hand-side

LS

= (Sk(n) = Sk(n) /I « Si(n)) (114)

Jxn])™ andg € (k[xy, ..., x.])™,
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Thus we have

e
{fE0O0—>>
_ (sk<m> L ) — Sem/L e Se(m) &= sp(my) (19)

o a ,
= [Sk(m) — A S (m)
as required. O

Proposition 5.12 (Cospan Normal Form). Every diagram in Lcosp
can be rewritten into cospan form.

Proor. We prove by structural induction. First we show that
every generator of Lcosp can be rewritten into cospan form. By
t-symmetry, we only need to show this for the generators coming
from Lcaig, -

But this is immediate: for any —>— € Lcay,, , We may rewrite
it as

: A
(ZUNIT),:(XBONE)ggﬂ%Sg (116)

Thus all the generators of Lcosp can be rewritten into cospan
form. It remains now to show that compositions and monoidal
products of cospan form diagrams can be rewritten into cospan
form.

Take any pair of composable diagrams in cospan form. Their
composition can be rewritten thus:

/N /N
FEO=D——<FLO200

/N TR /N
{fFEO—0O0

(z-FUSION)

OO—0—29>

(117)

Where the equality labelled “S.M.C” is an application of the co-
herence axioms of symmetric monoidal categories. Note that this
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corresponds precisely to the pushout operation taken in the com-
position of cospans.

Finally, take any pair of arbitrary diagrams in cospan form. Their
monoidal product can be rewritten as:

/N NN

[EO—=>D
A smc. —<F&EO >0
<f< 024>
FEO290
which is again in cospan form. Thus by induction all diagrams in
Lcosp can be rewritten into cospan form. O

Lemma 5.13. Let I C k[x1,...,x,] be an ideal, and let f,g €
(k[x1,...,x,])™ be any two polynomial tuples such that f — g € I".
That is, let f,g be such that f}' = g}. Then the following diagram
rewrite is derivable in Lcosp:

N S

PRrOOF. Suppose h = f — g € I". By Proposition 3.2

T
—SP— : (118)
SE

is a rewrite in Lcyyg, - So we compute:

(x-UNIT)

(119)
m]
Lemma 5.14. Suppose I C Si(n) and J C Sp(m) are ideals of

polynomials and f € (Sx(n))™. Suppose fI# : Sp(m) — Sp(n)/I
satisfies | C ker f;'. Then the following rewrite holds:

o N

PROOF. Suppose gy, ..., gm is a basis J = (g1, . .., gm). Then for
each g;, we have f;’(g;) = 0. Using the definition of the #, we have
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in other words (g; o f)§ = 0.So gj o f € I. Thus by lemma 5.13, we from which we can easily derive that
have a rewrite
A JI o (7# o T# =7
i@ oot (123)
TyoT 00 =7y
O2>—290— = o— (120)
So we can derive: which is to say,

(to0)] = (id)]
% ! ! (124)
(oo T)] = (id)]
O
i So by lemma 5.13, the following are deriveable in Lcosp:

e s,) =
? ;EB :

/N\
O

022>

2>

i (125)
%

N

57
20
(POLY-COPY)

o>

O@"BE O O=>=>2>5>—0

D /N

Now we can show that —@€—O- is the left inverse of o:

121 EE
( ) (Z—UNIT),Q’OLY-DEL) A So>
20
at /1\ com /N DO
O—0O O0—0O

(z-FrROB),poly—trp A 272X 5.8,(z-FROB)
120 = O—0 O =

(z-FROB),5.8 Z
(z-UNIT),_(x—BONE)

Lemma 5.15. Suppose I C Si(n) and ] C Sx(m) are ideals, o :

Sk(m)/J — Sk (n)/I is an isomorphism of algebras, ando € (k[x1,...,x,])™,
€ (kly,...,yml])" are a pair of polynomial tuples such that they (z-mow) poly~trp
represent o, ™! respectively, i.e. such that the following commutes:

(z-FROB),5.8 4

O

Se(m) —L% Se(m)/] €2— Si(m)

M

Si(n) —» Se(n)/1 45— Sk(n)

(POLY-COPY)

Then the following rewrite holds:

f ; ? t spezcial A
=—<a&0O (32)

Proor. We know that

. (POLY-DEL), (2-UNIT) A A
oo =aorm =
4 (122) i’—(i 55—~3&—0

ot =atom (126)
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And consequently we have the rewrite we need:

O

Corollary 5.16. Ifa : Sx(m)/] — Sk(n)/I is an isomorphism of
algebras, and o € (k[xy,...,x,])™ represents a as in lemma 5.15,

then
R,
@O
Proor.
A 5.15 A
o&—0O—>2> O—=2D—>20> (127)
7S
O

Proposition 5.17. The functor [~] is faithful. That is, Lcosp is
complete as a language for p COSp(CA|gZ‘g-)‘

Proor. This is in other words to say that our rewrite rules are
complete. By proposition 5.12 any diagram in Lc,sp can be rewrit-
ten into cospan form. So it suffices to prove that, whenever two
diagrams in cospan form are mapped to isomorphic cospans by [—],
then they are rewriteable into each other. Pick any two diagrams
in cospan form

and

with the same wire types on both ends. Suppose there exists a
cospan isomorphism

Sie(u) /1

\fj y

Sk(0) /]

between their images under the semantics functor.

km (128)
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Since a : Sk(v)/] — Sk(u)/I is an isomorphism, so corollary
5.16 gives a rewrite

R

where o is some tuple of polynomials such that o} = a o 7; (say,

pick o = (a o rf])'l’). Moreover, since diagram 128 commutes, so
fl#:aof]’#:ocoﬂ]of/#:O'?‘of’#:(f/oa)?k (129)

and similarly we may derive g} = (g’ 00)}. So we have the following
rewrites:

A 516 A
«cn _l—xi)—l GEO3>—S7> (130)
Sf
{FE—O—39>

]
C Proofs about Lg,, and LSpanq
C.1 Proofs about Lspan,
Proposition 6.2. The PROP morphism
S “lre
Loy —470red, - Span(AffVary) (34)

factors through Lgpan, . In other words, rule (red) is sound for affine
varieties over an algebraically closed field.

Proor. We compute directly:

0

Spec [—0D—0],,, = Spec (k[x] E Kyl Sk

pushout

red

Spec (k[x] — k[x]/(x*) « k), (131)
"L Spec (k[x] > k =)

= Spec [—O0),eq

Thus rule red is sound with respect to the map Spec[—],eq, and so
the map factors through Lspap, - m]

Lemma 6.3. Let I C k[xi,...,x,] be an ideal. The following is
deriveable from the rewrite rules of Lspan, :

5.A .

ProOF. Since \/f will have a finite basis, so it suffices to prove
that the following rewrite exists in Lgpan,

% = % % (132)
for any f € VI.

Since f € VI, so there exists some g € I and some n € N such that
g" = f. Thus by the completeness of Lcjy, alone, the following is

deriveable:
—p—= (133)
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So we have

RHS =

Proposition 6.4. The semantic map Lspan, t]—k—>G Span(AffVary)
is faithful. In other words, Lspan, is complete for g Span(AffVary).

Proor. Pick any ideals I € Si(u) and J C Si(v), and any tu-
ples of polynomials f € (k[x1,...,x,])% f" € (k[x1,...,x,])%,
g€ (klys,....,ym])*, and g’ € (k[y1,...,ym])". Suppose that the
following diagrams are sent to the same semantic by [—]:

PRI [ D«

= (134)
that is, there is a span isomorphism of varieties

. |=mos

£ 9
Spec | Sk(n) — S (W) /I — Si(m)
red
14 14

(135)
7 97
= Spec (Sk(n) — Sk(0)/] «— Sk(m))
red

Since Spec : CAlgfk'g" red- AffVaer is an equivalence of cate-
gories (Proposition 2.20), so this means

(sk<n> 5 ey & sk<m>)
red

% 1# (136)
i 9y
= (Sk(") — S(v) /] — Sk(m))
red
which is to say, there is an isomorphism of cospans of algebras

f"I o
(sk(w 2, Se(uyNT L sk<m>)
f/# 1# (137)
g9
= (sk(m 2, ()T <L sk<m>)

Thus, by the completeness of Lc,gp for r Cosp(CAIgZ’g') (Propo-
sition 5.17), the following rewrite exists under just the rules of

«ém ) «én 9

LCosp :
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Thus with lemma 6.3 we obtain the series of rewrites

N
A (139)

L0268
L0240
o
Proposition 6.7. The PROP morphism
Spec[—]gre.
Lcosp B N Gy Span(AffVargzq)) (37)

factors through Lspan,,- In other words, the rule qred is sound with
respect to Fy-rational loci.

Proor. We compute directly:

Spec [ o°p ]

x4

= Spec (k[x] =k[x] — k[y])
qred

qred

= Spec (Klxl /(3 = x) = klx] /(=) & Lol (5 - ) @47

= Spec (k[x]/(x? = x) = k[x]/(xg = x) = k[x]/(x? - x))
= Spec (k[x] = k[x] = k[x])

= Spec [7] qred

gred

O

Lemma 6.8. For 1"; = {x?, el xZ}, the following is deriveable from

the rewrite rules of Lspanq: é

Proor. Recall from 2.25 that I} C k[x1,...
generated by xf - X1,

,Xp| is the ideal
.,xZ — x,,. Thus

(141)

(zx-:Ro_—IN—K) 8

(Z-UNIT),_(X-BONE)
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Proposition 6.9. The semantic map [~ is faithful. In other words,
the rules of LSpanq are complete.

Proor. Forideals I C Sx(u) and J C Sk (v), and tuples of polyno-
mials f € (k[x1,...,x, )" f € (k[x1,...,x1])% g € (kly1,...
and g’ € (k[y1,...,ym])". Suppose that the following diagrams are
sent to the same semantic by [~]4:

=B

that is, there is a span isomorphism of varieties

/N

= (142)
L0249

g q

i 9
Spec | Sg, (n) — Sg, (w)/I < Sp,(m)
qred

1# 1#

(143)
5 95
= Spec (SFq(n) — Sz, (0)/] — SIFq(m))
qred

R,) 0P
Since Spec : CAIg];'s" ared-_, AffVar]gq) is an equivalence of

categories (Proposition 2.27), so this means

(qu(m 5, s r & sn:q<m>)

qred
" - (144)
Ui 9y
= (S]Fq(n) — Sg, (0)/] — SFq(m))
qred

which is to say, there is an isomorphism of cospans of algebras

(Squ(n) (Fgrea Sey(U)  (g))grea Sr,(m)

Iy I+T¢ v s
Sr, (n) (i )grea Se, (v)  @)grea Se, (m)
S\ J+TY rm

Composing both sides of the equation with projections maps we
obtain isomorphisms of cospans

55, (1) Sy (n) (F)grea Seq(W)  @))grea Se,(m) S (m)
—» “—
Fa 7 [+Ty I Fg M
Sr,(n) ()grea Sp,(v) (9 )grea Sz, (m)
= (qu(n) - TATe o Sz, (m)
(146)

Now recall, that for an algebra morphism ¢ : A — B, the morphism
@gred + A/T4(A) — B/T4(B) is the unique morphism making the
following commute:

A%B

d d

AJTy(A) 53 B/Ty(B)

Ly Um])Y,
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so in particular, equation 146 becomes

# #
fz+rg Sp, (u) Iy

I+TY

Sz, (n) Se, (m)

" ” (147)
J+1g S, (v) Iy+rg

= [ Sg, (n) IEST
q

Sg, (m)

Thus by the completeness of Lcosp for £ Cosp(CAlg;g'), the follow-
ing rewrite can be derived from just the rewrite rules of Lcosp:

i £ ) i i o
{FEO—O0—=D FEEO—0O>d>
Thus, with lemma 6.8, we obtain the following series of rewrites:
[EO—=2D FEO—O—=>D
_ i i} (149)
FEO—029>

AN

029>

Thus any two diagrams with the same semantic under [~], are
rewriteable into each other with the rules of ]L'Spanq- So [~]q is
faithful. O

C.2 Proofs about Maty semantics for ]Lspanq
Proposition 6.12. The functor My is well-defined and fully faithful.

id id
Proor. First consider the identity span Fg & Fy N 3. For

each pair x,y € F?, it is clear that

id id

M, ((————)) =dxy (150)
xy

id id
and so M, (<—l—i—>) is the identity matrix.

Next suppose we have a composition of two structured spans of
rational loci over F:

V X W
v.¢’
74 w
N, TN
F By Fy
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The set of points in the pullback V' |//X¢/ W is the set of pairs (v, w) €

V X W such that v = ’w. So we compute, for x € F?,z € F;'/:
M (iif_‘L)
XZ

=|{(v,w) eVXW:yv=9¢'W,¢v=x1¢'w=2z}

U {(v, w) EVXW: :]ZXZ; il,:,?;}
yeF (151)

Z Hv eV: i:z} X {W eEW: ﬁ:?v?zl}

yeFg'

- 3, (ﬁi) M, (&L)
Xy yz

m
yeFg

and therefore,

(L) g (£0) (£5) as
As required.
We now prove fullness and faithfulness separately. ]

Lemma C.1. The functor My is full.

Proor. It’s clear that the objects in the image of M, are ¢", with
n € N. Let A be an N-matrix of dimensions g" X g™, which we
interpret as a function A : Fg X Fj' — N. Pick a number N € N
such that
qN > max Ayy (153)
xelFg
yeFg'
Then for x € F;, y € 7', we can find some subset Vi, C ]Ff;’ such
that |[Viy| = Ayy. Then consider the set V C Fg x Fg' x ]Fg’ defined
by
V= x{y) x Ty (154)
XEF;
yeFg'
Since every subset of affine spaces over Fj, is an affine variety (this
is a well-known elementary fact, see for example [31, 54]), so V is
an affine variety. Then consider the structured span
By 2 pm 155
e — V—F; (155)
where 7y, 7, are the restrictions of the projection maps
n n m N m
Fy « Fg xFg xFy — Fg'. (156)

This is a morphism in g, Span(AffVar]qu>), and

Tx Ty
M,y ((__>) = [Viyl = Axy (157)
xy
Thus A is in the image of My. O

Lemma C.2. The functor My is faithful.

PROOF. Suppose two structured spans of rational loci over F,
which are mapped by M, to the same N-matrix:

M, (F; Evi F;;) = M, (Fg Ewh IF;;) (158)
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Then for each pair x € Fj, y € Fg', there exists some set-theoretic
bijection
oy 1T ) NYTHY) = ¢ NP THy) (159)
These bijections can be glued into
o:V-W
V= Oy yv (V) (160)

Since every function between rational loci over F, is a polyno-
mial mapping [31], so o is a polynomial mapping. Moreover, by
construction the following commutes:

e
N

and therefore o is a structured span isomorphism. O

Fy

D Proof of GAG as CSP

Proposition 7.1. Let (X, C) be a CSP instance over the domain Fy,
with set of variables X = {x,...,xn}, and polynomial constraints
1, 9m € k[x1,...,x,]. Let I be the ideal generated by g1, ..., Gm-
Then the span semantic of the ideal gadget is

n % n i (JF; < V(e IF;) (42)

where, recall, V(I)F4 := {x € Fg :g1(x) =--- =g;(x) = 0}. In other
words, it is the set of assignments satisfying (X, C).
The same diagram with no wires on either side has the following

matrix semantic:
% -1q
—

In other words, it is the number of assignments that satisfy (X, C).

v(1)Fa) (43)

ProoF. We know from proposition 5.9 that the cospan semantic
of the ideal gadget is

[n "} = (Sk(n) = Si(n) /1 « Sk(n)) (161)

Hitting the cospan of algebras with the functor Spec(—)gred : CAl g];'i'

Aff Varﬂ(fq)
q

ately by composing on both left and right legs with the projection

yields equation 42. Then equation 43 follows immedi-

!
[F§ = * where « is the singleton. O

E Proofs about ZH calculus as an extension of
GAG

Proposition 8.6. The functor iz is consistent with the semantics

of the ZH Calculus. In other words, the following diagram commutes:

Fourier

LFourier q s qg MatZ[w]

Spang,
lZHT AH
ZH
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ProoFr. We check that the image of each generator of ZH under
izn is mapped to the same matrix as under [-],,,.

Z-spider:
Fourier
[ g p A
q i€Fg ZH
H-spider:
, Fourier
(162)
n: ‘m
q

1
=—| > e im) il inl @ Grovdmireinl || D 001k
q Jis-Jm€Fq keFq
150 lnE'Fq
(163)
1 o
=— D o™ I |y ) il il (164)
\/qjl ..... Jm€Fq
i1yeees inE]Fq

[
ZH

X-basis state:
Fourier
OO
1 co\ /s .

=g 2q| D il | 1) = valp) = [D—1

\ zqu
(166)
O

Proposition 8.4. The rewrite rules in equation (47) are sound with

respect to the semantics [[_] gourier

Proor. First we check the zi-comrule:

[LHS] = DT IDRG+K|| Y o™ Py | 167)

j,kqu i€Fq
= >, "Rk (168)
J.keFq
= D "]l X" Plk| (169)
Jj€Fq keFg
=[RHSM (170)

Next we check the zi-oeyrule:

[[L.Hvs.]];ourief — <0| Z wtr(i)“) — wtr(O) =1= HR.Hls.ﬂgourier
i€Fq
(171)
O
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Proposition 8.7. For any diagram D in ng:;ie’, there exists k € N
q

and a diagram D’ containing only the generators ofLspanq such that

(50)

Proor. For all in D, we can pull them out to the front of
the diagram using the monoidal structure. Then we only need to
consider the instances of the @— generator. This holds trivially if
the diagram D contains a single instance of the @— If there are
two or more instances, we can use the zi-covrule to merge multiple
instances into one. When there are no instances of @— we can
use the @-oerule in reverse to introduce one copy. O

Theorem 8.8. Let D be a scalar diagram in the ZH calculus over
Fq. The scalar [D]y, can be computed using exactly q queries to an
oracle O that evaluates the semantics of scalar diagrams in Lspanq.

Fourier

Proor. From Proposition 8.6, we have that [D];,; = [1zn(D)] ;™"

Fourier
Fourier
D’
|[ 1zn(D) H .

q T @k
@ [0,

Thus, we can compute [D],, using g queries to the oracle O that
computes [-], on scalar diagrams in Lspan,,- m]

F Proofs about ZH completeness
Proposition 9.2. If

Bl e (o]

are diagrams in Lspanq, such that

s, - 2, 2

and satisfying the following restriction condition: for all x € Fy except
for those lying on one line &F), where & is some fixed element of field

trace 1,
ke, -], @
Then there exist diagrams n, nin Lspanq such that
[2:F], - [ef5], - [2:H], + [T, e

PrOOF.
Pl - [Pl o
= > o™ [[ ]‘ N ;‘q ) HH L, a7

x€Fq x

1 Fourier
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— Z wtr(x)

E.
Ol
|

= Z o) [[Hq (174)

x€Fq L 4q x€Fq
— Z o) ° _ Z o |:[ ]] (175)
xe&Fp - 449 xefFp q
- 2], - 2 o], oo
xeFp o 449 x€&Fp q
Using the fact that o° = - Z w*, we can rewrite the above as

x€¢Fy

[elg] - [25s],)
- 3 o([=el, - el o

where ﬁF; denotes the nonzero elements of ¢F,. Recall that the
semantics [-], is a matrix with entries in N, so the above is a

wa

xE{[F;

linear combination of the {w*} & with coefficients in Z. Since
{0*} e g are linearly independent over Z, we have that for all x €

2,

[[]L_ [[]]q = [[Hq‘ [[]]q (178)

But note that the above holds trivially for x = 0. So moving terms
around, we have that for all x € &F,,

[[]L+ [[]]q - [[Hq”‘ [pfs], am

This alows us to open up the wire and obtain

o], + [ee], - [, - [, ow
where [Ci|-=[D,[5 and [G|-=[Di[5. (181

O

Lemma 9.3. Let Z be the following diagram in Lspan, :

= (55)

Then the following rewrites hold in Lspanq:

offf=o— @[F}-o—

meaning that Z serves as a controlled version of O—; and moreover

the following rewrite holds in Lg;:g:':

(H=—0 (57)

Proor. Equation (56) follows from the completeness of LSpanq~
For equation (57), we have

O £
) (Z1-CHANGE) )
ST (1) = S>>0 = —0

where the last equality follows from the completeness of Lspan,- O
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Lemma 9.4. For any state =0O<g&—>H—in Lspanq, there is

a diagram 1 n (the so-called controlled state of /) such that

the following are rewriteable in ]Lspanq:

ofif=o— : ¢la}=[x}  ®

Explicitly,  is constructed as

ln = (60)

Proor. First, we verify by plugging in |0):

Lemma F.1.

= |o1) +|10) (182)

ZH

Proor. We will omit the semantics brackets -], for the rest
of this proof, for readability.

rxz i
= z;ﬁ Ox+ 788 | z> = ZF 5x+y,1 yz
x,yeFq ) x,yekq ly*)
ly) ly) )
- 0y — —_
= Z Sxsy1 G2y e - Ili — t I(l)i -
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Proposition 9.5. For any states n, nin Lspanq, let 1/; gzg
be their corresponding controlled states as defined in (60). Then the
following diagram has the sum of  and ¢ as its semantics:

Proor. This follows from the definition of controlled states
(Lemma 9.4) and Lemma F.1. o

Proposition 9.6. For diagrams @ n nin Lspanq, letting

(63)

where D,C,Z are the corresponding controlled diagrams, then the
following semantic equality of sums holds:

ek, - [2H, [1s],

LICS, , Lisbon, Portugal

and moreover, the following rewrite holds in the language ngz‘;fr:

Efonlife (5

Proor. Equation (64) follows from Proposition 9.5. Next, we
prove equation (65).
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