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Algebraic geometry has proven useful in several fields in computer science, for example in robotics [1],
computer vision [16], and cryptography [12]. Conversely, computational techniques have become influ-
ential in algebraic geometry with the advent of computer algebra systems [11]. Of particular interest to
us is the use of algebraic geometry in quantum information theory. Algebraic geometry can be used to
design classical codes with good asymptotic behavior [22, 4, 15, 26, 27], and these classical AG codes lift
to quantum error correction (QEC) codes with equally good properties [2, 21, 13, 18, 17, 24, 25].

The ZH calculus natively supplies classical non-linearity [3]. In the qubit case, this means it supplies all
classical boolean functions. In the qudit case, boolean functions become polynomials [23]. Thus there are
maps of the form fn m in the ZH calculus, corresponding to componentwise-polynomial functions f
of the computational basis. Maps of the form f are projectors onto the subspace spanned by basis
elements that are roots of f . This suggests there is a “classical backbone” of ZH that reasons about affine
varieties (solution sets of polynomials) over finite fields.

Classical algebraic structure inherent in quantum calculi is often best characterized by languages of the
Graphical Linear Algebra (GLA) family. For example, the CSS codes resulting from classical F2-linear
codes correspond to the phase-free fragment of the ZX calculus [19], which is picked out by the language
of interacting bialgebras [6]. Similarly, the language of interacting Hopf algebras [7, 28] picks out the
phase-free fragment of the qudit ZX calculus, which models the linear-relational core of qudit computation.
Expanding the algebraic structure from linear to affine algebra, the language of graphical affine algebra [5]
picks out the phase-free ZX with a Pauli X gate, which is the affine-relational core of qubit computation [9].
Finally, the language of affine Lagrangian relations picks out the stabilizer fragment of the ZX calculus [10].

The motivating question of this paper is: can we extend GLA in a principled and simple way, to pick
out the nonlinear “classical backbone” of the ZH calculus, corresponding to algebraic geometry over finite
fields? If so, can we provide a sound and complete set of rewrite rules for that extension?

The answers to both questions turn out to be yes. We construct a diagrammatic language, which we call
graphical algebraic geometry (GAG), for a span semantic of affine varieties over finite fields. We prove that
it is universal, sound, and complete. Furthermore, we show the intimate connection between GAG and the
Galois-Qudit ZH calculus [23, 14]. Using a catalysis-style argument [20], we leverage the completeness of
GAG to solve the open problem of finding a complete set of rewrite rules for the Galois-Qudit ZH calculus.

The Polynomial Fragment

Our first step is to construct a PROP with polynomials as its morphisms. Consider the Lawvere theory
LCAlgq

of commutative algebras over a finite field Fq, which is generated by the following operations:

copy delete addition zero multiplication one

κ

scaling

for all κ ∈ Fq

modulo the usual axioms of commutative algebras, an extract of which is given below:
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Morphisms of a Lawvere theory are (dually) homomorphisms between the algebras of that theory that
are free and finitely generated [8]. For LCAlgq

, a morphism is just a tuple of polynomials over Fq. For
example, for the polynomial tuple f = (x1 + x2, x1x3 + x2

1) ∈ (Fq[x1,x2,x3])
2, we have

f
3 2

=
x1

x2

x3

x1 + x2

x1x3 + x2
1

(1)

Structured Spans of Affine Varieties

In general, for a field k, an k-rational affine variety is (for our purposes) a subset of a space kn carved out
by some polynomial constraints:

V ( f1, . . . , fm)
(k) = {x ∈ kn : f1(x) = · · ·= fm(x) = 0}. (2)

If V1⊂ kn1 , V2⊂ kn2 are affine varieties, a morphism V1→V2 is just a polynomial function g∈ (k[x1, . . . ,xn1 ])
n2

such that g(V1) ⊂ V2. These form a category AffVar
(k)
k . When k is finite, this category is equivalent to the

category of finite sets: every subset of Fn
q is an affine variety; and every function between subsets is a

polynomial mapping. However, treating these as algebraic constructs is crucial to our results.
On a variety V ( f1, . . . , fm)

(k), any other polynomial f in the ideal generated by f1, . . . , fm also vanishes.
Thus we think of varieties always as varieties of ideals.

In particular, the spaces Fn
q themselves are trivial varieties V (0)(Fq) = Fn

q. Let G : {Fn
q : n ∈ N} ↪→

AffVar
(Fq)
Fq

be the inclusion of these among all Fq-rational varieties. A G-structured span of affine varieties

is a diagram in AffVar
(Fq)
Fq

of the form Fn
q←V → Fm

q , modulo the usual notion of isomorphisms of spans.

These G-structured spans of affine varieties form a PROP G Span(AffVar(Fq)
Fq

), where composition is the
usual composition of spans by pullback. This forms the target semantic of graphical algebraic geometry: the
Lawvere theory LCAlgq

suffices as a language of the “forward-going” polynomials; we now seek a language
for a span-semantic of polynomials.

Graphical Algebraic Geometry

To create a graphical language for algebraic geometry over finite fields, we take the Lawvere theory LCAlgq
,

freely adjoin it to its own opposite, to obtain a self-dual PROP L↔ = LCAlgq +Lop
CAlgq

. This has semantics

in G Span(AffVar(Fq)
Fq

) by sending a polynomial f ∈ (Fq[x1, . . . ,xn])
m to the “graph” span (kn = kn f−→ km),

and dually, to the “cograph” span (km f←− kn = kn).
We then find a set of rewrite rules E which tell us how generators of LCAlgq and Lop

CAlgq should interact.
We show an extract of E in below.

=
(Z-FROB)

-1
=

(CUP)
f f=

(K-TRP)

=
(Z-SPEC)

... q =
(QRED)

Here, f ranges over the generators of LCAlgq
. This yields a the PROP LSpanq

= L↔/E. The rule set E is

sound for our semantic, meaning that the functor L↔→G Span(AffVar(Fq)
Fq

) factors through LSpanq
, yielding

a semantic functor [−]q : LSpanq
→G Span(AffVar(Fq)

Fq
). Our main result is:

Theorem. The semantic functor [−]q is well-defined as a PROP morphism, and fully faithful. In other

words, LSpanq
is a sound, universal, and complete language for G Span(AffVar(Fq)

Fq
).

For any polynomial mapping f ∈ (Fq[x1, . . . ,xn])
m, we have in LSpanq

diagrams of the form f

whose semantic is the span Fn
q←↩ V ( f ) ↪→ Fn

q. These can be shown to respect the generation of ideals in
the way we expect, so that we may safely speak of gadgets of the form

I
:= fmf1

. . .

[−]q7−→
(
Fn

q←↩V (I) ↪→ Fn
q
)

(3)
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where I is the ideal generated by f1, . . . , fm. From these we may build diagrams in “span normal form”

I
gf

[−]q7−→
(
Fm

q
f←−V (I)

g−→ Fm′
q

)
(4)

Thus all structured spans are expressible in our graphical language. Conversely, every diagram in LSpanq
can

be rewritten, using our rewrite rules, into span normal form. Completeness, then, is shown by demonstrating
that two diagrams in span normal form, if they correspond to isomorphic spans, are rewriteable into each
other.

Because AffVar
(Fq)
Fq

is secretly equivalent to FinSet, so our semantic category is in fact equivalent to

G Span(FinSet), which is in other words the category of N-entried matrices of q-power dimensions. The
xyth entry of a matrix corresponds to the number of points in the variety sitting above points x ∈ Fn

q and
y ∈ Fm

q . In this way the language LSpanq
is also sound, universal, and complete for MatN.

In general, the problem of rewriting two diagrams in LSpanq
is #P-hard. This can be seen by the fact

that determining the MatN semantics of no-input-no-output diagrams in LSpanq
, where q = 2, is the same as

solving a #SAT instance.

Completeness of the Qudit ZH Calculus

Now we show that the qudit ZH calculus [23, 14] can be obtained as a fairly minimal extension of LSpanq
.

Consider the free dagger-PROP LFourier
Spanq

generated by LSpanq
together with the additional generators: 1

J−K7−→

∑i∈Fq ω tr(i)|i⟩ and q−
1
2

J−K7−→ q−
1
2 , and the additional rules:

1 =
(Z1-COPY) 1

1
1 tr =

(Z1-TRACE)

1ξ

1
=

(Z1-CHANGE)

(5)

where tr(x) = xp + · · ·+ xpt
is the field trace polynomial, and ξ is any element of Fq with tr(ξ ) = 1. This

extension is sufficient to represent the entirety of the qudit ZH Calculus over Fq. We illustrate by defining
a functor ιZH : ZH→ LFourier

Spanq
on the generators of ZH as follows:

... ...n m ... ...n m7→ ... ...n m ... ...n m

1q−
1
2

7→ j 7→ j

q−
1
2

Z spider H spider j-state

This functor is consistent with the matrix semantics of ZH and LFourier
Spanq

. Thus, we choose LFourier
Spanq

as our

axiomatization of ZH. First we show just how minimal an extension LFourier
Spanq

is over LSpanq
:

Proposition. Any diagram D in LFourier
Spanq

factors into a diagram D′ containing only the generators of LSpanq

and a single 1 , up to a finite scalar. In other words, the following rewrite holds in LFourier
Spanq

:

D... ... D′... ...=

1 q−
1
2

(⊗k)

(6)

So a single copy of the state in the fourier basis is sufficient to extend the expressive power of LSpanq
to

cover the entirety of the qudit ZH Calculus. This allows us to apply a catalysis-style argument to obtain,
from the completeness of LSpanq

:

Theorem (Completeness of Galois-Qudit ZH). If D1 and D2 are diagrams in the Galois-Qudit ZH Cal-
culus over Fq, and JD1K = JD2K, then D1 can be rewritten into D2 using the rewrite rules of LFourier

Spanq
.
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Abstract
We introduce Graphical Algebraic Geometry (GAG), a family of

diagrammatic languages extending the Graphical Linear Algebra

programme. We construct several languages within this family and

prove that they are universal and complete for the correspond-

ing (co)span semantics of commutative algebras and affine vari-

eties. This framework provides clear graphical representations of

algebraic structures — such as polynomials, ideals, and varieties —

enabling intuitive yet rigorous diagrammatic reasoning.

We showcase two practical viewpoints on GAG. First, we show

that instances of counting constraint satisfaction problem (#CSP)

are recast as rewrite problems of closed diagrams in GAG. This

means that deciding rewriteability in GAG is #P-hard, and GAG can

be viewed as a complete and compositional rewrite system for net-

works of polynomial constraints. Second, we characterize the qudit

ZH calculus, a diagrammatic language for quantum computation,

as an extension of Graphical Algebraic Geometry. This establishes

the correspondence that Graphical Algebraic Geometry is to the ZH
calculus what Graphical Linear Algebra is to the ZX calculus. Using
this construction, we show that computing amplitudes in qudit ZH

requires only a constant number of queries to a GAG oracle. Finally,

using a catalysis-style argument, we leverage the completeness of

GAG to solve the open problem of finding a complete set of rewrite

rules for the Qudit ZH calculus.
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1 Introduction
Algebraic geometry in computer science. Algebraic geometry and

commutative algebra have been important influences in several

fields in computer science, for example in robotics [1], computer

vision [36], and in cryptography [26]. In the converse direction,

computational techniques have become influential in algebraic ge-

ometry with the advent of computer algebra systems [21].

Of particular interest to us is the use of commutative algebra and

geometry in two related areas of research. The first, and perhaps

more obvious one, is that of Constraint Satisfaction Problems (CSP)

[65]. A CSP instance where constraints are given as polynomials is a

problem about an algebraic variety. In particular, in the case where

the domain of the CSP is a finite field F𝑞 , the corresponding #CSP
instance [41] is to count F𝑞-rational points in a variety defined by

polynomial constraints — a classical and central problem in 20th

century algebraic geometry [38, 68]. More recently, cryptographic

LICS, Lisbon, Portugal
2026.

proof systems such as SNARK and STARK have relied on algebraic

techniques over finite fields heavily, demonstrating the continuing

relevance of this approach [7, 33].

The second area is quantum information theory. It has long been

known that algebraic geometry can be used to design classical codes

with good asymptotic behavior [8, 32, 35, 40, 61, 66, 67], and that

via the CSS or stabilizer constructions these classical AG codes

lift to quantum error correction (QEC) codes with equally good

properties [2, 27, 42, 43, 56, 57, 63, 64]. Such codes also played a

central role in the groundbreaking construction of a magic-state

distillation protocol with constant overhead [69]. Aside from error

correction, algebraic geometry has also served as a useful language

for foundational areas of research such as quantum entanglement

and quantum contextuality [16, 25, 29, 53, 58].

Graphical linear algebra and its friends. To systematically under-

stand the role algebraic geometry can play in quantum information

theory, we propose that graphical calculi would be useful. Graphical

calculi are compositional diagrammatic languages based in cate-

gory theory, equipped with formal “rewrite rules” with which one

can manipulate diagrams rigorously as equational terms. They are

usually designed to represent some family of physical phenomena

or computational processes. For instance, the ZX calculus and its re-

lated calculi have become prominent as languages for representing

quantum computational processes [14, 15, 22, 48, 49, 59].

When considering the classical algebraic structure inherent in

quantum computing, we often encounter fragments of the quantum

calculi that are best characterized by languages in the family called

Graphical Linear Algebra (GLA) [10, 12, 70]. Broadly speaking,

GLA consists of diagrammatic languages that have denotational

semantics built from classical algebraic structure. On the semantic

side, the GLA story begins with a category of classical maps: for

example, the linear maps between F2 spaces. It then applies the

(co)span or the (co)relation construction to that category to obtain

a dagger-category. For example, F2 linear maps give rise to spans

of F2 linear maps, or to F2 linear subsets. On the syntactic side, it

builds a simple diagrammatic language with generators that have

clear semantic interpretations, and rewrite rules that characterize

denotational equivalence.

Languages in the graphical linear algebra family are excellent at

picking out fragments of quantum computation that correspond to

some given notion of a “classical-relational backbone”. For example,

the CSS codes resulting from classical F2-linear codes correspond
to the phase-free fragment of the ZX calculus [46], which is picked

out by the language of interacting bialgebras [10], the language that

kickstarted the GLA literature. Similarly, the language of interacting

Hopf algebras [12, 70] picks out the phase-free fragment of the

qudit ZX calculus, which models the linear-relational core of qudit

computation. Expanding our algebraic structure from linear to
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affine algebra, the language of graphical affine algebra [9] picks

out the phase-free ZX with a Pauli X gate, which is the affine-

relational core of qubit computation [17]. Finally the language of

affine Lagrangian relations picks out the stabilizer fragment of the

ZX calculus [19].

Of course, GLA has applications far beyond quantum computing.

For instance, the language for linear relations over a field of ratio-

nal functions R(𝑥) models signal flow graphs and linear dynamical

systems [6, 11, 24], while the language for affine relations mod-

els the fundamental structure of concurrency [9]. The strength of

GLA lies in its ability to model a remarkably varied set of physical

phenomena using the same formal structure.

The need for a graphical nonlinear algebra. However, existing
versions of GLA are not yet sufficient to model the fragment of

quantum computationwith classical algebraic geometry as its “back-

bone”; nor can they reason about generic constraint satisfaction

problems built on polynomial constraints. This is because commu-

tative algebra involves a multiplication operator (an AND gate in

the F2 case), which is essentially nonlinear (and non-affine for that

matter). A graphical calculi that models classical algebraic geometry

would need to supply such an operator, or equivalently, to supply

the Toffoli gate.

In the realm of quantum computing, the ZH calculus [3, 4] or

equivalently the ZX& calculus [17, 18] supply such a gate for the

F2 case, and the Galois-qudit ZH calculus [28, 62] serves as the

appropriate version in the nonbinary case. The motivating question

of this paper is therefore: can we extend GLA in a principled and

simple way, to pick out the nonlinear “classical backbone” of the

ZH calculus, corresponding to classical algebraic geometry? If so,

can we provide a sound and complete set of rewrite rules for that

extension?

The solution: GCA and GAG. The answer is yes. However, unlike
in the linear case, in which algebra and geometry coincide, we

must deal with a gap between commutative algebra and algebraic

geometry, which is bridged by a family of theorems known as the

Nullstellensatze [30, 37, 39]. Therefore we construct our extension

of GLA in two steps.

First, we develop a language LCosp, which we call graphical com-

mutative algebra (GCA). Diagrams in LCosp are built from gates

corresponding to copying, addition, scaling, multiplication, and

the units of these operators — the standard generators featured in

the theory of commutative algebras. Diagrams can be reduced to a

pseudonormal form that looks like

. . .𝑓1 𝑓2

𝑔1 𝑔𝑛

(1)

Denotational semantics are given as structured cospans of commu-

tative algebras. In the pseudonormal form (1), the vertical wires

denote a commutative algebra quotiented by the ideal (𝑔1, . . . , 𝑔𝑛),
while 𝑓1 and 𝑓2 denote two algebra morphisms pointing into it. This

captures the nonlinear algebraic backbone of quantum processes in

ZH. Our first main result is a sound and complete rule set for LCosp

with respect to this cospan semantic.

Second, we develop languages LSpan𝑘
and LSpan𝑞

, which we refer

to as Graphical Algebraic Geometry (GAG) over algebraically closed

fields and finite fields, respectively. Diagrams in these are built from

the same generators as diagrams in LCosp, but they are subject to

further rewrite rules that express the content of the Nullstellen-

satze. Denotational semantics are given respectively, as structured

spans of affine varieties, and of F𝑞-loci of varieties (or, equivalently,
of finite sets). We still have the same pseudonormal form (1), but

now the vertical wires with polynomials 𝑔1, . . . , 𝑔𝑛 denote an affine

variety carved out by polynomial constraints, and 𝑓1, 𝑓2 are polyno-

mial maps pointing out of it. This captures the nonlinear geometric
backbone of quantum processes in ZH. Our second main result is

that these languages are sound and complete with respect to their

span semantics.

Our languages bear a clear relation to CSP instances with poly-

nomial constraints. As will become clear, a diagram of the form

𝑔 just is the CSP instance with constraints 𝑔 = 0, while the

diagram 𝑔 is the #CSP problem of counting the number

of points satisfying 𝑔. Our language, then, gives a compositional

and complete rewrite system for networks of CSP instances with

polynomial constraints. Through this view of GAG, we show that

determining rewriteability of an arbitrary pair of GAG diagrams is

#P-hard. In the special case where the field is F2, this just reduces
to a compositional language for SAT instances. This serves as an

algebraic elucidation of two ideas already present in the literature:

first, that the ZX& calculus completelymodels “qubit multirelations”

[18]; and second, that the ZH calculus can be used to model #SAT

instances, and to reason about optimizations of #SAT algorithms

[50, 51].

On the other hand, we justify our claim that GAG is to ZH what
GLA is to ZX by characterizing the Galois-qudit ZH as an extension

of GAG over finite fields. Indeed, we show that once we have access

to the “classical backbone” carved out by GAG, any process in ZH

can be built by consuming just a single basis state in the Fourier

basis, up to a finite number of global scalars.

Outline of the paper. We begin in Section 2 by covering the req-

uisite theoretical background on category theory and algebraic

geometry. In Section 3, we discuss the Lawvere theory of com-

mutative algebras, which serve as a building block (the “forward

fragment”) of our languages. We then construct the (co)span seman-

tic categories of interest, namely, the structured cospan category of

commutative algebras, and the structured span category of affine

varieties, in Section 4. We prove our first main result in Section 5,

where we construct the language LCosp and prove its soundness

and completeness for cospans of commutative algebras. The second

main result is proven in Section 6, where we construct the languages

LSpan𝑘
and LSpan𝑞

, and prove their soundness and completeness for

spans of affine varieties and of rational loci, respectively. In Section

7, we show that closed diagrams in GAG are equivalent to instances

of #CSP, and therefore rewriting in GAG is #P-hard. In section 8

we show how the Galois-qudit ZH can be built as an extension of

GAG. Finally, in Section 9, we prove the completeness of the qudit

ZH calculus by catalysing the completeness of GAG.
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2 Background
2.1 Diagrammatic Languages
In this section we present the theory of PROPs as it relates to the

construction of our diagrammatic languages. For a more in-depth

and theoretical discussion of PROPs, we recommend the excellent

note by Lack [52].

Definition 2.1. [55] A Product-and-Permutation-Category (PROP)

is a strict symmetric monoidal category C with𝑂𝑏 (C) � N, whose
monoidal product on objects corresponds to addition of natural

numbers.

A PROP morphism from C to D is strict symmetric monoidal

functor such that 1C ↦→ 1D , or in other words, the objects are fixed.

A PROP isomorphism is a PROP morphism that is fully faithful.

When we speak of a presentation of a PROP, we are speaking

about a particular data structure, which we describe here with

terminology adopted from the graphical linear algebra literature

[12].

Definition 2.2. A signature is a set 𝑆 = {𝑓𝑖 : 𝑛𝑖 →𝑚𝑖 }𝑖∈I where

each element has a name, a number of inputs, and a number of

outputs, and is pictured as a node in a string diagram:

𝑓𝑖..
.𝑛𝑖 𝑚𝑖..
.

A diagrammatic term over a signature 𝑆 is an inductive

structure constructed as in figure 1.

A diagram over 𝑆 is an equivalence class of diagrammatic terms,

where the equivalence relation is the one generated by the coher-

ence axioms of strict symmetric monoidal categories, under the

standard interpretation of string diagrams as morphisms in strict

symmetric monoidal categories.

Definition 2.3. [12] A symmetric monoidal theory (SMT) is a pair

of sets (𝑆, 𝐸), where
• The set 𝑆 is a signature, whose elements are also referred to

as the generators or the spiders;

• The set 𝐸 = {𝐷 𝑗 ∼ 𝐷 ′𝑗 } 𝑗∈J is a set of pairs of diagrams

over 𝑆 , where each pair relates two diagrams with the same

numbers of inputs and outputs. These pairs are called the

relations or rewrite rules;

Definition 2.4. For any symmetric monoidal theory (𝑆, 𝐸), there
is a corresponding PROP ⟨𝑆⟩/𝐸, where:
• Morphisms from 𝑛 to𝑚 are equivalence classes of diagrams

over 𝑆 with 𝑛 input wires and 𝑚 output wires, where the

equivalence relation is the smallest one containing the ax-

ioms 𝐸 while satisfying the laws of transitivity and substitu-

tion;

• Composition is plugging together of wires

𝐷1 𝐷2..
.

..
.

..
.

(2)

• Monoidal product is side-by-side juxtaposition

𝐷1

𝐷2

..
.

..
.

..
.

..
.

(3)

Definition 2.5. An SMT (𝑆, 𝐸) presents a PROP C if there is a

PROP isomorphism ⟨𝑆⟩/𝐸 � C.

Because a presentation, in this sense, lends itself to diagrammatic

representation so naturally, we will use diagrammatic language
for C as a synonym for a presentation of a C.

Often we have a concrete PROP C in mind (for example, the

PROP Mat𝑅 of finite matrices over a ring 𝑅), and we want to find a

presentation for it. It is useful, then, to think of this as constructing

a “syntax category” ⟨𝑆⟩/𝐸, and a “semantics functor” [−] : ⟨𝑆⟩/𝐸 →
C. If [−] is well-defined as a PROPmorphism, we say that 𝐸 is sound
for C. If it is full, we say that 𝑆 is universal for C. If it is faithful, we
say that 𝐸 is complete for C. If it is all three at the same time, then

it is a PROP isomorphism, and so we have a genuine presentation

of C.
The simplest useful examples of presentations of PROPs are

Lawvere theories of well-behaved algebraic theories, which we

now define.

Definition 2.6 (Lawvere Theory). A Lawvere theory is a PROP

L whose monoidal product is also its category-theoretical product,

admitting a strictly identity-on-objects and product-preserving

functor ℵ0 → 𝐿, where ℵ0 is a skeleton of the category of finite

sets and functions.

Intuitively, a Lawvere theory is a PROP equipped with a cartesian

structure (of copying and deleting).

A model of a Lawvere theory L is a finite product preserving

functor L → Set. The models of a fixed Lawvere theory form a

categoryMod(L).

Proposition 2.7. (Standard Fact on Lawvere Theories. See for ex-
ample [13]) Let 𝑇 be a monad on Set that is finitary (i.e. it preserves
filtered colimits). Then there is a Lawvere theory L𝑇 , defined by the
equational theory of 𝑇 , such that

Mod(L𝑇 ) ≃ Alg(𝑇 ) (4)

where Alg(𝑇 ) denotes the Eilenberg-Moore category of 𝑇 . Moreover,
L𝑇 is equivalent to the opposite of Kl𝑇 | 𝑓 𝑖𝑛 , the Kleisli category of 𝑇
restricted to finite objects.

For instance, suppose we want to find a presentation for the

category Mat𝑅 of finite matrices over a ring 𝑅. Let 𝑇 be the monad

sending a set 𝑋 to the free 𝑅-module generated by 𝑋 . ThenMat𝑅
is equivalent to the opposite of Kl𝑇 | 𝑓 𝑖𝑛 . The Lawvere theory for

finite-dimensional 𝑅 modules is therefore equivalent to𝑀𝑎𝑡𝑅 . But

the Lawvere theory is also, in itself, a neatly presented PROP: the

generators are the operations in the Lawvere theory

{ 𝑟 ∀𝑟 ∈ 𝑅}
(copy, delete, add, zero, scaling by 𝑟 ) and the rewrite rules are the

usual axioms of𝑅-modules. This yields a diagrammatic presentation

of the PROPMat𝑅 , as we wanted.
However, in the GLA literature, the target PROP is usually more

complicated than the Kleisli category of an algebraic monad. In

particular, it usually has a dagger structure. Building presentations

of such PROPs requires us to be able to synthesize larger PROPs

out of smaller ones. The simplest way to do this is via PROP sum.

Definition 2.8. [70] Let C and D be PROPs. Their sum C + D is

their coproduct in the category of PROPs.
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Figure 1: Recursive Definition of Diagrammatic Terms

𝐷, 𝐷1, 𝐷2 ≔

�����
�����

����� 𝑓𝑖..
.𝑛𝑖 𝑚𝑖..
.

����� 𝐷1 𝐷2..
.

..
.

..
.

����� 𝐷1

𝐷2

..
.

..
.

..
.

..
.

Proposition 2.9. [70] If C has a presentation (𝑆1, 𝐸1), and D has a
presentation (𝑆2, 𝐸2), then C +D has presentation (𝑆1 ⊔ 𝑆2, 𝐸1 ⊔ 𝐸2)

In the sum of PROPs, morphisms coming from two different

PROPs of course do not interact. To endow interactive behaviour

on morphisms of C and D, we need the notion of distributive laws

of PROPs.

Definition 2.10. A distributive law is a rewrite rule that distributes

morphisms from the two different PROPs past each other:

𝑓 ∈C
−→

𝑔∈D
−→ ∼

𝑔′∈D
−→

𝑓 ′∈C
−→

If 𝐸 is a collection of such rewrites, then C +𝐸 D denotes the

PROP presented by (𝑆1 ⊔ 𝑆2, 𝐸1 ⊔ 𝐸2 ⊔ 𝐸).
Note, this is not the traditional way in which distributive laws

and their resulting categories are defined, but in the case where C
and D admit presentations (which is the only case we encounter

in this paper), this is in fact equivalent to the traditional definition

[52].

2.2 Algebraic Geometry
In reviewing the basic algebraic geometry tools required for our

purposes, we follow standard texts [20, 23, 37].

We denote by 𝑘 an arbitrary field, and 𝑘 its algebraic closure.

Likewise we denote by F𝑞 a finite field of size 𝑞 = 𝑝𝑛 for some prime

𝑝 , and F𝑞 its algebraic closure. The category of finitely generated

commutative algebras over 𝑘 is denoted CAlgf.g.
𝑘

.

2.2.1 Varieties and Polynomial Mappings.

Definition 2.11. Let 𝐼 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛] be an ideal. The zero-set
of 𝐼 is:

𝑉 (𝐼 ) ≔ {a ∈ 𝑘𝑛 | ∀𝑓 ∈ 𝐼 , 𝑓 (a) = 0} (5)

An affine variety over 𝑘 is any a zero-set of any ideal of polyno-

mials.

For an intermediate field 𝑘 ⊂ 𝑘 ′ ⊂ 𝑘 , the 𝑘 ′-rational locus
of a variety 𝑉 ⊂ 𝑘𝑛 is 𝑉 (𝑘

′ ) ≔ 𝑉 ∩ (𝑘 ′)𝑛 ; i.e. the set of points in
𝑉 whose coordinates lie entirely in 𝑘 ′. When we say “a rational

locus over 𝑘” without naming an intermediate field, we mean the

𝑘-rational locus of a variety over 𝑘 .

Definition 2.12. Let 𝑆 be any subset of𝑘
𝑛
. The set of𝑘-polynomials

vanishing on 𝑆 is

𝐼𝑘 (𝑆) ≔ {𝑓 ∈ 𝑘 [𝑥1, . . . , 𝑥𝑛] | ∀a ∈ 𝑆, 𝑓 (a) = 0}
It is easy to verify that this set of polynomials forms a radical ideal.

Definition 2.13. Let 𝑉 ⊂ 𝑘𝑛 and𝑊 ⊂ 𝑘𝑚 be affine varieties over

𝑘 . A function 𝜙 : 𝑉 → 𝑊 is a 𝑘-polynomial mapping if there

exists a polynomial tuple 𝑓 = (𝑓1, . . . , 𝑓𝑚) ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 such

that

𝜙 (𝑎1, . . . , 𝑎𝑛) = 𝑓 (𝑎1, . . . , 𝑎𝑛)

for all (𝑎1, . . . , 𝑎𝑛) ∈ 𝑉 . An isomorphism of varieties is a poly-
nomial mapping 𝜎 which is invertible as a function, such that the

inverse function 𝜎−1 is itself a polynomial mapping.

The polynomial mappings from 𝑉 to 𝑘 forms a commutative

algebra over 𝑘 , called the coordinate ring of 𝑁 , and denoted 𝑘 [𝑉 ].

Proposition 2.14. [20] Let 𝑉 be an affine variety over 𝑘 . Then

𝑘 [𝑉 ] � 𝑘 [𝑥1, . . . , 𝑥𝑛]/𝐼𝑘 (𝑉 ) .

Definition 2.15. (The Categories of Affine Varieties and Rational

Loci) [20] For each fixed field 𝑘 , the polynomial mappings between

affine varieties over 𝑘 forms a category AffVar𝑘 . For each inter-

mediate field 𝑘 ⊂ 𝑘 ′ ⊂ 𝑘 , there is a full subcategory AffVar(𝑘
′ )

𝑘
⊂

AffVar𝑘 consisting of affine varieties that are entirely 𝑘 ′-rational.

Proposition 2.16. There is a fully faithful contravariant functor
𝑘 [−] : AffVar𝑜𝑝

𝑘
→ CAlgf.g.

𝑘
sending an affine variety𝑉 to its coordi-

nate ring 𝑘 [𝑉 ].

2.2.2 The Nullstellensatze.

Proposition 2.17 (Hilbert’s Nullstellensatz). [37] Let 𝑘 be an alge-
braically closed field, and 𝐽 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛] an ideal. Then

𝐼𝑘 (𝑉 (𝐽 )) =
√︁
𝐽 (6)

Definition 2.18. A commutative algebra 𝐴 over 𝑘 is reduced
if it has no nonzero nilpotents. The full subcategory of CAlgf.g.

𝑘

consisting of reduced commutative algebras is denoted CAlgf.g., red.
𝑘

.

Proposition 2.19. [23] The functor (−)𝑟𝑒𝑑 : CAlgf.g.
𝑘
→ CAlgf.g., red.

𝑘

sending𝐴 ↦→ 𝐴/nil𝐴 is the left-adjoint of the inclusionCAlgf.g., red.
𝑘

↩→
CAlgf.g.

𝑘
.

Proposition 2.20. [23] If 𝑘 is an algebraically closed field, then the
coordinate ring functor 𝑘 [−] gives an anti-equivalence of categories

𝑘 [−] : AffVar𝑜𝑝
𝑘
≃ CAlgf.g., red.

𝑘
. (7)

Denote its inverse functor (up to isomorphism) as

Spec : CAlgf.g., red.
𝑘

→ AffVar𝑜𝑝
𝑘

(8)

We now turn our attention to the case of finite fields. Note: while

affine varieties over algebraically closed fields are “rare” among the

subsets of 𝑘𝑛 , any subset of F𝑛𝑞 is an affine variety over F𝑞 .

Proposition 2.21. The category AffVar
(F𝑞 )
F𝑞

of rational loci over F𝑞
is equivalent to the category FinSet of finite sets and relations.

Proof. It is well known [31, 54] that any subset of F𝑛𝑞 is an affine

variety, and any function between them is polynomial. □
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However our results are most easily read if we think in terms

of polynomial constraints and morphisms, rather than subsets and

functions. We retain the notation AffVar
(F𝑞 )
F𝑞

as a reminder of this

“attitude”.

Proposition 2.22 (Finite Field Nullstellensatz). Let 𝐽 ⊂ F𝑞 [𝑥1, . . . , 𝑥𝑛]
be any ideal of polynomials over a finite field. Then

𝐼F𝑞 (𝑉 (F𝑞 ) (𝐽 )) = 𝐽 + Γ𝑛𝑞 (9)

where Γ𝑛𝑞 ≔ (𝑥𝑞
1
− 𝑥1, . . . , 𝑥𝑞𝑛 − 𝑥𝑛). [30]

Definition 2.23. For a finite field F𝑞 , a commutative algebra𝐴 over

F𝑞 is called 𝑞-reduced1 if for every 𝑓 ∈ 𝐴, 𝑓 𝑞 = 𝑓 . The 𝑞-reduced

algebras form a full subcategory CAlgf.g., qred.F𝑞
⊂ CAlgf.g.F𝑞

.

Definition 2.24. For a finite field F𝑞 and a finitely generated

commutative algebra 𝐴 over it, define its 𝑞-radical as the ideal

generated as follows:

Γ𝑞 (𝐴) ≔ (𝑓 𝑞 − 𝑓 : 𝑓 ∈ 𝐴) (10)

Remark 2.25. If {𝑥1, ..., 𝑥𝑛} generate 𝐴 over F𝑞 then

Γ𝑞 (𝐴) = Γ𝑛𝑞 = (𝑥𝑞
1
− 𝑥1, . . . , 𝑥𝑞𝑛 − 𝑥𝑛). (11)

Proposition 2.26. The functor (−)𝑞𝑟𝑒𝑑 : CAlgf.g.F𝑞
→ CAlgf.g., qred.F𝑞

mapping 𝐴 ↦→ 𝐴/Γ𝑞 (𝐴) is left-adjoint to the inclusion.

Proposition 2.27. For a finite field F𝑞 , the coordinate ring functor
F𝑞 [−] restricted to the F𝑞-rational loci defines an equivalence of
categories

F𝑞 [−] : AffVar
(F𝑞 )
F𝑞

𝑜𝑝

≃ CAlgf.g., qred.F𝑞
(12)

Denote its inverse functor as Spec.

Proof. Because AffVar
(F𝑞 )
F𝑞
≃ FinSet, so this is really just a non-

binary version of the well known Stone duality between finite

boolean algebras and finite sets [44]. The 𝑞-reduced commutative

algebras over F𝑞 correspond one-to-one with F𝑞-valued functions

out of finite sets, and F𝑞 [−] sends a set to its algebra of F𝑞-valued
functions [54]. For a more algebraic perspective see also [34]. □

Notation. Denote the 𝑞-reduced free commutative algebras

R𝑛𝑞 ≔ 𝑆F𝑞 (𝑛)/Γ𝑛𝑞 , (13)

and denote the full subcategory of CAlgf.g.F𝑞
consisting of such alge-

bras as Polyqred.F𝑞
, and 𝐹𝑞 its inclusion functor.

3 The Polynomial Fragment
Consider the free-forgetful adjunction

Set CAlg𝑘

𝑆𝑘

𝑈

⊣

On finite sets 𝑛, 𝑆𝑘 (𝑛) is just the polynomial algebra 𝑘 [𝑥1, . . . , 𝑥𝑛].
Then let 𝑇𝑘 =𝑈 ◦ 𝑆𝑘 be the associated monad.

1
This is our terminology. In finite field error correction literature this is just called

“reduced” [30], but we need to avoid confusion with the aforementioned more standard

notion of reduction from algebra.

Definition 3.1. Let Poly𝑘 be the full subcategory of CAlgf.g.
𝑘

given

by the image of 𝑆𝑘 restricted to finite sets. In other words, let Poly𝑘
be the Kleisli category of 𝑇𝑘 restricted to finite sets, corresponding

to the polynomial algebras 𝑘 [𝑥1, . . . , 𝑥𝑛].

Notation (Sharps and Flats). It is worth being careful about the

equivalence between Poly𝑘 and Kl𝑇𝑘 | 𝑓 𝑖𝑛 , the Kleisli category of

𝑇𝑘 restricted to finite objects. If 𝑓 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 is a tuple of

polynomials, denote by 𝑓 # its unique extension to an algebra mor-

phism 𝑆𝑘 (𝑚) → 𝑆𝑘 (𝑛). This acts on a polynomial 𝑔(𝑦1, . . . , 𝑦𝑚) by
substituting 𝑦 𝑗 with 𝑓𝑗 (𝑥1, . . . , 𝑥𝑛). Notice the contravariance im-

plicit in this: algebra morphisms point and compose in the opposite

direction than polynomials. Conversely, if 𝜑 : 𝑆𝑘 (𝑚) → 𝑆𝑘 (𝑛) is an
algebra morphism, denote by 𝜑♭

: 𝑚 → 𝑆𝑘 (𝑛) the corresponding
tuple of polynomials defined by 𝜑♭

𝑗
= 𝜑 (𝑥 𝑗 ).

Recall from section 2.1 that for any finitary monad 𝑇 , there is

an equivalence Kl𝑇 | 𝑓 𝑖𝑛 ≃ L𝑜𝑝
𝑇
, where L𝑇 denotes the Lawvere

theory corresponding to 𝑇 . In our case, the Lawvere theory is that

of commutative algebras over 𝑘 , which we denote L𝐶𝐴𝑙𝑔𝑘 . Then:

Proposition 3.2. The generators and rewrite rules depicted in figure
2 form a presentation of the PROP L𝐶𝐴𝑙𝑔𝑘 ≃ Poly𝑜𝑝

𝑘
.

Proof. This is the standard presentation of the Lawvere theory

of commutative algebras over 𝑘 , with the following interpretation

for the diagrams: the white dots and are read as

copying and its counit deleting, the grey dots and are

read as adding and its unit zero, the yellow half-moons and

are read as multiplication and its unit one, and the “squeeze”

gadgets 𝜅 labelled by elements of 𝑘 are read as the scaling

operation by the field 𝑘 on a 𝑘-commutative algebra. The rewrite

rules of the Lawvere theory guarantee that each (finite variable)

polynomial with coefficients in 𝑘 can be expressed as a diagram in

this language uniquely up to rewrites. □

Notation (Scalable Notation). We can now unambiguously intro-

duce scalable notation for diagrams in L𝐶𝐴𝑙𝑔𝑘 . For 𝑛 ∈ N we define

𝑛-labelled wire and gates, as depicted in figure 3.

For every polynomial tuple 𝑓 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 , we abbreviate

the diagram (unique up to rewrites) that corresponds to 𝑓 # in L𝐶𝐴𝑙𝑔𝑘
as 𝑓𝑛 𝑚.

For example, for the polynomial tuple 𝑓 = (𝑥1 +𝑥2, 𝑥1𝑥3 +𝑥21 ) ∈
(𝑘 [𝑥1, 𝑥2, 𝑥3])2, we have

𝑓
3 2

=

𝑥1

𝑥2

𝑥3

𝑥1 + 𝑥2

𝑥1𝑥3 + 𝑥2
1

(14)

Notice that the contravariance between morphism composition

and polynomial composition has been inherited by our diagram-

matic language. Diagrammatically, everything is drawn in the di-

rection of the Lawvere theory L𝐶𝐴𝑙𝑔𝑘 . So 𝑓𝑛 𝑚 corresponds

to a tuple of polynomials (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 , which corresponds to

a morphism 𝑓 # ∈ Poly𝑘 (𝑚,𝑛). The necessity for this will become

clear in section 6 when we construct the language for spans of

affine varieties.
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Figure 2: The Theory L𝐶𝐴𝑙𝑔𝐾 of Commutative Algebras over 𝑘

copy
delete addition zero multiplication one
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scaling
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=
(m-symm)
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=
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=
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=
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=
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=
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𝑘

𝑘

𝑘 𝑘1
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𝑘1 + 𝑘2
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𝑘

Figure 3: Scalable Notation for L𝐶𝐴𝑙𝑔𝑘
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Proposition 3.3. From the rewrite rules of L𝐶𝐴𝑙𝑔𝑘 it is possible to
derive the rewrite rules about polynomials in the scalable notation, as
depicted in figure 4.

Proof. See appendix A. □

4 (Co)span Semantics
In this section we describe the target semantic categories of graph-

ical commutative algebra and graphical algebraic geometry. We

begin by recalling the definition of structured (co)spans, which is

of particular importance here:

Definition 4.1. [5] Let 𝐹 : A → X be a functor where X is

a category with pullbacks. Define the bicategory of structured
spans 𝐹 Sp(X): its objects are those of A; its 1-cells are pairs of

X morphisms of the form 𝐹𝐴 ← 𝑆 → 𝐹𝐵 with 𝐴, 𝐵 ∈ A, which

compose via pullback

𝑆 ×𝐹𝐵 𝑇

𝑆 𝑇

𝐹𝐴 𝐹𝐵 𝐹𝐶

⌟

and its 2-cells are commuting diagrams of the form

𝑆

𝐹𝐴 𝐹𝐵

𝑆 ′

Quotienting the categories of 1-cells of 𝐹 Sp(X) by the 2-isomorphisms,

we obtain a 1-category 𝐹 Span(X), whose objects are those of A,

and morphisms are isomorphism classes of spans 𝐹𝐴← 𝑆 → 𝐹𝐵.

For a functor 𝐹 : A → X where X has pushouts, the bicategory

of structured cospans 𝐹Csp(X) and the 1-category 𝐹 Cosp(X) are
defined dually to the above, with 1-cells of the form 𝐹𝐴→ 𝑆 ← 𝐹𝐵

and composition given by pushout instead of pullback.

The following is an immediate well-known consequence of the

dual nature of the definitions of structures cospans and spans:

Proposition 4.2. If 𝐹 : A → X is a functor and X has pullbacks,
then X𝑜𝑝 has pushouts, and there is an equivalence

𝐹 Span(X) ≃ 𝐹𝑜𝑝 Cosp(X𝑜𝑝 ) (15)

where 𝐹𝑜𝑝 : A𝑜𝑝 → X𝑜𝑝 is the dual functor of 𝐹 .

Definition 4.3. In the structured span construct, the category A
embeds into 𝐹 Span(X) both covariantly by the graph embedding:

𝐺Span :

(
𝐴

𝑓
→ 𝐵

)
↦→

(
𝐹𝐴 = 𝐹𝐴

𝐹 𝑓
→ 𝐹𝐵

)
and contravariantly by the cograph embedding:

𝐺
𝑜𝑝

Span
:

(
𝐴

𝑓
→ 𝐵

)
↦→

(
𝐹𝐵

𝐹 𝑓
← 𝐹𝐴 = 𝐹𝐴

)
Similarly in the structured cospan construct, the categoryA embeds

into 𝐹 Cosp(X) covariantly by the graph embedding:

𝐺Cosp :

(
𝐴

𝑓
→ 𝐵

)
↦→

(
𝐹𝐴

𝐹 𝑓
→ 𝐹𝐵 = 𝐹𝐵

)

and contravariantly by the cograph embedding:

𝐺
𝑜𝑝

Cosp
:

(
𝐴

𝑓
→ 𝐵

)
↦→

(
𝐹𝐵 = 𝐹𝐵

𝐹 𝑓
← 𝐹𝐴

)
The following are not new results, but are recalled here as we

shall need it immediately.

Proposition 4.4. For any field 𝑘 , the category CAlgf.g.
𝑘

of finitely-
generated commutative algebras over 𝑘 has pushouts.

Proof. To construct the pushout: suppose 𝐴 = 𝑘 [𝑥1, . . . , 𝑥𝑛]/𝐼𝐴 ,
𝐵 = 𝑘 [𝑦1, . . . , 𝑦𝑚]/𝐼𝐵 , 𝐶 = 𝑘 [𝑧1, . . . , 𝑧𝑟 ]/𝐼𝐶 with maps 𝐴

𝜙
←− 𝐶

𝜓
−→

𝐵. Then

𝐴 ⊗𝐶 𝐵 =
𝑘 [𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦𝑚]

𝐼𝐴 + 𝐼𝐵 +
∑𝑟

𝑖=1 (𝜙 (𝑧𝑖 ) −𝜓 (𝑧𝑖 ))
(16)

Where, by a slight abuse of notation, 𝐼𝐴, 𝐼𝐵 denote the images of

𝐼𝐴, 𝐼𝐵 via the embeddings

𝑘 [𝑥1, . . . , 𝑥𝑛] ↩→ 𝑘 [𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦𝑚] ←↪ 𝑘 [𝑦1, . . . , 𝑦𝑚]
□

Corollary 4.5. If𝑘 is either algebraically closed or finite, the category
AffVar(𝑘 )

𝑘
has pullbacks.

Definition 4.6 (Semantic Category of Graphical Commutative Al-

gebra). Let 𝐹 : Poly𝑘 ↩→ CAlgf.g.
𝑘

be the inclusion of the polynomial

algebras into the finitely generated algebras. Then apply the struc-

tured cospans construction to obtain a category 𝐹 Cosp(CAlgf.g.𝑘
).

The objects of this category are polynomial algebras, and the mor-

phisms are structured cospans of the form

𝑆𝑘 (𝑛)
𝑓
→ 𝐴

𝑔
← 𝑆𝑘 (𝑚) (17)

where 𝐴 is some finitely generated commutative algebra over 𝑘 .

Such a cospan is, in other words, a choice of 𝑛 elements of 𝐴 (cor-

responding to the left leg), and a choice of𝑚 elements of 𝐴 (cor-

responding to the right leg). These cospans compose as usual by

pushout.

Definition 4.7 (Semantic Category of Graphical Algebraic Geome-

try). Let𝑘 be an algebraically closed field and F𝑞 a finite field. Apply
the structured span construction with respect to the inclusions of

free spaces 𝑘𝑛 , F𝑛𝑞 into the respective categories of affine varieties to

obtain categories 𝐺 Span(AffVar𝑘 ) and 𝐺𝑞 Span(AffVar
(F𝑞 )
F𝑞
). Mor-

phisms in 𝐺 Span(AffVar𝑘 ) are spans of polynomials maps 𝑘𝑛 ←
𝑉 → 𝑘𝑚 where 𝑉 is an affine variety.

Proposition 4.8. The three semantic categories are PROPs.

Proof. The objects of 𝐹 Cosp(CAlgf.g.𝑘
) are the polynomial alge-

bras𝑘 [𝑥1, . . . , 𝑥𝑛], themonoidal product on objects is𝑘 [𝑥1, . . . , 𝑥𝑛]⊗
𝑘 [𝑦1, . . . , 𝑦𝑚] = 𝑘 [𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦𝑚]; and on morphisms by the

tensor-product of algebra morphisms on both legs of the cospans.

The braidings are given by the graphs of

𝜎 : 𝑘 [𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦𝑚] → 𝑘 [𝑦1, . . . , 𝑦𝑚, 𝑥1, . . . , 𝑥𝑛] (18)

The proofs for the other two categories are similar. □

The semantic categories for GCA and GAG are related, and we

now explain this relation. The structured (co)span construction is

“functorial”:
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Figure 4: Rules for Scalable Notation

𝑓

𝑓

𝑓

=
(poly-copy)

𝑓 =
(poly-del)

𝑓 𝑔 =
(poly-comp)

𝑔 ◦ 𝑓

𝑓

𝑔

𝑓 + 𝑔=
(poly-add)

𝑓

𝑔

𝑓 · 𝑔=
(poly-mult)

Proposition 4.9. [5] Given 𝐹 : A → X and 𝐹 ′ : B → Y, withX,Y
both having pullbacks, if there is a commutative square of functors

A X

B Y

𝐹

Φ Ψ

𝐹 ′

and Ψ preserves pullbacks, then there is a functor

Span(Ψ,Φ) :𝐹 Span(X) → 𝐹 ′ Span(Y) (19)

which sends the structured span (𝐹𝐴1

𝑓
←− 𝑋

𝑔
−→ 𝐹𝐴2) to a structured

span in 𝐹 Span(Y) by hitting everything with Ψ. The dual statement
is true for structured cospans.

Corollary 4.10. In particular, in the situation of proposition 4.9,
if Φ,Ψ are both equivalences of categories, then the induced functor
𝐹 Span(X) → 𝐹 ′ Span(Y) is also an equivalence of categories.

In particular, recall from proposition 2.26 that there are functors

(−)𝑟𝑒𝑑 : CAlgf.g.
𝑘
→ CAlgf.g., red.

𝑘

(−)𝑞𝑟𝑒𝑑 : CAlgf.g.F𝑞
→ CAlgf.g., qred.F𝑞

(20)

each of which are left-adjoint to the inclusion in the opposite direc-

tion, and therefore they preserve pushouts. Moreover, they com-

mutewith the inclusions of the “free” algebras 𝐹 : Poly𝑘 ↩→ CAlgf.g.
𝑘

and 𝐹𝑞 : Polyqred.F𝑞
↩→ CAlgf.g.F𝑞

. The functoriality of the structured

cospan construction (proposition 4.9) implies there are functors

𝐹 Cosp(CAlgf.g.𝑘
)
(−)𝑟𝑒𝑑−−−−−→ 𝐹 Cosp

(
CAlgf.g., red.

𝑘

)
𝐹 Cosp(CAlgf.g.F𝑞

)
(−)𝑞𝑟𝑒𝑑
−−−−−−→ 𝐹𝑞 Cosp

(
CAlgf.g., qred.F𝑞

) (21)

Now recall that if 𝑘 is algebraically closed, then there is an anti-

equivalence (2.20)

Spec : CAlgf.g., red.
𝑘

≃ AffVar𝑜𝑝
𝑘

(22)

and if F𝑞 is finite of size 𝑞, then there is an anti-equivalence (2.27)

Spec : CAlgf.g., qred.F𝑞
≃ AffVar

(F𝑞 )
F𝑞

𝑜𝑝

(23)

Moreover, it is easy to check that these commute with the inclusions

𝐹, 𝐹𝑞,𝐺,𝐺𝑞 in the obvious way. So using the duality between span

and cospan (4.2) we obtain maps

𝐹 Cosp(CAlgf.g.𝑘
)
(−)𝑟𝑒𝑑−−−−−→𝐹 Cosp

(
CAlgf.g., red.

𝑘

)
≃ 𝐺 Span(AffVar𝑘 )

𝐹 Cosp(CAlgf.g.F𝑞
)
(−)𝑞𝑟𝑒𝑑
−−−−−−→𝐹𝑞 Cosp

(
CAlgf.g., qred.F𝑞

)
≃ 𝐺𝑞 Span(AffVar

(F𝑞 )
F𝑞
)

(24)

5 Graphical Commutative Algebra
We now work towards a diagrammatic presentation of the struc-

tured cospan category 𝐹 Cosp(CAlgf.g.𝑘
). All lemmas, propositions,

and theorems in this section are proven in appendix B, unless oth-

erwise specified.

5.1 Defining the Calculus LCosp

Definition 5.1. Construct the PROP LCosp = L𝐶𝐴𝑙𝑔𝑘 +𝐸 L𝑜𝑝
𝐶𝐴𝑙𝑔𝑘

where 𝐸 is the set of rewrite rules displayed in figure 5. We supply

this PROP with an intended semantic functor

[−] : LCosp →𝐹 Cosp(CAlgf.g.
𝑘
) (25)

by mapping each generator in L𝐶𝐴𝑙𝑔𝑘 via the cograph embedding,

and each generator in L𝑜𝑝
𝐶𝐴𝑙𝑔𝑘

via the graph embedding.

L𝐶𝐴𝑙𝑔𝑘 Poly𝑜𝑝
𝑘

L𝐶𝐴𝑙𝑔𝑘 + L
𝑜𝑝

𝐶𝐴𝑙𝑔𝑘
L𝐶𝐴𝑙𝑔𝑘 +𝐸 L𝑜𝑝

𝐶𝐴𝑙𝑔𝑘
𝐹 Cosp(CAlgf.g.𝑘

)

L𝑜𝑝
𝐶𝐴𝑙𝑔𝑘

Poly𝑘

𝐺𝐶𝑠𝑝

[−]

𝐺
𝑜𝑝

𝐶𝑠𝑝

We must first prove that the functor [−] is well-defined, which
is equivalent to the following statement:

Proposition 5.2 (Cospan Soundness). Every rewrite rule in 𝐸 is
sound with respect to the intended semantic [−].

Once well-definedness has been established, we can now derive

the following useful rewrite rules from the given rules:

Lemma 5.3. The following are some useful derived rules of LCosp:

= (special)

𝑓 = 𝑓 ∀𝑓 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚

(poly-trp)
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Figure 5: Additional Rewrite Rules for LCosp

𝑙 𝑙−1=
(k-inv)

=
(x-bone)

∀𝑙 ∈ 𝑘×

=
(z-frob)

=
(z-frob)

=
(x-frob)

=
(x-frob)

−1
=

(cup)

−1
=

(cap)

𝜅 𝜅=
(k-trp)

=
(k-trp)

=
(one-trp)

5.2 Universality and Completeness
To consider the nature of the (essential) image of [−] in 𝐹 Cosp(CAlgf.g.𝑘

),
we first prove the following sequence of lemmas in the language

LCosp, which will allow us to introduce an essential piece of syntac-

tic sugar for summarizing a diagram.

Lemma 5.4. For any 𝑓 ∈ 𝑘 [𝑥1, . . . , 𝑥𝑛], the following is deriveable
from the rewrite rules of LCosp:

𝑓

=
𝑓

So we just speak of gadgets of the form 𝑓

Lemma 5.5. For any 𝑓 , 𝑔 ∈ 𝑘 [𝑥1, . . . , 𝑥𝑛], the following is deriveable
from the rewrite rules of LCosp:

𝑓 𝑔 = 𝑓𝑔

Lemma 5.6. Let 𝑓1, . . . , 𝑓𝑚 ∈ 𝑘 [𝑥1, . . . , 𝑥𝑛], and pick some 𝑓 inside
the ideal (𝑓1, . . . , 𝑓𝑚). Then the following is deriveable from the rewrite
rules of LCosp:

𝑓𝑚𝑓
1

. . .
= 𝑓𝑚𝑓1

. . .

𝑓 . (26)

Lemmas 5.5 and 5.6 mean that we can coherently define the

following gadget:

Definition 5.7. Let 𝐼 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛] be an ideal. Since𝑘 [𝑥1, . . . , 𝑥𝑛]
is Noetherian [23], there exists a finite set of polynomials 𝑓1, . . . , 𝑓𝑚 ∈
𝑘 [𝑥1, . . . , 𝑥𝑛] such that 𝐼 = (𝑓1, . . . , 𝑓𝑚). Then define

𝐼

≔ 𝑓𝑚𝑓
1

. . .
(27)

Note that neither the choice of the basis 𝑓1, . . . , 𝑓𝑚 , nor the ordering

of them, matters in the definition, since any two such choices give

diagrams which are rewriteable to each other per lemmas 5.5 and

5.6. For concreteness, we may always choose the reduced Grobner

basis with respect to some chosen monomial ordering.

Corollary 5.8. Idempotence
𝐼 𝐼

=
𝐼

is provable

in LCosp.

We now explain the semantics of these gadgets.

Proposition 5.9 (Quotient Gadgets). The semantic of the gadget
𝐼

is (any finite presentation of) the finitely generated commu-

tative algebra defined by 𝐼 . More precisely, if 𝐼 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛] is any
ideal, then [

𝐼

]
= (𝑆𝑘 (𝑛) ↠ 𝑆𝑘 (𝑛)/𝐼 ↞ 𝑆𝑘 (𝑛))

where both legs are the canonical projections 𝜋𝐼 against 𝐼 .

This is essentially what brings us from a language for Poly𝑘 to a

language that has full information about CAlgf.g.
𝑘

, which forces us

to introduce the following notation:

Notation. If 𝐴 = 𝑆𝑘 (𝑛)/𝐼 , and 𝑓 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 , denote by

𝑓 #
𝐼
: 𝑆𝑘 (𝑚) → 𝐴 the algebra morphism one gets by passing to the

quotient:

𝑆𝑘 (𝑚)
𝑓 #

−−→ 𝑆𝑘 (𝑛) ↠ 𝑆𝑘 (𝑛)/𝐼 = 𝐴 (28)

Or equivalently, the algebra morphism one gets by reducing 𝑓

against 𝐼 component-wise to obtain 𝑓𝐼 ∈ 𝐴𝑚
, and then taking its

extension to an algebra morphism 𝑓 #
𝐼
: 𝑆𝑘 (𝑚) → 𝐴.

Proposition 5.10 (CospanUniversality). For any ideal 𝐼 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛]
and tuples of polynomials 𝑓 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 and𝑔 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚

′
,[

𝐼

𝑔𝑓

]
=

(
𝑆𝑘 (𝑚)

𝑓 #
𝐼−−→ 𝐴

𝑔#
𝐼←− 𝑆𝑘 (𝑚′)

)
(29)

where 𝐴 = 𝑆𝑘 (𝑛)/𝐼 . Since every algebra morphism 𝑆𝑘 (𝑚) → 𝐴 is
equal to 𝑓 #

𝐼
for some 𝑓 , so [−] : LCosp →𝐹 Cosp(CAlgf.g.

𝑘
) is full.

It remains now to prove the completeness of the language LCosp.

We do this by reducing diagrams to a pseudo-normal form as fol-

lows:

Definition 5.11. A diagram 𝐷 in LCosp is said to be in cospan
form if it is draw as

𝐼

𝑔𝑓
(30)
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for some ideal 𝐼 and some polynomial tuples 𝑓 , 𝑔.

Proposition 5.12 (Cospan Normal Form). Every diagram in LCosp

can be rewritten into cospan form.

Thus, to show completeness of LCosp, it suffices to show that, for

any two diagrams in cospan form, if they have the same semantic

in 𝐹 Cosp(CAlgf.g.𝑘
), then they can be rewritten into each other. We

do this via the following lemmas:

Lemma 5.13. Let 𝐼 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛] be an ideal, and let 𝑓 , 𝑔 ∈
(𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 be any two polynomial tuples such that 𝑓 − 𝑔 ∈ 𝐼𝑚 .
That is, let 𝑓 , 𝑔 be such that 𝑓 #

𝐼
= 𝑔#

𝐼
. Then the following diagram

rewrite is derivable in LCosp:

𝐼

𝑓
=

𝐼

𝑔
(31)

Lemma 5.14. Suppose 𝐼 ⊂ 𝑆𝑘 (𝑛) and 𝐽 ⊂ 𝑆𝑘 (𝑚) are ideals of
polynomials and 𝑓 ∈ (𝑆𝑘 (𝑛))𝑚 . Suppose 𝑓 #𝐼 : 𝑆𝑘 (𝑚) → 𝑆𝑘 (𝑛)/𝐼
satisfies 𝐽 ⊂ ker 𝑓 #

𝐼
. Then the following rewrite holds:

𝑓

𝐼 𝐽

= 𝑓

𝐼

Lemma 5.15. Suppose 𝐼 ⊂ 𝑆𝑘 (𝑛) and 𝐽 ⊂ 𝑆𝑘 (𝑚) are ideals, 𝛼 :

𝑆𝑘 (𝑚)/𝐽 → 𝑆𝑘 (𝑛)/𝐼 is an isomorphism of algebras, and𝜎 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 ,
𝜏 ∈ (𝑘 [𝑦1, . . . , 𝑦𝑚])𝑛 are a pair of polynomial tuples such that they
represent 𝛼, 𝛼−1 respectively, i.e. such that the following commutes:

𝑆𝑘 (𝑚) 𝑆𝑘 (𝑚)/𝐽 𝑆𝑘 (𝑚)

𝑆𝑘 (𝑛) 𝑆𝑘 (𝑛)/𝐼 𝑆𝑘 (𝑛)

𝜋𝐽

𝜎# 𝛼

𝜋𝐽

𝜋𝐼

𝛼−1 𝜏#

𝜋𝐼

Then the following rewrite holds:

𝜏

𝐽

= 𝜎

𝐼

(32)

By composing 𝜎 on the right to both sides of the equation

in 5.15, we obtain:

Corollary 5.16. If 𝛼 : 𝑆𝑘 (𝑚)/𝐽 → 𝑆𝑘 (𝑛)/𝐼 is an isomorphism of
algebras, and 𝜎 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 represents 𝛼 as in lemma 5.15,
then

𝐽

=
𝐼

𝜎 𝜎

Lemmas 5.13, 5.14, and 5.15 suffice to show that any two dia-

grams in cospan normal form which have the same semantic in

𝐹 Cosp(CAlgf.g.𝑘
) can be rewritten into each other. And therefore:

Proposition 5.17. The functor [−] is faithful. That is, LCosp is
complete as a language for 𝐹 Cosp(CAlgf.g.𝑘

).

We have now completed the demonstration of our first main

theorem:

Theorem 5.18. The functor [−] : LCosp → 𝐹 Cosp(CAlgf.g.𝑘
) is an

isomorphism of PROPs. Thus LCosp is a sound, universal and complete
language for 𝐹 Cosp(CAlgf.g.𝑘

).

Proof. Propositions 5.2, 5.10, and 5.17 together imply theorem

5.18. □

6 Graphical Algebraic Geometry
Our focus now turns from algebra to geometry. In this section 𝑘

will always denote an algebraically closed field, and F𝑞 will always

denote a finite field of size 𝑞. All proofs are contained in appendix

C unless otherwise specified.

Recall from equation 24 that there are two functors

𝐹 Cosp(CAlgf.g.𝑘
)

Spec(−)𝑟𝑒𝑑−−−−−−−−−→ 𝐺 Span(AffVar𝑘 )

𝐹 Cosp(CAlgf.g.F𝑞
)

Spec(−)𝑞𝑟𝑒𝑑
−−−−−−−−−−→ 𝐺𝑞 Span(AffVar

(F𝑞 )
F𝑞
)

(33)

We now seek diagrammatic presentations for 𝐺 Span(AffVar𝑘 ) and
𝐺𝑞 Span(AffVar

(F𝑞 )
F𝑞
). Sincewe already have a presentationLCosp �𝐹

Cosp(CAlgf.g.
𝑘
), so we seek to find LSpan𝑘

and LSpan𝑞
that fit into

the following commutative diagrams:

LCosp 𝐹 Cosp(CAlgf.g.𝑘
) LCosp 𝐹 Cosp(CAlgf.g.𝑘

)

LSpan𝑘 𝐺 Span(AffVar𝑘 ) LSpan𝑞 𝐺𝑞 Span(AffVar
(F𝑞 )
F𝑞
)

[−]

Spec(−)𝑟𝑒𝑑

[−]

Spec(−)𝑞𝑟𝑒𝑑

[−]𝑘 [−]𝑞

such that [−]𝑘 and [−]𝑞 are both isomorphisms of PROPs.

6.1 GAG over Algebraically Closed Fields
Definition 6.1. Let LSpan𝑘

be the quotient of LCosp defined by the

following additional rewrite rule:

= (red)

Proposition 6.2. The PROP morphism

LCosp

Spec[−]𝑟𝑒𝑑−−−−−−−−−→𝐺 Span(AffVar𝑘 ) (34)

factors through LSpan𝑘
. In other words, rule (red) is sound for affine

varieties over an algebraically closed field.

Thus we obtain a PROP morphism

LSpan𝑘

[−]𝑘−−−−→𝐺 Span(AffVar𝑘 ) (35)

It remains to show that this morphism is faithful: in other words,

that our rewrite rules are complete.

Lemma 6.3. Let 𝐼 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛] be an ideal. The following is
deriveable from the rewrite rules of LSpan𝑘

:

𝐼

=

√
𝐼

(36)

Proposition 6.4. The semantic map LSpan𝑘

[−]𝑘−−−−→𝐺 Span(AffVar𝑘 )
is faithful. In other words, LSpan𝑘

is complete for 𝐺 Span(AffVar𝑘 ).

Since [−]𝑘 also inherits the fullness of [−]:

Theorem 6.5. The semantic map LSpan𝑘

[−]𝑘−−−−→𝐺 Span(AffVar𝑘 ) is
an isomorphism of PROPs; LSpan𝑘

is a universal, sound, and complete
language for 𝐺 Span(AffVar𝑘 ).
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6.2 GAG over Finite Fields
The recipe for obtaining a language for spans of rational loci of

affine varieties over finite fields is almost identical to the one used

for spans of affine varieties over closed fields.

Definition 6.6. LetLSpan𝑞
be the quotient ofLCosp by the following

additional rewrite rule:

... 𝑞 = (qred)

Proposition 6.7. The PROP morphism

LCosp

Spec[−]𝑞𝑟𝑒𝑑
−−−−−−−−−−→ 𝐺𝑞 Span(AffVar

(F𝑞 )
F𝑞
) (37)

factors through LSpan𝑞
. In other words, the rule qred is sound with

respect to F𝑞-rational loci.

Thus we obtain a PROP morphism

LSpan𝑞

[−]𝑞
−−−−→ 𝐺𝑞 Span(AffVar

(F𝑞 )
F𝑞
) (38)

Now to show that this morphism is faithful:

Lemma 6.8. For Γ𝑛𝑞 = {𝑥𝑞
1
, . . . , 𝑥

𝑞
𝑛 }, the following is deriveable from

the rewrite rules of LSpan𝑞
:

Γ𝑛𝑞
=

Proposition 6.9. The semantic map [−]𝑞 is faithful. In other words,
the rules of LSpan𝑞

are complete.

Theorem 6.10. The semantic map [−]𝑞 is an isomorphism of PROPs.

6.3 Matrix Semantics for GAG
Given a structured span of affine varieties over a field 𝑘 (not nec-

essarily algebraically closed) of the form 𝑘𝑛
𝜑
←− 𝑉

𝜓
−→ 𝑘𝑚 we can

“repackage” the data of this structured span as an indexed family of

affine varieties

𝑉xy := 𝜑−1 (x) ∩𝜓 −1 (y) (39)

each of which is a subvariety of 𝑉 .

In the particular case where 𝑘 = F𝑞 is a finite field, and 𝑉 is an

F𝑞-rational locus, the family of affine varieties𝑉xy consists of finite

sets, which we can view as entried in an N-matrix:

Definition 6.11. Let 𝑀𝑞 : 𝐺𝑞 Span(AffVar
(F𝑞 )
F𝑞
) → MatN be the

functor which sends a structured span of F𝑞-rational loci

F𝑛𝑞
𝜑
←− 𝑉

𝜓
−→ F𝑚𝑞 (40)

to the 𝑞𝑛 × 𝑞𝑚-matrix𝑀𝑞 (
𝜑
←−

𝜓
−→) with entries

𝑀𝑞 (
𝜑
←−

𝜓
−→)xy = |𝜑−1 (x) ∩𝜓 −1 (y) |. (41)

The following is immediate (proofs are given in C.2):

Proposition 6.12. The functor𝑀𝑞 is well-defined and fully faithful.

Since AffVar
(F𝑞 )
F𝑞
≃ FinSet, this is just a restriction of the equiv-

alence, well-known in folklore, between Span(FinSet) ≃ MatN in

disguise.

But since we already know that LSpan𝑞
is a sound, universal, and

complete language for 𝐺𝑞 Span(AffVar
(F𝑞 )
F𝑞
) from section 6.2, so:

Corollary 6.13. The diagrammatic language LSpan𝑞
serves as a

sound, universal, and complete language for a full subcategory of
MatN consisting of the objects 𝑞𝑛 with 𝑛 ∈ N.

We use J−K𝑞 : LSpan𝑞
→ MatN to denote this new semantic.

7 From GAG to Counting CSP
We now briefly illustrate the direct connection between GAG and

CSP. Recall that a constraint satisfaction problem over a domain 𝐷

and a constraint language Γ (typically a set of finite arity relations

over 𝐷) is a pair ⟨𝑋,𝐶⟩, where:
• 𝑋 is a set of variables 𝑥1, . . . , 𝑥𝑛 ,

• 𝐶 = {𝐶1, . . . ,𝐶𝑚} is a set of constraints, each of which is a

pair𝐶 𝑗 = ⟨𝑠 𝑗 , 𝑔 𝑗 ⟩ where 𝑠 𝑗 ⊂ 𝑋 is the scope of the constraint,

and 𝑔 𝑗 ∈ Γ is the content of the constraint.

An assignment 𝜎 : 𝑋 → 𝐷 is said to satisfy the CSP if for every 𝑗 ,

the tuple (𝜎 (𝑥𝑖 ))𝑖∈𝑠 𝑗 is in the relation 𝑔 𝑗 . The problem of determing

whether there exists an assignment 𝜎 that satisfies ⟨𝑋,𝐶⟩ is called
the decision problem CSP(Γ); while the problem of counting the

number of assignments that satisfy ⟨𝑋,𝐶⟩ is called the counting

problem #CSP(Γ).
Now suppose that our domain of values is a finite field F𝑞 , and

our constraint language Γ consists of polynomial maps𝑔 : F𝑛𝑞 → F𝑞 ,
read as the requirement 𝑔 = 0. Of course, every finite-arity relation

over F𝑞 can be expressed as an affine variety, and therefore our Γ
is just the set of all relations over 𝐷 . The finite field GAG gives an

easy representation of instances of #CSP(Γ) in the following way:

Proposition 7.1. Let ⟨𝑋,𝐶⟩ be a CSP instance over the domain F𝑞 ,
with set of variables 𝑋 = {𝑥1, . . . , 𝑥𝑛}, and polynomial constraints
𝑔1, . . . , 𝑔𝑚 ∈ 𝑘 [𝑥1, . . . , 𝑥𝑛]. Let 𝐼 be the ideal generated by 𝑔1, . . . , 𝑔𝑚 .
Then the span semantic of the ideal gadget is

𝐼

𝑛𝑛
[−]𝑞
↦→

(
F𝑛𝑞 ←↪ 𝑉 (𝐼 )F𝑞 ↩→ F𝑛𝑞

)
(42)

where, recall, 𝑉 (𝐼 )F𝑞 := {x ∈ F𝑛𝑞 : 𝑔1 (x) = · · · = 𝑔 𝑗 (x) = 0}. In other
words, it is the set of assignments satisfying ⟨𝑋,𝐶⟩.

The same diagram with no wires on either side has the following
matrix semantic:

𝐼 J−K𝑞
↦→

���𝑉 (𝐼 ) (F𝑞 ) ��� (43)

In other words, it is the number of assignments that satisfy ⟨𝑋,𝐶⟩.

Theorem 7.2. The problem of rewriting arbitrary GAG diagrams
into each other is #P-hard.

Proof. This is a direct consequence of equation 43 in proposi-

tion 7.1, which shows that #CSP(Γ) reduces to rewriting between a

subset of diagrams in GAG, and #CSP(Γ) is #P-complete [41]. □

Remark 7.3. In the case 𝑞 = 2, polynomial constraints are equiva-

lent to boolean constraints, and so #CSP(Γ) is #SAT.
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Remark 7.4. Conversely, since every diagram in GAG can be

rewritten into cospan form, so every closed diagram (a diagram

without input or output wires) can be rewritten into:

𝐼

𝑔𝑓

(poly-del)
=

𝐼 (z-fusion)
=

𝐼

(44)

So determining the semantic of an arbitrary closed diagram in GAG

is equivalent to #CSP(Γ).

8 From GAG to Qudit ZH Calculus
The ZH calculus is a graphical language for quantum computation,

and it has a natural correspondence with the Toffoli-Hadamard gate

set. In this section, we elucidate the connection between algebraic

geometry and the ZH calculus. We review the Galois-Qudit ZH

calculus introduced in [28] and show that the ZH calculus can be

obtained as a fairly minimal extension of finite-field GAG: adding

a single state and one scalar suffices to recover the ZH calculus in

arbitrary dimension.

8.1 Qudit ZH Calculus
Here we give a brief overview of the qudit ZH Calculus as intro-

duced in [28].

Definition 8.1. [45] A Galois-Qudit is a quantum system repre-

sented by a Hilbert space of dimension 𝑞 = 𝑝𝑡 for some prime 𝑝

and some natural number 𝑡 , with a computational basis labelled as

| 𝑗⟩ with 𝑗 ∈ F𝑞 .

For a finite field F𝑞 , the Galois-Qudit ZH Calculus over F𝑞 is

the free
2
dagger-PROP generated by three families of generators:

..
.

..
.𝑛 𝑚 ..
.

..
.𝑛 𝑚 𝒋

Z spider H spider 𝑗-state

We will denote this free dagger-PROP as ZH. It admits a seman-

tics functor to the PROP 𝑞
∗
2 MatZ[𝜔 ] . A morphism from 𝑛 to𝑚 in

𝑞
∗
2 MatZ[𝜔 ] is a matrix of the form 𝑞

𝑘
2 𝐴, where𝐴 is a 𝑞𝑚×𝑞𝑛 matrix

with entries in the ring Z[𝜔], 𝜔 is a primitive 𝑝th root of 1, and 𝑘

is an integer.

ZH
J−KZH−−−−−→ 𝑞

∗
2 MatZ[𝜔 ] (45)

This functor is full [28] and is defined on the generators as follows:

...
...𝑛 𝑚 ↦→

∑︁
𝑖∈F𝑞
|𝑖⟩⊗𝑚 ⟨𝑖 |⊗𝑛

...
...𝑛 𝑚 ↦→ 1

√
𝑞

∑︁
𝑗1,..., 𝑗𝑚 ∈F𝑞
𝑖1,...,𝑖𝑛 ∈F𝑞

𝜔 tr( 𝑗1 ... 𝑗𝑚𝑖1 ...𝑖𝑛 ) | 𝑗1⟩...| 𝑗𝑚⟩⟨𝑖1 |...⟨𝑖𝑛 |

𝒋 ↦→ √
𝑞 | 𝑗⟩ 𝑗 ∈ F𝑞

where tr(𝑥) = 𝑥𝑝 + · · · + 𝑥𝑝𝑡 is the field trace polynomial, which

maps F𝑞 → F𝑝 linearly over F𝑝 .

2
No complete set of rewrite rules are known for the qudit ZH. For the sake of full

generality, we work with the free dagger-PROP generated by the ZH generators.

8.2 ZH Calculus as an Extension of GAG
We now extend the language LSpan𝑞

for finite field GAG to cover

the entirety of the Galois-Qudit ZH Calculus over F𝑞 .

Definition 8.2. Define LFourier
Span𝑞

to be the PROP generated by LSpan𝑞

together with the following additional generators

1 𝑞
− 1

2 (46)

and the following additional rewrite rules

1 =
(Z1-copy) 1

1
1 tr =

(Z1-trace)

1𝜉

1
=

(Z1-change)

(47)

Where tr is the field trace polynomial and 𝜉 is any element of F𝑞
with tr 𝜉 = 1. Here, we think of 1 as a state in the Fourier basis

as we define below.

Definition 8.3. Wedefine the semantic functor J−KFourier𝑞 : LFourier
Span𝑞

→
𝑞
∗
2 MatZ[𝜔 ] . For each generator of LSpan𝑞

, we set J−KFourier𝑞 to be

the composition of J−K𝑞 with the canonical inclusion MatN ↩→
𝑞
∗
2 MatZ[𝜔 ] . For the additional generators, we define:

q
1

yFourier
𝑞

=
∑︁
𝑖∈F𝑞

𝜔 tr(𝑖 ) |𝑖⟩ (48)

q
𝑞
− 1

2

yFourier
𝑞

= 𝑞−
1

2 (49)

This forces the following to commute:

LFourier
Span𝑞

𝑞
∗
2 MatZ[𝜔 ]

LSpan𝑞
MatN

J−KFourier𝑞

J−K𝑞

Moreover:

Proposition 8.4. The rewrite rules in equation (47) are sound with
respect to the semantics J−KFourier𝑞 .

The dagger-PROP LFourier
Span𝑞

covers the entirety of the Galois-Qudit

ZH Calculus. To see this, we describe how its generators can be

constructed in LFourier
Span𝑞

and show that the semantics agree.

Definition 8.5. We have the functor 𝜄ZH : ZH→ LFourier
Span𝑞

defined

on the generators as follows:

..
.

..
.𝑛 𝑚 ..
.

..
.𝑛 𝑚↦→

..
.

..
.𝑛 𝑚 ..
.

..
.𝑛 𝑚

1
𝑞
− 1

2

↦→

𝒋 ↦→ 𝑗

𝑞
− 1

2
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Proposition 8.6. The functor 𝜄ZH is consistent with the semantics
of the ZH Calculus. In other words, the following diagram commutes:

LFourier
Span𝑞

𝑞
∗
2 MatZ[𝜔 ]

ZH

J−KFourier𝑞

𝜄ZH J−KZH

For the remainder of this paper we will use LFourier
Span𝑞

as a working

notion of a Galois-Qudit ZH calculus with rewrite rules – we will

show that the rewrite rules of LFourier
Span𝑞

forms a complete set of rules

for ZH. Now, we show just how minimal an extension LFourier
Span𝑞

is

over LSpan𝑞
:

Proposition 8.7. For any diagram 𝐷 in LFourier
Span𝑞

, there exists 𝑘 ∈ N
and a diagram 𝐷 ′ containing only the generators of LSpan𝑞

such that

𝐷... ... 𝐷 ′... ...=

1 𝑞
− 1

2

(⊗𝑘)

(50)

This shows that just a single copy of the state in the fourier

basis is sufficient to extend the expressive power of finite-field GAG

to cover the entirety of the Galois-Qudit ZH Calculus. Using this,

we can compute amplitudes in the ZH calculus using finite-field

GAG. Computing an amplitude in the ZH calculus corresponds to

evaluating the semantics of a scalar diagram. We have the following

result.

Theorem 8.8. Let 𝐷 be a scalar diagram in the ZH calculus over
F𝑞 . The scalar J𝐷KZH can be computed using exactly 𝑞 queries to an
oracle O that evaluates the semantics of scalar diagrams in LSpan𝑞

.

9 Catalyzing Qudit ZH Completeness
Theorem 9.1 (Completeness of Galois-Qudit ZH). If 𝐷1, 𝐷2 are
diagrams in the Galois-Qudit ZH Calculus over F𝑞 , and J𝐷1KZH =

J𝐷2KZH, then 𝐷1 can be rewritten into 𝐷2 using the rewrite rules of
LFourier
Span𝑞

.

The first thing to notice is that to prove theorem 9.1, it suffices to

prove it for states (diagrams without inputs) because any diagram,

composed with cups, can be turned into a state, and vice-versa. No-

tice also that proposition 8.7 implies that a state in the ZH calculus

can be rewritten into the form

𝐷 ′ ..
.

1

𝑞
− 1

2

(⊗𝑘 )

𝐷 ..
. = (51)

where 𝐷 ′ is a diagram in the language LSpan𝑞
.

Our proof uses a catalysis-style argument [47]. We have a larger

language (the Galois-qudit ZH) which extends a smaller language

(the language LSpan𝑞
of finite field GAG), in such a way that any

diagram in ZH can be rewritten as a diagram in LSpan𝑞
, with some

gadgets attached. Catalysis is about reducing the ZH semantic equal-

ity of 𝐷1, 𝐷2 to some form semantic equality statement between

diagrams of LSpan𝑞
, involving subdiagrams of 𝐷1, 𝐷2. This allows

us to leverage our knowledge that LSpan𝑞
is complete for MatN se-

mantics, to derive the desired rewrites for 𝐷1 and 𝐷2 in ZH. In our

case, the catalysis reduction is as follows:

Proposition 9.2. If

𝐷1

𝑛
1

and 𝐷2

𝑛
1

are diagrams in LSpan𝑞
, such that

s
𝐷1 1

{

ZH
=

s
𝐷2 1

{

ZH
(52)

and satisfying the following restriction condition: for all 𝑥 ∈ F𝑞 except
for those lying on one line 𝜉F𝑝 where 𝜉 is some fixed element of field
trace 1, s

𝐷1 𝒙

{

ZH
=

s
𝐷2 𝒙

{

ZH
= 0 (53)

Then there exist diagrams 𝐶1
𝑛, 𝐶2

𝑛 in LSpan𝑞
such that

r
𝐷1

z

𝑞
+

r
𝐶1

z

𝑞
=

r
𝐷2

z

𝑞
+

r
𝐶2

z

𝑞
(54)

Notice that a semantic equality in ZH results not in an exact se-

mantic equality in graphical algebraic geometry, but in an equality

of sums. Luckily graphical algebraic geometry supplies the neces-

sary gadgets for diagrammatically computing sums. This involves

constructing so-called controlled-states for various diagrams in

LSpan𝑞
, and then using those to construct sums.

Lemma 9.3. Let 𝑍 be the following diagram in LSpan𝑞
:

𝑍 ≔ 1-𝑥𝑞-1 (55)

Then the following rewrites hold in LSpan𝑞
:

𝑍 = 𝑍 = (56)

meaning that 𝑍 serves as a controlled version of ; and moreover
the following rewrite holds in LFourier

Span𝑞
:

1𝑍 = (57)

Now for any state 𝜓 𝑛 in LSpan𝑞
, recalling the (co)span nor-

mal form of graphical algebraic geometry (see (30)),𝜓 can be rewrit-

ten into the form

Ψ = 𝑔 𝑓 (58)

Lemma 9.4. For any state Ψ = 𝑔 𝑓 in LSpan𝑞
, there is

a diagram Ψ̃ 𝑛1 (the so-called controlled state of𝜓 ) such that
the following are rewriteable in LSpan𝑞

:

Ψ̃ = ; Ψ̃ = Ψ (59)

Explicitly, ˜𝜓 is constructed as

Ψ̃ 𝑛1 ≔

𝑓

𝑍̃

𝑔

(60)
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Proposition 9.5. For any states 𝜓 𝑛, Φ 𝑛 in LSpan𝑞
, let ˜𝜓, ˜𝜙

be their corresponding controlled states as defined in (60). Then the
following diagram has the sum of𝜓 and 𝜙 as its semantics:

u

wwww
v

Ψ̃

Φ̃

}

����
~

𝑞

=

r
Ψ

z

𝑞
+

r
Φ

z

𝑞
(61)

Now we return to the particular form of sums occurring in equa-

tion (70). Recall that in that sum, the second terms involve the factor

. Notice that

q
1

y
𝑞
=

∑︁
𝜃 ∈F𝑝

𝜔𝜃 = 0 (62)

And so we might ask: are the rewrites of LFourier
Span𝑞

enough to detect

that a sum of the form in equation (70) would lose its second term

when plugged together with a 1 ? It turns out that this work

is done by equation (57), which yields the following stronger form

of proposition 9.5

Proposition 9.6. For diagrams 𝐷
𝑛, 𝐶 𝑛 in LSpan𝑞

, letting

𝐷+𝐶 ≔

𝐷̃

𝐶

𝑍

(63)

where 𝐷̃,𝐶, 𝑍 are the corresponding controlled diagrams, then the
following semantic equality of sums holds:

r
𝐷+𝐶

z

𝑞
=

r
𝐷

z

𝑞
+

r
𝐶

z

𝑞
(64)

and moreover, the following rewrite holds in the language LFourier
Span𝑞

:

𝐷+𝐶 1 = 𝐷 1 (65)

Which yields a catalysis argument for the completeness of the

Galois-Qudit ZH Calculus up to global scalars:

Proposition 9.7. If

𝐷1

𝑛
1

𝐷2

𝑛
1

are diagrams in LSpan𝑞
such that

s
𝐷1 1

{

ZH
=

s
𝐷2 1

{

ZH
(66)

then the following holds in LFourier
Span𝑞

:

𝐷1 1 = 𝐷2 1 (67)

Proof of proposition 9.7. First, since using rule (Z1-trace)we can

rewrite

𝐷1 1 = 1tr 𝜉𝐷1
(68)

and it is easy to check, seeing as tr(F𝑞) = F𝑝 , that
s

𝒙tr 𝜉𝐷1

{

𝑞

= 0 (69)

for any 𝑥 ∉ 𝜉F𝑝 . So, without loss of generality we may assume that

𝐷1 satisfies the restriction condition (53). Similarly, the condition

also holds for 𝐷2.

Proposition 9.2 then tells us that there exist diagrams 𝐶1
,

𝐶2
in LSpan𝑞

such that

r
𝐷1

z

𝑞
+

r
𝐶1

z

𝑞
=

r
𝐷2

z

𝑞
+

r
𝐶2

z

𝑞
(70)

Then constructing 𝐷1+𝐶1
, 𝐷2+𝐶2

as in Proposition 9.6, we obtain

diagrams in LSpan𝑞
such that

r
𝐷1+𝐶1

z

𝑞
=

r
𝐷1

z

𝑞
+

r
𝐶1

z

𝑞

=

r
𝐷2

z

𝑞
+

r
𝐶2

z

𝑞

=

r
𝐷2+𝐶2

z

𝑞

(71)

So by the completeness of graphical algebraic geometry (Proposi-

tion 6.9) we have rewrites in LSpan𝑞
:

𝐷1+𝐶1

6.9
= 𝐷2+𝐶2

(72)

But then by the rewrite (65) given in proposition 9.6, we have

rewrites

𝐷1 1

(65)

= 1𝐷1+𝐶1

6.9
= 1𝐷2+𝐶2

(65)

= 𝐷2 1 (73)

□

10 Conclusion and Future Directions
We have introduced a family of diagrammatic languages, which we

refer to collectively as graphical algebraic geometry (GAG). This

family of languages extends the existing literature on graphical

linear algebra (GLA) by introducing the nonlinear multiplication

operator. We construct three examples of languages within this

family, and show that they are sound, universal, and complete, for

their respective semantics in (co)spans of commutative algebras

and affine varieties.

We showed that closed diagrams in GAG correspond exactly to

counting constraint satisfaction problems, thereby showing that

rewriting GAG diagrams into each other is #P-hard. We show also

that GAG forms the nonlinear classical “backbone” of the Galois-

qudit ZH calculus. Indeed, we show that all quantum processes in

the qudit ZH calculus can be represented by consuming a single

Fourier basis state, up to a finite number of scalars, meaning that

a GAG oracle would be able to simulate the ZH processes with a

constant number of queries. These connections serve to illustrate

the potential versatility of GAG.

There are several directions of future work. On the theoretic

side, there is an open question of constructing graphical algebraic

geometry over R. Indeed, for a real-closed field, one would be able

to express inequality constraints of the form 𝑔(𝑥) ≥ 0 using the

generators of GAG; but finding a complete set of rewrite rules for

such languages may prove difficult, and will involve the Positivstel-

lensatze. Such a language would have exciting applications in the

verification of hybrid systems, where the safety space is often given

as a semialgebraic set in R𝑛
, and dynamics are given by polyno-

mial mappings [60]. On the practical side, there are two obvious
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directions. The first is to explore the connection between GAG and

CSP: in particular, are their existing computational techniques that

can optimize GAG rewriting, or bound the complexity of rewrit-

ing between diagrams of a certain class? The second is to use the

characterization of ZH as an extension of GAG to “grok” quantum

algebraic geometry codes, in the same way graphical linear algebra

has been used to “grok” CSS codes [46].
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A Derived Rules for Scalable Notation in L𝐶𝐴𝑙𝑔𝑘
Proposition 3.3. From the rewrite rules of L𝐶𝐴𝑙𝑔𝑘 it is possible to
derive the rewrite rules about polynomials in the scalable notation, as
depicted in figure 4.

Proof. We begin by proving that rewrite rule (poly-copy)is derive-

able in L𝐶𝐴𝑙𝑔𝑘 , that is,

𝑓 =

𝑓

𝑓

(74)

Since by theorem 3.2 the polynomials are in correspondence with

diagrams in L𝐶𝐴𝑙𝑔𝑘 , so we may prove this proposition by structural

induction on diagrams.

First we check that the equation holds the generators. The equa-

tion is immediate if 𝑓 = .

If 𝑓 = , then we have:

𝐿𝐻𝑆 =

(z-assoc)
=

(z-assoc)
=

(z-symm)
=

(z-assoc)
= = 𝑅𝐻𝑆

(75)

If 𝑓 = , then we have (recalling that the spider with legs

labelled by 0 is the empty diagram):

𝐿𝐻𝑆 =
(z-unit)

= = 𝑅𝐻𝑆 (76)

If 𝑓 = , then we have:

𝐿𝐻𝑆 =
(add-cp)

= = 𝑅𝐻𝑆 (77)

If 𝑓 = , then we have:

𝐿𝐻𝑆 =
(zero-cp)

= = 𝑅𝐻𝑆 (78)

If 𝑓 = , then we have:

𝐿𝐻𝑆 =
(mult-cp)

= = 𝑅𝐻𝑆 (79)

If 𝑓 = , then we have:

𝐿𝐻𝑆 =
(one-cp)

= = 𝑅𝐻𝑆 (80)
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If 𝑓 = 𝜅 , then we have:

𝐿𝐻𝑆 = 𝑘
(k-copy)

=

𝑘

𝑘

= 𝑅𝐻𝑆 (81)

Thus the proposition holds for all the generators of L𝐶𝐴𝑙𝑔𝑘 . Now for

the inductive step: suppose the proposition holds for 𝑓𝑛 𝑚

and 𝑔
𝑛′ 𝑚′

. Then, in the case 𝑚 = 𝑛′, consider the diagram

𝑓 𝑔 . we have

𝐿𝐻𝑆 = 𝑓 𝑔

I.H.

= 𝑓

𝑔

𝑔

I.H.

=

𝑓

𝑓

𝑔

𝑔

= 𝑅𝐻𝑆

(82)

Finally, for the diagram

𝑓

𝑔
we have

𝐿𝐻𝑆 =
𝑓

𝑔

I.H.

=

𝑓

𝑓

𝑔

𝑔

= 𝑅𝐻𝑆 (83)

Here, I.H. denotes the inductive hypothesis. This completes the

induction.

We next prove that rule (poly-del)is deriveable in L𝐶𝐴𝑙𝑔𝑘 , that is,

𝑓 = (84)

We again use structural induction on the diagrams of L𝐶𝐴𝑙𝑔𝑘 . The
equation is tautological if either 𝑓 = or 𝑓 =

(recalling that the spider with legs labelled by 0 is the empty

diagram).

If 𝑓 = , we have

𝐿𝐻𝑆 =
(z-unit)

= = 𝑅𝐻𝑆 (85)

If 𝑓 = or or or or 𝜅 , the

desired proposition is just a straightforward application of axioms

(add-del), (zero-del), (mult-del), (one-del), (k-del)respectively. So the proposition

holds for all generators of L𝐶𝐴𝑙𝑔𝑘 . Now for the inductive step: sup-

pose the proposition holds for 𝑓𝑛 𝑚 and 𝑔
𝑛′ 𝑚′

. Then,

in the case𝑚 = 𝑛′, consider the diagram 𝑓 𝑔 . we have

𝐿𝐻𝑆 = 𝑓 𝑔
I.H.

= 𝑓
I.H.

= = 𝑅𝐻𝑆 (86)

Finally, for the diagram

𝑓

𝑔
we have

𝐿𝐻𝑆 =
𝑓

𝑔

I.H.

= = 𝑅𝐻𝑆 (87)

This completes the induction.

Finally, the rules (poly-add), (poly-mult), and (poly-comp)are direct conse-

quences of the fact that L𝐶𝐴𝑙𝑔𝑘 is the Lawvere theory of commuta-

tive algebras over 𝑘 . □

B Proofs about LCosp

B.1 Proofs about Soundness
Proposition 5.2 (Cospan Soundness). Every rewrite rule in 𝐸 is
sound with respect to the intended semantic [−].

Proof. First to prove (k-inv): for 𝑙 ∈ 𝑘× ,[
𝑙

]
=

(
𝑘 [𝑥] = 𝑘 [𝑥]

𝑦 ↦→𝑙𝑥
←−−−− 𝑘 [𝑦]

)
=

(
𝑘 [𝑥]

𝑥 ↦→𝑙−1𝑦
−−−−−−→ 𝑘 [𝑦] = 𝑘 [𝑦]

)
=

[
𝑙−1

] (88)

where the second equality is the span isomorphism

𝑘 [𝑥]

𝑘 [𝑥] 𝑘 [𝑦]

𝑘 [𝑦]

𝑙−1𝑦

𝑙−1𝑦

𝑙𝑥

Next to prove (x-bone):

[ ] =
(
𝑘 = 𝑘

𝑥 ↦→0←−−− 𝑘 [𝑥] 𝑥 ↦→0−−−→ 𝑘 = 𝑘

)
= (𝑘 = 𝑘 = 𝑘) =

[ ] (89)

here the second equality is the pushout

𝑘

𝑘 𝑘

𝑘 [𝑥]

⌟

𝑥 ↦→0 𝑥 ↦→0

Next to prove(z-frob):[ ]

=

©­­­«𝑘 [𝑥1, 𝑥2]
𝑥1←p𝑦1
𝑥1←p𝑦2
𝑥2←p𝑦3←−−−−− 𝑘 [𝑦1, 𝑦2, 𝑦3]

𝑦1 ↦→𝑧1
𝑦2 ↦→𝑧2
𝑦3 ↦→𝑧2−−−−−→ 𝑘 [𝑧1, 𝑧2]

ª®®®¬
=

(
𝑘 [𝑥1, 𝑥2] →

𝑘 [𝑥1, 𝑥2, 𝑧1, 𝑧2]
(𝑥1 − 𝑧1, 𝑥1 − 𝑧2, 𝑥2 − 𝑧2)

← 𝑘 [𝑧1, 𝑧2]
)

=
©­«𝑘 [𝑥1, 𝑥2]

𝑥1 ↦→𝑦
𝑥2 ↦→𝑦
−−−−→ 𝑘 [𝑦]

𝑦←p𝑧1
𝑦←p𝑧2←−−−−− 𝑘 [𝑧1, 𝑧2]ª®¬ =

[ ]

=

©­­­«𝑘 [𝑥1, 𝑥2]
𝑥1←p𝑦1
𝑥2←p𝑦2
𝑥2←p𝑦3←−−−−− 𝑘 [𝑦1, 𝑦2, 𝑦3]

𝑦1 ↦→𝑧1
𝑦2 ↦→𝑧1
𝑦3 ↦→𝑧2−−−−−→ 𝑘 [𝑧1, 𝑧2]

ª®®®¬
=

[ ]

(90)
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Next for the soundness of (x-frob): first, by a pushout we obtain

that

[ ]
=

(
𝑘 [𝑥1, 𝑥2]

𝑥1+𝑥2←p𝑦←−−−−−−−− 𝑘 [𝑦]
𝑦 ↦→𝑧1+𝑧2−−−−−−−→ 𝑘 [𝑧1, 𝑧2]

)
=

(
𝑘 [𝑥1, 𝑥2] →

𝑘 [𝑥1, 𝑥2, 𝑧1, 𝑧2]
(𝑥1 + 𝑥2 − 𝑧1 − 𝑧2)

← 𝑘 [𝑧1, 𝑧2]
) (91)

Now consider the apex of the cospan in the final line of 91. We can

parametrize it in two ways:

𝑘 [𝑢1, 𝑢2, 𝑢3]

𝑘 [𝑥1, 𝑥2] 𝑘 [𝑥1,𝑥2,𝑧1,𝑧2 ]
(𝑥1+𝑥2−𝑧1−𝑧2 ) 𝑘 [𝑧1, 𝑧2]

𝑘 [𝑣1, 𝑣2, 𝑣3]

𝑥1 ↦→𝑢1+𝑢2
𝑥2 ↦→𝑢3

𝑥1 ↦→𝑣1
𝑥2 ↦→𝑣2+𝑣3

𝛼

𝛽

𝑧1 ↦→𝑢1
𝑧2 ↦→𝑢2+𝑢3

𝑧1 ↦→𝑣1+𝑣2
𝑧2 ↦→𝑣3

where 𝛼, 𝛽 are the obvious maps that make the above diagram

commute:

𝛼 :

𝑥1 ↦→ 𝑢1 + 𝑢2
𝑥2 ↦→ 𝑢3

𝑧1 ↦→ 𝑢1

𝑧2 ↦→ 𝑢2 + 𝑢3

𝛽 :

𝑥1 ↦→ 𝑣1

𝑥2 ↦→ 𝑣2 + 𝑣3
𝑧1 ↦→ 𝑣1 + 𝑣2
𝑧2 ↦→ 𝑣3

(92)

Which are both isomorphisms of algebras. This gives:

[ ]
=

(
𝑘 [𝑥1, 𝑥2] →

𝑘 [𝑥1, 𝑥2, 𝑧1, 𝑧2]
(𝑥1 + 𝑥2 − 𝑧1 − 𝑧2)

← 𝑘 [𝑧1, 𝑧2]
)

=
©­«𝑘 [𝑥1, 𝑥2]

𝑥1 ↦→𝑢1+𝑢2
𝑥2 ↦→𝑢3−−−−−−−−→ 𝑘 [𝑢1, 𝑢2, 𝑢3]

𝑢1←p𝑧1
𝑢2+𝑢3←p𝑧2←−−−−−−−− 𝑘 [𝑧1, 𝑧2]ª®¬

=

[ ]

=
©­«𝑘 [𝑥1, 𝑥2]

𝑥1 ↦→𝑣1
𝑥2 ↦→𝑣2+𝑣3−−−−−−−−→ 𝑘 [𝑣1, 𝑣2, 𝑣3]

𝑣1+𝑣2←p𝑧1
𝑣3←p𝑧2←−−−−−−−− 𝑘 [𝑧1, 𝑧2]ª®¬

=

[ ]

(93)

Now for the soundness of (cup):

 −1


=

(
𝑘

0←p𝑥←−−−− 𝑘 [𝑥]
𝑥 ↦→𝑦1−𝑦2−−−−−−−−→ 𝑘 [𝑦1, 𝑦2]

)
=

(
𝑘 → 𝑘 [𝑦1, 𝑦2]

(𝑦1 − 𝑦2)
← 𝑘 [𝑦1, 𝑦2]

)
=

©­«𝑘 → 𝑘 [𝑥]
𝑥←p𝑦1
𝑥←p𝑦2←−−−−− 𝑘 [𝑦1, 𝑦2]ª®¬

=

[ ]
(94)

The proof for the soundness of (cap)is almost identical:

 −1


=

(
𝑘 [𝑥1, 𝑥2]

𝑥1−𝑥2←p𝑦←−−−−−−−− 𝑘 [𝑦]
𝑦 ↦→0

−−−→ 𝑘

)
=

(
𝑘 [𝑥1, 𝑥2] →

𝑘 [𝑥1, 𝑥2]
(𝑥1 − 𝑥2)

← 𝑘

)
=

(
𝑘 [𝑥1, 𝑥2]

𝑥1 ↦→𝑦
𝑥2 ↦→𝑦
−−−−→ 𝑘 [𝑦] ← 𝑘

)
=

[ ]
(95)

Now for the soundness of (k-trp):


𝜅


=

©­­­«𝑘 [𝑥2] → 𝑘
[
𝑥1
𝑥2

] 𝑥1←p𝑦1
𝜅𝑥1←p𝑦2
𝑥2←p𝑦3←−−−−−− 𝑘

[𝑦1
𝑦2
𝑦3

] 𝑦1 ↦→𝑧1
𝑦2 ↦→𝑧2
𝑦3 ↦→𝑧2−−−−−→ 𝑘

[
𝑧1
𝑧2

]
← 𝑘 [𝑧1]

ª®®®¬
=

(
𝑘 [𝑥2] →

𝑘 [𝑥1, 𝑥2, 𝑧1, 𝑧2]
(𝑥1 − 𝑧1, 𝜅𝑥1 − 𝑧2, 𝑥2 − 𝑧2)

← 𝑘 [𝑧1]
)

=

(
𝑘 [𝑥2]

𝑥2 ↦→𝜅𝑧1−−−−−−→ 𝑘 [𝑧1] ← 𝑘 [𝑧1]
)
= [ 𝜅 ]

(96)
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For the soundness of (k-trp):




=

©­­­­­­«
𝑘 [𝑥3] → 𝑘

[
𝑥1
𝑥2
𝑥3

] 𝑥1←p𝑦1
𝑥1𝑥2←p𝑦2
𝑥3←p𝑦3
𝑥2←p𝑦4←−−−−−−− 𝑘

[𝑦1
𝑦2
𝑦3
𝑦4

] 𝑦1 ↦→𝑧1
𝑦2 ↦→𝑧2
𝑦3 ↦→𝑧2
𝑦4 ↦→𝑧3−−−−−→ 𝑘

[
𝑧1
𝑧2
𝑧3

]
← 𝑘

[
𝑧1
𝑧3

]ª®®®®®®¬
=

(
𝑘 [𝑥3] →

𝑘 [𝑥1, 𝑥2, 𝑥3, 𝑧1, 𝑧2, 𝑧3]
(𝑥1 − 𝑧1, 𝑥1𝑥2 − 𝑧2, 𝑥3 − 𝑧2, 𝑥2 − 𝑧3)

← 𝑘
[
𝑧1
𝑧3

] )
=

(
𝑘 [𝑥3]

𝑥3 ↦→𝑧1𝑧3−−−−−−−→ 𝑘 [𝑧1, 𝑧3] ← 𝑘 [𝑧1, 𝑧3]
)

=

[ ]

(97)

For the soundness of (one-trp):




=
©­«𝑘 [𝑥]

𝑥←p𝑦1
1←p𝑦2←−−−−− 𝑘 [𝑦1, 𝑦2]

𝑦1 ↦→𝑧
𝑦2 ↦→𝑧
−−−−→ 𝑘 [𝑧] ← 𝑘

ª®¬
=

(
𝑘 [𝑥] → 𝑘 [𝑥, 𝑧]

(𝑥 − 𝑧, 1 − 𝑧) ← 𝑘

)
=

(
𝑘 [𝑥] 𝑥 ↦→1−−−→ 𝑘 ← 𝑘

)
=

[ ]
(98)

This completes the proof that every rewrite rule contained in

figure 5 are sound with respect to the semantics functor [−] :

LCosp →𝐹 Cosp(CAlgf.g.
𝑘
). □

B.2 Proofs of Derived Rules
Lemma 5.3. The following are some useful derived rules of LCosp:

= (special)

𝑓 = 𝑓 ∀𝑓 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚

(poly-trp)

Proof. First we show how to derive special. The reasoning in

this proof is almost identical to the reasoning in the proofs con-

tained in appendix A.2.2 of [70]. We first make the following deriva-

tion: for any 𝜅 ∈ 𝑘 ,

𝜅
(k-trp)
= 𝜅

(z-frob)
(z-unit)

=
𝜅 (cup)

=
𝜅−1

(k-assoc)
=

−𝜅 (x-frob)
= −𝜅

(99)

and with this we can make the desired derivation:

(x-bone)
=

(z-unit)
=

(zero-in-k)
=

0 0

(k-add)
= −1 −1

(z-assoc)
= −1 −1

99

= −1 1

(z-assoc)
(x-assoc)

=
−1

1

(k-add)
(zero-in-k)

=

(z-unit)
(x-unit)

=

(100)

as required.

Next we show how to derive poly-trp by structural induction

on L𝐶𝐴𝑙𝑔𝑘 . First we show that the proposition holds for 𝑓 =
𝑛

. When 𝑛 = 1 this is easily derived as:

𝐿𝐻𝑆 =
(z-frob)

=
(z-unit)

= = 𝑅𝐻𝑆

(101)
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whereas for 𝑛 > 1 we can induct on 𝑛:

𝐿𝐻𝑆 =

𝑛

𝑛

𝑛

𝑛

𝑛
3

=

1

𝑛 − 1

𝑛 − 1

1

=

1

𝑛 − 1

𝑛 − 1

1

1

𝑛 − 1

I.H.

=

𝑛 − 1 𝑛 − 1
1 1

=

𝑛 − 1 𝑛 − 1
1 1

3

= 𝑛 = 𝑅𝐻𝑆

(102)

where the equality labelled “I.H.” is an application of the inductive

hypothesis.

We then check that the proposition holds for 𝑓 ranging over

every generator of L𝐶𝐴𝑙𝑔𝑘 .
If 𝑓 = , then

𝐿𝐻𝑆 =

(z-frob)
(z-unit)

=

(z-frob)
(z-unit)

=

(z-frob)
(z-unit)

=

(z-symm)†
= = 𝑅𝐻𝑆

(103)

If 𝑓 = , the derivation is similar:

𝐿𝐻𝑆 =

(cup)
(cap)
(k-inv)
=

−1

−1

−1

(x-frob)
(x-unit)

= −1
−1

−1

(x-symm)
= −1

−1

−1

(k-add)
= −1−1

(k-assoc)
=

(104)

For 𝑓 = or , the proposition is a straightforward

application of their respective (co)unitality laws (z-unit)and (x-unit). Fi-

nally, for 𝑓 = , , or 𝜅 , the proposition is

verbatim identical to the laws (k-trp), (one-trp), or (k-trp)respectively.

Now for the inductive step: suppose the proposition holds for

𝑓𝑛 𝑚 and 𝑔
𝑛′ 𝑚′

. Then, in the case𝑚 = 𝑛′, consider the
diagram 𝑓 𝑔 . we have

𝐿𝐻𝑆 = 𝑓 𝑔

𝑛

𝑚

𝑚′

102

=

𝑓

𝑔

𝑛

𝑚

𝑚

𝑚′

𝑚′

𝐼 .𝐻 .
= 𝑓𝑔 = 𝑅𝐻𝑆

(105)

And for the diagram

𝑓

𝑔
, we have

𝐿𝐻𝑆 =
𝑓

𝑔
=

𝑓

𝑔

𝐼 .𝐻 .
=

𝑓

𝑔

=
𝑓

𝑔
= 𝑅𝐻𝑆

(106)

Where the second equality follows from the naturality of the braid-

ings, and the fourth equality follows from both the naturality and

the involutivity of the braidings. This completes the structural in-

duction and proof. □

B.3 Proofs about Ideal Gadgets
In this appendix we prove that the following lemmas hold in LCosp.

Lemma 5.4. For any 𝑓 ∈ 𝑘 [𝑥1, . . . , 𝑥𝑛], the following is deriveable
from the rewrite rules of LCosp:

𝑓

=
𝑓

Proof.

𝐿𝐻𝑆 =
𝑓

102

=

𝑓
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𝑝𝑜𝑙𝑦−𝑡𝑟𝑝,𝑝𝑜𝑙𝑦−𝑡𝑟𝑝†
=

𝑓

(z-frob)
=

𝑓

= 𝑅𝐻𝑆

□

Lemma 5.5. For any 𝑓 , 𝑔 ∈ 𝑘 [𝑥1, . . . , 𝑥𝑛], the following is deriveable
from the rewrite rules of LCosp:

𝑓 𝑔 = 𝑓𝑔

Proof.

𝐿𝐻𝑆 = 𝑓 𝑔
(z-assoc)

=

𝑓 𝑔

(z-symm)
=

𝑓 𝑔

𝑆.𝑀.𝐶.
= 𝑓𝑔 = 𝑅𝐻𝑆.

(107)

Here the equality labelled S.M.C. follows from the naturality of the

braidings in a symmetric monoidal category. □

Lemma 5.6. Let 𝑓1, . . . , 𝑓𝑚 ∈ 𝑘 [𝑥1, . . . , 𝑥𝑛], and pick some 𝑓 inside
the ideal (𝑓1, . . . , 𝑓𝑚). Then the following is deriveable from the rewrite
rules of LCosp:

𝑓𝑚𝑓
1

. . .
= 𝑓𝑚𝑓1

. . .

𝑓 . (26)

Proof. First, by the completeness of L𝐶𝐴𝑙𝑔𝑘 , we know that the

following equation is deriveable:

= 0 = (108)

Note, the second equality here is verbatim rule (zero-in-k); while the

first equality can be easily derived by substituting

(one-del)
=

(zero-in-k)
= 0

Now, since 𝑓 ∈ (𝑓1, . . . , 𝑓𝑚), so there exist polynomials𝑔1, . . . , 𝑔𝑚 ∈
𝑘 [𝑥1, . . . , 𝑥𝑛] such that 𝑓 = 𝑔1 𝑓1 + · · · + 𝑔𝑚 𝑓𝑚 . Then by the com-

pleteness of L𝐶𝐴𝑙𝑔𝑘 , we know that the following is deriveable by its

rewrite rules:

𝑓 =

𝑓1

𝑔1

𝑓𝑚

𝑔𝑚

... (109)

Thus we can rewrite the right-hand-side of (26) as follows:

𝑅𝐻𝑆 = 𝑓𝑚𝑓1

. . .

𝑓

109

=

𝑓1 𝑔1 𝑓𝑚 𝑔𝑚. . .

𝑓𝑚𝑓1

. . .

(z-frob)
=

𝑓1 𝑔1 𝑓𝑚 𝑔𝑚. . . 𝑓𝑚𝑓1

(poly-copy)
=

𝑔1 𝑓𝑚 𝑔𝑚. . .𝑓1

(zx-bialg)
=

𝑔1 𝑓𝑚 𝑔𝑚. . .𝑓1
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108

=

𝑔1 𝑓𝑚 𝑔𝑚. . .𝑓1

. . .

(poly-del)
=

𝑓𝑚. . .𝑓1

. . .

(z-unit)
=

𝑓𝑚

. . .

𝑓1

(x-unit),(x-bone)
=

𝑓𝑚. . .𝑓1

(z-assoc)
= 𝑓𝑚𝑓

1

. . .
= 𝐿𝐻𝑆 (110)

□

Proposition 5.9 (Quotient Gadgets). The semantic of the gadget
𝐼

is (any finite presentation of) the finitely generated commu-

tative algebra defined by 𝐼 . More precisely, if 𝐼 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛] is any
ideal, then [

𝐼

]
= (𝑆𝑘 (𝑛) ↠ 𝑆𝑘 (𝑛)/𝐼 ↞ 𝑆𝑘 (𝑛))

where both legs are the canonical projections 𝜋𝐼 against 𝐼 .

Proof. We first show this for the case where 𝐼 is a principal

ideal: say 𝐼 = (𝑓 ). We view the gadget as a composition of two

diagrams like so:

𝑓 =
𝑓

(111)

Note that the left-half is a diagram in L𝐶𝐴𝑙𝑔𝑘 , while the right-half
is a diagram in L𝑜𝑝

𝐶𝐴𝑙𝑔𝑘
. So

 𝑓


=

©­«𝑘 [𝑥1, . . . , 𝑥𝑛]
𝑓 (x)←p𝑦0
𝑥 𝑗←p𝑦 𝑗←−−−−−−− 𝑘 [𝑦0, . . . , 𝑦𝑛]

𝑦0 ↦→0

𝑦 𝑗 ↦→𝑧 𝑗−−−−−→ 𝑘 [𝑧1, . . . , 𝑧𝑛]ª®¬
=

(
𝑘 [𝑥1, . . . , 𝑥𝑛] →

𝑘 [𝑥1, . . . , 𝑥𝑛, 𝑧1, . . . , 𝑧𝑛]
(𝑓 (x), 𝑥 𝑗 − 𝑧 𝑗 )

← 𝑘 [𝑧1, . . . , 𝑧𝑛]
)

=

(
𝑘 [𝑥1, . . . , 𝑥𝑛] →

𝑘 [𝑥1, . . . , 𝑥𝑛]
(𝑓 (x)) ← 𝑘 [𝑥1, . . . , 𝑥𝑛]

)
(112)

where, in the derivation 112, the index 𝑗 is always quantified uni-

versally over 1, . . . , 𝑛.

Nowwe perform the inductive step: suppose that 𝐼 , 𝐽 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛]
are ideals for which the proposition holds. Then the composition

𝐼 𝐽

is the gadget corresponding to the ideal generated by

the union of the elements in 𝐼 and 𝐽 (since we have taken a union

of the generators). In other words it is the gadget corresponding to

𝐼 + 𝐽 . We compute:
𝐼 𝐽


=


𝐽

 ◦
[

𝐼

]
=

(
𝑘

[𝑥1
...
𝑥𝑛

]
↠ 𝑘

[𝑥1
...
𝑥𝑛

]
/𝐼 ↞ 𝑘

[𝑥1
...
𝑥𝑛

]
↠ 𝑘

[𝑥1
...
𝑥𝑛

]
/𝐽 ↞ 𝑘

[𝑥1
...
𝑥𝑛

] )
=

(
𝑘

[𝑥1
...
𝑥𝑛

]
↠

𝑘 [𝑥1, . . . , 𝑥𝑛]
𝐼 + 𝐽 ↞ 𝑘

[𝑥1
...
𝑥𝑛

] )
(113)

Recall that, since 𝑘 [𝑥1, . . . , 𝑥𝑛] is a Noetherian ring, every ideal is a

finite sum of principal ideals. This completes the induction and the

proof. □

B.4 Proofs about Universality and
Completeness

Proposition 5.10 (CospanUniversality). For any ideal 𝐼 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛]
and tuples of polynomials 𝑓 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 and𝑔 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚

′
,[

𝐼

𝑔𝑓

]
=

(
𝑆𝑘 (𝑚)

𝑓 #
𝐼−−→ 𝐴

𝑔#
𝐼←− 𝑆𝑘 (𝑚′)

)
(29)

where 𝐴 = 𝑆𝑘 (𝑛)/𝐼 . Since every algebra morphism 𝑆𝑘 (𝑚) → 𝐴 is
equal to 𝑓 #

𝐼
for some 𝑓 , so [−] : LCosp →𝐹 Cosp(CAlgf.g.

𝑘
) is full.

Proof. Recall from proposition 5.9 that the semantic of the quo-

tient gadget in the middle of the diagram on the left-hand-side

is [
𝐼

]
= (𝑆𝑘 (𝑛) ↠ 𝑆𝑘 (𝑛)/𝐼 ↞ 𝑆𝑘 (𝑛)) (114)
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Thus we have[
𝐼

𝑔𝑓

]
=

(
𝑆𝑘 (𝑚)

𝑓 #

−−→ 𝑆𝑘 (𝑛) ↠ 𝑆𝑘 (𝑛)/𝐼 ↞ 𝑆𝑘 (𝑛)
𝑔#

←− 𝑆𝑘 (𝑚′)
)

=

(
𝑆𝑘 (𝑚)

𝑓 #
𝐼−−→ 𝐴

𝑔#
𝐼←− 𝑆𝑘 (𝑚′)

) (115)

as required. □

Proposition 5.12 (Cospan Normal Form). Every diagram in LCosp

can be rewritten into cospan form.

Proof. We prove by structural induction. First we show that

every generator of LCosp can be rewritten into cospan form. By

†-symmetry, we only need to show this for the generators coming

from L𝐶𝐴𝑙𝑔𝑘 .
But this is immediate: for any 𝑓 ∈ L𝐶𝐴𝑙𝑔𝑘 , we may rewrite

it as

𝑓
(z-unit),(x-bone)

= 𝑓
5.7
= 𝑓

0

𝑖𝑑 (116)

Thus all the generators of LCosp can be rewritten into cospan

form. It remains now to show that compositions and monoidal

products of cospan form diagrams can be rewritten into cospan

form.

Take any pair of composable diagrams in cospan form. Their

composition can be rewritten thus:

𝐼

𝑔𝑓

𝐽

𝑔′𝑓 ′

(z-fusion)
=

𝐼 𝑔

𝑓

𝐽

𝑔′

𝑓 ′

(cap),𝑝𝑜𝑙𝑦−𝑡𝑟𝑝
=

𝐼

𝑔

𝑓

𝐽

𝑔′

𝑓 ′

−1

S.M.C.

=

𝐼

𝑔

𝑓

𝐽

𝑔′

𝑓 ′

−1

5.7
=

𝐼

𝑓

𝐽

𝑔′

𝑔 − 𝑓 ′

(117)

Where the equality labelled “S.M.C.” is an application of the co-

herence axioms of symmetric monoidal categories. Note that this

corresponds precisely to the pushout operation taken in the com-

position of cospans.

Finally, take any pair of arbitrary diagrams in cospan form. Their

monoidal product can be rewritten as:

𝐼

𝑔𝑓

𝐽

𝑔′𝑓 ′

𝑆.𝑀.𝐶.
=

𝐼

𝑔𝑓

𝐽

𝑔′𝑓 ′

which is again in cospan form. Thus by induction all diagrams in

LCosp can be rewritten into cospan form. □

Lemma 5.13. Let 𝐼 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛] be an ideal, and let 𝑓 , 𝑔 ∈
(𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 be any two polynomial tuples such that 𝑓 − 𝑔 ∈ 𝐼𝑚 .
That is, let 𝑓 , 𝑔 be such that 𝑓 #

𝐼
= 𝑔#

𝐼
. Then the following diagram

rewrite is derivable in LCosp:

𝐼

𝑓
=

𝐼

𝑔
(31)

Proof. Suppose ℎ = 𝑓 − 𝑔 ∈ 𝐼𝑚 . By Proposition 3.2

𝑓 =

𝑔

ℎ

(118)

is a rewrite in L𝐶𝐴𝑙𝑔𝑘 . So we compute:

𝐼

𝑓
=

𝑔

ℎ

𝐼

5.6
=

𝑔

ℎ

𝐼 ℎ

=
(z-assoc)

=

𝑔

ℎ

𝐼

ℎ

(poly-copy)
=

𝑔𝐼

ℎ

(zero-cp)
=

𝑔𝐼

ℎ

(x-unit)
= 𝑔

𝐼 ℎ

5.6
=

𝐼

𝑔

(119)

□

Lemma 5.14. Suppose 𝐼 ⊂ 𝑆𝑘 (𝑛) and 𝐽 ⊂ 𝑆𝑘 (𝑚) are ideals of
polynomials and 𝑓 ∈ (𝑆𝑘 (𝑛))𝑚 . Suppose 𝑓 #𝐼 : 𝑆𝑘 (𝑚) → 𝑆𝑘 (𝑛)/𝐼
satisfies 𝐽 ⊂ ker 𝑓 #

𝐼
. Then the following rewrite holds:

𝑓

𝐼 𝐽

= 𝑓

𝐼

Proof. Suppose 𝑔1, . . . , 𝑔𝑚 is a basis 𝐽 = (𝑔1, . . . , 𝑔𝑚). Then for

each 𝑔 𝑗 , we have 𝑓
#

𝐼
(𝑔 𝑗 ) = 0. Using the definition of the #, we have
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in other words (𝑔 𝑗 ◦ 𝑓 )#𝐼 = 0. So 𝑔 𝑗 ◦ 𝑓 ∈ 𝐼 . Thus by lemma 5.13, we

have a rewrite

𝑓

𝐼

𝑔𝑗 =

𝐼

(120)

So we can derive:

𝑓

𝐼 𝐽

5.7
=

𝐼

𝑓

𝑔1 𝑔𝑚

. . .

(poly-copy)
=

𝐼

𝑓

𝑔1 𝑔𝑚

. . .

𝑓 𝑓

(z-frob),5.8
=

𝐼

𝑓

𝑔1 𝑔𝑚

. . .

𝑓 𝑓

𝐼

120

=

𝐼

𝑓. . .
𝐼

(z-frob),5.8
=

𝐼

𝑓. . .

(z-unit),(x-bone)
= 𝑓

𝐼

(121)

□

Lemma 5.15. Suppose 𝐼 ⊂ 𝑆𝑘 (𝑛) and 𝐽 ⊂ 𝑆𝑘 (𝑚) are ideals, 𝛼 :

𝑆𝑘 (𝑚)/𝐽 → 𝑆𝑘 (𝑛)/𝐼 is an isomorphism of algebras, and𝜎 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 ,
𝜏 ∈ (𝑘 [𝑦1, . . . , 𝑦𝑚])𝑛 are a pair of polynomial tuples such that they
represent 𝛼, 𝛼−1 respectively, i.e. such that the following commutes:

𝑆𝑘 (𝑚) 𝑆𝑘 (𝑚)/𝐽 𝑆𝑘 (𝑚)

𝑆𝑘 (𝑛) 𝑆𝑘 (𝑛)/𝐼 𝑆𝑘 (𝑛)

𝜋𝐽

𝜎# 𝛼

𝜋𝐽

𝜋𝐼

𝛼−1 𝜏#

𝜋𝐼

Then the following rewrite holds:

𝜏

𝐽

= 𝜎

𝐼

(32)

Proof. We know that

𝜋𝐼 ◦ 𝜎# = 𝛼 ◦ 𝜋 𝐽
𝜋 𝐽 ◦ 𝜏# = 𝛼−1 ◦ 𝜋𝐼

(122)

from which we can easily derive that

𝜋𝐼 ◦ 𝜎# ◦ 𝜏# = 𝜋𝐼
𝜋 𝐽 ◦ 𝜏# ◦ 𝜎# = 𝜋 𝐽

(123)

which is to say,

(𝜏 ◦ 𝜎)#𝐼 = (𝑖𝑑)#𝐼
(𝜎 ◦ 𝜏)#𝐽 = (𝑖𝑑)#𝐽

(124)

So by lemma 5.13, the following are deriveable in LCosp:

𝜎 𝜏

𝐼

=
𝐼

𝜎𝜏

𝐽

=
𝐽

(125)

Now we can show that 𝜎

𝐼

is the left inverse of 𝜎 :

𝐼 (z-unit),(poly-del)
=

𝐼
𝜎

𝑠𝑝𝑒𝑐𝑖𝑎𝑙
=

𝐼
𝜎 (poly-copy)

=
𝐼

𝜎

𝜎

(z-frob),𝑝𝑜𝑙𝑦−𝑡𝑟𝑝
=

𝐼
𝜎 𝜎

5.8,(z-frob)
=

𝐼

𝜎 𝜎

𝐼

125

=

𝐼

𝜎 𝜎

𝐼

𝜎 𝜏 𝜏 𝜎

(z-frob),(poly-copy)
=

𝐼 𝐼

𝜎

𝜏 𝜏

𝜎

(z-frob),𝑝𝑜𝑙𝑦−𝑡𝑟𝑝
=

𝐼 𝐼

𝜎 𝜎

𝜏

𝜏

(poly-copy)
=

𝐼 𝐼

𝜎 𝜎

𝜏

𝑠𝑝𝑒𝑐𝑖𝑎𝑙
=

𝐼 𝐼

𝜎 𝜎

𝜏

(poly-del),(z-unit)
= 𝐼 𝐼

𝜎 𝜎

(126)
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And consequently we have the rewrite we need:

𝜏

𝐽

5.14
= 𝜏

𝐽 𝐼

126

= 𝜏

𝐽 𝐼

𝜎 𝜎

𝐼

5.14
= 𝜏

𝐽

𝜎 𝜎

𝐼

125

=

𝐽

𝜎

𝐼

5.14𝑜𝑝

= 𝜎

𝐼

□

Corollary 5.16. If 𝛼 : 𝑆𝑘 (𝑚)/𝐽 → 𝑆𝑘 (𝑛)/𝐼 is an isomorphism of
algebras, and 𝜎 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑚 represents 𝛼 as in lemma 5.15,
then

𝐽

=
𝐼

𝜎 𝜎

Proof.

𝐼

𝜎 𝜎

5.15
=

𝐽

𝜎𝜏

125

=
𝐽

(127)

□

Proposition 5.17. The functor [−] is faithful. That is, LCosp is
complete as a language for 𝐹 Cosp(CAlgf.g.𝑘

).

Proof. This is in other words to say that our rewrite rules are

complete. By proposition 5.12 any diagram in LCosp can be rewrit-

ten into cospan form. So it suffices to prove that, whenever two

diagrams in cospan form are mapped to isomorphic cospans by [−],
then they are rewriteable into each other. Pick any two diagrams

in cospan form

𝐼

𝑔𝑓
and

𝐽

𝑔′𝑓 ′

with the same wire types on both ends. Suppose there exists a

cospan isomorphism

𝑆𝑘 (𝑢)/𝐼

𝑘𝑛 𝑘𝑚

𝑆𝑘 (𝑣)/𝐽

𝑓 #
𝐼

𝑔#
𝐼

𝛼
𝑓 ′#
𝐽

𝑔′#
𝐽

(128)

between their images under the semantics functor.

Since 𝛼 : 𝑆𝑘 (𝑣)/𝐽 → 𝑆𝑘 (𝑢)/𝐼 is an isomorphism, so corollary

5.16 gives a rewrite

𝐽

=
𝐼

𝜎 𝜎

where 𝜎 is some tuple of polynomials such that 𝜎#
𝐼
= 𝛼 ◦ 𝜋 𝐽 (say,

pick 𝜎 = (𝛼 ◦ 𝜋 𝐽 )♭𝐼 ). Moreover, since diagram 128 commutes, so

𝑓 #𝐼 = 𝛼 ◦ 𝑓 ′#𝐽 = 𝛼 ◦ 𝜋 𝐽 ◦ 𝑓 ′# = 𝜎#𝐼 ◦ 𝑓 ′# = (𝑓 ′ ◦ 𝜎)#𝐼 (129)

and similarly wemay derive𝑔#
𝐼
= (𝑔′◦𝜎)#

𝐼
. So we have the following

rewrites:

𝐽

𝑔′𝑓 ′
5.16
=

𝐼

𝑔′𝑓 ′ 𝜎 𝜎

5.13
=

𝐼

𝑔𝑓

(130)

□

C Proofs about LSpan𝑘
and LSpan𝑞

C.1 Proofs about LSpan𝑘

Proposition 6.2. The PROP morphism

LCosp

Spec[−]𝑟𝑒𝑑−−−−−−−−−→𝐺 Span(AffVar𝑘 ) (34)

factors through LSpan𝑘
. In other words, rule (red) is sound for affine

varieties over an algebraically closed field.

Proof. We compute directly:

Spec

[ ]
𝑟𝑒𝑑

= Spec

(
𝑘 [𝑥] 𝑥2←−− 𝑘 [𝑦] 0−→ 𝑘

)
𝑟𝑒𝑑

𝑝𝑢𝑠ℎ𝑜𝑢𝑡
= Spec

(
𝑘 [𝑥] → 𝑘 [𝑥]/(𝑥2) ← 𝑘

)
𝑟𝑒𝑑

𝑟𝑒𝑑𝑢𝑐𝑒
= Spec

(
𝑘 [𝑥] 0−→ 𝑘 = 𝑘

)
= Spec [ ]𝑟𝑒𝑑

(131)

Thus rule red is sound with respect to the map Spec[−]𝑟𝑒𝑑 , and so

the map factors through LSpan𝑘
. □

Lemma 6.3. Let 𝐼 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛] be an ideal. The following is
deriveable from the rewrite rules of LSpan𝑘

:

𝐼

=

√
𝐼

(36)

Proof. Since

√
𝐼 will have a finite basis, so it suffices to prove

that the following rewrite exists in LSpan𝑘

𝐼

=
𝐼 𝑓

(132)

for any 𝑓 ∈
√
𝐼 .

Since 𝑓 ∈
√
𝐼 , so there exists some𝑔 ∈ 𝐼 and some𝑛 ∈ N such that

𝑔𝑛 = 𝑓 . Thus by the completeness of L𝐶𝐴𝑙𝑔𝑘 alone, the following is

deriveable:

𝑓 = 𝑔
... 𝑛 (133)
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So we have

𝑅𝐻𝑆 =
𝐼 𝑓

133

=
𝐼 𝑔1

. . .

𝑔𝑚

. . . . . .
𝑛1 𝑛𝑚

𝑟𝑒𝑑
=

𝐼 𝑔1

. . .

𝑔𝑚
5.6
=

𝐼

= 𝐿𝐻𝑆

□

Proposition 6.4. The semantic map LSpan𝑘

[−]𝑘−−−−→𝐺 Span(AffVar𝑘 )
is faithful. In other words, LSpan𝑘

is complete for 𝐺 Span(AffVar𝑘 ).

Proof. Pick any ideals 𝐼 ⊂ 𝑆𝑘 (𝑢) and 𝐽 ⊂ 𝑆𝑘 (𝑣), and any tu-

ples of polynomials 𝑓 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑢 , 𝑓 ′ ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑣 ,
𝑔 ∈ (𝑘 [𝑦1, . . . , 𝑦𝑚])𝑢 , and 𝑔′ ∈ (𝑘 [𝑦1, . . . , 𝑦𝑚])𝑛 . Suppose that the
following diagrams are sent to the same semantic by [−]𝑘 :[

𝐼

𝑔𝑓

]
𝑘

=


𝐽

𝑔′𝑓 ′

𝑘 (134)

that is, there is a span isomorphism of varieties

Spec

(
𝑆𝑘 (𝑛)

𝑓 #
𝐼−−→ 𝑆𝑘 (𝑢)/𝐼

𝑔#
𝐼←− 𝑆𝑘 (𝑚)

)
𝑟𝑒𝑑

= Spec

(
𝑆𝑘 (𝑛)

𝑓 ′#
𝐽−−→ 𝑆𝑘 (𝑣)/𝐽

𝑔′#
𝐽←−− 𝑆𝑘 (𝑚)

)
𝑟𝑒𝑑

(135)

Since Spec : CAlgf.g., red.
𝑘

→ AffVar𝑜𝑝
𝑘

is an equivalence of cate-

gories (Proposition 2.20), so this means(
𝑆𝑘 (𝑛)

𝑓 #
𝐼−−→ 𝑆𝑘 (𝑢)/𝐼

𝑔#
𝐼←− 𝑆𝑘 (𝑚)

)
𝑟𝑒𝑑

=

(
𝑆𝑘 (𝑛)

𝑓 ′#
𝐽−−→ 𝑆𝑘 (𝑣)/𝐽

𝑔′#
𝐽←−− 𝑆𝑘 (𝑚)

)
𝑟𝑒𝑑

(136)

which is to say, there is an isomorphism of cospans of algebras(
𝑆𝑘 (𝑛)

𝑓 #√
𝐼−−→ 𝑆𝑘 (𝑢)/

√
𝐼

𝑔#√
𝐼←−− 𝑆𝑘 (𝑚)

)
=

(
𝑆𝑘 (𝑛)

𝑓 ′#√
𝐽−−→ 𝑆𝑘 (𝑣)/

√︁
𝐽

𝑔′#√
𝐽←−−− 𝑆𝑘 (𝑚)

) (137)

Thus, by the completeness of LCosp for 𝐹 Cosp(CAlgf.g.𝑘
) (Propo-

sition 5.17), the following rewrite exists under just the rules of

LCosp:

√
𝐼

𝑔𝑓
=

√
𝐽

𝑔′𝑓 ′
(138)

Thus with lemma 6.3 we obtain the series of rewrites

𝐼

𝑔𝑓
=

√
𝐼

𝑔𝑓

=

√
𝐽

𝑔′𝑓 ′

=
𝐽

𝑔′𝑓 ′

(139)

□

Proposition 6.7. The PROP morphism

LCosp

Spec[−]𝑞𝑟𝑒𝑑
−−−−−−−−−−→ 𝐺𝑞 Span(AffVar

(F𝑞 )
F𝑞
) (37)

factors through LSpan𝑞
. In other words, the rule qred is sound with

respect to F𝑞-rational loci.

Proof. We compute directly:

Spec

[
... 𝑞

]
𝑞𝑟𝑒𝑑

= Spec

(
𝑘 [𝑥] = 𝑘 [𝑥] 𝑥𝑞←−− 𝑘 [𝑦]

)
𝑞𝑟𝑒𝑑

= Spec

(
𝑘 [𝑥]/(𝑥𝑞 − 𝑥) = 𝑘 [𝑥]/(𝑥𝑞 − 𝑥)

𝑥←− 𝑘 [𝑦]/(𝑦𝑞 − 𝑦)
)

= Spec

(
𝑘 [𝑥]/(𝑥𝑞 − 𝑥) = 𝑘 [𝑥]/(𝑥𝑞 − 𝑥) = 𝑘 [𝑥]/(𝑥𝑞 − 𝑥)

)
= Spec (𝑘 [𝑥] = 𝑘 [𝑥] = 𝑘 [𝑥])𝑞𝑟𝑒𝑑
= Spec [ ]𝑞𝑟𝑒𝑑

(140)

□

Lemma 6.8. For Γ𝑛𝑞 = {𝑥𝑞
1
, . . . , 𝑥

𝑞
𝑛 }, the following is deriveable from

the rewrite rules of LSpan𝑞
:

Γ𝑛𝑞
=

Proof. Recall from 2.25 that Γ𝑛𝑞 ⊂ 𝑘 [𝑥1, . . . , 𝑥𝑛] is the ideal

generated by 𝑥
𝑞

1
− 𝑥1, . . . , 𝑥𝑞𝑛 − 𝑥𝑛 . Thus

Γ𝑛𝑞
=

−1. . .
𝑞

𝑞𝑟𝑒𝑑
=

−1

(k-add)
= 0

(zero-in-k)
=

(z-unit),(x-bone)
=

(141)
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□

Proposition 6.9. The semantic map [−]𝑞 is faithful. In other words,
the rules of LSpan𝑞

are complete.

Proof. For ideals 𝐼 ⊂ 𝑆𝑘 (𝑢) and 𝐽 ⊂ 𝑆𝑘 (𝑣), and tuples of polyno-
mials 𝑓 ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑢 , 𝑓 ′ ∈ (𝑘 [𝑥1, . . . , 𝑥𝑛])𝑣 ,𝑔 ∈ (𝑘 [𝑦1, . . . , 𝑦𝑚])𝑢 ,
and 𝑔′ ∈ (𝑘 [𝑦1, . . . , 𝑦𝑚])𝑛 . Suppose that the following diagrams are

sent to the same semantic by [−]𝑞 :[
𝐼

𝑔𝑓

]
𝑞

=


𝐽

𝑔′𝑓 ′

𝑞 (142)

that is, there is a span isomorphism of varieties

Spec

(
𝑆F𝑞 (𝑛)

𝑓 #
𝐼−−→ 𝑆F𝑞 (𝑢)/𝐼

𝑔#
𝐼←− 𝑆F𝑞 (𝑚)

)
𝑞𝑟𝑒𝑑

= Spec

(
𝑆F𝑞 (𝑛)

𝑓 ′#
𝐽−−→ 𝑆F𝑞 (𝑣)/𝐽

𝑔′#
𝐽←−− 𝑆F𝑞 (𝑚)

)
𝑞𝑟𝑒𝑑

(143)

Since Spec : CAlgf.g., qred.F𝑞
→ AffVar

(F𝑞 )
F𝑞

𝑜𝑝

is an equivalence of

categories (Proposition 2.27), so this means(
𝑆F𝑞 (𝑛)

𝑓 #
𝐼−−→ 𝑆F𝑞 (𝑢)/𝐼

𝑔#
𝐼←− 𝑆F𝑞 (𝑚)

)
𝑞𝑟𝑒𝑑

=

(
𝑆F𝑞 (𝑛)

𝑓 ′#
𝐽−−→ 𝑆F𝑞 (𝑣)/𝐽

𝑔′#
𝐽←−− 𝑆F𝑞 (𝑚)

)
𝑞𝑟𝑒𝑑

(144)

which is to say, there is an isomorphism of cospans of algebras(
𝑆F𝑞 (𝑛)
Γ𝑛𝑞

(𝑓 #
𝐼
)𝑞𝑟𝑒𝑑

−−−−−−−→
𝑆F𝑞 (𝑢)
𝐼 + Γ𝑢𝑞

(𝑔#
𝐼
)𝑞𝑟𝑒𝑑

←−−−−−−−
𝑆F𝑞 (𝑚)
Γ𝑚𝑞

)
=

(
𝑆F𝑞 (𝑛)
Γ𝑛𝑞

(𝑓 ′#
𝐽
)𝑞𝑟𝑒𝑑

−−−−−−−→
𝑆F𝑞 (𝑣)
𝐽 + Γ𝑣𝑞

(𝑔′#
𝐽
)𝑞𝑟𝑒𝑑

←−−−−−−−
𝑆F𝑞 (𝑚)
Γ𝑚𝑞

) (145)

Composing both sides of the equation with projections maps we

obtain isomorphisms of cospans(
𝑆F𝑞 (𝑛) ↠

𝑆F𝑞 (𝑛)
Γ𝑛𝑞

(𝑓 #
𝐼
)𝑞𝑟𝑒𝑑

−−−−−−−→
𝑆F𝑞 (𝑢)
𝐼 + Γ𝑢𝑞

(𝑔#
𝐼
)𝑞𝑟𝑒𝑑

←−−−−−−−
𝑆F𝑞 (𝑚)
Γ𝑚𝑞

↞ 𝑆F𝑞 (𝑚)
)

=

(
𝑆F𝑞 (𝑛) ↠

𝑆F𝑞 (𝑛)
Γ𝑛𝑞

(𝑓 ′#
𝐽
)𝑞𝑟𝑒𝑑

−−−−−−−→
𝑆F𝑞 (𝑣)
𝐽 + Γ𝑣𝑞

(𝑔′#
𝐽
)𝑞𝑟𝑒𝑑

←−−−−−−−
𝑆F𝑞 (𝑚)
Γ𝑚𝑞

↞ 𝑆F𝑞 (𝑚)
)

(146)

Now recall, that for an algebra morphism 𝜑 : 𝐴→ 𝐵, the morphism

𝜑𝑞𝑟𝑒𝑑 : 𝐴/Γ𝑞 (𝐴) → 𝐵/Γ𝑞 (𝐵) is the unique morphism making the

following commute:

𝐴 𝐵

𝐴/Γ𝑞 (𝐴) 𝐵/Γ𝑞 (𝐵)

𝜑

𝜑𝑞𝑟𝑒𝑑

so in particular, equation 146 becomes

©­«𝑆F𝑞 (𝑛)
𝑓 #
𝐼+Γ𝑢𝑞
−−−−→

𝑆F𝑞 (𝑢)
𝐼 + Γ𝑢𝑞

𝑔#
𝐼+Γ𝑢𝑞
←−−−− 𝑆F𝑞 (𝑚)

ª®¬
=

©­«𝑆F𝑞 (𝑛)
𝑓 ′#
𝐽 +Γ𝑣𝑞
−−−−→

𝑆F𝑞 (𝑣)
𝐽 + Γ𝑣𝑞

𝑔′#
𝐽 +Γ𝑣𝑞
←−−−− 𝑆F𝑞 (𝑚)

ª®¬
(147)

Thus by the completeness of LCosp for 𝐹 Cosp(CAlgf.g.𝑘
), the follow-

ing rewrite can be derived from just the rewrite rules of LCosp:

𝐼

𝑔𝑓

Γ𝑢𝑞
=

𝐽

𝑔′𝑓 ′

Γ𝑣𝑞
(148)

Thus, with lemma 6.8, we obtain the following series of rewrites:

𝐼

𝑔𝑓
=

𝐼

𝑔𝑓

Γ𝑢𝑞

=
𝐽

𝑔′𝑓 ′

Γ𝑣𝑞

=
𝐽

𝑔′𝑓 ′

(149)

Thus any two diagrams with the same semantic under [−]𝑞 are

rewriteable into each other with the rules of LSpan𝑞
. So [−]𝑞 is

faithful. □

C.2 Proofs aboutMatN semantics for LSpan𝑞

Proposition 6.12. The functor𝑀𝑞 is well-defined and fully faithful.

Proof. First consider the identity span F𝑛𝑞
𝑖𝑑←− F𝑛𝑞

𝑖𝑑−→ F𝑛𝑞 . For
each pair x, y ∈ F𝑛𝑞 , it is clear that

𝑀𝑞

(
𝑖𝑑←− 𝑖𝑑−→

)
xy

= 𝛿x,y (150)

and so𝑀𝑞

(
𝑖𝑑←− 𝑖𝑑−→

)
is the identity matrix.

Next suppose we have a composition of two structured spans of

rational loci over F𝑞 :

𝑉 ×
𝜓,𝜙 ′

𝑊

𝑉 𝑊

F𝑛𝑞 F𝑚𝑞 F𝑛
′

𝑞

𝜋𝑉 𝜋𝑊

𝜙 𝜓 𝜙 ′ 𝜓 ′
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The set of points in the pullback𝑉 ×
𝜓,𝜓 ′

𝑊 is the set of pairs (v,w) ∈

𝑉 ×𝑊 such that𝜓v =𝜓 ′w. So we compute, for x ∈ F𝑛𝑞 , z ∈ F𝑛
′

𝑞 :

𝑀

(
𝜙
←−

𝜓
−→

𝜙 ′
←−−

𝜓 ′
−−→

)
xz

= |{(v,w) ∈ 𝑉 ×𝑊 : 𝜓v = 𝜙 ′w, 𝜙v = x,𝜓 ′w = z}|

=

������ ⋃y∈F𝑚𝑞
{
(v,w) ∈ 𝑉 ×𝑊 :

𝜙v=x
𝜓v=y,

𝜙 ′w=y
𝜓 ′w=z

}������
=

∑︁
y∈F𝑚𝑞

���{v ∈ 𝑉 :
𝜙v=x
𝜓v=y

}
×

{
w ∈𝑊 :

𝜙 ′w=y
𝜓 ′w=z

}���
=

∑︁
y∈F𝑚𝑞

𝑀𝑞

(
𝜙
←−

𝜓
−→

)
xy
𝑀𝑞

(
𝜙 ′
←−−

𝜓 ′
−−→

)
yz

(151)

and therefore,

𝑀

(
𝜙
←−

𝜓
−→

𝜙 ′
←−−

𝜓 ′
−−→

)
=𝑀𝑞

(
𝜙
←−

𝜓
−→

)
𝑀𝑞

(
𝜙 ′
←−−

𝜓 ′
−−→

)
(152)

As required.

We now prove fullness and faithfulness separately. □

Lemma C.1. The functor𝑀𝑞 is full.

Proof. It’s clear that the objects in the image of𝑀𝑞 are 𝑞𝑛 , with

𝑛 ∈ N. Let 𝐴 be an N-matrix of dimensions 𝑞𝑛 × 𝑞𝑚 , which we

interpret as a function 𝐴 : F𝑛𝑞 × F𝑚𝑞 → N. Pick a number 𝑁 ∈ N
such that

𝑞𝑁 > max

x∈F𝑛𝑞
y∈F𝑚𝑞

𝐴xy (153)

Then for x ∈ F𝑛𝑞 , y ∈ F𝑚𝑞 , we can find some subset 𝑉xy ⊂ F𝑁𝑞 such

that |𝑉xy | = 𝐴xy. Then consider the set 𝑉 ⊂ F𝑛𝑞 × F𝑚𝑞 × F𝑁𝑞 defined

by

𝑉 =
⋃
x∈F𝑛𝑞
y∈F𝑚𝑞

{x} × {y} ×𝑉xy (154)

Since every subset of affine spaces over F𝑞 is an affine variety (this

is a well-known elementary fact, see for example [31, 54]), so 𝑉 is

an affine variety. Then consider the structured span

F𝑛𝑞
𝜋𝑥←−− 𝑉

𝜋𝑦
−−→ F𝑚𝑞 (155)

where 𝜋𝑥 , 𝜋𝑦 are the restrictions of the projection maps

F𝑛𝑞 ← F𝑛𝑞 × F𝑚𝑞 × F𝑁𝑞 → F𝑚𝑞 . (156)

This is a morphism in 𝐺𝑞 Span(AffVar
(F𝑞 )
F𝑞
), and

𝑀𝑞

(
𝜋𝑥←−−

𝜋𝑦
−−→

)
xy

= |𝑉xy | = 𝐴xy (157)

Thus 𝐴 is in the image of𝑀𝑞 . □

Lemma C.2. The functor𝑀𝑞 is faithful.

Proof. Suppose two structured spans of rational loci over F𝑞
which are mapped by𝑀𝑞 to the same N-matrix:

𝑀𝑞

(
F𝑛𝑞

𝜙
←− 𝑉

𝜓
−→ F𝑚𝑞

)
=𝑀𝑞

(
F𝑛𝑞

𝜙 ′
←−−𝑊

𝜓 ′
−−→ F𝑚𝑞

)
(158)

Then for each pair x ∈ F𝑛𝑞 , y ∈ F𝑚𝑞 , there exists some set-theoretic

bijection

𝜎xy : 𝜙−1 (x) ∩𝜓 −1 (y) → 𝜙 ′−1 (x) ∩𝜓 ′−1 (y) (159)

These bijections can be glued into

𝜎 :𝑉 →𝑊

v ↦→ 𝜎𝜙v,𝜓v (v)
(160)

Since every function between rational loci over F𝑞 is a polyno-

mial mapping [31], so 𝜎 is a polynomial mapping. Moreover, by

construction the following commutes:

𝑉

F𝑛𝑞 F𝑚𝑞

𝑊

𝜙 𝜓

𝜎

𝜙 ′ 𝜓 ′

and therefore 𝜎 is a structured span isomorphism. □

D Proof of GAG as CSP
Proposition 7.1. Let ⟨𝑋,𝐶⟩ be a CSP instance over the domain F𝑞 ,
with set of variables 𝑋 = {𝑥1, . . . , 𝑥𝑛}, and polynomial constraints
𝑔1, . . . , 𝑔𝑚 ∈ 𝑘 [𝑥1, . . . , 𝑥𝑛]. Let 𝐼 be the ideal generated by 𝑔1, . . . , 𝑔𝑚 .
Then the span semantic of the ideal gadget is

𝐼

𝑛𝑛
[−]𝑞
↦→

(
F𝑛𝑞 ←↪ 𝑉 (𝐼 )F𝑞 ↩→ F𝑛𝑞

)
(42)

where, recall, 𝑉 (𝐼 )F𝑞 := {x ∈ F𝑛𝑞 : 𝑔1 (x) = · · · = 𝑔 𝑗 (x) = 0}. In other
words, it is the set of assignments satisfying ⟨𝑋,𝐶⟩.

The same diagram with no wires on either side has the following
matrix semantic:

𝐼 J−K𝑞
↦→

���𝑉 (𝐼 ) (F𝑞 ) ��� (43)

In other words, it is the number of assignments that satisfy ⟨𝑋,𝐶⟩.

Proof. We know from proposition 5.9 that the cospan semantic
of the ideal gadget is[

𝐼

𝑛𝑛

]
= (𝑆𝑘 (𝑛) ↠ 𝑆𝑘 (𝑛)/𝐼 ↞ 𝑆𝑘 (𝑛)) (161)

Hitting the cospan of algebraswith the functor Spec(−)qred : CAlgf.g.F𝑞
→

AffVar
(F𝑞 )
F𝑞

yields equation 42. Then equation 43 follows immedi-

ately by composing on both left and right legs with the projection

F𝑛𝑞
!−→ ∗ where ∗ is the singleton. □

E Proofs about ZH calculus as an extension of
GAG

Proposition 8.6. The functor 𝜄ZH is consistent with the semantics
of the ZH Calculus. In other words, the following diagram commutes:

LFourier
Span𝑞

𝑞
∗
2 MatZ[𝜔 ]

ZH

J−KFourier𝑞

𝜄ZH J−KZH
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Proof. We check that the image of each generator of ZH under

𝜄ZH is mapped to the same matrix as under J−KZH.
Z-spider:

s
...

...𝑛 𝑚

{Fourier

𝑞

=
∑︁
𝑖∈F𝑞
|𝑖⟩⊗𝑚 ⟨𝑖 |⊗𝑛 =

s
...

...𝑛 𝑚

{

ZH

H-spider:

u

ww
v ...

...𝑛 𝑚

1
𝑞
− 1

2

}

��
~

Fourier

𝑞

(162)

=
1

√
𝑞

©­­­­«
∑︁

𝑗1,..., 𝑗𝑚 ∈F𝑞
𝑖1,...,𝑖𝑛 ∈F𝑞

| 𝑗1⟩...| 𝑗𝑚⟩⟨𝑖1 |...⟨𝑖𝑛 | ⊗ ⟨ 𝑗1 ... 𝑗𝑚𝑖1 ...𝑖𝑛 |
ª®®®®¬
©­«
∑︁
𝑘∈F𝑞

𝜔 tr(𝑘 ) |𝑘⟩ª®¬
(163)

=
1

√
𝑞

∑︁
𝑗1,..., 𝑗𝑚 ∈F𝑞
𝑖1,...,𝑖𝑛 ∈F𝑞

𝜔 tr( 𝑗1 ... 𝑗𝑚𝑖1 ...𝑖𝑛 ) | 𝑗1⟩...| 𝑗𝑚⟩⟨𝑖1 |...⟨𝑖𝑛 | (164)

=

s
...

...𝑛 𝑚

{

ZH
(165)

X-basis state:

u

ww
v 𝑗

𝑞
− 1

2

}

��
~

Fourier

𝑞

= 𝑞−
1

2𝑞
©­«
∑︁
𝑖∈F𝑞
| 𝑗𝑖⟩⟨𝑖 |ª®¬ |1⟩ = √𝑞 | 𝑗⟩ =

q
𝒋

y
ZH

(166)

□

Proposition 8.4. The rewrite rules in equation (47) are sound with
respect to the semantics J−KFourier𝑞 .

Proof. First we check the (Z1-copy)rule:

J𝐿.𝐻 .𝑆 .KFourier𝑞 =
©­«

∑︁
𝑗,𝑘∈F𝑞

| 𝑗⟩|𝑘⟩⟨ 𝑗 + 𝑘 |ª®¬ ©­«
∑︁
𝑖∈F𝑞

𝜔 tr(𝑖 ) |𝑖⟩ª®¬ (167)

=
∑︁

𝑗,𝑘∈F𝑞

𝜔 tr( 𝑗+𝑘 ) | 𝑗⟩|𝑘⟩ (168)

=
©­«
∑︁
𝑗∈F𝑞

𝜔 tr( 𝑗 ) | 𝑗⟩ª®¬ ⊗ ©­«
∑︁
𝑘∈F𝑞

𝜔 tr(𝑘 ) |𝑘⟩ª®¬ (169)

=J𝑅.𝐻 .𝑆 .KFourier𝑞 (170)

Next we check the (Z1-del)rule:

J𝐿.𝐻 .𝑆 .KFourier𝑞 = ⟨0| ©­«
∑︁
𝑖∈F𝑞

𝜔 tr(𝑖 ) |𝑖⟩ª®¬ = 𝜔 tr(0) = 1 = J𝑅.𝐻 .𝑆 .KFourier𝑞

(171)

□

Proposition 8.7. For any diagram 𝐷 in LFourier
Span𝑞

, there exists 𝑘 ∈ N
and a diagram 𝐷 ′ containing only the generators of LSpan𝑞

such that

𝐷... ... 𝐷 ′... ...=

1 𝑞
− 1

2

(⊗𝑘)

(50)

Proof. For all 𝑞
− 1

2 in 𝐷 , we can pull them out to the front of

the diagram using the monoidal structure. Then we only need to

consider the instances of the 1 generator. This holds trivially if

the diagram 𝐷 contains a single instance of the 1 . If there are

two or more instances, we can use the (Z1-copy)rule to merge multiple

instances into one. When there are no instances of 1 , we can

use the (Z1-del)rule in reverse to introduce one copy. □

Theorem 8.8. Let 𝐷 be a scalar diagram in the ZH calculus over
F𝑞 . The scalar J𝐷KZH can be computed using exactly 𝑞 queries to an
oracle O that evaluates the semantics of scalar diagrams in LSpan𝑞

.

Proof. FromProposition 8.6, we have that J𝐷KZH = J𝜄ZH (𝐷)KFourier𝑞 .

s
𝜄ZH (𝐷)

{Fourier

𝑞

=

u

w
v
𝐷 ′

1 𝑞
− 1

2

(⊗𝑘 )

}

�
~

Fourier

𝑞

= 𝑞−
𝑘
2

∑︁
𝑗∈F𝑞

u

www
v
𝐷 ′

𝑗

}

���
~

Fourier

𝑞

= 𝑞−
𝑘
2

∑︁
𝑗∈F𝑞

u

www
v
𝐷 ′

𝑗

}

���
~

𝑞

Thus, we can compute J𝐷KZH using 𝑞 queries to the oracle O that

computes J−K𝑞 on scalar diagrams in LSpan𝑞
. □

F Proofs about ZH completeness
Proposition 9.2. If

𝐷1

𝑛
1

and 𝐷2

𝑛
1

are diagrams in LSpan𝑞
, such that

s
𝐷1 1

{

ZH
=

s
𝐷2 1

{

ZH
(52)

and satisfying the following restriction condition: for all 𝑥 ∈ F𝑞 except
for those lying on one line 𝜉F𝑝 where 𝜉 is some fixed element of field
trace 1, s

𝐷1 𝒙

{

ZH
=

s
𝐷2 𝒙

{

ZH
= 0 (53)

Then there exist diagrams 𝐶1
𝑛, 𝐶2

𝑛 in LSpan𝑞
such that

r
𝐷1

z

𝑞
+

r
𝐶1

z

𝑞
=

r
𝐷2

z

𝑞
+

r
𝐶2

z

𝑞
(54)

Proof.

s
𝐷1 1

{

ZH
=

s
𝐷2 1

{

ZH
(172)

=⇒
∑︁
𝑥∈F𝑞

𝜔 tr(𝑥 )
s
𝐷1 𝒙

{

ZH
=

∑︁
𝑥∈F𝑞

𝜔 tr(𝑥 )
s
𝐷2 𝒙

{

ZH
(173)
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=⇒
∑︁
𝑥∈F𝑞

𝜔 tr(𝑥 )
s
𝐷1 𝒙

{

𝑞

=
∑︁
𝑥∈F𝑞

𝜔 tr(𝑥 )
s
𝐷2 𝒙

{

𝑞

(174)

=⇒
∑︁

𝑥∈𝜉F𝑝

𝜔 tr(𝑥 )
s
𝐷1 𝒙

{

𝑞

=
∑︁

𝑥∈𝜉F𝑝

𝜔 tr(𝑥 )
s
𝐷2 𝒙

{

𝑞

(175)

=⇒
∑︁

𝑥∈𝜉F𝑝

𝜔𝑥

s
𝐷1 𝒙

{

𝑞

=
∑︁

𝑥∈𝜉F𝑝

𝜔𝑥

s
𝐷2 𝒙

{

𝑞

(176)

Using the fact that 𝜔0 = −
∑︁

𝑥∈𝜉F×𝑝

𝜔𝑥
, we can rewrite the above as

∑︁
𝑥∈𝜉F×𝑝

𝜔𝑥

(s
𝐷1 𝒙

{

𝑞

−
r
𝐷1

z

𝑞

)

=
∑︁

𝑥∈𝜉F×𝑝

𝜔𝑥

(s
𝐷2 𝒙

{

𝑞

−
r
𝐷2

z

𝑞

)
(177)

where 𝜉F×𝑝 denotes the nonzero elements of 𝜉F𝑝 . Recall that the
semantics J−K𝑞 is a matrix with entries in N, so the above is a

linear combination of the {𝜔𝑥 }𝑥∈𝜉F×𝑝 with coefficients in Z. Since
{𝜔𝑥 }𝑥∈𝜉F×𝑝 are linearly independent over Z, we have that for all 𝑥 ∈
𝜉F×𝑝 ,

s
𝐷1 𝒙

{

𝑞

−
r
𝐷1

z

𝑞
=

s
𝐷2 𝒙

{

𝑞

−
r
𝐷2

z

𝑞
(178)

But note that the above holds trivially for 𝑥 = 0. So moving terms

around, we have that for all 𝑥 ∈ 𝜉F𝑝 ,
s
𝐷1 𝒙

{

𝑞

+
r
𝐷2

z

𝑞
=

s
𝐷2 𝒙

{

𝑞

+
r
𝐷1

z

𝑞
(179)

This alows us to open up the wire and obtain

r
𝐷1

z

𝑞
+

r
𝐶1

z

𝑞
=

r
𝐷2

z

𝑞
+

r
𝐶2

z

𝑞
(180)

where 𝐶1
≔ 𝐷2

and 𝐶2
≔ 𝐷1

. (181)

□

Lemma 9.3. Let 𝑍 be the following diagram in LSpan𝑞
:

𝑍 ≔ 1-𝑥𝑞-1 (55)

Then the following rewrites hold in LSpan𝑞
:

𝑍 = 𝑍 = (56)

meaning that 𝑍 serves as a controlled version of ; and moreover
the following rewrite holds in LFourier

Span𝑞
:

1𝑍 = (57)

Proof. Equation (56) follows from the completeness of LSpan𝑞
.

For equation (57), we have

1-𝑥𝑞-1 1 =
(Z1-change)

1-𝑥𝑞-1 =

where the last equality follows from the completeness of LSpan𝑞
. □

Lemma 9.4. For any state Ψ = 𝑔 𝑓 in LSpan𝑞
, there is

a diagram Ψ̃ 𝑛1 (the so-called controlled state of𝜓 ) such that
the following are rewriteable in LSpan𝑞

:

Ψ̃ = ; Ψ̃ = Ψ (59)

Explicitly, ˜𝜓 is constructed as

Ψ̃ 𝑛1 ≔

𝑓

𝑍̃

𝑔

(60)

Proof. First, we verify by plugging in |0⟩:

𝑔

𝑓𝑍̃
=

𝑔

𝑓𝑍̃
=

𝑔

𝑓

=

𝑔

𝑓
= 𝑓 0

0

𝑔

= 𝑓

𝑔

=

Next, we verify by plugging in |1⟩:

𝑔

𝑓𝑍̃
=

𝑔

𝑓𝑍̃
=

𝑔

𝑓𝑍̃

=

𝑔

𝑓 =

𝑔

𝑓

□

Lemma F.1. u

www
v

}

���
~

ZH

= |01⟩ + |10⟩ (182)

Proof. We will omit the semantics brackets J−KZH for the rest

of this proof, for readability.

=

∑︁
𝑥,𝑦∈F𝑞

⟨𝑥 + 𝑦 |
|𝑥 ⟩

|𝑦⟩

=

∑︁
𝑥,𝑦∈F𝑞

𝛿𝑥+𝑦,1
|𝑦⟩
|𝑦⟩
|𝑦⟩
|𝑦⟩

=

∑︁
𝑥,𝑦∈F𝑞

|𝑦⟩

|𝑦2 ⟩
|𝑦⟩

=

∑︁
𝑥,𝑦∈F𝑞

|𝑥 ⟩

𝛿𝑥+𝑦,1

𝛿𝑥+𝑦,1 𝛿𝑦2,𝑦 = |0⟩

|𝑥 ⟩ |𝑥 ⟩

|𝑦⟩ |1⟩ + |0⟩
|1⟩

□
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Proposition 9.5. For any states 𝜓 𝑛, Φ 𝑛 in LSpan𝑞
, let ˜𝜓, ˜𝜙

be their corresponding controlled states as defined in (60). Then the
following diagram has the sum of𝜓 and 𝜙 as its semantics:

u

wwww
v

Ψ̃

Φ̃

}

����
~

𝑞

=

r
Ψ

z

𝑞
+

r
Φ

z

𝑞
(61)

Proof. This follows from the definition of controlled states

(Lemma 9.4) and Lemma F.1. □

Proposition 9.6. For diagrams 𝐷
𝑛, 𝐶 𝑛 in LSpan𝑞

, letting

𝐷+𝐶 ≔

𝐷̃

𝐶

𝑍

(63)

where 𝐷̃,𝐶, 𝑍 are the corresponding controlled diagrams, then the
following semantic equality of sums holds:

r
𝐷+𝐶

z

𝑞
=

r
𝐷

z

𝑞
+

r
𝐶

z

𝑞
(64)

and moreover, the following rewrite holds in the language LFourier
Span𝑞

:

𝐷+𝐶 1 = 𝐷 1 (65)

Proof. Equation (64) follows from Proposition 9.5. Next, we

prove equation (65).

𝐷̃

𝐶

𝑍
1

𝐷̃

𝐶

𝑍

1

1

=
(Z1-copy)

𝐷̃

𝐶

1

=
(57)

=
𝐷̃

𝐶

1 𝐷
1 = 𝐷

1

=

𝐷̃

𝐶

1

=
(59)

□
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