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INTRODUCTION

The characterization of the set of quantum correlations Q—the collection of probability distributions
achievable by space-like separated parties sharing a quantum state—remains a foundational challenge in
quantum information theory. Since Tsirelson’s seminal work [1], the study of nonlocality — in several
scenarios beyond the Bell case — has largely relied on convex geometric and algebraic methods [2-4], and
hierarchies of semidefinite programs stemming from operator algebras [5-8]. However, despite having been
thoroughly studied in the bipartite case [9], the geometric structure of Q in the multipartite setting remains
unexplored.

In this paper, we propose a perturbative method rooted in the Lie group structure of unitary operations.
We analyze the response of Bell functionals evaluations under infinitesimal unitary perturbations of quantum
strategies. This dynamical perspective allows us to simplify the optimization problem around specific points
of interest, namely the local deterministic correlations which form the vertices of the local polytope L.

Our approach yields three primary contributions:

(i) A dimension reduction theorem showing that the second-order variation of a Bell functional around
a deterministic point in the (n,2,d) scenario is governed by effective games with reduced output di-
mension (d — 1).

(ii) A proof that in the (n,2,2) scenario, the boundary of Q is flat around every local deterministic point,
meaning — in a specific way stated in the paper — that there is no quantum extremal point in their
immediate neighborhood.

(iii) A proposed pathway to resolve an open problem formulated by Gisin on the existence of Bell functionals
requiring non-projective POVMs for some maximum local dimension [10] (see number 10).

Our result also highlights the fact that the dimension of a quantum learning ansatz is a critical resource
for learning: even in the (n,2,2) setting, where we know that qubit strategies suffice to maximize any Bell
functional, we show that one cannot learn them efficiently using a quantum variational model, especially
when using a warm start from the best classical correlation.

UNITARY PERTURBATIONS OF BELL FUNCTIONALS

We consider the Bell scenario denoted by (n, 2, d), involving n parties, each choosing between 2 measurement
settings with d possible outcomes. We index settings and outcomes with Zs and Zg, respectively. A correlation
p is a vector in R *2" with components p(a|z), where 2 € Z% and a € Z7. A Bell functional ﬁ defines a
linear form on correlations, representing the expected gain in a CHSH-type game [11].

We denote quantum strategies by ¥ = ((Mf(:))lﬁiﬁn,wiezz)a where p is a shared state on H1 Q@ - @ H,
and Mﬁ) are POVMs. We denote P(X) the correlaion achieved by ¥. We also define the set Qp(D) of
correlations achievable by strategies which use projective measurements and a state p made up of n qu-D-its.

This set is especially important in the (n,2,2) setting : Masanes’ theorem states that in the (n,2,2)
scenario, the extremal points of Q are contained in Qp(2): Ext(Q) C Qp(2) [2].

We consider the unitary orbit of a strategy ¥ = (p, M) Let U, act on the state and U, ,, act on the local
measurement operators. We argue that one can fix the POVMs for input 0 and consider perturbations only
on the second measurement (input 1) and the state. Let K, and K; be skew-Hermitian generators such that

the unitaries are e %» and e’i. We denote K = (K,, Ki,...,Ky).



We propose to evolve in the Heisenberg picture the conditional Bell operator for a fixed input string x:

BI(M) = Z Ba7wMt$|)m1 ® e ®M(n)

an‘wn.
a€ly
The total Bell operator is B(M) =3 B,(M).

Proposition 1 (Second-Order Response). Let K= (Kp, Ky,...,K,). The evaluation of the Bell functional
on the perturbed strategy admits the following second-order expansion:

B-P(Ugz %)=-P(X)+ Tr (pZ[tht,Bx]> + %Tr <pz ([Ktot,Bx]z + [[= - I?,Kp],Bz])> +o(| K%,

where Ko = K, + @ - K withz- K = Y. vi K, and [A, B]o = [A,[A, B]].

Note that a necessary condition for optimality is that the first order term vanishes for all K , which yields a
concise necessary optimality condition, reminescent of the work of Aratjo et. al [12] using a different method.

For a quantum strategy realizing a local deterministic correlation pg, the first-order term vanishes identi-
cally. The local optimality is thus determined entirely by the second-order term.

DIMENSION REDUCTION VIA SUBSET GAMES

The core technical result of this work is the simplification of the second-order term when the base strategy
is a local deterministic point pz. A local deterministic correlation pz, defined by a family of functions a;
for each players mapping inputs z; to outputs a;(z;), is a one-flip mazimum if changing the output of a
single party for a given input does not increase the Bell value. For QP strategies, we show that the effect of
measurement evolution is limited.

Lemma 1 (Limited effect of measurement evolution (informal)). When unitarily evolving a strategy realizing
pa, the measurement evolution contributes only on outcomes differing from a(x) on one site. Moreover, if
D =d and pz is a one-flip maximum, this contribution is negative.

A positive contribution can thereby only come from state evolution. We show that the second-order
variation under state evolution depends on an operator Bs(II) which admits a direct sum decomposition
based on subsets of parties S C {1,...,n} with S| > 2.

For a subset S, we define a reduced Bell operator Bg (a subset game) with d — 1 outcomes, corresponding
to deviations from the deterministic strategy restricted to .S.

This leads to our main criterion for local optimality:

Corollary 1 (Local optimality criterion). Suppose ps is a strict one-flip mazimum. If for all subsets S with
|S| > 2, the subset game Bg has strictly negative value negative value, then pz is a local optimum in Qp(d).
Moreover if some subset game has strictly positive value, then pg is not a local optimum in Qp(d).

GEOMETRIC IMPLICATIONS: FLATNESS OF Q IN THE (N, 2,2) SCENARIO

Applying the dimension reduction theorem to the binary outcome case (d = 2) yields a striking geometric
consequence.

In the (n,2,2) scenario, the subset games become trivial, because the output dimension is d —1 = 1. We
prove that if pz is a strict classical maximum, the associated scalars for all subset games are strictly negative,
implying p; is a local optimum in Qp(2)

Since Masanes’ theorem states that Ext(Q) C Qp(2), and we have shown that no point in Qp(2) can exceed
the value of a strict classical maximum in its immediate neighborhood, it follows that in every direction around
pa, one does not encounter extremal points on the border of Q, meaning the border is flat. To our knowledge,
this is the first mathematical result on the geometry of the multipartite quantum set.



DISCUSSION AND OPEN PROBLEMS

Ansatz Dimension as a Learning Resource. Our results underscore the role of the ansatz dimension
in variational quantum algorithms. Even in the (n,2,2) case where the optimal violation is known to be
achievable with qubits (D = 2), we show that a variational quantum circuit — using parametrized shared
state preparation and local measurements — with local dimension 2 initialized near a classical point may fail
to escape the local optimum. The convexity of Q suggests that increasing the local dimension of the ansatz
can eliminate these local optima. This positions the dimension of the variational circuit as a resource for
learning, independently on the target dimension.

New games exhibiting quantum gap. The local optimality criterion via subset games (Corollary 1)
suggests a way to construct new games with a quantum gap. It suffices to consider a (k,2,d — 1) game B
with strictly positive value, and construct a game for which one of the subset games at the optimal classical
correlation pz is B. Then, p; is not a local optimum for B in Qp(d), and a fortiori the game has a quantum
gap. It would be interesting to investigate if this construction can succeed and yield any nontrivial new type
of game with a quantum gap.

POVMs vs. PVMs This work sheds new light on the open question posed by Gisin: does there exist a
correlation achievable by POVMs of dimension D that is not in Qp(D)? Our analysis reveals a structural
difference between PVMs and POVMs under perturbation. For PVMs, the measurement evolution terms
in the second-order expansion vanish or are strictly negative due to orthogonality constraints. For general
POVMs, non-orthogonal elements allow these terms to potentially contribute positively. We suggest that
constructing a Bell functional where the subset games are negative but POVM perturbations can yield a
positive gain would prove Qp(D) C Q(D). Our perturbative machinery provides the explicit conditions
required to search for such a functional.

CONCLUSION

By analyzing the dynamics of quantum correlations under unitary perturbations of strategies, we have
uncovered new properties of the quantum correlation set Q. The reduction of multipartite Bell optimization
to subset games provides a powerful tool for analyzing local optimality. Our proof of the flatness of Q
around deterministic points in the (n,2,2) scenario is a first step towards understanding the geometry of
the multipartite quantum set. Furthermore, the distinction we draw between projective and general POVM
perturbations offers a concrete roadmap for resolving Gisin’s problem.
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The set of quantum correlations, often denoted Q, is the collection of all possible probability
distributions on measurement outcomes achievable by space-like separated parties sharing a quantum
state. Since the original work of Tsirelson [1, this set has mainly been studied through the means
algebraic and convex geometry techniques.

We introduce a perturbative method using only common Lie-theoretic tools for the unitary group
to analyze the response of the evaluations of Bell functionals under infinitesimal unitary perturba-
tions of quantum strategies. Our main result shows that any (n,2,d) Bell operator near a classical
deterministic correlation po decomposes into a direct sum of (k,2,d — 1) Bell operators, which we
call subset games. We then derive three key insights: (1) in the (n,2,2) case, if po is classically
optimal, it remains locally optimal even among 2-dimensional quantum strategies, implying in turn
that the boundary of Q is flat around classical deterministic points; (2) it suggests a proof strategy
for Gisin’s open problem on correlations in Q(D) unattainable by projective strategies of the same
dimension; and (3) it establishes the ansatz dimension as a critical resource for learning, even when
the optimal solution admits a low-dimensional representation.

INTRODUCTION

Quantum correlations and nonlocality The set of quantum correlations Q lies at the core of the study of quantum
nonlocality. It is defined as the collection of measurement statistics — represented as high-dimensional vectors —
achievable by space-like separated parties sharing a quantum state. First formalized by Tsirelson [I], it is strictly
larger than its classical counterpart £ of statistics explainable by local hidden variable models [2], demonstrating a
quantum advantage in the correlations achievable by entangled parties. The comparative study of Q and £ is mainly
conducted through the means of violations of Bell inequalities, which are linear inequalities satisfied by every point
in £. The strict inclusion £ C Q is a foundational result which enabled an experimental proof of the existence of
entanglement and the nonlocal nature of quantum mechanics [3]. Although a full characterization of Q has been proven
to be impossible (because MIP* = RE []), its understanding remains a central challenge in quantum foundations.

Nonlocal games A nonlocal game is an interactive protocol between a referee and a group of players. The referee
sends each player a question, the players respond without communicating, and the referee decides whether they
win based on their collective answers. The game is called nonlocal if the players can achieve a higher winning
probability than what classical physics allows, by using an entangled quantum state, and deciding their answer using
a measurement depending on the question. The zoology of nonlocal games provides a rich framework to explore the
quantum-classical divide in correlations. For instance:

— The CHSH game [f] is the simplest Bell non-locality scenario, involving two parties, two measurement settings,
and two outcomes. It demonstrates that quantum mechanics allows for correlations that violate classical bounds,
with a maximal violation known as the Tsirelson bound.

— Multipartite games, such as the GHZ game [6], involve three or more parties and reveal stronger forms of
non-locality. These games are essential for understanding the scalability of quantum advantage in multi-party
settings.

— Graph-based games extend the framework to more complex interaction structures, where parties are arranged
according to a graph, and correlations are constrained by the graph’s topology. These games are particularly
relevant for studying quantum networks and distributed quantum computing [7, []].

Previous work Since Tsirelson’s seminal work [I], the study of nonlocality has primarily relied on convex geo-
metric and algebraic methods [OHIT], as well as hierarchies of semidefinite programs derived from operator algebras
[I2HI5]. While the bipartite case has been thoroughly studied [10, 11l [I6], the geometric structure of the set of
quantum correlations @ particularly in multipartite settings—remains poorly understood. In this context, varia-
tional methods—though widely used in hybrid quantum-classical optimization [I7, [I8] and quantum machine learning
[19, 20]—have only been marginally applied to the optimization of nonlocal strategies [21], 22], since SDP hierarchies
are in practice very efficient in accomplishing this task [12] [I5] [23]. Nevertheless, a variational approach offers a
promising theoretical framework to probe the structure of Q, particularly near classical deterministic points. The



dynamical behavior of quantum strategies under perturbations—and its implications for learnability—has received
little attention. Although [I0] introduces a trigonometric parametrization of the extremal points that enables differ-
entiation, this approach remains limited to the bipartite scenario.

Proposed approach and results In this paper, we propose a perturbative method using only common Lie-theoretic
tools on the unitary group. We analyze the response of the evaluation of a Bell functional under infinitesimal unitary
perturbations of a quantum strategy. This dynamical perspective allows us to simplify the optimization problem
around specific points of interest, namely the local deterministic correlations which form the vertices of the local
polytope L.

Our approach yields three primary contributions:

1. A dimension reduction theorem showing that the second-order variation of the evaluation of a Bell functional
around a deterministic point in the (n, 2, d) scenario is governed by effective subset games with reduced output
dimension (d — 1).

2. A proof that in the (n,2,2) scenario, the boundary of Q is flat around every local deterministic point, meaning
— in a specific way stated later — that there is no quantum extremal point in their immediate neighborhood.
To our knowledge, this is the first mathematical statement on the geometry of the multipartite quantum set.

3. A proposed pathway to resolve an open problem formulated by Gisin on the existence, for a maximum allowed
local dimension, of quantum correlations requiring non-projective POVMs that maximally violate some Bell
inequality [24] (see question 10). This question is fundamental for quantum theory: it asks if POVMs, objects
that naturally arise in the mathematical axiomatic of measurements, generalizing PVMs, are in a sense relevant
for quantum nonlocality. It has been answered positively under the restriction that the parties share a Bell state
[25]. Exhibiting a (n, 2, d) Bell operator for which all the subset game operators at the classical optimum pg are
negative, but pp is not a local optimum in Q(d) —which could be achieved using the perturbative machinery we
propose —would prove the existence of such correlations, with no constraint on the shared state.

Our findings also position again nonlocal games as a compelling toy model for studying quantum variational
learning (see [21]), revealing fundamental limitations even in seemingly simple scenarios. Specifically, in the (n,2,2)
setting—where qubit strategies are known to suffice for maximizing any Bell functional—we demonstrate that efficient
learning via variational quantum models using qubits is hard, particularly when initialized from the optimal classical
correlation. Thus, the dimension of the quantum ansatz itself is a critical resource for learning, independent of the
minimal dimension required to represent the optimal solution.

PRELIMINARIES

Following the usual convention of [26], we denote the Bell scenario of n space-like separated parties with m different
measurement settings each having d possible outcomes by (n,m,d). In this work, we focus on the (n,2,d) scenario,
for arbitrary n, and index the setting and outcome with Zs and Z,, respectively.

Correlations The setting—outcome statistics of the n parties can be compiled in a real vector:

p = (p(alr))aczy cezn € R ¥, (1)

where a and z are the strings of size n denoting respectively the outcome and the setting of each of the n players.
We refer to such a real vector as a correlation, or correlation point.

Bell functional A Bell functional [2] f is a linear form on correlations. These functionals typically emerge as the
expected gain in so called linear games, where each of the n parties receive a bit of the input string = from a referee,
sampled according to a probability distribution w. Each party then produces a bit of the output bitstring a follwing
a strategy realizing an n-partite correlation p, and sends it back to the referee who computes a reward g(a,z) € R.

The associated Bell functional for the expected gain is then:

Bp=Eonr Eanp(lo) l9(a.2)]] = Y w(x)plalz)g(a, ). (2)

a€ly ,xELY

The coordinates of the vector representing f in the canonical basis of R%" *2" are Ba,x = m(x)g(a,z), which makes it
clear that every Bell functional can be represented as the expected gain of a linear game. Optimizing a strategy for a
game then amounts to maximizing a Bell functional over the set of correlations attainable with the given resources.



Local correlations, local strategies A correlation is local if it is explainable by classical information shared be-
tween the n parties (the hidden variable) prior to the choice of measurement setting [2, 27]. Formally, we say
that p 6 R *2" is a local correlation if there exists a (non-necessarily unique) local strategy, denoted L, =

(A, s (p/\ (*|4))1<i<n,1<A<A,2;€2,), Such that:

Y(ailz1) .\ (anlzn), (3)

M>

plalz) = P(Xz)(alz) =
A=1

where A € N, u is a probability distribution on {1,...,;A}, for all 1 < i < n,1 < X\ < Ajz; € Zo, p ( |z;) is a
probability distribution on Z4, and subscripts on strings denote the index.

The correlation p is local deterministic if A = 1, and p® (a;|x;) = Oasa;(z:) for some a;(x;) € Zq. Hence, a local
deterministic correlation is uniquely characterized by a family of n gates @ = (@; : Z2 — Zg)1<i<n, which we call a
local deterministic strategy. We denote P(a) the local deterministic correlation associated to a.

We denote by £ C R¥"*2" the set of local correlations. It is well established that £ is a convex set, the extremal
points of which are the local deterministic correlations, and is thus a polytope [28]. The faces are the locus of
maximization of the Bell functionals. The maximization of a Bell functional defines a linear inequality satisfied by
every point in £, called a Bell inequality [5].

Quantum correlations, quantum strategies Quantum correlations are the correlations that the n parties can achieve
by performing local measurements on a shared quantum state. Formally, we say that p € R? *2" is a quantum
correlation if there exists a quantum stmtegy Yo = (Hi)i<i<n, P, (M(z))1<z<n w7, ), Where, for 1 < i < n,x; € Zo,

H; is a Hilbert space, sz ={M O|z ,Md e }is a POVM, and p is a quantum state on H; ® ... ® H,, such that:

plalz) =P(So) =Tr (pM), ©...e M) ) (4)
We denote by Q the set of quantum correlations, which is convex [IJ.

Extremal points, exposed points, and border For an arbitrary convex part C' of RY, denote Ext(C) the set of
extremal points of C, which are the points that cannot be expressed as a convex combination of different points in C'.
Extremal points are contained — in general, strictly — in the border OC of C, consisting of points no neighborhood
of which lies fully in C. An extremal point is exposed if it is a unique maximum in C for some linear functional.
Extremal points (or vertices) of a polytope are always exposed.

RESPONSE OF BELL FUNCTIONALS UNDER UNITARY PERTURBATIONS

We present a method for studying how the value of a Bell functional E evolves under unitary perturbations of a
generic strategy. We propose to define, for each possible input bitstring x € Z7, the conditional Bell operator By,
which, given a fixed set of POVMs, associates any state p to the expected value Tr(pB;) of the strategy conditioned
on input x. Each of these conditional Bell operators can be evolved by perturbating the local measurements and also
by evolving the state p, in the Heisenberg picture.

Definition 1. Let M = (Méﬁ))lggmi% (i.e. a tuple of arbitrary local POVMs), and ﬁ a Bell functional. For
x € Zy, define a conditional Bell operator as:

=y ﬁa,wMﬂ\)M Q... ®M;:f%. (5)

a€Ly

The Bell operator B(M), giving the expected score 3 - P(M, p) = Tr(B(M)p) for the shared state p is then:

=3 B.(M). (6)

TELY

We now turn to describing an infinestimal unitary evolution of a generic strategy ¥ = (p, M). The unitary orbit of
3’ is the set of strategies obtained by unitarily evolving the state p and the conditional POVMs for each party. More
formally, the unitary orbit of X is the set {U - X = (U - p,U - M) = (Upp Ui, (U, IIM( )UJr i<i<n,zez,} where U
describes all tuples of unitaries acting on the state and local unitaries actlng on the POVMS



4

We argue that one can keep the POVMs Méi) fixed for our purpose. Indeed, its evolution can be absorbed into U,
when computing the Bell functional:

e (U,pU} BT - M)) = Tr<pUT ZBM@UWM% Ul U) (7)

p<®U )Zﬁam@) U ) MO (U Us ) ®U0U (8)

=1

Hence, one can consider perturbations acting only on the second measurement for each party. The tuple U =
(U,,Un,...,Upy) compiles the local unitaries U; to perturb the POVMs M g and U, to perturb the state p. We now
present concise formulas for the first and second order response of the Bell functional under unitary evolution of 3.
This method can in principle be generalized to any order.

In all what follows, instead of Hamiltonians H, we use skew-Hermitian generators K = ¢H to simplify notations,
which is completely equivalent [29].

Proposition 1. Let U= (e Ko efr . eKn), where K;,1 < i < n is a local skew-Hermitian operator, and K,isa
skew-Hermitian operator on the shared state. Then, the value of the Bell functional on ¥ admits the following second

order expansion.

5-P<r7~z>—5~7><z>+Tr<pZ[Kpm-fazs( N+ (1K, + o K. B.(D), nx-f?,KpLBzuwn))+o<|f?||2>7 (9)

TELY

where we denoted - K = Y1 2K K2 = — > Tr(K?) — Tr(K?), and [A, Bl = [A,[A, B]] the two-fold
commutator.

For a local operator A, the superscript (i) means A acts on site 4, i.e. AV =T ®...® A®...® I. However, since
it is always clear that K; acts on site 7, we sometimes slightly abuse notations and drop the superscript.

Proof. We evolve the conditional Bell operators in the Heisenberg picture:

B-P(U-%)=Tr| e Xrpefe N~ B,(U- M) (10)
TELY
=Tr| p Y e B.(U- M) (11)
TELY

Let us explicit the evolution of B, for a fixed bitstring x:

Ko B, (U - M)e Ko = e Z Ba.a ® z; KlMéjme 2 Ki =K, (12)
a€Zy i=1
= eKﬂeleil)"‘"""‘%Kﬁ") Z Ba.x ® o |93 e—mKil)—"'—wnK,ﬁ")e—Kp (13)
a€Zy i=1
— erem-I?Bz(M)efx.Eepr (14)
— er+m-1€+§[K,,,zR]+o(||1€|\2)B(M) —(Kpta-B+1[K,z K))+o(||K|]?) 15)
1 — 1 — —
=B,(M)+ K, +x- K+ 2[K x- K} B, (M)] + 5[Kp +x- K+ §[Kp,x'K]>Bw(M)]2 +o(||E]]?) (16)
" 1 . B B
= (M) +[Ky +0- KB ()] 4 5 (1K) + 2 Ko B (M) ([ KK LB (M) +o(IRIP), (17)

where we used the BCH formula in the fourth line, and the exponential commutator expansion [30] in the fifth line.
The desired result follows by summing the contributions of each conditional Bell operator in . O



As a corollary, note that we obtain the following necessary condition for optimality of a strategy, similar to that
obtained in [31].

Corollary 1 (First order conditions of optimality). If ¥ is an optimal quantum strategy for ﬁ, then:

[B(M), p] =0 (18)

V1<i<n, Trjg <[ Z BAM),;)}) =Tr;z ([ Z BAM),p}) =0 (19)

x:x; =0 x:x;=1

Proof. For ¥ to be optimal, the first order term ’I‘r(p erzg K, +z-K,B, (M)]) must vanish for all choice of K,
and K;,1 <1 < n. Moreover, one can write:

Tr pg:Zg[K,, t+a-K,B,(M)] | = 2 Te(p[K, + 2 K, By (M)]) (20)
-> T (p(K, + 2 K)Bo(M)) = Te(pBo(M)(K, +z- K))  (21)
= EZ: Tr(Bo(M)p(K,, + 2+ K)) = Tr(pBo(M)(K, + z - K)) (22)
- ezi Te([B(M), pl(K, + 2 - K)) (23)

Hence, if one sets K; = 0 for 1 < i < n, the first order term is:

S TH(B, (M), plK,) = Tr([B(M), p|,) = 0. (24)

Tz

We deduce that [B(M), p| is orthogonal to every skew-Hermitian matrix, which implies it is orthogonal to any operator,
and necessarily [B(M), p] = 0. This is expected: for p, M to be optimal for Tr(B(M)p), p must be a convex combination
of eigenvectors of B(M).

Now, if one sets K, = 0, and K; = 0 for all j # 1, ¢ fixed, the first order term becomes:

€Ly Tz, =1

We deduce that [ ... _ B.(M),p] is orthogonal to every operator acting on the i-th subsystem, or equivalently

Trjz ([sti:l B.(M),p]) = 0. To obtain the same equation with the sum on x such that z; = 0, we simply insert
[B(M), p] =0 in the equality:

Trji Q ) Bx(M),pD = Tji ((BOM), ) — T ([ > Bz(M),pD ~0. (26)

x:x; =0 x:x;=1

Note : While unitary perturbations are not sufficient to reconstruct the full neighborhood of a quantum strategy.
note that this framework can still allow to recover generic POVM perturbations. One can reparametrize the corre-
lations of local dimension D by the Naimark dilation [32] IL|, of the measurements M., used to realize them. If
¥ = (p, M) is a quantum strategy, the dilated strategy D(X) = (p ® |0)(0|®"™,II) (where each party holds an extra
auxiliary qu-D-it in state |0)), is then a D?-dimensional projective strategy such that P(X) = P(D(X)). Unitary
perturbations of D(X) not acting on the auxiliary space should then correspond to the whole neighborhood of X.
However, we do not make use of this idea in this paper. O

UNITARY PERTURBATIONS OF LOCAL DETERMINISTIC STRATEGIES

Given a deterministic correlation pz = P((@;)1<j<n), how do quantum correlations in its neighborhood compare
with respect to a functional 87 This question can be adressed by considering all the quantum strategies realizing a



specific local deterministic correlation, and using the tools from the previous section to obtain the behaviour of E
under perturbations of these strategies. As we show in this section, the response of E under unitary perturbations
takes a much simpler form when the base point is a local deterministic point. The interest of this problem is threefold.
First, especially in the n22 scenario, as we will see in the next section, it informs us on the geometry of Q around
local deterministic points. Second, it investigates the limitations of optimizing quantum strategies via gradient-based
methods. Finally, comparing the behaviour of 5 under perturbations of projective strategies, and those of non-
projective POVM strategies of same local dimension D might reveal the existence of correlation points which can be
obtained with the latter type, but not with the former type of strategy. hether such points exist for some strategy
dimension D and a number of outputs d is an open problem formulated by Gisin in [24]. For example, one could find
a functional for which a correlation point p is locally optimal among correlations realized by projective strategies, but
not among those realizable with POVMs of local dimension D. Let us define formally what we mean by projective
strategies.

Definition 2 (QP correlations and strategies). We say that a quantum strategy Xo = ((Hi)1<i<ns P, (M;g))lgign@iezz)
is a qu-D-it projection (QP) strategy if:

Oforalllgign,’}-li:(CD,

o for all 1 < i < n, ch € Zg, Mg(c:) 18 a projective valued measurement, characterized by projector elements
(I (1)|m asez, with Za oo, = Ip and Uy, 10,10, = 0 for a; # aj.

The set of all QP correlations one can realize using a QP strategy with qu-D-its in the n2d scenario is denoted Qp(D),
and is a subset of Q.

If Q(D) denotes the set of correlations realizable using a quantum strategy of local dimension D at most, the
problem then restates as : do we have Qp(D) C Q(D) for some D? We do not answer this precise question, but we
give new elements pointing to a positive answer, and a potential strategy to address this conjecture using the tools
described in the previous section.

Let us first characterize all the strategies realizing a local deterministic point pjz.

Lemma 1. Let p; be a local deterministic correlation point, and ¥ = (p, M) a quantum strategy. Then P(X) = pa
if and only if p = Z?:l pj [0iX¥;1, such that for all 1 < j < k Mz, (2))...a, (xn)lz |¥5) = [¥5), and consequently,
for a € Z, My, |b;) = 0 if a # ai1(x1)...an(xn), where My, = Méi‘)zl Q... M("fx In particular, for all
T € Ly, Bo(M)p = Ba(a),up-

Proof. First suppose that p = [1)))| is a pure quantum state. First, by definition of pg, we know that for all 2 € Z3:

P(2)(@r1(x1) .. an(wn)|z) =1 (27)
[ My ® @ M) =1 (28)
ML),y @ - ® M("(xn)lx ) [2>1 by Cauchy-Schwarz (29)

Now, note that since Mg 3y, = MY

ay(z1)|wy

be lower than 1. Hence, the last inequality forces Amax = 1 and Mgy, [¥) = [¢). For a general density operator
k . k
p=25—1 P )5, with 377, p; = 1,we have:

®...0M; (n 21 . is a POVM element, its maximal eigenvalue Ay, must

P(Z)(dl(ml)- .l xn |$C ij wJ‘Ma (z)|x |'¢}J>| =1, (30)
j=1
implying | (¢;| Ma(q)2 [%5) |2 =1 for all 1 < j < k, which by the previous discussion concludes. O

The following energy-weighted sum rule will be crucial in the study of the response of E under perturbations of X.
It forms a connection between the spectral structure of A and the evolution under X of A up to second order when
the starting point is an eigenvector of A.



Lemma 2 (Second order energy weighted sum rule for observables). Let A be any observable, and Ai,..., AN,
Aq,..., AN be such that A = 22:1 AmAp and Zﬁzl A = 1. Let p be a density operator such that Ap = pA = A\p
for some eigenvalue \ of A. Let X be skew-Hermitian.

Tr([X, Alp) =0 (31)
N
Tr([X, Alap) = 2Te((A = N XpXT) =2 " (A — A) Tr(An XpXT). (32)
m=1
This is in particular the case if A1,..., An are the orthogonal projectors on the eigenspaces of A.

Proof. We simply develop the commutators:

Tr([X, Alp) = Tr(X Ap) — Tr(AXp) (33)
= Tr(XAp) — Tr(pAX) (34)
= MTr(Xp) — Tr(pX)) =0 (35)
Tr([X, Alap) = Tr((X?A — 2XAX — AX?)p) (36)
=Tr(AX?p) — 2Tr(XAXp) + Tr(AX?) (37)
= 2(Tr(AXpX) — Tr(AX pX)) (38)
= 2Tr((A - A)XpXT) Xt=-X (39)
N N

H((Z AmAm =AD" Am> XpXT> (40)

N m=1
=2Y (A Tr(AXpXT). (41)

Translating to our setting, this yields the following formula.

Lemma 3. Let X be a quantum strategy realizing a local deterministic correlation ps. Then X is a critical point of its
unitary orbit for any Bell functional 6 More precisely, if we denote U= (e, ... efn e o) and I1, .. the projector
on the eigenspace of B, (M) with eigenvalue bg 4, then:

B-PU-%)=F-PE)+ Y (baw — Baw)e) Tr(Maw(a - K + Kp)p(a - K + K,)T) + o(|| K[]?) (42)

Proof. For all x € Zy, since ¥ is local deterministic, we have B, (M )p = pBy(M) = Bi(z),.p- Thus, by 7 the first
order term Tr([x K+ KP,BI(M)]p> of (H) vanishes, as well as the second order term [[z - K + K], B,(M)]. We
obtain the desired result by applying to [x - K+ K,, By (M)]s. O
We now turn to the specific case of quantum projective Strategies.ﬁ
In this case, the eigenvalues of B, (M) can be directly related to S, as they are exactly the numbers S, ;,a € Z.
The unitary response of 5 can be split into a main term depending on the evolved state K,pK ;, and a remaining term

involving measurement basis variations, which has support only on outcomes differing from a(x) on only one site.

Definition 3. (One-flip mazimum) A local deterministic correlation ps is a one-flip maximum (resp. strict one-flip
mazimum) for B if and only if for all 1 < j < n, and for all @' = (a},)1<k<n such that aj, = ay for all k # j,
B-pa=pB-pa (resp. B-pa>B-pa).

Note that being a one-flip maximum is a necessary condition for classical optimality.
Lemma 4. (Limited effect of measurement evolution for QP strategies) Let ¥ = (p,II) be a QP strategy of local
dimension D > d.. For a € Zy, x € Zy, denote w(a) = {1 <i < n | a; # 0}, and I, = Hgll)m ®...® H(n)|mn
Then, using the same notation as in Proposition '

G-PU-%) =5 P(E)+ Tr(B(I)K,pK!) + R(IL K, p) + o || K |?) (43)
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where R(IL K, p) = > s aw(a—i(a)=1Baz — Ba),z) Tr (I, . (2, K; + Kp)p(z; K + K,)T) only involves ouptut strings
with w(a — a(z)) = 1, and By(II) = Zm,a.w(affz(x))ZZ(ﬁa;T - 5&(1),I)Ha|m
Moreover, if D = d and p; is a one-flip mazimum, then R(II, K, p) < 0.

Proof. Recall that for a QP strategy, B, (M) = ZGEZ" Ba,z1a|z, which is a spectral decomposition of B, (M), since
the projectors II,|, partition the identity for a fixed z. Thus, we can use Lemma I with Il ; = Tl;|,, which yields,
up to second order:

B-PW-%)=F-P(B) = (Baw — Bawya) Tr(Maja(a - K + Kp)p(x - K + K,)F) (44)
= Z(Ba,w - sz(m),z) TI‘<Ha|m(x : Iz + Kp)p(l' . I? + KP)TH,”I) Ha|m — Hi\z

(45)
= Z 6@1 - ﬁa(:z: w) (( a\z(x K) a(x)|x + Hale 15 (z)|a:) ( a|w(x : I?)H&(m)\w + Ha\a:KpHd(;v)\w)T) (46)

Where in the last line, we used I5(4) 20 = pllz(z)» = p- Note that most of the contributions of z - K are null. Indeed,
for a € Z}},x € Zy:

% _ @) o
oo (2 - K)g(0))0 = foz ®H s 1T e (47)
i=1 j=1

Note that H(J‘) H(J‘) =0forb#V. If w(a—a(x)) > 2, at least one of the overlaps H(J)|a: Héi)(mj)‘rj where a and a(z)
differ at j appear, making the overlap equal to 0. Hence, if w(a — a(x)) > 2, Il ,(x - K) a(z)]e = 0. The strings a
such that w(a) = 1 are denoted by k7, for 1 < k <d, 1 < j < n, where k7 is the string equal to 0 on all sites but on
7 where kj = k. Consequently, the second order term splits as:

> (Baw — Batoye) Tr(Wap KppK ) + ROIL K, p)) = Tr(Bo(IN K, pK ) + R(L K, p)) (48)

z,a:w(a—a)>2

where R(IL K, p)) = Dok 2w (Ba)rhi e = Bata).a) Tr(Ma(a)1aije (2K + Kp)p(a; Kj + K,)T), as announced.
Suppose now that D = d. Then, since II;(,)|, is of rank 1, Tl ;.0 = plUa(a). = p implies:

p= H&(m)\x = ® Héjj)(xj)|zjv (49)
j=1

independently of x € Z}. In particular, for all 1 < j <n, Hg_)(l)ll — 1) This allows us to write :

a; (00"

R(IL K, p) Z@Z (Baay+hte = Bate) e Moo @ T ke, @ Q) Ty 0@ K + Kp)play K + K
kj =1 = i=j+1
(50)
=Y Tr(RijoKppKf) + > Tr(Ri 1 (Kj + Kp)p(K; + K,)) (51)
kg kg

Where we set Ry ;5 = ®,—; Hg )(o)|0 ® (Z:E:xj:b Ba(w)+ki @ = B&(aﬂ)w) ng)(a:j)ﬂmj ikt Hé?(ono- The hypothesis
that p; is a one flip maximum (resp. strict one flip maximum) is equivalent to Ry ;5 < 0 (resp. Ry < 0) for all
keZyje{l,...,n},be {0,1}, which implies R < 0.

The reciprocal does not necessarily hold, but note that for (k,j) # (k',j"), Rk pRi jopv = 0, so R < 0 implies
Rijo+ Ry j1 <0 forall k,j (take K, p) = 0 and K, arbitrary, which allows K,pK] to describe any pure state).

O



This already highlights a difference between PVMs and POVMs: for PVMs, the effect of conditional measurement
variations is very limited, as they only act at second order through the projectors Il;(;)|44ki|2, and not at all if D = d
and p; is a one-flip maximum. For POVMSs there is no such restriction a priori. This is due to the overlaps between
POVM elements, which forbid to conclude that most terms in vanish.

We now prove a dimension reduction result for deciding if a given local deterministic strategy is a local optimum in
Qp(d), showing how structured the optimization problem in Qp(d) is compared to Q(d). In short, we show that this
problem reduces to finding a Qp(d — 1) strategy with positive gain for a set of non-local games with d — 1 outcomes
constructed from 5

Lemma 5 (Dimension reduction via subset games). For all k € N, ¢ € Z}}, define the support of ¢ as S(c) = {1 <
i<mnlc; #0}, and for S = {s1,...,s:} C{1,...,n}, denote the restriction of c to S as cs =cs, ...cCs, .
For S = {s1,...,s,} C{1,. n} x €LY, a€ Zg’x ={ac Zldsl | V1 < i < |S|,q; # as,(zs,)}, denote o™ the

unique string in 2} such that ax S = =, and ozj’s =a;(x;) for all j ¢ S. Then, define, for all § € ZIQS‘:

Bie= > Bawso— Bia)a (52)

)
rrs=¢

Up to relabeling of the output strings, 55 defines a |S|2(d — 1) functional, to which one can associate a Bell operator
BS5(M) =Y, fﬂa ¢Mae, which we call a subset game. Let X = (p,11) € Qp(d) such that P(X) = ps. Then, Bz(M)
admits a direct sum decomposition into subset games.

By (M) = Z Is @ BY(11%), (53)

SC{1,...,n}
[S|>2

where Ig = ®j¢$ Hg)(oﬂo is the projector used by the parties that are inactive for the subset S.

In other words, to investigate second order variations of 5 - p around a local deterministic correlation pz, one can
equivalently study each of the (k,2,d — 1) functional defined by the average gain that the subset S of 1 < k < n
players obtains by changing their projective strategies —forbidding projectors that can yield the outputs prescribed

by a(z).
Proof. Let x, 2" € ZY, and a,a’ € Z} such that S(a — a(x)) # S(a’ — a(z’)). Then, there exists 1 < j < n such that
a; = aj(z;) and a;. #a; (xg) Recall that P(X) = p; forces Uz, 0yj0 = Ua, (1y1- Thus, Ty, Iy, = (8Z 1 Hz(ztlrln(’)lm/ =
0 because I, 1z Wy o = 1a, () e, T g = W, (@) o Tlay oy = 0-

We deduce the following direct sum decomposition for B (II), sorting the output strings a by their support S (where
they do not match with a(z)):

62(1_[) = Z (Ba,w - B&(z),m)nau = Z Z Z Z (ﬁaz’s,w - B&(w),w)naz=s\xv (54)
z,a:w(a—a(x))>2 Sgll{svll,>2,n} EEZ';‘ aEZg’z ziwg=E

where the terms in the first sum are in direct sum by the previous remark. Observe that up to to permutation of the
tensor product, we have:

Mpes)p = ®H<’) ®H<’) _ (55)

€S ¢S
IS| 0

= ®Haz|§1 Qa e, (56)

¢S

15|

= QU Is, (57)
i=1

where Is = @45 H(?(x o = Rigs H((ii()o)l() because P(X) = pg.
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Reinjecting into , we obtain, again up to a permutation of the factors depending only on S:

5]

Yoo Is@ >0 > > (Barsw — Ba), )® O, (58)

Sgl{fsll,7 } erlS‘ anS T rirsg= f
>2

By (1)

5]

= > Is® Zﬁas ¢ ®Hal|& (59)

SC{1,....,n}
|5]>2
Y IseBSWf), (60)

SC{1,....n}
1S[>2

where we denoted II° = (H(Sl), e ,H(S\SI)) the measurement strategy of the players in S, and B° the Bell operator
associated to ES. Since the last equation is a direct sum, and Ig is a projector, the spectrum of By(II) is, up to
multiplicities, the union of the spectras of B%(IT) for all S. This guarantees that the LHS of (??) cannot exceed the
RHS, and, since any projective measurement strategy II® for the players of a subset S can be extended to a projective
measurement strategy II for all the players, we must have the equality. O

If none of these games admit a Qp(d — 1) strategy with positive gain, then pg is a local optimum in Qp(d) for 3.

Corollary 2 (Local optimality criterion via subset games). For S C {1,...,n}, define the active subspace of the
subset game Bs as Vs == @4 c)ca, M(aje), with As = {(a,§), o € Zldsl,f € Z‘f‘ | V1 < i < nyaq; # ai(&)}-
Suppose that pg is a strict one-flip mazimum, and that for all S C {1,...,n} with |S| > 2, and all quantum projective

strategy X = (I1, p) of local dimension d such that P(X) = pa, Bs(I1¥)|ys < 0. Then, ps is a local optimum in Qp(d).
Moreover, if there exists such a ¥ and S, |s) € Vs such that (s| Bs(IT%) [1hs) > 0, then pg is not a local optimum

This property is not obvious for two reasons. First, it requires to write the neighborhood of pz from the union
of the neighborhood of its preimages, which requires a crucial compacity hypothesis. Second, we need to deal with
degenerate directions where the second order term is zero, and guarantee that higher order terms are not positive.

Lemma 6. Consider two separated topological spaces X and Y, with X compact. Let f : X — Y be a continuous
map. Then, forally €Y, Uwef—l(y) f(Va) (where V, denotes any neighborhood of ), is a neighborhood of y in f(X).

Proof. Note that Z = X — Uxeffl(y) V. is compact, since it is closed in the compact X. Hence, f(Z) is compact, and
thus closed since Y is separated, and does not contain y, implying that f(X) — f(Z) is an open set, which contains y

since f(X) does. To conclude, notice that f(X) — f(Z) C f(X = Z) = f(U,ep-1(y) Vo) = Usep-r(y) F(Va) O

Proof of Corollary[4 Let ¥ = (p,II) be a Qp(d) strategy such that P(X) = ps. For all € > 0, the set
B. ={U(K)-%,||K|| < ¢}, (61)

where U(K) = (eX1,...,e5n e7%0), is a neighborhood of ¥ in Qp(d), which is compact. Hence, by Lemma @ it
suffices to show that for ||K|| small enough, 5-P(U(K)-X) < - P(X). Recall Lemma

F-PU-%)=F PE)+ Te(B:(I)K,pK}) + RAL K, p)) + of||K|?). (62)

By Lemma EL since py is a one-flip maximum, R(II, K, p)) < 0. By Lemma since BY(IT¥) < 0 for all subset of
parties S, we deduce that Tr (32( VK ,pK T) < 0. Now suppose that the second order term is zero. Then, we must
have R(II, K, p)) = 0 and Tr (B (1) ppK);) = 0. Since By(IT) < 0, the latter implies that Bo(IT) ppK); = 0, so the
support of KppK; is in ker By (II).

Since the PVMs in IT are not degenerate, let us denote Il,|, = |a|z)(a|z| and show that ker By (IT) = Vect(|a|0™) ,w(a—
a(0™)) < 1). Let |¢) € ker Bo(IT), and write |¢) = Zaezg ¢q |al0™). By definition Bz (II)|p) = 0, but since by hy-
pothesis Is ® Bg(IT1¥) < 0 for all S C {1,...,n}, we deduce that Is ® Bs(II®)[s)) = 0. Let us compute the
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latter:

Is @ Bs(I%) [v) = Y cals ® Bs(I1%) [al0™) = > ¢q (IS®|a1|O ) ® (BS(HS)®|ai|O>> : (63)

a€ly a€ly ¢S €S

Now, by definition of Is and Bg(II¥), Ig ®Z¢S |a;|0) is non zero if and only if a; = a;(0) for all i« ¢ S, and
Bs(IT%) ®,cq |ai|0) is non zero if and only if a; # @;(0) for i € S. Hence, Is ® Bg(I1¥) [a]0™) # 0 if and only if
S(a —a(0™)) = S. Hence, the last equation simplifies to:

Is ® Bs(I1%) [v)) = (X)a:(0)[0)  Bs(11%) [is) (64)
¢S
where [hs) = >, 5a—a(0m))=s Ca |as). Since Bs(I1%) is strictly negative on Vg and |¢5) € Vs by definition, we must
have |1g) = 0, and thus ¢, = 0 for all a such that S(a —a(0™)) = S. Since this is true for all S with |S| > 2, only the
coefficients ¢, with w(a — a(0™)) < 1 remain, which proves that ker Bz (IT) = Vect(|a|0™) ,w(a — a(0™)) < 1).
We now use that R(II, I?, p) = 0, which rewrites, using the same notation as in :

Z TI‘(Rkyj’oKppK;) + ZTI‘(R[CJJ(KJ' + Kp)p(K] =+ KP)T) =0. (65)

k,j k,j
Since p; is a one-flip maximum, Ry, ;p is negative, meaning the support of K,pK ; must also lie in the kernel of Ry, ;.
Moreover, since the optimum is strict, the factor of Ry j, on the k-th site, > . 2 —o(Ba(@)+hiz — Bate).e ) ay @) |ps 18
strictly negative on the subspace Viy. By an analogous reasoning, taking b = 0, we ' deduce that the coefficients cq of a
state 1) in the support of KppK; for w(a—a(0)) = 1 must be zero, hence KppK; o |a(0™)|0™¥a(0™)|0™], which means
K,p o< |a(0™)]0™)¢| for some state |¢). Now note that since P(E) = ps and the PVMs are not degenerate, we must
have p = Il5(gn)jon by Lemma Combined with the previous, we conclude that K,p oc p. We now turn to the second
term of (65). Again, since Ry ;1 < 0 for all k, j, the summand is null for all k, j. Note that Ry ji1p = pRij1 =0,
and hence, denoting K,p = i\p for some real \:

Ry i1 (K + Kp)p(Kj + K,)T = Ry ja( JPKT + A(PKT + K;p) + K,pK}) = Rk,j,lKjﬂKJT + ARy ;1 Kjp (66)
0 = Tr(Ry 1 (K; + K )p(K; + K,)T) = Tr(Ry ju KjpK]) + A Tr(pRi j1 K;) (67)
= Tr(Ry 1 K,pK]), (68)

where we used trace cyclicity in the second to last line. Again, this induces Rk,jleij; =0, and thus:
. (7)
0= Ry ,Js1 PK ®H ;(0)]0 ® Z (ﬂd($)+ki T 5«1 (z) z) a;(1 )_Hg‘l a] (0 \OK ® H :(0)]0° (69)
Tz =1 =741

Since pgz is a strict one-flip maximum, szszl(ﬂa(m)+kjym — Ba(z),x) < 0, s0 Haj(1)+k‘1Kdej(0)|OK; = 0. This
is true for all 1 < k < d — 1, but the projectors Il 1)1 K;115;(0),k € Zg form a partition of the identity, so
KjH,ij(ONOK;-r o 1Tz, (0yj0, which is equivalent to ijK;r X p,

We deduce that for all z € Z%, (x - K+ K,)p(x - K+ K,) « p. By the same reasoning as earlier, we deduce that

(z- K+ K,)p=ipgp = p(x- K+ K ,) for some real ji,. Finally, we deduce that if the second order term is not strictly
negative, then:

G-P@-8) =T (Z Bx(H)eI'I?+K”p€_I'I?_KP> —Tr (Z B,,.(H>e"”mpe—i“m> =0-P(x), (70)

which concludes. ]

THE (N, 2, 2) QUANTUM SET IS FLAT AROUND EVERY LOCAL DETERMINISTIC CORRELATION

We conclude with an unexpected consequence for the geometry of Q in the (n,2,2) scenario, namely that the faces
around any local deterministic point are flat. We make this statement formal in the following theorem.
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Theorem 1. Let pg be a local deterministic correlation, and P be a 2-dimensional plane such that pg € QN P. Then,
there exists rp > 0 such that Ext(Q) N PN B(pa,rp) = {pa}-

We first show the following proposition based on the dimension reduction lemma from the previous section.

Lemma 7. Let p; be a local deterministic correlation which is a unique classical mazimum for a (n,2,2) Bell functional
B. Then, ps is a local optimum for 3 in Qp(2).

For the proof of Theorem we will need the following Theorem by Masanes [9]
Theorem 2. In the (n,2,2) setting, Ext(Q) C Qp(2).

Proof. pg is in particular a strict one-flip maximum, so by Corollary [2] it remains to show that the subset games are
strictly negative on their active subspace. However, since d = 2 here, the subset games are scalars. More precisely,
for all S C {1,...,n} with |S| > 2, Z;,S consists of a single string which is the complementary of a(z)g, and its lift
a®% is equal to a(z) outside of S.

Z Z (Bal‘s,:r - B&(m),z) = Zﬁamvs,x - B&(m),z (71)

562\25\ r:rxg=E£

Note that this is exactly the score increase, compared to ps, of the local deterministic correlation realized by fixing
the output of each player i to a;(z;) if i € S, and a;(z;) ®1if ¢ ¢ S. It is strictly negative since p; is a strict classical
optimum. O

This is surprising : we know since that every extremal point of Q can be realized by a Qp(2) correlation, so every
Bell functional admits a maximum at a correlation in Qp(2). Hence, if one could find extremal points of ) arbitarily
close de pz (which is the case if Q is curved around pz), one could choose 5 such that pz is the strict optimal classical
correlation, but the optimal quantum correlation is a quantum extremal point p close from pz. If p is sufficiently close,
one expects that, slightly perturbating p; towards p inside Qp(2) achieves a larger score than ps. This intuition is
formalized in the proof of Theorem

Proof. Let P be a two dimensional plane such that p; € Qp = QN P. L is a polytope having p; as a vertex, so
Lp = LN P is apolygon and also has p; as a vertex, which is adjacent to two edges F1 = F1 NP and Fy = FoN P
of Lp, where F; and Fy are two faces of L. Let H; and Hy be the half spaces delimited by F; and F5 such that
HiNL=F), and HyNL = F5. Since Lp C Qp, it is clear that H; U Hy N dQp is a neighborhood of p; in 0Qp
(where 9 denotes the border). We now treat H; N 9Qp and Ho N IQp separately and show that if p € H; N9Qp is
sufficiently close from pg, then p is not extremal (the reasoning for Hs is the same).

If HHN9Qp = Hy NOLp, then every point in H; N JQp lies on an edge and is hence not extremal (except for the
extremities).

Otherwise, we claim it is possible to find a Bell functional E such that pz is a unique classical maximum for 5 , and,
if one defines H = {p e R?"*d" | B-p> g-pa}, and its associated separating hyperplane Fiz then (Hz — Fz) N 0Qp

is still a neighborhood of p; in 9Qp. Let 51 be a Bell functional such that F; = {pe L] Bi-p=p- pa} Since pg is
a vertex of L, one can also find a Bell functlonal Ba such that pgz is a unique classical maximum for Ba T hen, for all
£ >0, p; is a unique classical maximum for 1 + f3;, defining a hyperplane F. = {p € R?"x4" | ﬁ p=p.- pa}. The
interior oriented angle 6(e) between E; and the line F. N P is then clearly continuous in ¢, and always positive since
otherwise some part of £ — {pz} lies above F. making p; suboptimal for ﬂ;. We also have #(0) = 0 by defintiion.
Moreover, since Hy NOLp # HyNOQp, the interior oriented angle 6 between F; and the convex curve H; NO0Qp must
be strictly positive. This means there must exist €9 such that 0 < 6(g¢) < 0, in which case B_;O satisfies the desired
property. By Lemrnalﬂ7 pa is a local optimum in Qp(2) for 6;0. This is equivalent to saying that there exists rp
such that Qp(2) N (He, — Fr,) N B(pa,rp1) = 0. For rp; small enough, since 99p N (He, — Fy,) is a neighborhood
of pa in 0Qp, this implies Qp(2) NIQp N B(pa,rp1) = 0. Theorem concludes. O

DISCUSSION AND OPEN QUESTIONS

By analyzing the dynamics of quantum correlations under unitary perturbations of strategies, we have uncovered
new properties of the quantum correlation set Q. The reduction of multipartite Bell optimization to subset games
provides a powerful tool for analyzing local optimality. Our proof of the flatness of Q around deterministic points in
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the (n,2,2) scenario is a first step towards understanding the geometry of the multipartite quantum set. Furthermore,
the distinction we draw between projective and general POVM perturbations offers a concrete roadmap for resolving
Gisin’s problem.

Ansatz Dimension as a Learning Resource. Our results underscore the role of the ansatz dimension in
variational quantum algorithms. Indeed, we show that classical optimum correlations are always locally optimal in
the set of qubit projective strategies. This means that even in the (n, 2, 2) case where the optimal violation is known to
be achievable with qubits (D = 2), a variational quantum circuit — using parametrized shared state preparation and
local measurements — with local dimension 2 initialized near a classical point may fail to escape the local optimum.
The convexity of Q and of Bell functionals suggests that increasing the local dimension of the ansatz can eliminate
these local optima. This positions the dimension of the variational circuit as a resource for learning, independently
on the target dimension.

New games exhibiting quantum-—classical gap. The local optimality criterion via subset games (Corollary
suggests a way to construct new games with a quantum-—classical gap. It suffices to consider a (k,2,d — 1) game
B with strictly positive value, and construct a game for which one of the subset games at the optimal classical
correlation p; is B. Then, p; is not a local optimum for B in Qp(d), and a fortiori the game has a quantum gap. It
would be interesting to investigate if this construction can succeed and yield any nontrivial new type of game with a
quantum-—classical gap.

POVMs vs. PVMs This work sheds new light on the open question posed by Gisin: does there exist a correlation
achievable by POVMs of dimension D that is not in @p(D)? Our analysis reveals a structural difference between PVMs
and POVMs under perturbation. For PVMs, the measurement evolution terms in the second-order expansion vanish
or are strictly negative due to orthogonality constraints. For general POVMs, non-orthogonal elements allow these
terms to potentially contribute positively. We suggest that constructing a Bell functional where the subset games are
negative but POVM perturbations can yield a positive gain would prove Qp (D) C Q(D). Our perturbative machinery
provides the explicit conditions required to search for such a functional.



14

[1] B. S. Tsirelson, Letters in Mathematical Physics 4, 93 (1980).

[2] J. S. Bell, |Physics Physique Fizika 1, 195 (1964).

[3] A. Aspect, J. Dalibard, and G. Roger, Physical Review Letters 49, 1804 (1982).

[4] Z. Ji, A. Natarajan, T. Vidick, J. Wright, and H. Yuen, Mip*=re (2022), arXiv:2001.04383 [quant-ph].

[5] J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt, Physical Review Letters 23, 830 (1969).

[6] D. M. Greenberger, M. A. Horne, A. Shimony, and A. Zeilinger, American Journal of Physics 58, 1131 (1990).

[7] M.-O. Renou et al., Physical Review Letters 123, 070403 (2019).

[8] A. Tavakoli, A. Pozas-Kerstjens, M.-X. Luo, and M.-O. Renou, [Reports on Progress in Physics 85, 056001 (2022).

[9] L. Masanes, Extremal quantum correlations for n parties with two dichotomic observables per site| (2005), jarXiv:quant-

ph/0512100 [quant-ph].

[10] T. P. Le, C. Meroni, B. Sturmfels, R. F. Werner, and T. Ziegler, Quantum 7, 947 (2023).

[11] K. T. Goh, J. Kaniewski, E. Wolfe, T. Vértesi, X. Wu, Y. Cai, Y.-C. Liang, and V. Scarani, Physical Review A 97,
10.1103/physreva.97.022104 (2018).

[12] M. Navascués, S. Pironio, and A. Acin, New Journal of Physics 10, 073013 (2008)L

[13] X. Xu, Quantum Nonlocality in Bilocal Networks: An Operator Algebraic Perspective, Master’s thesis, ETH Zurich, Zurich,
Switzerland (2023).

[14] M.-O. Renou, X. Xu, et al., arXiv preprint arXiv:2210.09065 (2022).

[15] B. Ligthart, M.-O. Renou, et al., arXiv preprint arXiv:2212.11299 (2022).

[16] V. Barizien and J.-D. Bancal, Nature Physics 21, 577 (2025), preprint available at arXiv:2406.09350.

[17] J. R. McClean, J. Romero, R. Babbush, and A. Aspuru-Guzik, [New Journal of Physics 18, 023023 (2016).

[18] P. Cerfontaine et al., arXiv preprint arXiv:2106.10981 (2021).

[19] J. Stokes, J. Izaac, N. Killoran, and G. Carleo, Quantum 4, 269 (2020).

[20] R. Sweke, F. Wilde, J. Meyer, M. Schuld, P. K. Fachrmann, B. Meynard-Piganeau, and J. Eisert, Quantum 4, 314 (2020).
[21] J. Furches, S. Chehade, K. Hamilton, N. Wiebe, and C. O. Marrero, Application-level benchmarking of quantum computers

using nonlocal game strategies| (2025), arXiv:2311.01363 [quant-phl.

[22] I. Kerenidis and E.-A. Cherrat, |Quantum agents for algorithmic discovery| (2025), arXiv:2510.08159 [quant-ph].

[23] A. Tavakoli, A. Pozas-Kerstjens, P. Brown, and M. Araijo, Reviews of Modern Physics 96, 045006 (2024), comprehensive
review of SDP methods including recent network hierarchies.

[24] N. Gisin, Bell inequalities: many questions, a few answers (2007), arXiv:quant-ph/0702021 [quant-ph].

[25] T. Vértesi and E. Bene, Physical Review A 82,10.1103/physreva.82.062115 (2010).

[26] J. M. Donohue and E. Wolfe, Phys. Rev. A 92, 062120 (2015).

[27] A. Einstein, B. Podolsky, and N. Rosen, [Phys. Rev. 47, 777 (1935)!

[28] A. Fine, Physical Review Letters 48, 291 (1982).

[29] J. E. Humphreys, Introduction to Lie Algebras and Representation Theory, Graduate Texts in Mathematics, Vol. 9
(Springer-Verlag, New York, 1972).

[30] B. C. Hall, Lie Groups, Lie Algebras, and Representations: An Elementary Introduction, 2nd ed. (Springer, 2015) includes
discussion of both the Baker—Campbell-Hausdorft formula and the Hadamard lemma in the context of Lie theory.

[31] M. Araujo, I. Klep, A. J. P. Garner, T. Vértesi, and M. Navascués, First-order optimality conditions for non-commutative
optimization problems| (2026), |arXiv:2311.18707 [quant-ph].

[32] M. A. Naimark, Normed Rings (Noordhoff, Groningen, 1970) traduction anglaise de I'ouvrage original russe (1956).


https://doi.org/10.1007/BF00417500
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
https://doi.org/10.1103/PhysRevLett.49.1804
https://arxiv.org/abs/2001.04383
https://arxiv.org/abs/2001.04383
https://doi.org/10.1103/PhysRevLett.23.880
https://doi.org/10.1119/1.16243
https://doi.org/10.1103/PhysRevLett.123.070403
https://doi.org/10.1088/1361-6633/ac41bb
https://arxiv.org/abs/quant-ph/0512100
https://arxiv.org/abs/quant-ph/0512100
https://arxiv.org/abs/quant-ph/0512100
https://doi.org/10.22331/q-2023-03-16-947
https://doi.org/10.1103/physreva.97.022104
https://doi.org/10.1088/1367-2630/10/7/073013
https://doi.org/10.3929/ethz-b-000613670
https://doi.org/10.1038/s41567-025-02782-3
https://doi.org/10.1088/1367-2630/18/2/023023
https://doi.org/10.22331/q-2020-05-25-269
https://doi.org/10.22331/q-2020-08-31-314
https://arxiv.org/abs/2311.01363
https://arxiv.org/abs/2311.01363
https://arxiv.org/abs/2311.01363
https://arxiv.org/abs/2510.08159
https://arxiv.org/abs/2510.08159
https://doi.org/10.1103/RevModPhys.96.045006
https://arxiv.org/abs/quant-ph/0702021
https://arxiv.org/abs/quant-ph/0702021
https://doi.org/10.1103/physreva.82.062115
https://doi.org/10.1103/PhysRevA.92.062120
https://doi.org/10.1103/PhysRev.47.777
https://doi.org/10.1103/PhysRevLett.48.291
https://arxiv.org/abs/2311.18707
https://arxiv.org/abs/2311.18707
https://arxiv.org/abs/2311.18707

	The perturbative method for quantum correlations
	Introduction
	Unitary Perturbations of Bell Functionals
	Dimension Reduction via Subset Games
	Geometric Implications: Flatness of Q in the (n, 2, 2) Scenario
	Discussion and Open Problems
	Conclusion
	References

	The perturbative method for quantum correlations
	Abstract
	Introduction
	Preliminaries
	Response of bell functionals under unitary perturbations
	Unitary perturbations of local deterministic strategies
	The (n, 2, 2) quantum set is flat around every local deterministic correlation
	Discussion and Open questions
	References


