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Many physical platforms for qubits naturally possess higher energy levels that can encode qudits, enabling
greater information density at the cost of increased control complexity [15, 21, 36, 37, 40]. In particular, when the
qudit dimension d is an odd prime, qudit systems exhibit rich algebraic structure that result in unique error correc-
tion capabilities [13, 39], lower overhead magic state distillation [14, 35], stronger quantum correlations [12, 17],
and improvements to various quantum algorithms [9, 33]. Ultimately, there is a trade-off between the engineering
cost of accessing higher dimensions and the computational advantages they provide. By characterising qudit cir-
cuits in a systematic manner, we can better understand this balance and exploit the potentials of higher-dimensional
quantum information processing.

Recently, algebraic approaches to quantum circuits have gained significant attention. An important problem
in this line of work is to develop sound and complete equational theories for circuit families, meaning any two
circuits representing the same linear map can be transformed into each other using a finite rule set. While there has
been substantial progress for qubits [2, 3, 6, 7, 8, 24, 30, 31, 38, 16], characterisation of qudit circuits in terms of
generators and relations remains much less explored.

Among quantum circuit fragments, the Clifford group plays a prominent role. Clifford unitaries underpin the
stabiliser formalism [1, 19], fault-tolerant quantum computing [22, 23, 25], efficient classical simulation [26, 32],
and practical circuit optimisation techniques [10, 11]. As a result, obtaining a complete and finite equational theory
for qudit Clifford circuits is a natural and foundational problem.

Building on the characterisation of the qutrit Clifford group [29], where a qutrit is a three-dimensional (d = 3)
qudit, we present a complete set of rewrite rules for multi-qudit Clifford circuits in all odd prime dimensions. There
are 19 Clifford relations in total, each involving at most three qudits and admitting an intuitive interpretation.

Theorem. The rewrite rules in Figure 1 are complete for n-qudit Clifford circuits over any qudit dimension d that
is an odd prime. That is, given two n-qudit unitary Clifford circuits C1 and C2 implementing the same linear map,
there is a sequence of rewrites from Figure 1 that proves C1 and C2 are equal.

To prove this, we leverage the isomorphism between the symplectic group Sp(2n,Zd) and the quotient of the
Clifford group by the Pauli group. We first derive a complete set of symplectic relations for Sp(2n,Zd), and then
lift them to Clifford relations by incorporating Pauli corrections. To do this, we introduce a symplectic normal form
that captures the stabiliser tableau of a Clifford operator. This normal form is then unique for a Clifford unitary
up to a Pauli correction. This simplification enables a streamlined derivation of a complete set of 66 parametrised
relations, which we further compress to 18 symplectic relations. They suffice to reduce any Clifford circuit to
this normal form. Finally, we show how the lifted symplectic relations alongside the Pauli relations can be further
reduced to a small set of 19 Clifford relations in Figure 1. In addition to the Clifford generators H, S and CZ, we
also use “derived generators” listed in Figure 2, such as SWAP, CX, and the multiplier Mg which is defined by its
action on the computational basis state, Mg|x⟩ = |gx⟩, where multiplication is over Zd . These derived generators
allow us to present the rewrite rules as intuitive (quasi-)commutation gate relations.

All computations in Sp(2n,Zd) are formalised in the Agda proof assistant, providing a machine-verified proof
of correctness. The corresponding code is available in the GitHub repository [5]. Our results not only bridge
algebraic group theory with syntactic quantum circuit reasoning, but also lay the foundation for formal verification
of quantum protocols in qudit architectures, automated circuit optimisation and synthesis, and the mathematical
study of symplectic groups.
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Figure 1: A complete set of rewrite rules for n-qudit Clifford circuits where d is an odd prime and n ∈ N. Derived
generators such as Mg, X , Z, SWAP, and CX are defined in Figure 2.
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Figure 2: A set of derived Clifford generators, expressed as circuits over the generating set {H,S,CZ}. Here, g
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L denotes the Legendre symbol in number thoery [34, Appendix A].

Preliminaries Let d be an odd prime and let a qudit denote a d-dimensional quantum system. In what follows,
we define unitary operators by their actions on the computational basis states. The single-qudit Pauli operators
are defined as X | j⟩ = | j+1⟩, Z| j⟩ = ω j| j⟩, where ω = e2πi/d and addition is over Zd . The n-qudit Pauli group
Pn is generated by tensor products of X and Z, together with phases ω t for t ∈ Zd . The qudit H, S, and CZ
gates [18, 20, 22, 27, 28, 34] are defined below, where i = e2πi/4 is the imaginary unit. The choice of global phases
ensures that each matrix determinant is equal to 1.

H : | j⟩ 7→ 1
λd
√

d

d−1

∑
ℓ=0

ω jℓ|ℓ⟩, λd = (−i)
d−1

2 , S : | j⟩ 7→ ω
j( j−1)

2 | j⟩, CZ : | j⟩|ℓ⟩ 7→ ω jℓ| j⟩|ℓ⟩.
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The n-qudit Clifford group Cn is the normaliser of Pn in U(dn). It is generated by H, S, and CZ gates via matrix
multiplication and tensor product up to global phases that we will ignore. It is well known that the qudit Clifford
group modulo Paulis is isomorphic to the symplectic group Sp(2n,Zd) [4]. This correspondence allows Clifford
generators to be represented by symplectic matrices over the finite field Zd , forming the basis of stabiliser tableau
representation of Clifford operators [1, 22]. Building on this correspondence, we generalise the prior Clifford
completeness results [29, 31, 38] for qubits and qutrits to all odd primes.
A Unique Normal Form for Multi-Qudit Clifford Circuits To find a complete set of rewrite rules, we first
define a unique normal form for Clifford circuits. To simplify the construction, we introduce a normal form with
two components: a symplectic normal form characterising the stabiliser tableau of the Clifford circuit, followed
by a Pauli normal form giving the necessary Pauli correction. This decomposition reflects the semidirect product
structure of the projective Clifford group Ĉn, where Ĉn ∼= Sp(2n,Zd) ⋉(Zd)

2n [41]. We show that symplectic normal
forms N(n) are in one-to-one correspondence with symplectic matrices M ∈ Sp(2n,Zd). The normal form N(n) is
defined inductively using structured layers of circuit fragments, which we call normal boxes. These are labelled A,
B, D, and E, each implementing a specific action on Pauli generators. An illustration of the multi-qudit Clifford
normal form is given in Figure 3.
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Figure 3: The inductive construction of the normal form for any C ∈ Cn, up to a global phase. Each layer of
the normal form alternates the Z-normal (red) and X-normal (green) circuits, progressively eliminating nontrivial
stabiliser tableau entries. The first layer trivialises the conjugation action on the n-th qudit. By induction, the
normal form N(n−1) faithfully implements the action of C on the first n−1 qudits. Finally, the Pauli normal form
carries out the Pauli correction.

Establishing Qudit Clifford Completeness To obtain a complete set of Clifford relations, it suffices to find a set
of rewrite rules that transforms any Clifford circuit into its unique normal form. We proceed in three steps. First,
we show that if a Clifford generator (H, S, or CZ) is applied before a normal form, the resulting circuit can be
rewritten into a new normal form. This is achieved by showing how each generator can be “pushed” through each
distinct normal box, yielding equations of the form illustrated below. We refer to them as the box relations.

Aab =H Ab,−a dir Aab =S Aa,b−a dir (1)

Here, dir denotes the residual dirty gates, which consist of Clifford generators and whose precise form depends
on the parameters a, b, and the dimension d. These dirty gates are then pushed further into the remaining part
of the normal form. By grouping these relations together in a systematic way, we obtain 66 box relations, each
parametrised by the indices of the corresponding normal boxes.

We then reduce these relations to a smaller set of 18 gate relations, forming a compact and natural presentation
of the multi-qudit symplectic Clifford group. Finally, we update these relations with Pauli corrections, and show
that they imply all the relations governing Paulis and their interaction with Cliffords. This gives Figure 1, a complete
set of multi-qudit Clifford relations.

All computations in Sp(2n,Zd) were verified in the proof assistant Agda [5], giving a fully formalised proof
of the completeness of the rewrite system. This framework provides a generic method for constructing circuit
presentations and enables future verified reasoning about higher-dimensional quantum circuits.
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We present a complete set of rewrite rules for multi-qudit Clifford circuits, where qudit denotes
a d-level quantum system with d an odd prime. Completeness means that any two Clifford
circuits representing the same linear map can be transformed into each other using these rules.
In total, there are 19 Clifford relations, each involving at most three qudits and admitting an
intuitive interpretation.

Our approach leverages the isomorphism between the symplectic group Sp(2n,Zd) and the
quotient of the Clifford group by the Pauli group. We first derive a complete set of symplectic
relations for Sp(2n,Zd), and then lift them to Clifford relations by incorporating Pauli correc-
tions. To do this, we introduce a symplectic normal form that captures the stabiliser tableau of
a Clifford operator and is unique up to Pauli correction. This simplification enables a stream-
lined derivation of a complete set of 66 relations, which we further compress to 18 symplectic
relations. Our computations in Sp(2n,Zd) are formalised in the Agda proof assistant, providing
a machine-verified proof of correctness.
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1 Introduction

Many physical platforms for qubits naturally possess higher energy levels that can encode qudits,
enabling greater information density at the cost of increased control complexity [17, 24, 46, 47, 51].
In particular, when d is an odd prime, qudit systems exhibit rich algebraic structure that result
in unique error correction capabilities [15, 49], lower overhead magic state distillation [16, 45],
stronger quantum correlations [14, 20], and improvements to various quantum algorithms [10, 42].
Ultimately, there is a trade-off between the engineering cost of accessing higher dimensions and the
computational advantages they provide. By characterising qudit circuits in a systematic manner,
we can better understand this balance and exploit the potentials of higher-dimensional quantum
information processing.
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Recently, algebraic approaches to quantum circuits have gained significant attention. An im-
portant problem in this line of work is to develop sound and complete equational theories for circuit
families, meaning any two circuits representing the same linear map can be transformed into each
other using a finite rule set. Such presentations enable syntactic reasoning about circuits and un-
derpin applications ranging from circuit optimisation to formal verification. While there has been
substantial progress in the qubit setting [2, 3, 7, 8, 9, 27, 36, 37, 48], analogous results for qudit
circuits remain comparatively underdeveloped.

Among quantum circuit fragments, the Clifford group plays a particularly prominent role. Clif-
ford unitaries underpin the stabiliser formalism [1, 22], fault-tolerant quantum computing [25, 26,
28], efficient classical simulation [29, 39], and practical circuit optimisation techniques [12, 13].
As a result, obtaining a complete and finite equational theory for qudit Clifford circuits is a natural
and foundational problem.

One might hope to derive such a theory from existing graphical calculi. Indeed, a complete ZX-
calculus for qudit stabiliser linear maps is known [11, 43, 50]. However, ZX-diagrams represent
general linear maps, not just unitaries. Hence, this completeness result does not restrict to the
unitary Clifford group in any straightforward way. In general, a completeness result through a
graphical calculus for all linear maps of a certain type does not seem to easily imply a method of
deriving a calculus for just the unitaries. Consider for instance that a complete ZX-calculus for
universal qubit linear maps was found in 2017 [31, 40], but it was not until 2022 that a complete
calculus of universal quantum circuits appeared and it used very different methods [18]. Moreover,
there is no complete calculus for, for instance, Toffoli-Hadamard circuits, even though there is one
for the corresponding set of linear maps [5].

1.1 Main Results

Building on the characterisation of the qutrit Clifford group [35], where a qutrit is a three-dimensional
(d = 3) qudit, we present a complete set of rewrite rules for multi-qudit Clifford circuits in all odd
prime dimensions. There are 19 Clifford relations in total, each involving at most three qudits and
admitting an intuitive interpretation.

Theorem 4.10. The rewrite rules in Figure 1 are complete for n-qudit Clifford circuits over any
qudit dimension d that is an odd prime. That is, given two n-qudit unitary Clifford circuits C1 and
C2 implementing the same linear map, there is a sequence of rewrites from Figure 1 that proves C1
and C2 are equal.

To prove Theorem 4.10, we introduce a symplectic normal form that corresponds to the sta-
biliser tableau of a Clifford operator up to Pauli corrections, which simplifies arguments derived
from the more involved normal form for qutrits. We then find a set of 66 parametrised relations
which suffice to reduce any Clifford circuit to this normal form. Finally, we show how these re-
lations can be further reduced to a small set of 19 Clifford relations in Figure 1. In addition to
the Clifford generators H, S and CZ, we also use “derived generators” listed in Figure 2, such as
SWAP, CX, and the multiplier Mg. Mg is defined by its action on the computational basis state,
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Figure 1: A complete set of rewrite rules for n-qudit Clifford circuits where d is an odd prime and
n ∈ N. Derived generators such as Mg, X , Z, SWAP, and CX are defined in Figure 2.

Mg|x⟩ = |gx⟩, where multiplication is over Zd . These derived generators allow us to present the
rewrite rules as intuitive (quasi-)commutation gate relations.

All computations in Sp(2n,Zd) are formalised in the Agda proof assistant, providing a machine-
verified proof of correctness. The corresponding code is available in the GitHub repository [6]. Our
results not only bridge algebraic group theory with syntactic quantum circuit reasoning, but also
lay the foundation for formal verification of quantum protocols in qudit architectures, automated
circuit optimisation and synthesis, and the mathematical study of symplectic groups.

1.2 Proof Overview

Let d be an odd prime and let a qudit denote a d-dimensional quantum system. In what follows, we
define unitary operators by their actions on the computational basis states. The single-qudit Pauli
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H3H
⊕

H HH

H H H

X
(T 2)
==== H S−1 H2 S H Z

(T 3)
==== S−1 H2

(T 6)
====

(T 4)
====

(T 7)
====

H2S

(T 1)
====Mg H Sg−1

H Sg H Sg−1
X (1−g)/2 Z(1−g)/2g ·λ 2

d

( g
d

)
L ω

−g2+4g+2
8g

Figure 2: A subset of the derived Clifford generators, expressed as circuits over the generating set
{H,S,CZ}. These generators are formally defined in Figure 4. Here, g generates the multiplicative
group Z∗

d , and
( g

d

)
L denotes the Legendre symbol in number thoery [44, Appendix A].

operators are defined as X | j⟩ = | j+1⟩, Z| j⟩ = ω j| j⟩, where ω = e2πi/d and addition is over Zd .
The n-qudit Pauli group Pn is generated by tensor products of X and Z, together with phases ω t for
t ∈ Zd . The qudit H, S, and CZ gates [21, 23, 25, 33, 34, 44] are defined below, where i = e2πi/4 is
the imaginary unit. The choice of global phases ensures that each matrix determinant is equal to 1.

H : | j⟩ 7→ 1
λd
√

d

d−1

∑
ℓ=0

ω jℓ|ℓ⟩, λd = (−i)
d−1

2 , S : | j⟩ 7→ ω
j( j−1)

2 | j⟩, CZ : | j⟩|ℓ⟩ 7→ ω jℓ| j⟩|ℓ⟩.

The n-qudit Clifford group Cn is the normaliser of Pn in U(dn). It is generated by H, S, and
CZ gates via matrix multiplication and tensor product up to global phases that we will ignore. It
is well known that the qudit Clifford group modulo Paulis is isomorphic to the symplectic group
Sp(2n,Zd) [4]. This correspondence allows Clifford generators to be represented by symplectic
matrices over the finite field Zd , forming the basis of stabiliser tableau representation of Clifford
operators [1, 25]. Building on this correspondence, we generalise the prior Clifford completeness
results [35, 37, 48] for qubits and qutrits to all odd primes.

A Unique Normal Form for Multi-Qudit Clifford Circuits To find a complete set of rewrite
rules, we first define a unique normal form for Clifford circuits. To simplify the construction,
we introduce a normal form with two components: a symplectic normal form characterising the
stabiliser tableau of the Clifford circuit, followed by a Pauli normal form giving the necessary
Pauli correction. This decomposition reflects the semidirect product structure of the projective
Clifford group Ĉn, where Ĉn ∼= Sp(2n,Zd) ⋉(Zd)

2n [52]. We show that symplectic normal forms
N(n) are in one-to-one correspondence with symplectic matrices M ∈ Sp(2n,Zd). The normal form
N(n) is defined inductively using structured layers of circuit fragments, which we call normal boxes.
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These are labelled A, B, D, and E, each implementing a specific action on Pauli generators. An
illustration of the multi-qudit Clifford normal form is given in Figure 3.

B jm

...
...

. . .

B j2

. . .

B j1
Ai

N(n−1)

...
...

Dℓ1

...
...

Dℓ2

Dℓ3

Dℓ4 . . .

. . .
Dℓn−1

Eh

...
...

...

Zb1 Xa1

Zb2 Xa2

Zbn−1 Xan−1

Zbn Xan

. . .

Zb j Xa j

Zb j+1 Xa j+1

Zb j+2 Xa j+2

The First Layer The Pauli Normal Form

Figure 3: The inductive construction of the normal form for any C ∈ Cn, up to a global phase. Each
layer of the normal form alternates the Z-normal (red) and X-normal (green) circuits, progressively
eliminating nontrivial stabiliser tableau entries. The first layer trivialises the conjugation action on
the n-th qudit. By induction, the normal form N(n−1) faithfully implements the action of C on the
first n−1 qudits. Finally, the Pauli normal form carries out the Pauli correction.

Establishing Qudit Clifford Completeness To obtain a complete set of Clifford relations, it
suffices to find a set of rewrite rules that transforms any Clifford circuit into its unique normal
form. We proceed in three steps. First, we show that if a Clifford generator (H, S, or CZ) is
applied before a normal form, the resulting circuit can be rewritten into a new normal form. This
is achieved by showing how each generator can be “pushed” through each distinct normal box,
yielding equations of the form illustrated below. We refer to them as the box relations.

Aab =H Ab,−a dir Aab =S Aa,b−a dir (1)

Here, dir denotes the residual dirty gates, which consist of Clifford generators and whose
precise form depends on the parameters a, b, and the dimension d. These dirty gates are then
pushed further into the remaining part of the normal form. By grouping these relations together in
a systematic way, we obtain 66 box relations, each parametrised by the indices of the corresponding
normal boxes.

We then reduce these relations to a smaller set of 18 gate relations, forming a compact and
natural presentation of the multi-qudit symplectic Clifford group. Finally, we update these rela-
tions with Pauli corrections, and show that they imply all the relations governing Paulis and their
interaction with Cliffords. This gives Figure 1, a complete set of multi-qudit Clifford relations.

1.3 Paper Organisation

The remainder of this paper is organised as follows. In Section 2, we introduce the necessary
algebraic and circuit-theoretic preliminaries, including qudit Pauli and Clifford operators, circuit
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interpretations, and the rewriting framework used throughout the paper. Section 3 designs a unique
normal form for multi-qudit Clifford circuits, based on a symplectic normal form together with a
Pauli correction. In Section 4, we derive a complete set of rewrite rules for multi-qudit Clifford
circuits: we first establish completeness at the symplectic level and then lift these results to unitary
Clifford circuits by accounting for Pauli corrections. Section 5 concludes with a brief summary of
our results and a discussion of future directions. For readability, most technical proofs are deferred
to the appendix.

2 Foundations

Here, we introduce the algebraic background and conventions used throughout the paper. In Sec-
tion 2.1, we introduce the rings and roots of unity underlying our odd-prime qudit formalism.
In Section 2.2, we define the Pauli and Clifford operators, review basic identities, and recall the
symplectic structure of the Clifford group. In Section 2.3, we move from operators to circuits by
specifying Clifford circuit families, their interpretation maps (unitary, projective, and symplectic),
as well as the notions of soundness and completeness for rewriting systems that will be used in
later sections. Most of the technical proofs can be found in Section A.

2.1 Rings

We write N for the collection of non-negative integers, Z for the ring of integers, Zm for the ring
of integers modulo m ∈ N, and Z∗

m for the collection of non-zero elements of Zm. If a and b are
two integers, we write a ≡m b if a and b are equivalent modulo m (i.e., equal in Zm). If a ∈ Zm is
invertible, we sometimes denote its multiplicative inverse by 1/a. Throughout the paper, d denotes
an arbitrary odd prime of Z.

Recall that a complex number c ∈ C is a root of unity if cn = 1 for some positive n ∈ N. We
will be especially interested in d-th roots of unity.

Definition 2.1. We write ωd for the primitive d-th root of unity ωd = e2πi/d .

In what follows, we drop the subscript and write ω for ωd , leaving d implicit. Note that ωd = 1,
ω† = ω−1 = ωd−1, and ∑d−1

j=0 ω j = 0.

Definition 2.2. The ring Z[ω] of cyclotomic integers of degree d is the smallest subring of C
containing ω .

Since ω† = ωd−1, the ring Z[ω] is closed under complex conjugation. The elements of Z[ω]
can be written as a linear combinations of integers in Z, so that

Z[ω] =

{
d−1

∑
j=0

a jω j | a j ∈ Z

}
. (2)

Definition 2.3. The ring Z[1/d,ω] is the smallest subring of C containing 1/d and ω .
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The ring Z[1/d,ω] is the localisation of Z[ω] by the integer powers of d. We have

Z[1/d,ω] =

{
u
dℓ

| u ∈ Z[ω], ℓ ∈ Z
}
. (3)

Definition 2.4. Let i = e2πi/4 be the imaginary unit. Then λd = (−i)
d−1

2 .

The ring Z[1/d,ω] has two properties that will be useful later.

Proposition 2.5. 1
λd

√
d
∈ Z[1/d,ω].

Proposition 2.6. The roots of unity in Z[1/d,ω] are ±ω t , t ∈ Zd .

2.2 Operators

We now introduce the operators of primary interest in this work, namely the Pauli operators [25]
and the Clifford operators [21, 23, 25, 33, 34, 44].

In what follows, we write Im for the m×m identity matrix, and we omit the subscript m when
it is not relevant or can be inferred from the context. We say that an operator U is a scalar, if it is a
scalar multiple of the identity operator, i.e., if U = λ I, for some λ ∈ C. For simplicity, we denote
U by λ in such a case.

We write Sp(2n,Zd) for the symplectic group and Um for the unitary group. The collection
{αIm | α ∈ U1} of scalar multiples of the identity matrix forms a subgroup of Um called the group
of global phases. By a slight abuse of notation, we denote it by U1.

Definition 2.7. Let m∈N. Um(Z[1/d,ω]) is the group of m×m unitaries with entries in Z[1/d,ω].

Throughout the paper, we define unitary operators by specifying their action on the computa-
tional basis. This uniquely determines their action on all states. Unless stated otherwise, juxtapo-
sition AB denotes matrix multiplication of the unitaries A and B.

2.2.1 Pauli Operators

Definition 2.8. The single-qudit Pauli X and Z gates are defined as follows.

X : | j⟩ 7→ | j+1⟩ and Z : | j⟩ 7→ ω j| j⟩, (4)

where 0 ≤ j ≤ d −1 and addition is performed modulo d.

We record several properties of the Pauli X and Z gates. The corresponding derivations can be
found in Section A. We have

Xd = Zd = 1. (5)

It follows from Equation (5) that X† = Xd−1 and Z† = Zd−1. In addition, we have ZXZ†X† = ω ,
which implies that ω ∈ P1 and that

ZX = ωXZ, ZXZ† = ωX , and XZX† = ω−1Z. (6)
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Definition 2.9. For n ∈ N, the n-qudit Pauli group Pn is the group of n-qudit unitary operators
generated by X and Z under composition and tensor product.

Note that the group Pn is not closed under tensor product. Definition 2.9 states that among all
of the operators that can be constructed using X and Z through composition and tensor product, Pn

contains exactly those that act on n qudits. Using Equations (5) and (6) and the usual properties of
the tensor product, one can show that

Pn =
{

ωc
(

Xa1Zb1 ⊗·· ·⊗XanZbn
)
| c,a j,b j ∈ Zd for all 1 ≤ j ≤ n

}
.

As a consequence, we have |Pn|= d2n+1.

2.2.2 Clifford Operators

Definition 2.10. The single-qudit H and S gates and the two-qudit CZ gate are defined as follows.
λd is given in Definition 2.4.

H : | j⟩ 7→ 1
λd
√

d

d−1

∑
ℓ=0

ω jℓ|ℓ⟩, S : | j⟩ 7→ ω
j( j−1)

2 | j⟩, and CZ : | j⟩|ℓ⟩ 7→ ω jℓ| j⟩|ℓ⟩,

where 0 ≤ j ≤ d −1 and multiplication is performed modulo d.

The gates H, S, and CZ are called the Hadamard gate, the phase gate, and the controlled-Z
gate, respectively. We use these gates to define the Clifford group, similarly to how the X and Z
gates were used to define the Pauli group in Definition 2.9.

Definition 2.11. For n ∈N, the n-qudit Clifford group Cn is the group of n-qudit unitary operators
generated by H, S, and CZ under composition and tensor product.

We record a few properties of Clifford operators. In particular, we show that the Clifford phases
are exactly the integer powers of ω .

Proposition 2.12. For 0 ≤ j ≤ d −1, H2| j⟩= λ−2
d |− j⟩, subtraction is performed modulo d.

Note that H2 is a special case of a multiplier since up to a global phase, H2| j⟩ = |− j⟩. Mul-
tipliers admit simple commutation rules with the Clifford generators, which helps streamline the
relation reduction in [6].

Definition 2.13. For every g ∈ Z∗
d , we define the multiplier by g as the Clifford unitary Mg that

acts on computational basis states as Mg|x⟩= |gx⟩.
By direct computation, we can verify that M−1

g = Mg−1 where g−1 is the inverse of g modulo
d. Since it sends computational basis states to computational basis states, it must be unitary so that
M†

g = M−1
g . It is Clifford since MgZMg−1 = Zg−1

and MgXMg−1 = Xg.
In Lemma 2.14, we show how to construct a multiplier using H, S, X , and Z gates. Here,

( g
d

)
L

denotes the Legendre symbol in number theory [44, Appendix A].
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Lemma 2.14. For every g ∈ Z∗
d , Mg defined below satisfies Mg|x⟩= |gx⟩ for all x ∈ Zd .

=Mg H Sg−1
H Sg H Sg−1

X (1−g)/2 Z(1−g)/2g ·λ 2
d

( g
d

)
L ω

−g2+4g+2
8g

Lastly, we record some important properties of Clifford operators and Clifford scalars.
Corollary 2.15. H4 = 1.

Lemma 2.16. Sd = 1.
Lemma 2.17. Cn ⊆ Udn(Z[1/d,ω]).

Proof. This follows from the fact that the matrices representing H, S, and CZ in the computational
basis have entries in Z[1/d,ω]. In the case of H, this follows from Proposition 2.5.

Lemma 2.18. det(S) = det(H) = det(CZ) = 1.

Proposition 2.19. The Clifford phases are exactly the integer powers of ω . That is, for all n ∈ N,
we have Cn ∩U(1) = {ω t | t ∈ Zd}.

Proof. All zero-qudit Clifford operators are of the form ω t for some t ∈ Zd , so that the statement
holds when n = 0. When n ≥ 1, the scalar ω = ωIdn has determinant 1. It then follows from
properties of the determinant and Proposition 2.19, that every element of Cn has determinant 1.
Now consider a phase cIdn ∈ Cn. Then c ∈ Z[1/d,ω] and

cdn
= det(cI) = 1. (7)

Hence, c is a root of unity in Z[1/d,ω] and therefore, by Proposition 2.6, c =±ω t for some t ∈Zd .

Now suppose that c=−ω t , for some t ∈Zd . Then (−ω t)dn
=−

(
ωd
)t·dn−1

=−1, which contradicts
Equation (7). Hence, c must be of the form c = ω t , for some t ∈ Zd .

2.2.3 Symplectic Structure of the Clifford Group

Definition 2.20. For n ∈ N, the normaliser of the Pauli group Pn is denoted by C̃n,

C̃n := {U ∈ Udn | UPU† ∈ Pn for all P ∈ Pn}.

Note that Definition 2.20 includes all possible global phases eiα , making C̃n uncountably infinite
for all n ∈ N.

As the notation indicates, the Clifford group Cn defined in Definition 2.11 is related to the
normaliser C̃n of the Pauli group defined in Definition 2.20. As is well known, any Clifford C ∈ Cn

maps any Pauli P ∈ Pn to another Pauli CPC† ∈ Pn under conjugation, so Cn is a subgroup of C̃n.
The global phases in Cn are exactly powers of ω . That is, Cn ∩U1 = ⟨ω⟩. The groups C̃n and Cn

are related as follows. Global phases commute with everything, hence U1 ⊴ C̃n and ⟨ω⟩⊴ Cn. The
quotients C̃n/U1 and Cn/⟨ω⟩ are therefore well-defined. It is a fact that

C̃n/U1 ∼= Cn/⟨ω⟩.
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In other words, the Clifford group (up to global phases) is the normaliser of the Pauli group (up to
global phases). Because Cn ≤ C̃n, we have Pn ⊴ Cn, and the quotient Cn/Pn is also well-defined. It
is well-known that Cn/Pn ∼= Sp(2n,Zd).

Definition 2.21. Let P̂n = Pn/⟨ω⟩ be the n-qudit projective Pauli group and Ĉn = Cn/⟨ω⟩ be the
n-qudit projctive Clifford group.

We have, P̂n ⊴ Ĉn and Ĉn/P̂n ∼= Sp(2n,Zd).

2.2.4 Clifford Conjugation of Pauli Generators

We will denote the action of the Clifford group Cn by conjugation on the Pauli group Pn as C•P :=
CPC†. Note that if we write Q :=C •P, we then also have CP = QC. Then we can interpret this as
“pushing P through C gives us Q”. It will be useful to introduce a circuit notation for this.

Definition 2.22. Let C ∈ Cn and P,Q ∈ Pn with Q := C •P. Write P := P1 ⊗ . . .⊗Pn and Q :=
Q1 ⊗ . . .⊗Qn for Pj,Q j ∈ P1. In the circuit diagram, this conjugation relation is denoted below.

C
...

...

P1

P2

Pn

Q1

Q2

Qn

Example 2.23. By Equation (6), X ,Z ∈ C1. Diagrammatically, we have

XX X ZX ωX

XωZ Z Zω−1X X

XZ ω−1Z ZZ Z (8)

A Clifford unitary is fully determined by its action of conjugating Pauli operators. Since this
conjugation is a group homomorphism, it suffices to know its action on a set of generators of Pn. A
useful set of generators are those with only one Z or X gate acting on a single qudit, and identities
everywhere else.

Definition 2.24. Let Z j denote the n-qudit Pauli P := P1 ⊗·· ·⊗Pn with Pℓ = I if ℓ ̸= j, and Pj = Z
otherwise. We write X j for the analogous n-qudit Pauli by substituting X with Z in the above
definition. Let Bn := {X j,Z j | 1 ≤ j ≤ n} be the n-qudit Pauli basis for Pn. An element in Bn is
called a Pauli generator.

Note that Bn generates Pn. Given any n-qudit Clifford operator C, for 1≤ j ≤ n, Pj =C•Z j and
Q j =C •X j fully determine C (up to a global phase). Moreover, Pj and Q j inherit the commuting
and non-commuting relations from Z j and X j. By Equation (6), PjQ j = ωQ jPj. When j ̸= ℓ,
PjQℓ = QℓPj.

Lemmas 2.25 and 2.26 identify the Clifford generators H, S, and CZ by specifying their action
on the Pauli generators under conjugation. Full proofs are given in Section A.
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Lemma 2.25. H,S ∈ C1. Specifically, HXH† = Z, HZH† = X−1, SXS† = XZ, SZS† = Z.

HX Z

SXZ−1 X

HZ X−1

HZ−1 X

SX XZ

SZ Z (9)

Lemma 2.26. CZ ∈ C2. Specifically,

X X

I Z

Z Z

I I X X

I Z

Z Z

I I X X

Z−1 I X X

Z−1 I
(10)

Finally, we introduce a property of Clifford operators that will be used to establish the existence
and uniqueness of the symplectic normal form defined in Section 3.1.

Proposition 2.27. Let C ∈ Cn. If C •P = P for all P ∈ Pn, then C is a scalar (i.e. proportional to
the identity).

Proof. Any complex d×d-matrix can be written in the form ∑d2

i=1 ciPi, ci ∈C, Pi ∈ {XaZb | a,b ∈
Zd}. It follows that Pn spans the vector space formed by dn×dn complex matrices. Since C•P=P
for all P ∈ Pn, C •M =CMC† = M for all operators M. Hence CM = MC so that C must commute
with all matrices. The only matrices with this property are the scalars.

Proposition 2.27 justifies that two Clifford circuits implementing the same automorphism of
the Pauli group differ only by a global phase, so constructing a circuit that matches the desired
Pauli action suffices to prove existence (and uniqueness up to phase) of the normal form.

2.2.5 Derived Generators

For convenience, Figure 4 defines a set of derived Clifford operators. They will be used to com-
pactly present the qudit Clifford relations. The soundness of the phases, the Pauli X and Z gates,
and well as the SWAP gate is established in Lemmas B.8 to B.11.

2.3 Circuits

We assume familiarity with the standard graphical notation for quantum circuits. For background,
the reader may consult any standard textbook on quantum computation [41].

In Section 2.2, the Clifford generators H, S, and CZ, as well as the derived generators listed
in Figure 4 were treated as operators. In this section, we consider them as generators for circuits.
The difference between these two perspectives is that when X is viewed as an operator, we have
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⊕

⊕

⊕

⊕

H3H
⊕

H3H
⊕

H HH

H H H

X
(T 2)
==== H S−1 H2 S H Z

(T 3)
==== S−1 H2

(T 5)
====

(T 6)
====

(T 4)
====

(T 7)
====

(T 9)
====

(T 8)
====

H2S

(T 1)
====Mg H Sg−1

H Sg H Sg−1
X (1−g)/2 Z(1−g)/2g ·λ 2

d

( g
d

)
L ω

−g2+4g+2
8g

Figure 4: A set of derived Clifford generators, expressed as circuits over the generating set
{H,S,CZ}. Here, g generates the multiplicative group Z∗

d , and
( g

d

)
L denotes the Legendre symbol

in number theory [44, Appendix A].

for instance, Xd = 1. However, the circuit Xd is not equal to the circuit of an identity matrix (the
former contains d gates, while the latter contains none).

We write C for the collection of all circuits over the gate set {ω,X ,Z,H,S,CZ} and Cn for the
subset of C containing only the circuits on exactly n qudit wires. We similarly define P and Pn as
the collection of circuits over the gate set {ω,X ,Z} and the collection of circuits in P on exactly n
qudit wires. Note that P⊆ C and Pn ⊆ Cn.

2.3.1 Interpretations

An interpretation map for a family of circuits is a function which assigns an operator to every
circuit. The standard interpretation is the unitary interpretation, in which a circuit is interpreted as
the unitary operator it represents.

Definition 2.28. Let C ∈ Cn. We define the unitary interpretation JCKu ∈ Cn of C to be the unitary
operator obtained by interpreting the gates in {ω,X ,Z,H,S,CZ} as the corresponding operators,
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the parallel composition of circuits as the tensor product of operators, and the sequential compo-
sition of circuits as the matrix multiplication of operators.

Now recall that the quotients Cn/Pn and Cn/⟨ω⟩ are well-defined and let πs : Cn → Cn/Pn and
πp : Cn → Cn/⟨ω⟩ be the corresponding canonical projections. We use these projections to define
two more interpretation maps.

Definition 2.29. Let C ∈ Cn. We define:

• the interpretation of C up to Paulis JCKs ∈ Cn/Pn as JCKs = πs(JCKu) and

• the interpretation of C up to global phases JCKp ∈ Cn/⟨ω⟩ of C as JCKp = πp(JCKu).

We sometimes refer to J · Ks as the symplectic interpretation (since JCKs belongs to the symplec-
tic group) and to J · Kp as the projective interpretation (since JCKs belongs to the projective group).
The three interpretations introduced so far organise themselves into the diagram below.

Cn

CnCn/Pn Cn/⟨ω⟩

J · Ku

πs πp

J · Ks J · Kp

The interpretation maps J · Ku, J · Ks, and J · Kp correspond to three ways to interpret Clifford
circuits, and each interpretation comes with a level of granularity. We now leverage these interpre-
tation maps to define relations among the elements of C.

Definition 2.30. Let C1,C2 ∈ Cn. We write

• C1 ≡C2 if C1 and C2 are the same circuit.

• C1 ≡u C2 if JC1Ku = JC2Ku.

• C1 ≡p C2 if JC1Kp = JC2Kp.

• C1 ≡s C2 if JC1Ks = JC2Ks.

As Definition 2.30 states: C1 ≡C2 when C1 and C2 are identical circuits; C1 ≡u C2 when C1 and
C2 represent the same unitary; C1 ≡p C2 when C1 and C2 represent the same unitary up to a global
phase; C1 ≡s C2 when C1 and C2 represent the same unitary up to a Pauli. Note that we have the
following implications

C1 ≡C2 ⇒C1 ≡u C2 ⇒C1 ≡p C2 ⇒C1 ≡s C2,

None of the above implications can be reversed in general. However, we do know, for example,
that if C1 ≡s C2, then there exists a unique P ∈ Pn such that C1 ≡u C2P.

Since P ⊆ C, all of the above interpretations restrict to P, giving well-defined interpretations
of Pauli circuits.
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2.3.2 Relations and Rewriting

A relation on C (or P) is a pair (C,C′) of elements of C (or P). If R is a set of relations on C, we
write ∼R for the smallest congruence on C that contains all of the relations in R. By congurence,
we mean an equivalence relation on C that is compatible with composition and tensor product. For
two circuits D and D′, we have D ∼R D′ if and only if D can be rewritten into D′ by applying the
relations from R. That is, D ∼R D′ if and only if there is a sequence of rewrites

D → D1 → ··· → Dk → D′

such that each rewrite is an application of a relation in R.
Let J · Kx be one of the three interpretations defined above (i.e., one of J · Ku, J · Kp, and J · Ks)

and let ≡x be the corresponding equivalence of circuits. We say that a collection R of relations is

• sound with respect to J · Kx if C ∼R D implies C ≡x D for all C,D ∈ C, and

• complete with respect to J · Kx if C ≡x D implies C ∼R D for all C,D ∈ C.

3 A Unique Normal Form for Multi-Qudit Clifford Circuits

In this section, we define a normal form in Cn for elements in Cn. Similar to the Clifford nor-
mal form in the qubit and qutrit lands [35, 37, 48], our normal form for a qudit Clifford op-
erator is based on uniquely representing its stabiliser tableau. However, our construction fol-
lows a conceptually different route. To motivate our approach, recall that the symplectic group
Sp(2n,Zd) ∼= Cn/Pn ∼= Ĉn/P̂n, where Ĉn = Cn/⟨ω⟩ and P̂n = Pn/⟨ω⟩ ∼= Z2n

d . In Section 3.1, we
first define the symplectic normal form, as a normal form for elements in Cn up to Pauli corrections.
The unitary implementations of symplectic normal circuits form a complete set of representatives
for the cosets of Pn in Cn. In other words, for every symplectic matrix M ∈ Sp(2n,Zd), there is a
unique circuit C ∈ Cn in the symplectic normal form such that JCKs = M. In Section 3.2, we then
define a normal form for elements in P̂n, and call this the Pauli normal form. Since we work with
odd prime d, it is well known that:

Theorem 3.1 ([52]). Ĉn ∼= Sp(2n,Zd) ⋉(Zd)
2n.

Using this semi-direct product structure, in Section 3.3 we derive the normal form of elements
in Ĉn by composing the symplectic and Pauli normal forms. The norm form for Cn follows by
taking phases into consideration.

To define the symplectic normal form, our first goal is to map the Pauli generators to the desired
outcomes (up to global phases) by using some elementary building blocks in C1 and C2, which we
call normal boxes. To obtain a unique normal form, we need to identify some notion of uniqueness
when designing these boxes. In total, there are four types of normal boxes. They are labelled as A,
B, D, and E, as shown in Figure 5. Each type of normal box has different variants, and each variant
is labelled by the subscript of the box. Note that in Figure 5, Pauli propagation is tracked up to a
global phase.
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AabXaZb Z

EbXZb X

(a,b) ∈ Zd ×Zd \{(0,0)}

b ∈ Zd

Bab(a,b) ∈ Zd ×Zd
Z

I

XaZb

Z

Dab
(a,b) ∈ Zd ×Zd

I

XZ j

XZ j

XaZb

Required action on Pauli generators Additional action on Pauli generators

EbZ Z

/

Allowed indices

for all j ∈ Zd

Bab

X

I

I

X

Dab

Z

I

I

Z

for all j ∈ Zd

Figure 5: The types of normal boxes, and the specified action they must have on Paulis. The colour
of the box (red or green) specifies whether these are part of the Z-part, respectively the X-part, of
the normal form.

Based on the Pauli automorphism defined by the second column of Figure 5, Figure 6 defines
all the normal boxes for building the symplectic normal form shown in Figure 8. Note that the
construction of A, B, and D boxes are given up to Pauli correction. All box constructions are
described parametrically, using the index of each box. This feature plays an important role in
simplifying the search for box relations. Figures 15, 16 and 18 summarise how A, B, D, and E
boxes act on Pauli generators respectively, and all Clifford’s actions on X and Z are calculated up
to a global phase.

3.1 Symplectic Normal Form for Multi-Qudit Clifford Circuits

Definition 3.2. For A, B, D, and E normal boxes defined in Figure 6,

• an n-qudit Clifford circuit is Z-normal if it is of the form in Figure 7a, and

• an n-qudit Clifford circuit is X-normal if it is of the form in Figure 7b.

Definition 3.3. An n-qudit Clifford circuit is symplectically normal if it is of the form in Figure 8.

Remark 3.4. When n = 1, a symplectic normal form is composed of only A and E boxes. A generic
construction of N(1)

S is given in Figure 9.
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B00 ≡ B01 ≡ Bab ≡
Aab

B01

Dab ≡ D01
Aab

Eb ≡ S−b

⊕

D0b ≡ CZ−b

A0b ≡
b ∈ Z∗

d

H−1 S1/b H−1 Sb H

Aab ≡
(a,b) ∈ Z∗

d ×Zd

H−1 S−a H−1 S−1/a H−1 S−a(b+1) H

(a,b) ∈ Z∗
d ×Zd

b ∈ Zd

(a,b) ∈ Zd ×Zd \{(0,0),(0,1)}

D00 ≡

b ∈ Zd

Figure 6: The concrete implementations of the Z and X normal boxes. Here a,b ∈ Zd and a ̸= 0.

...

B jm

...

...

...

W (n)
Z ≡

...

...

...

...

. . .

. . .
B j1

Ai

(a) The Z-normal circuit.

...
...

W (n)
X

Dℓ1

...
...

≡

Dℓ2

Dℓ3 . . .

. . .
Dℓn−1

Eh

(b) The X-normal circuit.

Figure 7: The Z- and X-normal circuits are used to build the symplectic normal form for an n-qudit
Clifford circuit. Up to Pauli correction, W (n)

Z gets rid of the C box on the top output wire and W (n)
X

gets rid of the F box on the bottom output wire.

Now that we have the symplectic normal form, we need to show that it is universal, meaning
it can represent an arbitrary symplectic matrix M, and unique, meaning that each M ∈ Sp(2n,Zd)
is uniquely represented by one specific instantiation of this normal form. For universality, by
Proposition 2.27, it suffices to show that we can represent an arbitrary automorphism of Pn by a
normal form, up to Pauli correction.

Let φ be an automorphism of Pn. We claim that one can construct a Z-normal circuit WZ and
an X-normal circuit WX such that (WXWZ)

−1 acts as φ−1 on Zn and Xn. To obtain a normal form for
φ , it suffices to construct WZ and WX and then to recursively iterate this procedure with the updated
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W (n)
XW (n)

ZN(n)
S ≡...

...
...

...
W (n−1)

XW (n−1)
Z...

...
...

. . .

. . .
...

W (2)
Z W (2)

X

W (1)
Z W (1)

X

...
...

Figure 8: The structure of a symplectic normal form: we alternate layers of Z- and X-normal
circuits, with each subsequent layer acting on one fewer qudit. Note that we can view this normal
form as being defined inductively, with the n-qudit symplectic normal form adding a layer of Z-
and X-normal circuits to the left of an existing (n−1)-qudit symplectic normal form.

Aab EcN(1)
S

≡

Figure 9: For (a,b)∈Zd ×Zd \{(0,0)} and c∈Zd , a generic construction of the symplectic normal
form of a single-qudit Clifford operator. It is a Clifford normal form up to Pauli correction.

automorphism φ ′ = φ (WXWZ)
−1. The proofs of these statements are analogous to those for the

qutrit case in [35], so we postpone them to Section E.
Lemma 3.5. For every P ∈ Pn \{ω tI; t ∈ Zd} be a non-scalar n-qudit Pauli operator, there exists
a unique Z-normal circuit WZ such that JWZKu •P ≡p Z ⊗ I ⊗·· ·⊗ I.
Lemma 3.6. For every Q ∈ Pn such that (Z ⊗ I ⊗·· ·⊗ I)Q = ωQ(Z ⊗ I ⊗·· ·⊗ I), there exists a
unique X-normal circuit WX such that JWXKu •Q ≡p I ⊗·· ·⊗ I ⊗X.
Lemma 3.7. Every X-normal circuit WX satisfies JWXKu •(Z⊗ I⊗·· ·⊗ I⊗ I)≡p I⊗ I⊗·· ·⊗ I⊗Z.
Lemma 3.8. Let P,Q ∈ Pn such that PQ = ωQP. Then there exist unique normal circuits WZ and
WX such that JWXWZKu •P ≡p I ⊗·· ·⊗ I ⊗Z and JWXWZKu •Q ≡p I ⊗·· ·⊗ I ⊗X.
Proposition 3.9. Let φ : Pn →Pn be an automorphism of the Pauli group such that φ fixes scalars.
There exists a unique Clifford circuit C ∈ Cn in symplectic normal form such that for all P ∈ Pn,
JCKu •P ≡p φ(P).

Since there is a bijection between the symplectic matrices and the normal forms, we can
count the number of n-qudit normal forms to compute the cardinality of Sp(2n,Zd). The proof
of Lemma 3.10 can be found in Section E.
Lemma 3.10. |Sp(2n,Zd)|= ∏n

k=1
(
d2k −1

)
·
(
d2k−1

)
.

3.2 Normal Form for a Multi-Qudit Phase-Free Pauli Operator

Here, we introduce a normal form for multi-qudit Pauli operators, which will serve as a basic
building block in Section 3.3. This normal form is unique up to a global phase.
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Definition 3.11. An n-qudit circuit in Cn is said to be a Pauli normal form if it is of the form in
Figure 10.

N(n)
P ≡...

...
...

Zb1 Xa1

Zb2 Xa2

Zbn−1 Xan−1

Zbn Xan

Figure 10: The construction of a Pauli normal form.

Lemma 3.12. For every element P ∈ Pn, there exists a unique Pauli normal form N(n)
P such that

JN(n)
P Ku ≡p P.

Proof. This follows from the fact that every P ∈Pn can be uniquely written as P = ω t⊗n
j=1 Xa j Zb j

for t,a j,b j ∈ Zd .

3.3 Compose the Symplectic and Pauli Normal Forms

We now combine the symplectic and Pauli normal forms to obtain a canonical normal form for
arbitrary multi-qudit Clifford circuits. Using the semi-direct product structure of the Clifford group,
this composition separates the symplectic action from the residual Pauli correction, yielding a
unique representation up to global phase. In what follows, A;B denotes the sequential composition
of gates in circuit (diagrammatic) order, meaning that A is applied first and then B. This corresponds
to the matrix product BA.

Definition 3.13. An n-qudit Clifford circuit N(n) is a Clifford norm form if N(n) ≡ N(n)
S ;N(n)

P as
shown in Figure 11, where N(n)

P is a Pauli normal form and N(n)
S is a symplectic normal form.

Proposition 3.14. For every n-qudit Clifford operator C ∈ Cn, there exists a unique Clifford normal
form circuit N ∈ Cn such that JNKu ≡p C.

Proof. We first prove the existence. By Proposition 3.9, there is a unique circuit NS ∈ Cn in the
symmetric normal form such that JNSKu •P ≡p C •P. Hence JNSKs = πs(C). This implies there
is a unique Pauli P ∈ Pn such that P · JNSKu = C. Then by Lemma 3.12, there is a unique circuit
NP ∈ Cn such that JNPKuJNSKu ≡p C. It follows that N ≡ NS;NP is a circuit in Clifford normal form
such that JNKu ≡p C.

Now we prove the uniqueness. Suppose N′ ≡ N′
PN′

S is another circuit in Cn in Clifford normal
form such that JNKu ≡p C, where N ′

S and N′
P are symplectic normal form circuit and Pauli normal

form circuit respectively. It follows that JN′
SKs = JN ′Ks = πs(C) = JNSKs. By the uniqueness of

symplectic normal form, we must have N′
S = NS. This also implies JN′

SKu = JNSKu. Since JN′Ku ≡p
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W (n)
XW (n)

Z

N(n)
S

≡

...
...

...
...

W (n−1)
XW (n−1)

Z...
...

...

. . .

. . .
...

W (2)
Z W (2)

X

W (1)
Z W (1)

X

...
...

N(n) ≡...
...

...

Zb1 Xa1

Zb2 Xa2

Zbn−1 Xan−1

Zbn Xan

...

Zb1 Xa1

Zb2 Xa2

Zbn−1 Xan−1

Zbn Xan

Figure 11: The construction of a Clifford normal form.

JNKu, we have JN′
PKu ≡p JNPKu as Pauli operators in Pn. By the uniqueness of Pauli normal form,

we must have N′
P ≡ NP. We conclude that N′ ≡ N.

Since each element of Ĉn is in bijection with a unique Clifford normal form as shown in Fig-
ure 11, counting these normal forms yields the cardinality of Ĉn. Using Proposition 2.12, which
characterises the Clifford phases as the integer powers of ω , we then obtain the cardinality of the
Clifford group Cn.

Remark 3.15. By Lemmas 3.10 and 3.12 and proposition 3.14,

|Cn|= d2n+1 · |Sp(2n,Zd)|= d2n+1
n

∏
k=1

(
d2k −1

)
·
(

d2k−1
)
.

4 A Complete Set of Multi-Qudit Clifford Relations

In this section, we derive a complete set of rewrite rules for multi-qudit Clifford circuits. In Sec-
tion 4.1, we establish completeness at the symplectic level and then in Section 4.2, we lift these
results to unitary Clifford circuits by accounting for Pauli corrections.

4.1 Establish Symplectic Completeness

Here, we show how to derive a complete set of relations that suffices to transform any multi-qudit
Clifford circuits into its unique symplectic normal form. We call this the Clifford normalisation
process, and it proceeds as follows. Let C ∈ Cn be a circuit composed of gates g1, . . . ,gm. Append it
on the right with the normal form of the identity circuit (NI). Starting from the right-most gate gm,
iteratively ‘push’ each gate of C into the normal form, updating it at each step (e.g., from NI to N′).
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This process continues until all gates have been absorbed into the updated normal form N. Below,
we sketch a simple example. Since the Pauli component plays no role in the present discussion,
we suppress the distinction between the symplectic normal form NS and the Pauli normal form NP,
and simply write N for the symplectic normal form.

NIC ...
...

... = NIC′...
...gm

...
...

...
...

N′C′ ...
...

...= = · · · = N...
...N′C′′...

...gm−1

...
...

...
...

=

Overview In (11) and (12), we present the symplectic normal form of the identity operator. Since
a Clifford circuit is composed of H, S and CZ gates, it suffices to show how a normal form absorbs
these gates and is updated to a new normal form. Locally, this reduces to demonstrating how to
push a Clifford gate through each of the normal boxes specified in Figure 6. We call each such
instance a box relation.

Figure 12.(a) gives an abstract illustration of pushing through a normal box, which results in an
updated normal box M′ and residual dirty gates, denoted as dir, appearing after M′. M′ is uniquely
determined by g and M. Lemmas D.2 to D.14 provide examples of finding M′ and discuss this
process in details. dir denotes a Clifford circuit, and it is determined by g, M, and M′ collectively.
Figure 12.(b) shows a concrete example of pushing an H gate through a B box.

=M M′
g

dir =B00

H
B00

H
(a) (b)

Figure 12: An abstract and concrete example of pushing a gate through a normal box M.

In total, there are 66 parametric box relations, which are summarised in Section F. These re-
lations cover every possible case of pushing through a normal box, making them sufficient to
normalise any Clifford operator. Combined with Proposition 3.9, any two Clifford circuits that
are equal as symplectic matrices can be rewritten into the same normal form using these box rela-
tions. This shows that the box relations are complete for multi-qudit Clifford circuits up to Pauli
corrections.

Technical details We need to show that the Clifford normalisation terminates, and when this
happens, there are no more gates left on the right-hand side of the normal form. Figure 13 provides
a schematic summary of what a normal form could look like during the normalisation process. It
accounts for all possible cases when pushing through a normal box.

Definition 4.1. We say that a circuit is in clean symplectic normal form if it is of the form in
Figure 8. A circuit is in dirty symplectic normal form if it is of the form in Figure 13, which has
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the structure of a normal form, but with any number of additional Clifford gates allowed in all the
designated spots, subject to the following rules.

• H gates can be present at any wire labelled 1 ;

• S gates can be present at any wire labelled 1 , 2 , or 3 ;

• CZ gates can be present at any pair of adjacent wires, provided that the top wire is labelled
1 , 2 , or 3 , and the bottom wire is labelled 1 .

In the context of a dirty normal form, we will refer to the normal boxes as clean, and all the other
H, S, X, Z, and CZ gates as dirty.

B jm

...
...

. . .

B j2

. . .

B j1
Ai

N(n−1)

...
...

1
Dℓ1

...
...

Dℓ2

Dℓ3

Dℓ4 . . .

. . .
Dℓn−1

Eh

...

1

1

1

1

1

1 2

2

2

2

2

1

1

1

1

1

1
...

1

1

1

1

1

1

3

3

3

3

3

3

Figure 13: An example of an n-qudit dirty symplectic normal form. Here, N(n−1) is in dirty normal
form subject to the same constraints as N(n).

The placement of dirty gates is restricted by which gates can be properly absorbed by each nor-
mal box, as this ultimately determines whether Clifford normalisation will terminate. Accordingly,
the third column of Figure 5 identifies the additional symmetry each normal box must satisfy to
ensure dirty gates always have the expected shape. By manually inspecting the box relations in
Section F, we can confirm that all dirty gates follow the pattern described in Definition 4.1.

Lemma 4.2. Any dirty normal form can be converted to its symplectic normal form by applying
the box relations in Section F, in the left-to-right direction, a finite number of times.

The proof is analogous to that of [35, Lemma 4.2].

Proposition 4.3. Consider a Clifford circuit composed of H, S, and CZ gates. Any such circuit can
be converted to its symplectic normal form by using the box relations in Section F, together with
the equations:

= A01 Ed−1 B00 D00= (11)
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Proof. For 1 ≤ k ≤ n, let NIk be the normal form of the k-qudit identity operator. First note that

B00

...
...

. . .

B00

. . .

B00
A01

...
...

D00

D00

D00

D00
Ed−1

...
NIn =

. . .
NIn−1

. . .

...

(12)

Indeed, an identity circuit can be converted to this normal form by applying (11) a finite number
times. Appending the given Clifford circuit on the right with the normal form in (12), we obtain a
dirty normal form, which can be converted to its normal form by Lemma 4.2.

Up to Pauli corrections, Propositions 3.9 and 4.3 show that qudit Clifford operators admit a
presentation in terms of the generators H, S, and CZ, together with the derived generators from
Figure 4, the normal boxes in Figure 6, and the 66 parametric box relations listed in Section F. This
presentation is highly redundant, so we extract a reduced set of relations, shown in Figure 14. The
resulting rule set remains symplectically complete for multi-qudit Clifford circuits, while providing
a more streamlined and intuitive account of qudit Clifford gate interactions.

Theorem 4.4. The 18 rewrite rules listed in Figure 14 are complete for qudit Clifford circuits up
to Pauli corrections.

Proof. It suffices to show that these 18 relations imply the full set of 66 parametric box relations.
All proofs have been formalised, and the corresponding code is available in the GitHub reposi-
tory [6].

4.2 From Symplectic to Unitary Completeness

In Section 4.1, we show that Clifford circuits corresponding to the same symplectic matrix can be
rewritten into the same normal form using the relations of Figure 14. To lift this result to unitary
completeness, we account for the Pauli corrections that are invisible at the symplectic level. By
combining symplectic completeness with the Pauli normal form from Section 3.2, we obtain a
complete and sound rule set of Clifford circuits for the unitary interpretation. Again, we use A;B
to denote the sequential composition of gates in diagrammatic order, meaning that A is applied first
and then B.

Definition 4.5. Let C be an n-qudit Clifford circuit, given as a list of gates. We define its unitary
interpretation JCKu as the dn × dn unitary matrix the circuit represents, up to global phase. We
define its symplectic interpretation JCKs as the 2n×2n symplectic matrix over Zd it represents.

Note that in the symplectic interpretation, the Paulis are all equal to the identity: JPKs = id.
We define the unitary interpretation as ignoring global phases. We could define this formally by
viewing these matrices as elements of the projective unitary group that mods out global non-zero
scalars, but what we really care about is that when we say two circuits have an equal unitary
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S S

Mg Mg

H

H

⊕
S

⊕

S

S

⊕ ⊕

S−2

⊕⊕

Sp (C1)
====

(C3)
====

(C4)
====

(C2)
====

(C6)
====

(C8)
====

(C9)
====

(C11)
=====

(C13)
=====

(C14)
=====

(C15)
=====

(C16)
=====

(C18)
=====

(C17)
=====

(C7)
====

S

S

(C10)
=====

(C12)
=====

p

Mg

Mg

k
Mgk

S Sg−2
Mg

H2 M−1

k ∈ Zp

−1

g−1

S H2 S H2(C5)
====SH2 S H2

Figure 14: A complete set of symplectic relations for n-qudit Clifford circuits where d is an odd
prime and n ∈ N. Derived generators such as Mg, X , Z, SWAP, and CX are defined in Figure 2.

interpretation that we mean that their linear maps are equal up to global phase. Other than that we
can just view the unitary interpretation as being a unitary linear map. Note that if two circuits are
equal in the unitary interpretation that they are then also equal in the symplectic interpretation.

Lemma 4.6. Let C1 and C2 be two qudit Clifford circuits with equal symplectic representation:
JC1Ks = JC2Ks. Then there exists a unique Pauli P such that JC1Ku = JC2;PKu.

In other words: given two Cliffords implementing the same symplectic map, we can find a
unique “Pauli correction” that makes the Clifford unitaries exactly equal up to a global phase.

Definition 4.7. Let Rs := {C(i)
l = C(i)

r } be a set of rewrite rules of Clifford circuits. We say
it is symplectically complete when they are sound with respect to the symplectic interpretation,
JC(i)

l Ks = JC(i)
r Ks for all i, and complete for this interpretation: given circuits C1 and C2 such that

JC1Ks = JC2Ks, we can find a sequence of rewrites from Rs that rewrites C1 to C2.
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Definition 4.8. Let Rp be a set of rewrite rules of Clifford circuits. We say it is Pauli complete
if they are sound for the unitary interpretation, and they suffice to prove the commutation and
cancellation identies for Paulis as well as how to push Paulis through all the Clifford generators.
That is, Rp must prove the following equations:

• Z;X = X ;Z

• Zd = Xd = 1

• Z;H = H;X−1 and X ;H = H;Z

• Z;S = S;Z and X ;S = S;Z;X

• (Z ⊗ I);CZ =CZ;(Z ⊗ I)

• (X ⊗ I);CZ =CZ;(X ⊗Z)

Finally, our construction follows a generic group-theoretic approach: given a group G with a
normal subgroup N and a presentation of both N and the quotient group G/N, one can construct
a presentation of G itself [30, Proposition 2.55]. This framework applies directly in our setting,
since the Pauli group Pn is a normal subgroup of the Clifford group Cn, and the quotient group
Cn/Pn is isomorphic to the symplectic group Sp(2n,Zd). Since Cn is isomorphic to the semidi-
rect product of Pn by Sp(2n,Zd), lifting symplectic relations to unitary Clifford relations amounts
to accounting for the associated Pauli relations, which leads to a particularly simple form of the
general construction.

Proposition 4.9. Let Rs := {C(i)
l =C(i)

r } be a symplectically complete set of rewrite rules and Rp

a Pauli complete set of rewrite rules. Then we can efficiently find a modified set of rewrite rules
R′

s := {C(i)
l = C(i)

r ;P(i)} where the P(i) are uniquely defined Paulis such that R′
s is sound in the

unitary interpretation and R′
S ∪Rp is sound and complete for the unitary interpretation.

Proof. By Lemma 4.6 we can find unique Paulis to make the equations of Rs sound in the unitary
interpretation by changing them to R′

s := {C(i)
l = C(i)

r ;P(i)}. Hence the equations R′
S ∪Rp are

indeed all sound for the unitary interpretation. Now, to prove completeness let us assume we have
two circuits C1 and C2 that are equal in the unitary interpretation: JC1Ku = JC2Ku. We need to find
a set of rewrites from R′

S ∪Rp that rewrites C1 into C2.
Note that C1 and C2 are also necessarily equal in the symplectic interpretation. Hence, there

is a series of rewrite rules from Rs that rewrites C1 to C2 in a symplectically sound way. Let’s
consider the first two rewrites in this sequence: C1⇝C

′
1⇝C

′′
1 and suppose the rewrites used were

C(i)
l =C(i)

r and C( j)
l =C( j)

r . These rewrites were potentially applied locally in some larger context.
Now instead of C(i)

l = C(i)
r we must use the unitarily sound modification C(i)

l = C(i)
r ;P(i). The

LHS is still the same, and hence the rule still matches to C1, but now we don’t end up with C
′
1, but

instead a modified circuit that has P(i) appearing at the end of the application of C(i)
r . Using the

rules from the Pauli complete Rp we can now push P(i) further to the right in the modified C
′
1 past

all the generators. This changes P(i) to a potentially different Pauli, but otherwise does not change
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any of the structure of C
′
1. At the end we hence end up with a circuit C

′
1;Q(i) where the Q(i) is

uniquely determined by P(i). We hence see that our rewrite rules prove C1⇝C
′
1;Q(i).

Now, the second rewrite rule C( j)
l = C( j)

r is modified to the unitarily sound C( j)
l = C( j)

r ;P( j).
The LHS is still the same, and we still have C

′
1 (the only change is that it is composed with Q(i), but

this does not change the fact whether the LHS matches or not). Hence, we can apply this modified
rewrite rule to C

′
1;Q(i). This then results in a modified C

′′
1 where there is the Pauli P( j) composed

after the matching C( j)
r . In the same way as above we can push this to the end of the circuit to end

up with C
′′
1;Q( j);Q(i).

Repeating this procedure for all the rewrite rules from Rs that bring us from C1 to C2 gives
us a set of now unitarily sound rewrites from R′

S ∪Rp that rewrites C1 to C2;P where P is some
big collection of Paulis. Now, because we know that C1 and C2 are unitarily equal, we must have
JPKu = id, and so Rp must be able to rewrite P to the identity (empty) circuit. This then gives us a
rewrite from C1 to C2;P and finally to C2.

Theorem 4.10. The rewrite rules in Figure 1 are complete for n-qudit Clifford circuits over any
qudit dimension d that is an odd prime. That is, given two n-qudit unitary Clifford circuits C1 and
C2 implementing the same linear map, there is a sequence of rewrites from Figure 1 that proves C1
and C2 are equal.

Proof. By direct computation, the rewrite rules in Figure 1 imply all Pauli relations listed in Def-
inition 4.8. By Proposition 4.9, the rules in Figure 1 form a complete rewrite system for n-qudit
Clifford circuits.

5 Conclusion and Open Problems

We give a complete and finite equational theory for n-qudit Clifford circuits in every odd prime
dimension, by presenting a small set of local rewrite rules that suffices to determine equality of
Clifford unitaries. Our approach proceeds by introducing a symplectic normal form for Clifford
circuits, deriving relations at the symplectic level, and then lifting these relations to circuit identities
by accounting for Pauli corrections.

An immediate open question is to extend this completeness framework beyond odd prime
dimensions, in particular to prime-power and even dimensions, where the arithmetic over Zd
and the behaviour of Clifford phases are more intricate. More broadly, it would be interesting
to develop compact circuit-level equational theories for larger circuit fragments, such as Clif-
ford–permutation–dihedral circuits. In the meantime, it will be fruitful to extend our software
infrastructure as a verified backend for automated optimisation and synthesis of qudit circuit fami-
lies.
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A Proofs from Section 2

In this appendix, we provide proofs that were omitted from Section 2 and document algebraic
results related to the qudit Clifford group. Recall the summation of a geometric sequence for
an = a1qn−1 when q ̸= 1 is

Sn =
a1(1−qn)

1−q
. (13)

Definition A.1. Let k ∈ Zd and f : Zd 7→ Zd be an invertible function. A generalised permutation
matrix is a matrix that maps |k⟩ to ak| f (k)⟩, for some ak ∈ C and ∥ak∥2 = 1.

Lemma A.2. Let ω be the primitive d-th root of unity and k ∈ Zd .

d−1

∑
ℓ=0

ωkℓ =

{
0, k ̸≡d 0
p, k ≡d 0.

(14)

Proof. When k ≡d 0, ∑d−1
ℓ=0 ωkℓ = ∑d−1

ℓ=0 ω0 = p. When k ̸≡d 0, according to (13),

d−1

∑
ℓ=0

ωkℓ =
1
(
1− (ωk)d

)

1−ωk = 0.

Lemma A.3. det(H) = 1.

Recall that H = 1
λd

√
d

F , where F = ∑d−1
j,ℓ=0 ω jℓ| j⟩⟨ℓ| is a discrete Fourier transform. The deter-

minant of F is a standard computation (see e.g., [38]), and the phase λd is chosen so that det(H) = 1
(see also [44]). For completeness, we give a short elementary proof.

Proof. We first compute

det(F) = ∏
0≤ℓ< j≤d−1

(ω j −ωℓ) = ∏
0≤ℓ< j≤d−1

ωℓ(ω j−ℓ−1)

=

(
d−1

∏
t=1

d−1−t

∏
ℓ=1

ωℓ

)
·
(

d−1

∏
t=1

(ω t −1)d−t

)

= ω(d−1)d(d−2)/6

(
d−1

∏
t=1

(ω t −1)d−t

)
.

Let ξ := eπi/d . Since ω t −1 = 2iξ t sin(πt/d) for all t, we obtain that

d−1

∏
t=1

(ω t −1)d−t = (2i)∑d−1
t=1 (d−t) ·ξ ∑d−1

t=1 t(d−t) ·
d−1

∏
t=1

(sin(πt/d))d−t

= (2i)d(d−1)/2 ·ξ (d−1)d(d−2)/6 ·
(

(d−1)/2

∏
t=1

sin(πt/d)

)d

,
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where the last equality pairs (sin(πt/d))d−t with (sin(π(d−t)/d))t . Differentiating the cyclotomic
polynomial xd −1 = ∏d−1

t=0 (x−ω t) and evaluating at x = 1 yields ∏d−1
t=1 (1−ω t) = p. Note that |1−

eiθ | = 2sin(θ/2) for all θ ∈ (0,2π). This implies ∏d−1
t=1 2sin(πt/d) = p. Since sin(πt/d) > 0 for

all 1≤ t ≤ d−1, by pairing t with d−t, we see that ∏(d−1)/2
t=1 sin(πt/d) =

(
∏(d−1)

t=1 sin(πt/d)
)1/2

=

2−(d−1)/2 ·d1/2. Hence

d−1

∏
t=1

(ω t −1)d−t = id(d−1)/2 ·ξ (d−1)d(d−2)/6 ·dd/2.

It follows that

det(F) = dd/2eiπ(d−1)/4.

Since λd satisfies λ d
d = eiπ(d−1)/4 for all odd prime d, the lemma follows.

Lemma A.4. Xd = Zd = 1.

Proof. Note that, for any 0≤ j ≤ d−1, we have Xd | j⟩= | j+d⟩= | j⟩ and Zd | j⟩=ωd | j⟩= | j⟩.

Lemma A.5. ZXZ†X† = ω .

Proof. Note that, for 0 ≤ j ≤ d −1, we have

ZXZ†X†| j⟩= ZXZ†| j−1⟩= ZXω−( j−1)| j−1⟩= Zω−( j−1)| j⟩= ω−( j−1)+ j| j⟩= ω| j⟩.

Remark A.6. Next, recall that Proposition 2.5 follows from results in [44].

Proposition 2.6. The roots of unity in Z[1/d,ω] are ±ω t , t ∈ Zd .

Proof. By Theorem 5.3 in [19], the roots of unity in Q(ω) are exactly the complex numbers of the
form ±ω t , t ∈ Zd . Since Z[1/d,ω]⊂Q(ω), this completes the proof.

Proposition 2.12. For 0 ≤ j ≤ d − 1, H2| j⟩ = λ−2
d |− j⟩, where subtraction is performed modulo

d.
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Proof. We have

H2| j⟩= H

(
1

λd
√

d

d−1

∑
k=0

ωk j|k⟩
)

=
1

λd
√

d

d−1

∑
k=0

ωk jH|k⟩

=
1

λd
√

d

d−1

∑
k=0

ωk j

(
1

λd
√

d

d−1

∑
ℓ=0

ωℓk|ℓ⟩
)

=
1

λ 2
d d

d−1

∑
ℓ=0

(
d−1

∑
k=0

ωk( j+ℓ)

)
|ℓ⟩.

Now consider the sum ∑d−i
k=0 ωk( j+ℓ). When ℓ ≡ − j (mod d), then wk( j+ℓ) = 1, so that the sum is

equal to d. When ℓ ̸≡ − j (mod d), then ω j+ℓ is a primitive d-th root of unity, so that the sum is
equal to 0. Hence,

H2| j⟩= 1
λ 2

d d

d−1

∑
ℓ=0

(
d−1

∑
k=0

ωk( j+ℓ)

)
|ℓ⟩= 1

λ 2
d
|− j⟩,

as desired.

Corollary A.7. H2 is a generalised permutation matrix.

Lemma 2.18. det(S) = det(H) = det(CZ) = 1.

Proof. By Lemma A.3, det(H) = 1. Next, we show that det(S) = det(CZ) = 1. Using straightfor-
ward properties of sums of integers, we have

d−1

∑
j=0

j2 =

(
d

∑
j=1

j2

)
−d2 ==

d(d +1)(2d +1)
6

−d2. (15)

d−1

∑
j=0

j =
(0+(d −1))d

2
=

d(d −1)
2

. (16)

d−1

∑
j,ℓ=0

jℓ=
d−1

∑
j=0

j

(
d−1

∑
ℓ=0

ℓ

)
(16)
====

d−1

∑
j=0

j
(

d(d −1)
2

)
(16)
====

(
d(d −1)

2

)2

=
d2(d −1)2

4
. (17)

Then we have

d−1

∑
j=0

j2 −
d−1

∑
j=0

j
(15)
====

(16)

d(d +1)(2d +1)
6

−d2 − d(d −1)
2

=
d(d2 −3d +2)

3
. (18)

d−1

∑
j=0

j2 +
d−1

∑
j=0

j
(15)
====

(16)

d(d +1)(2d +1)
6

−d2 +
d(d −1)

2
=

d(d2 −1)
3

. (19)
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Since ωd = 1, it then follows that

det(S)
De f inition 2.10
==========

d−1

∏
j=0

ω
j( j−1)

2 = ω∑d−1
j=0

j( j−1)
2 = ω

1
2(∑d−1

j=0 j2−∑d−1
j=0 j) (18)

==== ω
1
2

(
d(d2−3d+2)

3

)

= ωd(d2−3d+2)/6 == 1.

det(CZ) ==
d−1

∏
j,ℓ=0

ω jℓ = ω∑d−1
j,ℓ=0 jℓ (17)

==== ωd2(d−1)2/4 == 1.

Lemma 2.25. H,S ∈ C1. Specifically, HXH† = Z, HZH† = X−1, SXS† = XZ, SZS† = Z.

Proof. One can check that λdλ †
d = 1. By Definitions 2.8 and 2.10, we have

HXH†| j⟩= HX

(
1

λ †
d

√
d

d−1

∑
k=0

ω−k j|k⟩
)

= H

(
1

λ †
d

√
d

d−1

∑
k=0

ω−k j|k+1⟩
)

=
1

λ †
d

√
d

d−1

∑
k=0

ω−k j

(
1

λd
√

d

d−1

∑
ℓ=0

ω(k+1)ℓ|ℓ⟩
)

=
1
d

d−1

∑
ℓ=0

ωℓ

(
d−1

∑
k=0

ωk(ℓ− j)

)
|ℓ⟩.

Now consider the sum ∑d−i
k=0 ωk(ℓ− j). When ℓ ≡ j (mod d), then wk(ℓ− j) = 1, so that the sum is

equal to d. When ℓ ̸≡ j (mod d), then ωℓ− j is a primitive d-th root of unity, so that the sum is
equal to 0. Hence,

HXH†| j⟩= 1
d

d−1

∑
ℓ=0

ωℓ

(
d−1

∑
k=0

ωk(ℓ− j)

)
|ℓ⟩= ω j| j⟩= Z| j⟩,

as desired. Note that, by Corollary 2.15, we have H2 = (H†)2. Hence, HZH† = H2X(H†)2 =
H2XH2. Thus

HZH†| j⟩= H2XH2| j⟩= H2X |− j⟩= H2|− j+1⟩= |−(− j+1)⟩= | j−1⟩= X†| j⟩.

Similarly, we have

S′XS′†| j⟩= S′Xω− j( j+1)
2 | j⟩= S′ω− ( j+1)( j+2)

2 | j+1⟩=ω− j( j+1)
2 + ( j+1)( j+2)

2 | j+1⟩=ω j+1| j+1⟩=ωXZ| j⟩.

Finally, we have

SZS†| j⟩= SZω− j( j−1)
2

| j⟩= Sω− j( j−1)
2

+1| j⟩=ω− j( j−1)
2

+1+
j( j−1)

2
| j⟩=ω| j⟩=Z| j⟩,



34 A Complete Rule Set for Multi-Qudit Clifford Circuits in All Odd Prime Dimensions

and

S′ZS′†| j⟩= SZω− j( j+1)
2

| j⟩= Sω− j( j+1)
2

+1| j⟩=ω− j( j+1)
2

+1+
j( j+1)

2
| j⟩=ω| j⟩=Z| j⟩,

Lemma 2.14. For every g ∈ Z∗
d , Mg defined below satisfies Mg|x⟩= |gx⟩ for all x ∈ Zd .

=Mg H Sg−1
H Sg H Sg−1

X (1−g)/2 Z(1−g)/2g ·λ 2
d

( g
d

)
L ω

−g2+4g+2
8g

Proof. Fix a g ∈ Z∗
d , we compute

Mg|0⟩=
1

λdd3/2 ω− g2−4g−2
8g

(g
d

)
L
∑
h

ω th µh|h+
1−g

2
⟩,

where

th =
h(h−1)

2g
+

1−g
2g

(
h+

1−g
2

)

and

µh = ∑
k, j

ω
j( j−1)

2g +k j+ k(k−1)
2g +kh.

On the other hand, one can track the Pauli propagation MgXM†
g = Xg and MgZM†

g = Zg−1. This
implies there exists cg ∈ C such that Mg|x⟩= cg|x⟩ for all x ∈ Zd . In particular, Mg|0⟩= cg|0⟩. So
we must have µh = 0 for all h ̸= g−1

2 . It follows that

µ g−1
2

= ∑
h

µh = ∑
k, j

ω
j( j−1)

2g +k j+ k(k−1)
2g ·∑

h
ωkh = d

(
∑

j
ω

j( j−1)
2g

)
= λdd3/2

(g
d

)
L

ω− 1
8g .

The second last equality uses that ∑h ωkh =

{
d if k = 0
0 otherwise

. The last equality follows from the

property of the quadratic Gauss sum ∑ j ω
j2
2g = λd

√
d
( g

d

)
L, where

( ·
·
)

L is the Legendre symbol. It
follows that

cg =
(g

d

)
L

ω− g2−4g−2
8g

1
λdd3/2 ω

t g−1
2 µ g−1

2
= 1.

We conclude that Mg|x⟩= |gx⟩ for all x ∈ Zd .
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B Clifford Conjugation

Lemma B.1. For all a ∈ Zd ,

HXa Za HZa X−a HZ−a Xa (20)

Proof. Based on Lemma 2.25, we proceed by repeatedly applying the action of H on a copies of
Pauli X and Z.

HXaH† = (HXH†)a (9)
=== Za

HZaH† = (HZH†)a (9)
===

(
X−1)a

= X−a

H†XaH = (H†XH)a (9)
===

(
Z−1)a

= Z−a

Lemma B.2.

H2X X−1 H2Z Z−1 H2X−1 X H2Z−1 Z

H3X Z−1 H3Z X H3X−1 Z
(21)

Proof. Based on Lemma 2.25, we proceed by repeatedly applying the action of H on Pauli X and
Z.

HX X−1H
Z

HZ Z−1H
X−1

HX−1 XH
Z−1

HZ−1 ZH
X

HX Z−1H
Z

HZ XH
X−1

HX−1 ZH
Z−1

H
X−1

H
Z−1

H
X
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Lemma B.3.

X

I

X

X
⊕

Z

I

Z

I
⊕

I

X

I

X
⊕

I

Z

Z−1

Z
⊕

X

X−1

X

I
⊕

Z

Z

I

Z
⊕

(22)

X

I

X

X
⊕

Z

I

Z

I
⊕

I

X

I

X
⊕

I

Z

Z−1

Z
⊕

Z

Z

I

Z
⊕

X

X−1

X

I
⊕

(23)

Proof. Recall that

H3H
⊕ = (D7)

H3H
⊕

= (D8)

Up to symmetry, it suffices to show (22). By (9), (10), and (21), we therefore have

X

I

X

X

X

I H3H

X

X
⊕ =

X

I

X

Z

Z

I

Z

I

Z

I H3H

Z

I
⊕ =

Z

I

Z

I

I

X

I

X

I

X H3H

I

X
⊕ =

I

Z

I

Z

I

Z

Z−1

Z

I

Z H3H

Z−1

Z
⊕ =

I

X−1

Z−1

X−1

X

X−1

X

I

X

X−1 H3H

X

I
⊕ =

X

Z−1

X

I

Z

Z

I

Z

Z

Z H3H

I

Z
⊕ =

Z

X−1

I

X−1
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Lemma B.4. For all a ∈ Zd ,

SXa ω
a(a−1)

2 XaZa SZa Za Sω− a(a−1)
2 XaZ−a Xa (24)

Proof. By Lemma 2.25, SZaS† =
(
SZS†

)a
= Za. For the actions of S on Xa, we proceed by induc-

tion on a.

Base Case: When a = 1, the statement holds by Lemma 2.25.

Induction Hypothesis (IH): Suppose the statement holds for a ≥ 1. That is,

SXaS† = ω
a(a−1)

2 XaZa, S†XaS = ω− a(a−1)
2 XaZ−a. (25)

Induction Step: We want to show that the statement holds for a+1.

SXa+1S† = S (XaX)S† =
(
SXaS†)(SXS†) IH

===
(9)

(
ω

a(a−1)
2 XaZa

)
(XZ)

(6)
=== ω

a(a−1)
2 ωaXa+1Za+1 = ω

(a+1)a
2 Xa+1Za+1.

S†Xa+1S = S† (XaX)S =
(
S†XaS

)(
S†XS

) IH
===
(9)

(
ω− a(a−1)

2 XaZ−a
)(

XZ−1)

(6)
=== ω− a(a−1)

2 ω−aXa+1Z−(a+1) = ω− (a+1)a
2 Xa+1Z−(a+1).

Lemma B.5. For all a ∈ Zd ,

SaX XZa SaZ Z SaXZ−a X (26)

Proof. By Lemma 2.25, SaZ
(
S†
)a

= Z. For the actions of Sa on X , we proceed by induction on a.

Base Case: When a = 1, the statement holds by Lemma 2.25.

Induction Hypothesis (IH): Suppose the statement holds for a ≥ 1. That is,

SaX
(
S†)a

= XZa,
(
S†)a

XSa = XZ−a. (27)

Induction Step: We want to show that the statement holds for a+1.

Sa+1X
(
S†)a+1

= S
(

SaX
(
S†)a

)
S† IH

=== S (XZa)S† =
(
SXS†)(SZaS†) (9)

=== XZZa = XZa+1

(
S†)a+1

XSa+1 = S†
((

S†)a
XSa

)
S IH
=== S† (XZ−a)S =

(
S†XS

)(
S†Z−aS

) (9)
=== XZ−1Z−a = XZ−(a+1).



38 A Complete Rule Set for Multi-Qudit Clifford Circuits in All Odd Prime Dimensions

Lemma B.6. For all a,b ∈ Zd ,

SbXa ω
ab(a−1)

2 XaZab SbZa Za Sbω− ab(a−1)
2 XaZ−ab Xa (28)

Proof. By Lemma 2.25, SbZa
(
S†
)b

= Za. For the actions of Sb on Xa, we proceed by induction on
b.

Base Case: When b = 1, the statement holds by Lemma B.4.

SXa ω
a(a−1)

2 XaZa Sω− a(a−1)
2 XaZ−a Xa

Induction Hypothesis (IH): Suppose the statement holds for b ≥ 1. That is,

SbXa (S†)b
= ω

ab(a−1)
2 XaZab,

(
S†)b

XaSb = ω− ab(a−1)
2 XaZ−ab. (29)

Induction Step: We want to show that the statement holds for b+1.

Sb+1Xa (S†)b+1
= S

(
SbXa (S†)b

)
S† IH

=== S
(

ω
ab(a−1)

2 XaZab
)

S† = ω
ab(a−1)

2
(
SXaS†)(SZabS†

)

(24)
==== ω

ab(a−1)
2

(
ω

a(a−1)
2 XaZa

)
Zab = ω

a(b+1)(a−1)
2 XaZa(b+1).

(
S†)b+1

XaSb+1 = S†
((

S†)b
XaSb

)
S IH
=== S†

(
ω− ab(a−1)

2 XaZ−ab
)

S = ω− ab(a−1)
2
(
S†XaS

)(
S†Z−abS

)

(24)
==== ω− ab(a−1)

2

(
ω− a(a−1)

2 XaZ−a
)

Z−ab = ω− a(b+1)(a−1)
2 XaZ−a(b+1).

Lemma B.7. For all a,b ∈ Zd ,
(
XZ−a)b

= ω− ab(b−1)
2 XbZ−ab. (30)

Proof. We proceed by induction on b.

Base Case: When b = 1, the statement holds trivially.

Induction Hypothesis (IH): Suppose the statement holds for b ≥ 1. That is,
(
XZ−a)b

= ω− ab(b−1)
2 XbZ−ab. (31)

Induction Step: We want to show that the statement holds for b+1.
(
XZ−a)b+1

=
(
XZ−a)b (XZ−a) IH

===
(

ω− ab(b−1)
2 XbZ−ab

)(
XZ−a)

(6)
=== ω− ab(b−1)

2 ω−abXb+1Z−abZ−a = ω− a(b+1)b
2 Xb+1Z−a(b+1).
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Lemma B.8. Let p be an odd prime and ω = e2πi/p.

−1 = (−ω)p (D1)

ω = (−ω)p+1 (D2)

Proof.

(D1).RHS= (−ω)p =−ω p (5)
===−1 = (D1).LHS.

(D2).RHS= (−ω)p+1 = (−ω)p(−ω)
(D1)
==== (−1)(−ω) = ω = (D2).LHS.

Lemma B.9.

X = H S−1 H2 S H (D4)

Proof. By (6), it suffices to check that RHS has the following action on X and Z.

XX X XZ ω−1Z

Based on (9) and Lemmas B.1, B.2 and B.4 to B.6, we have

X = H S−1 H2 S H
X

Z

X

ω−1Z

X

Z

Z

X−1

Z

ω−1X−1Z

Z−1

ω−1XZ−1

Z−1

ω−1X

X

ω−1Z

Lemma B.10.
Z = S−1 S′ (D5)

Proof. By (6), it suffices to check that RHS has the following action on X and Z.

ZX ωX ZZ Z

Based on (9) and Lemma B.5, we have

= S−1 S′Z
X

Z

ωX X

Z

XZ−1

Z

ωXZZ−1 = ωX

ZZ
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Lemma B.11.

H HH

H H H

= (D6)

Proof. We need to show that the RHS of (D6) acts on the Pauli generators as specified by (32).

X

I

I

X

Z

I

I

Z X

I

I

X

Z

I

I

Z
(32)

Up to symmetry, it suffices to show the action of RHS on X ⊗ I and Z ⊗ I. By (9) and (10), we
can show that

I

X H HX

I

I

X

H

H H H

Z−1Z = I

X
=

Z

I

Z

I

X−1

I

X−1

Z−1

Z−1

X

I

Z H HZ

I

I

Z

H

H H H

I

Z
=

X−1

I

X−1

Z−1

Z−1

X

Z−1Z = I

X

I

Z

C Actions of the Normal Boxes

A0b
Zb

Aab (a,b) ∈ Z∗
d ×Zd

Z

XX1/bZ
A0b

Z1/bZ

X XbZ−1

Z

X

XaZb

Z−1/a
Aab

Z

X

X−a

XbZ1/a

b ∈ Z∗
d

Figure 15: Up to a global phase, the action of A boxes on the Pauli generators.
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B00

I Z

Z I
B00

Z I

I Z
B00

I X

X I
B00

X I

I X

B01

Z Z

Z I

B01

Z I

I Z
B01

I X

X I
B01

X I

X−1 X

B01

I Z

Z Z−1
B01

X X

I X

B0b

Zb Z

Z I

B0b

Zb I

I Z
B0b

I X

X I
B0b

X1/bZ I

X−1 X

B0b

I Z

Z Z−1
B0b

X Xb

I XbZ−1
B0b

Z I

I Z1/b
b ∈ Zd \{0,1}

Bab

XaZb Z

Z I

Bab

XaZb I

I Z
Bab

I X

X I
Bab

Z−1/a I

X−1 X

Bab

I Z

Z Z−1
Bab

X Xb

I XbZ1/a
Bab

Z X−a

I X−a

(a,b) ∈ Z∗
d ×Zd

Figure 16: Up to a global phase, the action of B boxes on the Pauli generators.

D Push Through a Normal Box

Recall that we use Cn to denote the set of n-qudit Clifford circuits, where p is an odd prime, and
we use Bn to denote the set of n-qudit Pauli operators which generate the n-qudit Pauli group Pn.

Proposition D.1. Let k1,k2 ∈ N, and C ∈ Ck1+k2 . Suppose that for every B ∈ Bk1 there exists a
B′ ∈ Pk1 such that

C(B⊗ I)C† = B′⊗ I. (33)

Then there exist C1 ∈ Ck1 and C2 ∈ Ck2 such that C = C1 ⊗C2, up to scalar. Here, I is the identity
map on Cdk2 .

Proof. By Equation (33), the mapping Φ : Bk1 →Mdk1 (C) sending B 7→ tr2
(
C(B⊗ I)C†

)
extends

to an automorphism Φ of Pk1 such that C(B⊗ I)C† = Φ(B)⊗ I, where tr2 is the normalized partical
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D00

I Z

Z I
D00

Z I

I Z
D00

I X

X I
D00

X I

I X

D01

X I

Z X

D01

Z I

I Z
D01

Z X

X I

D01

X Z−1

I X

D01

I Z

Z I

D01

I X

X Z−1

b ∈ Zd

(a,b) ∈ Z∗
d ×Zd

D0b

X I

Zb X

D0b

Z I

I Z
D0b

Zb X

X I

D0b

X Z−b

I X

D0b

I Z

Z I

D0b

I X

X Z−b

Dab

X I

XaZb X

Dab

Z I

I Z

Dab

Z X

Z−1/a I
Dab

X Z−1

I X

Dab

I X−a

Z Za

Dab

I XbZ1/a

X Z−b

Dab

XaZb I

I Z

Figure 17: Up to a global phase, the action of D boxes on the Pauli generators.

Eb , b ∈ Zd
Z

X

Z

XZb
Eb

Z

XZ−b

Z

X

Figure 18: The action of E boxes on the Pauli generators.

trace 1
dk2

id ⊗Tr that traces out the second system Mdk2 (C). Hence, there exists a C1 ∈ Ck1 such
that C1BC†

1 = Φ(B). The rest follows from [35, Lemma E.6].

Firstly, note that (34) and (35) follow from Figures 16 and 17. Based on this, we can derive
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proof-of-principle box relations as shown in Figure 19.

Bab

XaZb Z

Z I
Bab

I X

X I
(34)

Dab

X I

XaZb X
Dab

Z I

I Z
(35)

Lemma D.2. For all (a,b) ∈ Zd ×Zd \{(0,0)}, there exist dir, dir′ ∈ C1 such that

Aab ≡H Ab,−a dir

Aab ≡S Aa,b−a dir′

(36)

Proof. Computing the preimage of Z in the LHS of (36) yields

AabXbZ−a ZH AabXaZb−a ZSXaZb XaZb

By the uniqueness of the symplectic normal form, XbZ−a and XaZb−a imply that the updated
normal boxes should be those in the RHS of (36).

Lemma D.3. For all (a,b) ∈ Zd ×Zd \{(0,0)}, there exist dir, dir′ ∈ C2 such that

Aab

A0,−a

Bab dir′≡

A0b A0b
dir≡ b ∈ Z∗

d

(a,b) ∈ Z∗
d ×Zd

(37)

Proof. Computing the preimage of Z ⊗ I in the LHS of (37) yields

Zb Z

I I

A0b XaZb Z

Z−a I

Aab
XaZb

I

Zb

I

By the uniqueness of the symplectic normal form, Zb⊗I and XaZb⊗Z−a imply that the updated
normal boxes should be those in the RHS of (37).
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Lemma D.4. For all (a,b) ∈ Zd ×Zd \{(0,0)} and (c,d) ∈ Zd ×Zd , there exist dir, dir′ ∈ C2 and
dir′′ ∈ C1 such that

Aab Aa,b−c

Bc,d−a
dir′′

≡

A0b

Abd
dir≡ b ∈ Z∗

d , d ∈ ZdBbd

Bcd a ∈ Z∗
d , b,c,d ∈ Zd

A0b A0,b−c

Bcd dir′≡Bcd b ∈ Z∗
d , c,d ∈ Zd , b ̸= c (38)

Proof. Computing the preimage of Z ⊗ I in the LHS of (38) yields

XcZd−a Z

XaZb−c IAab

XbZd Z

I IA0b

Bbd Bcd

XbZd

ZZb

XcZd

ZXaZb

By the uniqueness of the symplectic normal form, XbZd ⊗ I and XcZd−a ⊗XaZb−c imply that
the updated normal boxes should be those in the RHS of (38).

Next, we consider the case when a ̸= 0. Suppose that for some dir′′ ∈ C2,

Aab Aa,b−c

Bc,d−a dir′′≡Bcd

By Proposition D.1, it remains to show that

Z

I
dir′′

Z

I

X

I
dir′′

X

I

Equivalently, we can compute the preimage of Z ⊗ I and X ⊗ I in the LHS of (39).

dir′′

AabA−1
a,b−c

≡BcdB−1
c,d−a (39)



Bian, X., Li, S. M., Ross, N. J., van de Wetering, J., Zhao, Y. 45

By (34), we have

Z Z

I IAabA−1
a,b−c

BcdB−1
c,d−a

XcZd

ZXaZb

XcZd−a

XaZb−cZ

X X

I IAabA−1
a,b−c

BcdB−1
c,d−a

I

XZ−1/a

I

Z−1/aX

This completes the proof.

Lemma D.5. For all a,b ∈ Zd , there exists dir ∈ C1 such that

dir
≡Bab

H
Bb,−a (40)

Proof. Computing the preimage of Z ⊗ I in the LHS of (40) yields

XbZ−a Z

Z I
Bab

H XaZb

Z

By the uniqueness of the symplectic normal form, XbZ−a ⊗Z implies that the updated normal
box should be the one in the RHS of (40). Suppose that for some dir ∈ C2,

dir≡Bab

H
Bb,−a

By Proposition D.1, it remains to show that

Z

I
dir

Z

I

X

I
dir

X

I

Equivalently, we can compute the preimage of Z ⊗ I and X ⊗ I in the LHS of (41).

dir≡Bab

H
B−1

b,−a (41)
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By (34), we have

Z Z

I I
Bab

H
B−1

b,−a

XaZbXbZ−a

Z
X X

I I
Bab

H
B−1

b,−a

II

X

This completes the proof.

Lemma D.6. For all a,b ∈ Zd , there exists dir ∈ C1 such that

dir
≡Bab

S
Ba,b−a (42)

Proof. Computing the preimage of Z ⊗ I in the LHS of (42) yields

XaZb−a Z

Z I
Bab

S XaZb

Z

By the uniqueness of the symplectic normal form, XaZb−a ⊗Z implies that the updated normal
box should be the one in the RHS of (42). Suppose that for some dir ∈ C2,

dir≡Bab

S
Ba,b−a

By Proposition D.1, it remains to show that

Z

I
dir

Z

I

X

I
dir

X

I

Equivalently, we can compute the preimage of Z ⊗ I and X ⊗ I in the LHS of (43).

dir≡Bab

S
B−1

a,b−a (43)

By (34), we have

Z Z

I I
Bab

S
B−1

a,b−a

XaZbXaZb−a

Z
X X

I I
Bab

S
B−1

a,b−a

II

X

This completes the proof.
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Lemma D.7. For all a,b ∈ Zd , there exists dir ∈ C2 such that

dir≡Bab
S

Bab (44)

Proof. Computing the preimage of Z ⊗ I in the LHS of (44) yields

XaZb Z

Z I
Bab

S

XaZb

Z

By the uniqueness of the symplectic normal form, XaZb ⊗Z implies that the updated normal
box should be the one in the RHS of (44).

Lemma D.8. For all a,b ∈ Zd , there exists dir ∈ C1 such that

dir
≡Dab

H
Db,−a (45)

Proof. For any j ∈ Zd , computing the preimage of I ⊗XZ j in the LHS of (45) yields

XZ j I

XbZ−a XZ j
Dab

H XaZb

XZ j

By the uniqueness of the symplectic normal form, XZ j ⊗XbZ−a implies that the updated nor-
mal box should be the one in the RHS of (45). Suppose that for some dir ∈ C2,

dir≡Dab
H

Db,−a

By Proposition D.1, it remains to show that

Z

I
dir

Z

I

X

I
dir

X

I

Equivalently, we can compute the preimage of I ⊗X and I ⊗Z in the LHS of (46).
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dir≡Dab
H

D−1
b,−a (46)

By (35), we have

I I

X X
Dab

H
D−1

b,−a XaZbXbZ−a

X
I I

Z Z
Dab

H
D−1

b,−a

Z

I I

This completes the proof.

Lemma D.9. For all a,b ∈ Zd , there exists dir ∈ C1 such that

dir
≡Dab

S
Da,b−a (47)

Proof. For any j ∈ Zd , computing the preimage of I ⊗XZ j in the LHS of (47) yields

XZ j I

XaZb−a XZ j
Dab

S XaZb

XZ j

By the uniqueness of the symplectic normal form, XZ j ⊗ XaZb−a implies that the updated
normal box should be the one in the RHS of (47). Suppose that for some dir ∈ C2,

dir≡Dab
S

Da,b−a

By Proposition D.1, it remains to show that

Z

I
dir

Z

I

X

I
dir

X

I

Equivalently, we can compute the preimage of I ⊗X and I ⊗Z in the LHS of (48).

dir≡Dab
S

D−1
a,b−a (48)
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By (35), we have

I I

X X
Dab

S
D−1

a,b−a XaZbXaZb−a

X
I I

Z Z
Dab

S
D−1

a,b−a

Z

I I

This completes the proof.

Lemma D.10. For all a,b ∈ Zd , there exists dir ∈ C1 such that

dir
≡Dab

S
Dab

S
(49)

Proof. For any j ∈ Zd , computing the preimage of I ⊗XZ j in the LHS of (49) yields

XZ j−1 I

XaZb XZ j
Dab

S

XaZb

XZ j

By the uniqueness of the symplectic normal form, XZ j−1 ⊗ XaZb implies that the updated
normal box should be the one in the RHS of (49). Suppose that for some dir ∈ C2,

dir≡Dab

S
Dab

By Proposition D.1, it remains to show that

Z

I
dir

Z

I

XZ−1

I
dir

X

I

Equivalently, we can compute the preimage of I ⊗X and I ⊗Z in the LHS of (50).

dir≡Dab

S
D−1

ab (50)

By (35), we have

I I

XZ−1 X
Dab

S
D−1

ab XaZb

XZ−1
I I

Z Z
Dab

S
D−1

ab

Z

I

ZX

Since S sends XZ−1 to X and Z to Z, this completes the proof.
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Lemma D.11. For all a,b ∈ Zd , there exists dir ∈ C1 such that

dir
≡Dab Da,b−1

Sa
(51)

Proof. For any j ∈ Zd , computing the preimage of I ⊗XZ j in the LHS of (51) yields

XZ j−a I

XaZb−1 XZ j
Dab

XZ j

XaZb

By the uniqueness of the symplectic normal form, XZ j−a ⊗XaZb−1 implies that the updated
normal box should be the one in the RHS of (51). Suppose that for some dir ∈ C2,

dir≡Dab Da,b−1

By Proposition D.1, it remains to show that

Z

I
dir

Z

I

XZ−a

I
dir

X

I

Equivalently, we can compute the preimage of I ⊗X and I ⊗Z in the LHS of (52).

dir≡DabD−1
a,b−1 (52)

By (35), we have

I I

XZ−a X
DabD−1

a,b−1 XaZbXaZb−1

XZ−a
I I

Z Z
DabD−1

a,b−1

Z

I I

X Z

Since Sa sends XZ−a to X and Z to Z, this completes the proof.

Lemma D.12. For all a,b ∈ Zd , there exists dir ∈ C2 such that

dir
≡

Bab

Bcd

Ba,b−c

Bc,d−a
(53)
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Proof. Firstly, find preimage of Z ⊗ I ⊗ I in the LHS of (53).

XaZb−c I

Z I
Bab

XcZd−a Z
Bcd

XcZd

Z

I

XaZb

By the uniqueness of the symplectic normal form, XcZd−a ⊗XaZb−c ⊗Z implies that the up-
dated normal boxes should be the ones in the RHS of (53). Suppose that for some dir ∈ C3,

≡
Bab

Bcd

Ba,b−c

Bc,d−a
dir

By Proposition D.1, it remains to show that

dir

X

I

I

X

I

I

dir

Z

I

I

Z

I

I

Equivalently, we can compute the preimage of Z ⊗ I ⊗ I and X ⊗ I ⊗ I in the LHS of (54).

≡
Bab

Bcd

B−1
a,b−c

B−1
c,d−a

dir (54)

According to Figure 16,

Bab

XaZb Z

Z I
Bab

I X

X I

we have
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I I

I I
Bab

Z Z
Bcd

B−1
a,b−c

B−1
c,d−a Z

Z

XcZd

XaZb

XcZd−a

XaZb−cZ

I

I I

I I
Bab

X X
Bcd

B−1
a,b−c

B−1
c,d−a X

X

I

I

I

IX

I

This completes the proof.

Lemma D.13. For all a,b ∈ Zd , there exists dir ∈ C3 such that

≡
Bab Bab

dir (55)

Proof. Computing the preimage of Z ⊗ I ⊗ I in the LHS of (55) yields

Z I

I I

Bab

XaZb Z
Z

By the uniqueness of the symplectic normal form, XaZb⊗Z⊗ I implies that the updated normal
box should be the one in the RHS of (55).

Lemma D.14. For all a,b ∈ Zd , there exists dir ∈ C2 such that

dir
≡

Dab

Dcd

Da,b−c

Dc,d−a

(56)
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Proof. For any j ∈ Zd , computing the preimage of I ⊗ I ⊗XZ j in the LHS of (56) yields

XcZd−a XZ j

XZ j I
Dab

XaZb−c I
DcdXcZd

I

XaZb XZ j

By the uniqueness of the symplectic normal form, XZ j ⊗XaZb−c ⊗XcZd−a implies that the
updated normal boxes should be the ones in the RHS of (56). Suppose that for some dir ∈ C3,

≡
Dab

Dcd

Da,b−c

Dc,d−a

dir

By Proposition D.1, it remains to show that

dir

I

I

X

I

I

X

dir

I

I

Z

I

I

Z

Equivalently, we can compute the preimage of I ⊗ I ⊗Z and I ⊗ I ⊗X in the LHS of (57).

≡
Dab

Dcd

D−1
a,b−c

D−1
c,d−a

dir (57)

According to Figure 17,

Dab

X I

XaZb X
Dab

Z I

I Z

we have
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I I

Z Z

Dab

I I

Dcd

D−1
a,b−c

D−1
c,d−a

Z

Z

I

I

Z

I

I I

X X

Dab

I I

Dcd

D−1
a,b−c

D−1
c,d−a

X

XcZd

X

XaZb

I

X

I

I

I

XcZd−a

XaZb−c

This completes the proof.

E Proofs from Section 3.1

Lemma 3.5. For every P ∈ Pn \{ω tI; t ∈ Zd} be a non-scalar n-qudit Pauli operator, there exists
a unique Z-normal circuit WZ such that JWZKu •P ≡p Z ⊗ I ⊗·· ·⊗ I.

Proof. There are unique a j,b j ∈Zd ,1 ≤ j ≤ n such that P ≡p
⊗n

j=1 Xa j Zb j . Since P is not a scalar,
there exists j such that Xa j Zb j is not an identity. Let m be the largest such index, then we can write

P ≡p

(
Xa1Zb1

)
⊗·· ·⊗

(
XamZbm

)
⊗ I ⊗·· ·⊗ I. (58)

Next, we show how to construct a unique Z-normal circuit WZ based on (58) and the unique normal
box actions specified in the second column of Figure 5. Starting from the qudit wire m, Aam,bm is
uniquely determined by XamZbm . As a result, the unitary implementation of this A box maps XamZbm

to Z up to a global phase1. Consequently, Bam−1,bm−1 is uniquely determined by Xam−1Zbm−1 ⊗ Z.
Then, this B box maps Xam−1Zbm−1 ⊗Z to Z ⊗ I. Continue this process by concatenating B normal
boxes upward, until reaching the top two qudit wires, where Ba1,b1 is uniquely determined by
Xa1Zb1 ⊗Z. As a result, Xa1Zb1 ⊗Z is mapped to Z⊗ I. This gives us a Z-normal circuit WZ that is
displayed below, which is uniquely determined by P. Since all the Pauli propagations are tracked
up to global phases, we conclude that JWZKu •P ≡p Z ⊗ I ⊗·· ·⊗ I.

1Recall that the Pauli propagation is tracked up to a phase
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Ba1,b1

...

...

...
I

Xam−1Zbm−1 I

Xa1Zb1 Z

I

XamZbm I

I I
...

I I

Xa2Za2 . . .

Bam−2,bm−2

Xam−2Zbm−2 . . .

Bam−1,bm−1

Aam,bm

Z

Z

Z

Z

...

...

...
I

Xam−1Zbm−1 I

Xa1Zb1 Z

I

XamZbm I

I I
...

I I

Xa2Zb2

Xam−2Zbm−2

W (n)
Z ≡

Given a Z-normal circuit WZ , we can read off its preimage of Z ⊗ I ⊗ ·· · ⊗ I by reading the
indices of each normal box in WZ from right to left.

Lemma 3.6. For every Q ∈ Pn such that (Z ⊗ I ⊗·· ·⊗ I)Q = ωQ(Z ⊗ I ⊗·· ·⊗ I), there exists a
unique X-normal circuit WX such that JWXKu •Q ≡p I ⊗·· ·⊗ I ⊗X.

Proof. There are unique a j,b j ∈ Zd ,1 ≤ j ≤ n such that Q ≡p
⊗n

j=1 Xa j Zb j . Since (Z ⊗ I ⊗·· ·⊗
I)Q = ωQ(Z ⊗ I ⊗·· ·⊗ I), we must have

Q ≡p
(
XZi)⊗

(
Xa2Zb2

)
⊗·· ·⊗

(
XanZbn

)
. (59)

Next, we show how to construct a unique X-normal circuit WX based on (59) and the unique
normal box actions specified in the second column of Figure 5. Starting from qudit wires 1 and 2,
Da2,b2 is uniquely determined by (XZi)⊗ (Xa2Zb2). As a result, this D box maps (XZi)⊗ (Xa2Zb2)
to I ⊗ (XZi). Consequently, Da3,b3 is uniquely determined by (XZi)⊗ (Xa3Zb3). Again, this D
box maps (XZi)⊗ (Xa3Zb3) to I ⊗ (XZi). Continue this process by concatenating D normal boxes
downward, until reaching the bottom two qudit wires, where Dan,bn is uniquely determined by
(XZi)⊗ (XanZbn). Thus, (XZi)⊗ (XanZbn) is mapped to I ⊗ (XZi) by this last D box. Then, Ei is
uniquely determined by XZi, and it maps XZi to X . This gives us an X-normal circuit WX that is
displayed below. It is uniquely determined by Q and JWXKu •Q ≡p I ⊗·· ·⊗ I ⊗X .

Da2,b2

Xa3Zb3 I

XZi I

Xa2Zb2 I

Xan−1Zbn−1

...

XanZbn X

I

...

Da3,b3 . . .

. . .
Dan,bn

Eh

XZi

XZi

XZi

XZi

...

Xa3Zb3 I

XZi I

I

Xan−1Zbn−1 I

...

XanZbn X

Xa2Zb2

W (n)
X

≡

Given an X-normal circuit WX , we can read off its preimage of I ⊗·· ·⊗ I ⊗X by reading the
indices of each normal box in WX from right to left.
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Lemma 3.7. Every X-normal circuit WX satisfies JWXKu •(Z⊗ I⊗·· ·⊗ I⊗ I)≡p I⊗ I⊗·· ·⊗ I⊗Z.

Proof. This follows from the additional actions of D and E boxes on certain Pauli operators (see
the third column of Figure 5). In particular, every D box maps Z ⊗ I to I ⊗Z, every E box maps Z
to Z. It is visualized below.

Da2,b2

I I

Z I

I I

I

...

I Z

I

...

Da3,b3 . . .

. . .
Dan,bn

Eh

Z

Z

Z

Z

...

I I

Z I

I

I I

...

I Z

I

W (n)
X

≡

Lemma 3.8. Let P,Q ∈ Pn such that PQ = ωQP. Then there exist unique normal circuits WZ and
WX such that JWXWZKu •P ≡p I ⊗·· ·⊗ I ⊗Z and JWXWZKu •Q ≡p I ⊗·· ·⊗ I ⊗X.

Proof. Since PQ = ωQP, we must have P /∈ ⟨ω⟩. By Lemma 3.5, there exists a unique Z-
normal circuit WZ such that JWZKu •P ≡p Z ⊗ I ⊗ ·· · ⊗ I. Moreover, (JWZKu •P)(JWZKu •Q) =
JWZKu • (PQ) = JWZKu • (ωQP) = ω(JWZKu •Q)(JWZKu •P). Hence (Z⊗ I⊗·· ·⊗ I)(JWZKu •Q) =
ω(JWZKu •Q)(Z⊗ I⊗·· ·⊗ I). By Lemma 3.6, there exists a unique X-normal circuit WX such that
JWXWZKu •Q = JWXKu • (JWZKu •Q)≡p I ⊗·· ·⊗ I ⊗X .

By Lemma 3.7, JWXWZKu •P = JWXKu • (JWZKu •P) ≡p JWXKu • (Z ⊗ I ⊗·· ·⊗ I) ≡p I ⊗·· ·⊗
I ⊗Z. It follows that

JWXWZKu •P ≡p I ⊗·· ·⊗ I ⊗Z, JWXWZKu •Q ≡p I ⊗·· ·⊗ I ⊗X . (60)

Diagrammatically, we can express this process:

W (n)
XW (n)

Z
...

... ...

I

I

I

Z

Z

I

I

I

P W (n)
XW (n)

Z
...

...
...

I

I

I

X

Q

W
(n
)

Z
•Q ...

This proves the existence of the desired Z-normal circuit WZ and X-normal circuit WX . Now
suppose towards contradiction that there exist another Z-normal circuit W ′

Z and X-normal circuit W ′
X

satisfying (60). Since JW ′
XKu • (JW ′

ZKu •P)≡p I⊗·· ·⊗ I⊗Z, Lemma 3.7 implies that JW ′
XKu •P ≡p

Z ⊗ I · · ·⊗ I. By the uniqueness of the Z-normal circuit in Lemma 3.5, WZ ≡W ′
Z . Then

JW ′
XKu • (JW ′

ZKu •Q)≡p JW ′
XKu • (JWZKu •Q)≡p I ⊗·· ·⊗ I ⊗X .

By the uniqueness of the X-normal circuit in Lemma 3.6, W ′
X ≡WX .
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Proposition 3.9. Let φ : Pn →Pn be an automorphism of the Pauli group such that φ fixes scalars.
There exists a unique Clifford circuit C ∈ Cn in symplectic normal form such that for all P ∈ Pn,
JCKu •P ≡p φ(P).

Proof. We proceed by induction on n. When n = 0, the Pauli operators are scalars of the form ω t ,
t ∈ Zd . In this case, φ is the identity. So C must be an empty wire without any gates. Now suppose
that our claim is true for n−1 and consider the case of n. First we prove that the symplectic normal
circuit W (n) on the n-th layer exists.

N(n)
S

(IH)

...
... W (n)

...
N(n−1)

S...
...

n−1

n

1

2

C
...

... ≡
(WTS)

≡

Since φ is bijective, there exist P,Q∈Pn such that φ(P) = I⊗·· ·⊗I⊗Z and φ(Q) = I⊗·· ·⊗I⊗X .
That is, P = φ−1(I⊗·· ·⊗ I⊗Z) and Q = φ−1(I⊗·· ·⊗ I⊗X). Then PQ = φ−1(I⊗ . . .⊗ I⊗ZX).
Since I ⊗ . . .⊗ I ⊗Z ω-anticommutes with I ⊗ . . .⊗ I ⊗X , PQ = ωQP. By Lemma 3.8, there exist
a unique X-circuit WX and a unique Z-circuit WZ such that JWXWZKu •P ≡p I ⊗ . . .⊗ I ⊗Z = φ(P)
and JWXWZKu •Q ≡p I ⊗ . . .⊗ I ⊗X = φ(Q).

W (n)
...

I

X

I

I
...Q W (n)

XW (n)
Z

...
...

...

I

I

I

X

Q
...

W
(n
)

Z
•Q

≡Φ(Q) Φ(Q)

W (n)
...

I

Z

I

I
...P W (n)

XW (n)
Z

...
...

...

I

I

I

Z

P
...

W
(n
)

Z
•P

≡Φ(P) Φ(P)

Let φ ′ : Pn →Pn be a new automorphism and φ ′ fixes scalars such that

φ ′(U) = φ
(
JWXWZK−1

u •U
)
. (61)
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Then I ⊗·· ·⊗ I ⊗Z and I ⊗·· ·⊗ I ⊗X are fixed points of φ ′, since for P ∈ {X ,Z},

φ ′(I ⊗·· ·⊗ I ⊗P) = φ
(
JWXWZK−1

u • (I ⊗·· ·⊗ I ⊗P)
)

= φ
(
JWXWZK−1

u • JWXWZKu •P
)
≡p φ(P) = I ⊗·· ·⊗ I ⊗P.

For any R ∈ Pn−1, since R⊗ I commutes with I ⊗ ·· · ⊗ I ⊗ Z and I ⊗ ·· · ⊗ I ⊗X , φ ′(R⊗ I)
commutes with φ ′(I ⊗·· ·⊗ I ⊗Z) = I ⊗·· ·⊗ I ⊗Z and φ ′(I ⊗·· ·⊗ I ⊗X) = I ⊗·· ·⊗ I ⊗X . This
implies that φ ′(R⊗ I) = S⊗ I for some S ∈ Pn−1. Then there exists an automorphism φ ′′ : Pn−1 →
Pn−1 such that φ ′′(R) = S. Since φ ′ fixes I ⊗·· ·⊗ I ⊗Z and I ⊗·· ·⊗ I ⊗X ,

φ ′ = φ ′′⊗ I. (62)

By the induction hypothesis, for all R ∈ Pn−1, there exists C′ ∈ Cn−1 in normal form such that

JC′Ku •R ≡p φ ′′(R), (63)

Then C = (C′ ⊗ I)WXWZ is in normal form. Next, we show that JCKu •U ≡p φ(U) for all
U ∈ Pn. By (61),

JWXWZK−1
u •U = φ−1φ ′(U). (64)

It follows that

JCKu •U = J(C′⊗ I)WXWZKu •U
(64)
==== JC′⊗ IKu •

(
φ ′−1 (φ(U))

)

(62)
==== JC′⊗ IKu • (φ ′′−1 ⊗ I)(φ(U))

(63)≡p φ(U).

To prove uniqueness, suppose towards contradiction that D ∈ Cn is another Clifford circuit in
symplectic normal form such that JDKu •U ≡p φ(U) for all U ∈ Pn. By induction, D = (D′ ⊗
I)(W ′

XW ′
Z), where W ′

X is an X-normal circuit, W ′
Z is a Z-normal circuit, and D′ is a symplectic nor-

mal Clifford circuit on n−1 qudits. Since JDKu•P≡p φ(P) = I⊗·· ·⊗ I⊗Z, (JD′⊗ IKuJW ′
XW ′

ZKu)•
P ≡p I ⊗·· ·⊗ I ⊗Z. Then

JW ′
XW ′

ZKu •P ≡p JD′⊗ IK−1
u • (I ⊗·· ·⊗ I ⊗Z) = (JD′K−1

u ⊗ I)• (I ⊗·· ·⊗ I ⊗Z) = I ⊗·· ·⊗ I ⊗Z.

Similarly, JDKu •Q ≡p I ⊗ ·· · ⊗ I ⊗X implies that JW ′
XW ′

ZKu •Q ≡p I ⊗ ·· · ⊗ I ⊗X . By the
uniqueness of the X- and Z-normal circuits in Lemma 3.8, W ′

X ≡ WX and W ′
Z ≡ WZ . By induction

hypothesis, C′ ≡ D′. Thus, the same is true for C and D. This completes the proof.

Lemma 3.10. |Sp(2n,Zd)|= ∏n
k=1
(
d2k −1

)
·
(
d2k−1

)
.
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Proof. Since Sp(2n,Zd) ∼= Cn/Pn, by Lemma 4.6 and proposition 3.9, it is sufficient to count the
total number of distinct symplectic normal forms. Recall the normal form of an arbitrary n-qudit
Clifford operator up to a global base ω t , t ∈ Zd .

W (n)
XW (n)

Z
...

n−1

n

1

2
...

N(n−1)
S...

...

By induction, our problem is reduced to counting different ways of constructing W (n)
Z and W (n)

X .

• For W (n)
Z , according to Figure 6, there are d2 −1 choices for an A box. For B boxes, we can

start concatenating them upward from any qudit wire. According to Figure 7a, we proceed
by cases.

In one extreme case: The ladder of B boxes starts from the bottom qudit wire, as shown
below. There are n− 1 B boxes in W (n)

Z . According to Figure 6, there are d2 choices
for a B box. Since each choice of a normal box is independent of each other, there are
(d2 −1) ·d2(n−1) = d2n −d2(n−1) distinct W (n)

Z when it expands over all n qudits.

...

B jn−1

...W (n)
Z

≡ ...

1

n

2 . . .

n−1 . . .
B j1

Ai

...

In the other extreme case: The ladder of B boxes starts from the top qudit wire, as shown
below. There is no B box in W (n)

Z . Since each choice of a normal box is independent of
each other, there are d2 −1 distinct W (n)

Z when it expands over 1 qudit.

...
...W (n)

Z
≡ ...

1

n

2

n−1

Ai

...
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In all other remaining cases: The ladder of B boxes starts from qudit wire k, 1 < k < n.
In the illustration below, there are (k−1) B boxes in W (n)

Z . Reasoning analogously as
before, there are (d2 −1) ·d2(k−1) = d2k −d2(k−1) distinct W (n)

Z when it expands over k
qudits.

... B jk−1

...

W (n)
Z ≡

...
...

1

n

k−1 . . .

k . . .
B j1

Ai
...

...
...

...

...

...

Considering all cases of concatenating B boxes in W (n)
Z , the number of distinct W (n)

Z is

n

∑
k=1

(
d2k −d2(k−1)

)
=

(
n

∑
k=1

d2k

)
−
(

n

∑
k=1

d2(k−1)

)
=

(
d2 −1

)(
1−d2n

)

1−d2 = d2n −1.

• For W (n)
X , we consider all possible ways of concatenating D and E boxes. According to

Figure 6, there are p choices for E boxes respectively. For each D box, there are d2 choices.
According to Figure 7b, there are n−1 D boxes in W (n)

X . Since each choice of a normal box
is independent of each other, there are p ·

(
d2
)(n−1)

= d2n−1 distinct W (n)
X .

Since the choice of W (n)
Z and W (n)

X is independent of each other, there are
(
d2n −1

)
·
(
d2n−1

)
distinct

W (n)
X W (n)

Z . According to the symplectic normal form outlined in Figure 8, we can calculate the total

number of distinct Ñ(n):
n

∏
k=1

(
d2k −1

)
·
(

d2k−1
)
.

Since they are in one-to-one correspondence with the elements in Cn/Pn, this completes the proof.
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Aab ≡H Ab,−a dir

Aab ≡S Aa,b−a dir

(a,b) ∈ Zd ×Zd \{(0,0)}, dir ∈ C1

(a,b) ∈ Zd ×Zd \{(0,0)}, dir ∈ C1

Aab

A0,−a

Bab dir′≡

A0b A0b
dir′≡ b ∈ Z∗

d , dir′ ∈ C2

(a,b) ∈ Z∗
d ×Zd , dir′ ∈ C2

Aab Aa,b−c

Bc,d−a
dir

≡

A0b

Abd
dir′≡ b ∈ Z∗

d , d ∈ Zd , dir′ ∈ C2Bbd

Bcd a ∈ Z∗
d , b,c,d ∈ Zd , dir ∈ C1

A0b A0,b−c

Bcd dir′≡Bcd b ∈ Z∗
d , c,d ∈ Zd , b ̸= c, dir′ ∈ C2

dir
≡Bab

H
Bb,−a a,b ∈ Zd , dir ∈ C1

dir
≡Bab

S
Ba,b−a a,b ∈ Zd , dir ∈ C1

dir′≡Bab
S

Bab a,b ∈ Zd , dir′ ∈ C2

dir
≡Dab

H
Db,−a a,b ∈ Zd , dir ∈ C1

dir
≡Dab

S
Da,b−a a,b ∈ Zd , dir ∈ C1

dir
≡Dab

S
Dab

S
a,b ∈ Zd , dir ∈ C1

dir
≡Dab Da,b−1

Sa
a,b ∈ Zd , dir ∈ C1

Figure 19: Proof-of-principle single- and two-qudit box relations. They demonstrate the structure
of residual dirty gates in all scenarios when we normalise a two-qudit Clifford operator through
“pushing-through-a-normal box”.
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F A Complete Set of Box Relations

H A0b ≡s Ab0

a,b ∈ Z∗
d

b ∈ Z∗
d

a ∈ Z∗
dH Aa0 ≡s A0,−a S−1/a

H Aab ≡s Ab,−a S1/ab

S−1/b

Figure 20: Pushing H through an A box, up to Pauli correction.

b ∈ Z∗
pS A0b ≡s A0b S1/b2

S Aab ≡s Aa,b−a (a,b) ∈ Z∗
p ×Zp

Figure 21: Pushing S through an A box, up to Pauli correction.

S Eb ≡s Eb−1 b ∈ Zd

Figure 22: Pushing S through an E box.

CZ1/b
A0bA0b

≡s b ∈ Z∗
d

A0,−a

Aab

≡s (a,b) ∈ Z∗
d ×ZdBab

H Sa H2 H S1/a H3

Figure 23: Pushing CZ through an A box, up to Pauli correction.
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Abd

A0b
≡s b ∈ Z∗

d , d ∈ Zd
H S1/b H H2 Sb H

Bbd

A0bA0b
≡s b ∈ Z∗

dB00 B00 CZ1/b

A0bA0b
≡s b,d ∈ Z∗

dB0d B0d CZ1/bd

S−2/bd

A0tA0b
≡s

b,c ∈ Z∗
d , d ∈ Zd , b ̸= c, t := b− c ∈ Z∗

d

Bcd Bcd
S1/b−1/tH S−t H

CZ1/b−1/t
S1/b−1/t

H Sb H

A−1,b A−1,b

B01≡sB00 b ∈ Zd

Aab Aab

B0,−a≡sB00 a ∈ Zd \{0,−1}, b ∈ Zd
H Sa H S1/a H3

A1b A1b

B00≡sB01 b ∈ Zd

Aab Aab

B0,1−a≡sB01 a ∈ Zd \{0,1}, b ∈ Zd
H Sa−1 H S1/(a−1) H3

Aab Aab

B00≡sB0a a ∈ Zd \{0,1}, b ∈ Zd
H3 S1/a H Sa H3

Aab Aab

B01≡sB0,a+1 a ∈ Zd \{0,−1}, b ∈ Zd
H3 S1/(a+1) H Sa+1 H3

Aab Aab

B0,d−a≡sB0d

a ∈ Z∗
d , b ∈ Zd , d ∈ Zd \{0,1}, d −a /∈ {0,1}

S(d(d−a)−a)/(d−a)2
S(d−a)/dH Sd/(d−a)H H

Aab Aa,b−c

Bc,d−a≡sBcd a,c ∈ Z∗
d , b,d ∈ Zd

H S−ac H3

Figure 24: Pushing CZ through A and B boxes, up to Pauli correction.
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H
≡s

H
B00 B00

H
≡sB01 B10

H
≡sB0b Bb0 b ∈ Zd \{0,1}

S−1/b

H
≡sB−1,0 B01

H
≡sBa0 B0,−a a ∈ Zd \{−1,0}

S−1/a

H
≡sBab Bb,−a a,b ∈ Z∗

dS1/ab

Figure 25: Pushing H ⊗ I through a B box, up to Pauli correction.

S
≡s

S
B00 B00

S
≡s

S1/b2
B0b B0b b ∈ Z∗

d

S
≡sBab Ba,b−a (a,b) ∈ Z∗

d ×Zd

Figure 26: Pushing S⊗ I through a B box, up to Pauli correction.

S
≡s

S
B00 B00

S
≡s

S
Bab Bab (a,b) ∈ Zd ×Zd \{(0,0)}CZ−1

S

Figure 27: Pushing I ⊗S through a B box, up to Pauli correction.
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H
≡s

H
D00 D00

H
≡sD0b Db0 b ∈ Z∗

d

Sb

H
≡sDa0 D0,−a a ∈ Z∗

d

H
≡sDab Db,−a a,b ∈ Z∗

d

S1/ab

H−1 S1/bH SbH H2

S−1/aH−1 S−aH S−1/aH H2

Figure 28: Pushing I ⊗H through a D box, up to Pauli correction.

b ∈ Zd

S
≡sDab Da,b−a a ∈ Z∗

d , b ∈ Zd

S
≡s

S
D0b D0b

Figure 29: Pushing I ⊗S through a D box, up to Pauli correction.

S
≡s

S
Dab Dab a,b ∈ Zd

Figure 30: Pushing S⊗ I through a D box, up to Pauli correction.

≡s
Sa

Dab Da,b−1 a,b ∈ Zd

H3 S−a H

Figure 31: Pushing CZ through a D box, up to Pauli correction.
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≡s
B00

H

B00

B00

B00

≡s
B00

B0d

B00

B0d

≡s
B00

B−1,d

B01

B−1,d
H3

H3

H3Sc

≡s
B00

Bcd

B0,−c

Bcd

H

H

d ∈ Zd

CZ1/d
d ∈ Z∗

d

HS1/c
CZc

c ∈ Zd \{0,−1}, d ∈ Zd

≡s
B01

H3

B00

B01

B00

≡s
B01

B0d

B01

B0d

≡s
B01

B1d

B00

B1d
H

H3

H3Sc−1

≡s
B01

Bcd

B0,1−c

Bcd

H

H

d ∈ Zd

CZ1/d
d ∈ Z∗

d

HS1/(c−1)
CZc

c ∈ Zd \{0,1}, d ∈ Zd

Figure 32: Pushing CZ⊗ I through two B boxes—B00 or B01 followed by another B box, up to Pauli correction.
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≡s
B0b

B00

B0b

B00

≡s
B0b

B0d

B0b

B0d

≡s
B0b

Bbd

B00

Bbd

≡s
B0b

Bb−1,d

B01

Bb−1,d
H

b ∈ Zd \{0,1}, d ∈ Zd

CZ1/bd
b ∈ Zd \{0,1}, d ∈ Z∗

d

CZ(b−1)/b
b ∈ Zd \{0,1}, d ∈ Zd

CZ1/b
b ∈ Zd \{0,1}

H3

H3S1/bH

H

H3Sb

H3

HS1/bH HSb

≡s
B0b

Bcd

B0,b−c

Bcd
H

b ∈ Zd \{0,1}, c ∈ Z∗
p, d ∈ Zd , c ̸= b, c ̸= b−1

H3

HS(c−b)/cH H3Sc/(c−b) HS(c−1)/c HSc/b HSb/c

Figure 33: Pushing CZ⊗ I through two B boxes—B0b followed by another B box, up to Pauli correction. Here,
b ∈ Zd \{0,1}.
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≡s
B−1,b

B00

B−1,b

B01

≡s
Bab

B00

Bab

B0,−a
a ∈ Zd \{0,−1}, b ∈ Zd

b ∈ Zd

H3H

H3

HSaH

H

H3S1/a

CZa

≡s
B1b

B01

B1b

B00

≡s
Bab

B01

Bab

B0,1−a
a ∈ Zd \{0,1}, b ∈ Zd

b ∈ Zd

HH3

H3

HSa−1H

H

H3S1/(a−1)

CZa

≡s
Bab

B0a

Bab

B00
a ∈ Zd \{0,1}, b ∈ Zd

H3

HS1/aH

H

HSa

≡s
Bab

B0,a+1

Bab

B01
a ∈ Zd \{0,−1}, b ∈ Zd

H3

HS1/(a+1)H

H

HSa+1

CZa/(a+1)

≡s
Bab

B0d

Bab

B0,d−a

H

a ∈ Z∗
d , b ∈ Zd , d ∈ Zd \{0,1}, d ̸= a, d ̸= a+1

H3

HS(d−a)/aH HSa/(d−a) HS−(a+1)/a HS−a/d H3S−d/a

≡s
Bab

Bcd

Ba,b−c

Bc,d−a
a,c ∈ Z∗

d , b,d ∈ ZdS−acH

H3
CZac

S−acH

H3

Figure 34: Pushing CZ⊗ I through two B boxes—Bab followed by another B box, up to Pauli correction. Here,
a ∈ Z∗

d and b ∈ Zd .
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≡s

Bab

≡s

B00 B00
H

H

Bab
(a,b) ∈ Zd ×Zd \{(0,0)}

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

Figure 35: Pushing CZ through a B box, up to Pauli correction.

≡s
D0b

D0d

D0b

D0d

≡s
D0b

Dcd

D0,b−c

Dcd

H3 H

≡s
Dab

Dcd

Da,b−c

Dc,d−a

H3

H

S−ac

H3 S−ac

H

b,d ∈ Zd

CZc

≡s
Dab

D0d

Dab

D0,d−a

H3 H
CZa

b,d ∈ Zd , c ∈ Z∗
d

b,d ∈ Zd , a ∈ Z∗
d

CZac

b,d ∈ Zd , a,c ∈ Z∗
d

Figure 36: Pushing I ⊗CZ through two D boxes, up to Pauli correction.
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