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It is a well-established fact that some quantum correlations are nonlocal, meaning they cannot be
described by a local hidden variable model. Certain quantum correlations are so strong that they
cannot be reproduced even if one allows only a small fraction of the rounds to admit a local hidden
variable description. These correlations are called fully nonlocal and they lead to Bell inequalities in
which the quantum bound saturates the non-signaling bound. A famous and well-known example is
the Peres-Mermin square in which the underlying state is a four dimensional maximally entangled
state. Surprisingly, examples of full nonlocality are so-far only known for maximally entangled states.
In this work, we show that in every local Hilbert space dimension d > 3 there are non-maximally
entangled states that are fully nonlocal. In fact, we derive simple criteria to ensure full nonlocality
that are only based on the smallest and largest Schmidt coefficient. Furthermore, we show that all
pure entangled states can be activated to show full nonlocality in the many-copy scenario.

I. INTRODUCTION

Bell nonlocality is a striking feature of quantum theory
and challenges our classical understanding of nature [1, 2].
Typically, this is certified by violating a Bell inequality,
where a quantum strategy exceeds what can be explained
by a local hidden variable model. However, in most Bell
experiments, the bound that can be achieved by quantum
theory is smaller than the bound that could be achieved
by general non-signalling theories. A famous example is
Tsirelson’s bound of the CHSH inequality, in which non-
signaling correlations introduced by Popescu and Rohrlich
can achieve the maximal value [3-5]. This naturally leads
to the question of whether there exist Bell inequalities,
in which the highest possible value can be achieved by a
quantum strategy.

Two famous examples are the Greenberger, Horne and
Zeilinger [6, 7] argument for many parties and the Peres-
Mermin (or magic) square [8, 9] for two parties. In both
cases, these quantum strategies allow to win a certain
game perfectly (with probability one) while all classical
strategies perform worse.

This effect, that we call full nonlocality in this work
(and which is also referred to as quantum pseudo-telepathy
or all-versus-nothing proofs of nonlocality [10]), is ar-
guably the strongest form of nonlocality. They provide a
stronger refutation of local hidden variable models com-
pared to standard Bell tests, where only statistical av-
erages cannot be reproduced by a local model [6]. The
interest in full nonlocality extends beyond purely founda-
tional considerations. Instances of full nonlocality have
been proven to be a resource for near-term quantum
computers for non-oracular problems [11, 12], enabling
a quantum advantage in shallow quantum circuits com-
pared to constant-depth classical circuits. In addition,
nonlocality is established as an important resource for
many quantum information problems, such as quantum
cryptography [13, 14] or randomness [15]. Hence, fully

nonlocal correlations, as being a stronger form of nonlo-
cal correlations, are expected to be useful for the same
tasks. In particular, full nonlocality has applications in
several protocols for device-independent quantum key dis-
tribution (DI-QKD) [16, 17]. Moreover, these techniques
enable the construction of robust randomness certifica-
tion schemes [18]. Given these advantages, deciding which
states exhibit full nonlocality is a pivotal objective, for
both theoretical interest and practical implementation.

Despite the notion of full nonlocality being introduced
already in the ‘80s ([7-9, 19-22]), determining exactly
which quantum states possess full nonlocality remains
an open question. It is known that maximally entangled
states are fully nonlocal [23-27]. Beyond these examples,
which employ maximally entangled states, it is gener-
ally unknown whether other states exhibit fully nonlocal
correlations in the bipartite settings.

In this work, we show that full nonlocality extends
also to a wide range of non-maximally entangled states.
We give sufficient criteria to decide which states can and
which states cannot lead to fully nonlocal correlations.
In order to show that, we establish a deep connection
between full nonlocality and the notion of quantum-state
antidistinguishability. The latter was initially introduced
by Chaves, Fuchs and Schack [28] and is the basis of the
well-known Pusey-Barrett-Rudolph (PBR) theorem [29].

II. PRELIMINARIES

Quantum correlations arise when two distant observers
perform measurements on a shared quantum state pap:

pQ(C% b‘.%', y) =Tr [(Aah? Y Bb|y)pAB] , (1)

where the measurements {A,}, and {B,}, are given
by positive operator-valued measures (POVMs) A, =
{Aq)z}a and By = { By, }y, whose elements are positive



a)

FIG. 1. Graphical representations of the local (L), quantum
(Q), and non-signalling (NS) set. a) A section of the set of
quantum correlations in the two inputs two outputs scenario.
The local polytope (L) is bounded by the CHSH inequality [30].
The Tsirelson’s bound (TB) identifies the maximal violation
of the CHSH inequality allowed by quantum correlations. The
Popescu-Rohrlich (PR) box provides the maximal violation
of the CHSH inequality via non-signaling correlations. b) A
schematic representation of a fully nonlocal (FNL) quantum
correlation. It is a point on the boundary of the non-signaling
set that does not contain a vertex of the local polytope.

semidefinite operators Ag, = 0 that sum to the iden-
tity >, Aqlz = 1. We will assume that the number of
measurement settings and outputs is finite (but not nec-
essarily bounded). These quantum correlations can be
written as:

p@(&,b'l‘,y) = q'pL(aa b|$7y)+(1_q)pNL(a‘a b|$,y) (2)

where pyr(a,blx,y) is an arbitrary probability distribu-
tion, in particular pyr,(a,blz,y) > 0 for all a, b, z,y, and
pr(a,b|z,y) defines a local strategy:

pL(avb|x5y) = ZP(A) 'pA(a|$>)‘) ']?B(b‘%)\), (3)
A

with p(A) > 0and ), p(A) = 1. The local content of some
given quantum correlation is defined as the maximum
value of ¢ in any such decomposition of pg. In this work,
we are interested in correlations, in which ¢ is zero in
every possible decomposition of pg. In that case, we say
that the correlations (and the state |¥) , ) have no local
content, or obeys full nonlocality.

It is worth mentioning, that if a state is fully nonlocal,
one can construct a Bell inequality, in which the fully
nonlocal correlations achieve the highest possible value
while all local strategies perform worse, see Ref. [10]. At
the same time, if certain quantum correlations have a
local content strictly larger than zero, such a Bell inequal-
ity cannot exist. Intuitively speaking, one can simulate
quantum correlations with a local content by using only
shared randomness in some rounds and in those rounds
one cannot achieve the highest score. This implies that
fully nonlocal correlations lie at the boundary of the non-
signalling set, see Fig. 1.

We establish a connection between full nonlocality and
the concept of antidistinguishability. A set of states

{p1,...,pn} = {pi}icn) is called antidistinguishable if
there exists a POVM { M}, (with 3, M; = 1 and
M; > 0) such that Tr[M,;p;] = 0 holds for all ¢ [28, 31, 32].
Hence, the one who performs the antidistinguishing mea-
surement may not be able to identify the prepared state,
but is able to exclude with certainty one of the n prepa-
rations, since the outcome M; implies that the prepared
state was not p;. This is also called state exclusion.

A simple set of states {|¥q),|¥1),|P2)} that are an-
tidistinguishable are states of the following form:

|Wo) = a1 [1) + 2 ]2) (4)
[W1) = B1(0) + B2 [2) (5)
[Wa) =71 [0) +72[1) . (6)

Here, the coefficients «;, 8;,7; € C are arbitrary complex
numbers (up to normalization of the states). Clearly,
a measurement in the computational basis My = |0X0],
My = |1)X1], M = |2)(2| antidistinguishes the three states
pi = [Wi)(Vi.

III. MAIN THEOREM AND RESULTS

We establish a connection between full nonlocality
and antidistinguishability. Denote by pflz the post-
measurement state on Bob’s side when Alice performs the

measurement z € {1,...,n} = [n] on the bipartite state
pap and gets outcome a € {1,...,d4} = [d2], formally
given as:

pB _ TrA[(Aa|z & ]I)PAB]
o Tr[(Agje @ 1)pan]

(7)

Let us denote by a = [ay, ..., a,], where o, € [d4], the
collection of outcomes for every input z € [n].

Theorem II1.1. A bipartite state is fully nonlocal if
and only if there exist measurements for Alice such
that all the sets of post-measurement states pB =
{paB:a1 =17+ - ,pf:an‘w:n} are antidistinguishable.

The idea to prove this theorem is that if the set of post-
measurement states pZ := {paB=a1|z=1’“'vp§=an\z=n}
are antidistinguishable and Bob performs the antidistin-
guishing measurement, then all local strategies in which
Alice outputs according to the strategy a = [av, .. ., Q)]
cannot appear in a decomposition as in Eq. (2). If this is
the case for all of Alices strategies, the correlations cannot
have a local content and are therefore fully nonlocal.

There are certain sufficient criteria for antidistinguisha-
bility that are useful for our work. For instance, it is
known that three pure states {|¥1),|Us),|Vs)} are an-
tidistinguishable, if all pairs of states fulfill | (¥;|¥;)| <
1/2. This result was first shown by Caves, Fuchs and
Schack [28]. Recently, this criterion was further gener-
alized by Johnston, Russo, and Sikora [33], where the
following theorem was established:



Theorem III.2 ([33, Cor. 5.3]). A set of n pure quantum
states {|¥1),|Wa),...,| V) } is antidistinguishable if

1GllF =

ZZ| (W,]%,) \% (8)

i=1 j=1

Here, Gi; = (U;|¥;) is the Gram matriz associated with
the states {|¥;)}icpn), and |G| its Frobenius norm. In
particular, the set is antidistinguishable if | (U;|¥;) | <

V(n—2)/(2n — 2) for all pairs i # j.

Combining these two theorems, we find general classes
of states that are fully nonlocal. In fact, we consider
bipartite pure states pap = |V ap)XVap| which can be
written in the Schmidt basis as

d-1
V)ap =Y VAilii) - 9)
i=0

In addition, Alice measures her system along one of n mu-
tually unbiased bases (MUBs), i.e., the POVM elements
of Alice’s measurements { A, },c[n) Which are of the form
Agle = |Aq)z)Aqz| and satisty, for every a and o’ and
every T # z':

1
| <Aa\m|Aa’\m’> ‘ = ﬁ . (10)

If Alice and Bob share a maximally entangled state (A\; =
1/d for all i), the post-measurement state on Bob’s side
conditioned on Alice obtaining the outcome a for the
measurement x is given by \\I/alm) |Aqjz)”, and thus

1 . ,
‘< a\x|\Il ’\x>‘ ﬁ (lfl'#l‘) (11)

Using Theorems I1I.1 and III.2, this directly proves that
all maximally entangled states in dimension d > 4 exhibit
full nonlocality. If we instead have a non-maximally
entangled state that is close to being maximally entangled
(i-e., all the Schmidt coefficients A; are close to 1/d) then
we intuitively expect that the overlaps | (U5 |¥5 o'z |

are close to 1/\/& As long as these overlaps are below a
given bound (as given by Theorem II1.2) they are still
guaranteed to be antidistinguishable and therefore the
state is fully nonlocal. This intuition can be formalized
and allows us to prove the following theorem:

alx

Theorem II1.3. Suppose n is the number of MUBs in
a given dimension d. A state |¥) 45 = Z o VA Jid) s

fully nonlocal if

2 -2

n
Za {1—d Amd < . (12
- (d—Vad) 5, —g - (12)
In particular, this is true if
mas (Vs 1 (d = Vi) <1/ o2 (13)
’ —Van—-2

Here, Aoz and A are the largest and smallest Schmidt
coefficient of |¥) 4.

This criterion is simple to apply and allows us to show
the following statements:

Result. Non-maximally entangled states with full nonlo-
cality exist in all dimensions d > 4.

Result. For every pure entangled state |¥) , 5 there exists
a number of copies k such that |\I/)§>JkB is fully nonlocal.

Furthermore, we can also construct an example of par-
tially entangled states in d = 3 by using a slightly different
approach (in fact, a different set of measurements).

Finally, we also ask which states do not exhibit full
nonlocality. We can show that some states with a rela-
tively large Schmidt coefficient have a decomposition as
in Eq. 2 and we prove the following theorem:

Theorem II1.4. A d-dimensional entangled state |¥) =
Z \ﬁ\m), where A\g > A1 > -+ > A\g_1 and Ao >

( —1)2, has a nonzero local content q larger than

\/T_\/f(d_l) , (14)

if Alice and Bob perform projective measurements.

We are also able to show a related theorem regarding
the most general class of measurements, namely POVMs.

To conclude, prior to this work the effect of full nonlo-
cality was known for maximally entangled states. Using
the connection with antidistinguishability and the Theo-
rems by Caves, Fuchs and Schack [28] as well as Johnston,
Russo and Sikora [33], we can show that this effect ex-
tends to many pure entangled quantum states. In fact,
they exist in all dimensions d > 3 and can be activated
in the many-copy scenario. We are also able to show that
in every dimension there are pure entangled states that
have a local content and are therefore not fully nonlocal.
This was known before only for qubits (d = 2) [23, 34-37]
and qutrits (d = 3) [34]. For future research, it would
be interesting to determine exactly which states are fully
nonlocal and which states are not, or, extend this notion
to the multipartite setting or to mixed quantum states.



[1] J. S. Bell, Physics Physique Fizika 1, 195 (1964).

[2] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and
S. Wehner, Reviews of Modern Physics 86, 419 (2014),
arXiv:1303.2849 [quant-ph)].

[3] J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt,
Phys. Rev. Lett. 23, 880 (1969).

[4] B. S. Cirel’son, Letters in Mathematical Physics 4, 93
(1980).

[5] S. Popescu and D. Rohrlich, Foundations of Physics 24,
379 (1994).

[6] D. M. Greenberger, M. A. Horne, and A. Zeilinger, Going
beyond bell’s theorem, in Bell’s Theorem, Quantum The-
ory and Conceptions of the Universe, edited by M. Kafatos
(Springer Netherlands, Dordrecht, 1989) pp. 69-72.

[7] D. M. Greenberger, M. A. Horne, A. Shimony, and
A. Zeilinger, American Journal of Physics 58, 1131 (1990).

[8] A. Peres, Physics Letters A 151, 107 (1990).

[9] N. D. Mermin, Physical Review Letters 65, 3373 (1990).

[10] Y. Liu, H. Y. Chung, E. Z. Cruzeiro, J. R. Gonzales-
Ureta, R. Ramanathan, and A. Cabello, Physical Review
Research 6, L042035 (2024), arXiv:2310.10600 [quant-ph].

[11] S. Bravyi, D. Gosset, and R. Konig, Science 362, 308
(2018), arXiv:1704.00690 [quant-ph].

[12] S. Bravyi, D. Gosset, R. Konig, and M. Tomamichel,
Nature Physics 16, 1040 (2020), arXiv:1904.01502 [quant-
ph].

[13] A. K. Ekert, Phys. Rev. Lett. 67, 661 (1991).

[14] A. Acin, N. Brunner, N. Gisin, S. Massar, S. Pironio,
and V. Scarani, Phys. Rev. Lett. 98, 230501 (2007),
arXiv:quant-ph/0702152 [quant-ph].

[15] S. Pironio, A. Acin, S. Massar, A. B. de La Giroday, D. N.
Matsukevich, P. Maunz, S. Olmschenk, D. Hayes, L. Luo,
T. A. Manning, and C. Monroe, Nature (London) 464,
1021 (2010), arXiv:0911.3427 [quant-ph)].

[16] R. Jain, C. A. Miller, and Y. Shi, IEEE Transactions on
Information Theory 66, 5567 (2020).

[17] Y.-Z. Zhen, Y. Mao, Y.-Z. Zhang, F. Xu, and B. C.
Sanders, Physical Review Letters 131, 080801 (2023),
arXiv:2308.14037 [quant-ph].

[18] M. Coudron, J. Stark, and T. Vidick, Communications in
Mathematical Physics 382, 49 (2021).

[19] A. Stairs, Philosophy of Science 50, 578 (1983).

[20] P. Heywood and M. L. G. Redhead, Foundations of

Physics 13, 481 (1983).

[21] N. D. Mermin, Physical Review Letters 65, 1838 (1990).

[22] N. D. Mermin, Reviews of Modern Physics 65, 803 (1993),
arXiv:1802.10119 [quant-ph].

[23] A. C. Elitzur, S. Popescu, and D. Rohrlich, Physics Letters
A 162, 25 (1992).

[24] A. Cabello, Physical Review Letters 87, 010403 (2001),
arXiv:quant-ph/0101108 [quant-ph].

[25] R. Renner and S. Wolf, in International Symposium onln-
formation Theory, 2004. ISIT 2004. Proceedings. (2004)
pp. 322-322.

[26] J. Barrett, A. Kent, and S. Pironio, Physical Review Let-
ters 97, 170409 (2006), arXiv:quant-ph/0605182 [quant-
ph].

[27] A. Cabello, Physical Review Letters 135, 190203 (2025),
arXiv:2508.07335 [quant-ph].

[28] C. M. Caves, C. A. Fuchs, and R. Schack, Physical Review
A - Atomic, Molecular, and Optical Physics 66, 062111
(2002), arXiv:quant-ph/0206110 [quant-ph)].

[29] M. F. Pusey, J. Barrett, and T. Rudolph, Nature Physics
8, 476 (2012), arXiv:1111.3328 [quant-ph].

[30] K. T. Goh, J. Kaniewski, E. Wolfe, T. Vértesi, X. Wu,
Y. Cai, Y.-C. Liang, and V. Scarani, Physical Review A
97, 022104 (2018).

[31] M. S. Leifer, arXiv e-prints , arXiv:1409.1570 (2014),
arXiv:1409.1570 [quant-ph].

[32] T. Heinosaari and O. Kerppo, Journal of Physics A Math-
ematical General 51, 365303 (2018), arXiv:1804.10457
[quant-ph].

[33] N. Johnston, V. Russo, and J. Sikora, Quantum 9, 1622
(2025), arXiv:2311.17047 [quant-ph].

[34] V. Scarani, Physical Review A - Atomic, Molecular, and
Optical Physics 77, 1 (2008), arXiv:0712.2307 [quant-ph].

[35] C. Branciard, N. Gisin, and V. Scarani, Physical Review
A - Atomic, Molecular, and Optical Physics 81, 1 (2010),
arXiv:0909.3839 [quant-ph].

[36] S. Portmann, C. Branciard, and N. Gisin, Physical Review
A - Atomic, Molecular, and Optical Physics 86, 012104
(2012), arXiv:1204.2982 [quant-ph].

[37] M. J. Renner and M. T. Quintino, Quantum 7, 1149
(2023), arXiv:2207.12457 [quant-ph].

The following manuscript is not on the arXiv yet -
Please keep it confidential :)



Full nonlocality for non-maximally entangled states

Martin J. Renner,! Edwin Peter Lobo,? Arturo Konderak,? Remigiusz Augusiak,® and Antonio Acin®

4

YICFO - Institut de Ciencies Fotoniques, The Barcelona Institute of Science and Technology, Castelldefels, Spain
2 Laboratoire d’Information Quantique, Université libre de Bruzelles (ULB), Belgium
3 Center for Theoretical Physics, Polish Academy of Science, al. Lotnikéw 32/46, 02-668 Warsaw, Poland
1JCREA-Institucio Catalana de Recerca i Estudis Avancats, Llias Companys 23, 08010 Barcelona, Spain

(Dated: March 7, 2026)

It is a well-established fact that some quantum correlations are nonlocal, meaning they cannot
be described by a local hidden variable model. Certain quantum correlations are so strong that
they cannot be reproduced even if one allows only a small fraction of the rounds to admit a local
hidden variable description. These correlations are called fully nonlocal, and they lead to Bell
inequalities in which the quantum bound saturates the non-signaling bound. A famous and well-
known example is the Peres-Mermin square in which the underlying state is a four dimensional
maximally entangled state. Surprisingly, examples of full nonlocality are so-far only known for
maximally entangled states. In this work, we establish a strong link between full nonlocality and the
concept of antidistinguishability of quantum states. We use this connection to show that in every
local Hilbert space dimension d > 3 there are non-maximally entangled states that are fully nonlocal.
In fact, we derive simple criteria to ensure full nonlocality that are only based on the smallest and
largest Schmidt coefficients. Furthermore, we show that all pure entangled states can be activated to
show full nonlocality in the many-copy scenario.

I. INTRODUCTION

Bell nonlocality is a striking feature of quantum theory
and challenges our classical understanding of nature [1, 2].
In a typical Bell experiment, the parties perform local
measurements on a shared entangled quantum state. If
the states and measurements are chosen suitably, one
can then verify that the resulting statistics cannot be
explained by a local hidden variable model. Typically,
this is certified by violating a Bell inequality, where a
quantum strategy exceeds what can be explained by a
local hidden variable model. However, in most Bell ex-
periments, the bound that can be achieved by quantum
theory is smaller than the bound that could be achieved
by general non-signalling theories. A famous example is
Tsirelson’s bound of the CHSH inequality, in which non-
signaling correlations introduced by Popescu and Rohrlich
can achieve the maximal value [3-5]. This naturally leads
to the question of whether there exist Bell inequalities,
in which the highest possible value can be achieved by a
quantum strategy.

A famous example was introduced by Greenberger,
Horne and Zeilinger [6], in which the highest possible
score for a three party Bell-inequality can be achieved
by the three-qubit GHZ state [7]. Another well-known
example is the Peres-Mermin (or magic) square [8, 9],
which introduces a two-player Bell inequality in which a
perfect quantum strategy exists. These Bell inequalities
can also be phrased as a game that can be won perfectly
with a quantum strategy, while any classical strategy will
fail in some cases. Since the winning probability cannot
exceed 1, Tsirelson’s bound is equal to the non-signaling
bound for these Bell inequalities. In this sense, these
quantum correlations allow for a stronger refutation of a
local hidden variable description of quantum theory than
standard Bell tests, where only statistical averages cannot

be reproduced by a local model [6].

This effect, that we call full nonlocality in this work
(and which is also referred to as quantum pseudo-telepathy
or all-versus-nothing proofs of nonlocality [10]), is ar-
guably the strongest form of nonlocality. The interest in
full nonlocality extends beyond purely foundational con-
siderations. It has been proven to be a resource for near-
term quantum computers for non-oracular problems [11—-
13], enabling a quantum advantage in shallow quantum cir-
cuits compared to constant-depth classical circuits. More-
over, these techniques enable the construction of robust
randomness certification schemes [14]. Full nonlocality
has further applications in several protocols for device-
independent quantum key distribution (DI-QKD) [15, 16].
Given these significant advantages, deciding which states
exhibit full nonlocality is a pivotal objective, for both
theoretical interest and practical implementation.

Despite the notion of full nonlocality being introduced
already in the ‘80s ([7-9, 17-21]), determining exactly
which quantum states possess full nonlocality remains an
open question. In the bipartite case, it is known that
all pure non-maximally entangled qubit states cannot
exhibit full nonlocality [22-26]. Conversely, all maximally
entangled states exhibit full nonlocality: via infinite mea-
surements for qubits [27, 28], and finite Kochen-Specker
sets for d > 3 [28-33]. In the multipartite scenario, be-
yond full nonlocality as described in [6, 34], the notion
of genuine multipartite full nonlocality can be further
introduced [35-37]. Beyond maximally entangled states,
it is generally unknown whether other states exhibit fully
nonlocal correlations in the bipartite setting [38].

In this work, we show that full nonlocality also extends
to a wide range of non-maximally entangled states. To
show this, we establish a deep connection between full
nonlocality and the notion of quantum-state antidistin-
guishability. The latter was initially introduced by Chaves,
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FIG. 1. Graphical representations of the local (L), quantum
(Q), and non-signalling (NS) set. a) A section of the set of
quantum correlations in the two inputs two outputs scenario.
The local polytope (L) is bounded by the CHSH inequality [51].
The Tsirelson’s bound (TB) identifies the maximal violation
of the CHSH inequality allowed by quantum correlations. The
Popescu-Rohrlich (PR) box provides the maximal violation
of the CHSH inequality via non-signaling correlations. b) A
schematic representation of a fully nonlocal (FNL) quantum
correlation. It is a point on the boundary of the non-signaling
set that does not contain a vertex of the local polytope.

Fuchs and Schack [39] and is the basis of the well-known
Pusey-Barrett-Rudolph (PBR) theorem [40] which chal-
lenges the epistemic view of quantum states. Beyond its
foundational relevance, the concept of antidistinguishabil-
ity has found many applications demonstrating quantum
advantages in communication [41-43], and in recent years,
general theorems have been proven regarding the antidis-
tinguishability of quantum states [44-48]. Finally, the
relationship between antidistinguishability and contextu-
ality was studied [49, 50].

Elaborating on the relation between full nonlocality and
antidistinguishability, we are able to show full nonlocality
for a broad class of pure entangled quantum states. We
derive a simple criterion (see Theorem V.1) and use it to
show that non-maximally entangled fully nonlocal states
exist in every dimension d > 4. Furthermore, we are
also able to provide examples of fully nonlocal partially
entangled states even in dimension d = 3, thus proving
that full nonlocality for non-maximally entangled states
exists apart from the case d = 2.

We further prove that full nonlocality can be activated
for every pure entangled state in the many-copy scenario.
To be more precise, given a pure state, there exists a
sufficient number of copies for which the system can
generate fully nonlocal correlations. Finally, we will show
that, for all dimensions, there exist pure states which do
not exhibit full nonlocality, even with respect to the most
general class of quantum measurements. Specifically, this
occurs when the state’s maximal Schmidt coefficient is
too large relative to the other Schmidt coefficients.

II. PRELIMINARIES

In this work, we consider bipartite pure states pap =
|U A )W ap| which can be written in the Schmidt basis
as

d—1
|‘I’>AB = Z \RW} . (1)

Quantum correlations arise when two distant observers
perform measurements on a shared quantum state pap:

pQ(C% b‘ma y) =Tr [(Aalz ® Bb|y)pAB] ) (2)

where the measurements {A,}, and {B,}, are given
by positive operator-valued measures (POVMs) A4, =
{Aq)z}a and By = { By, }y, whose elements are positive
semidefinite operators Ay, = 0 that sum to the iden-
tity >, Aqz = 1. We will assume that the number of
measurement settings and outputs is finite (but not nec-
essarily bounded). These quantum correlations can be
written as:

po(a,blz,y) = q-pr(a,blz,y)+(1—q)-pyr(a,blz,y) (3)

where pnr(a,b|lx,y) is an arbitrary probability distribu-
tion, in particular pyz(a,blz,y) > 0 for all a, b, z,y', and
pr(a,blz,y) defines a local strategy:

pr(a,ble,y) =Y p(\)-palalz,A) - pe(bly, ), (4)
A

with p(A) > 0and >, p(A) = 1. The local content of some
given quantum correlation is defined as the maximum
value of ¢ in any such decomposition of pg. If there exists
a decomposition, where ¢ = 1, the correlation are said
to be local. If ¢ < 1 in any such decomposition, the
correlations are said to be nonlocal. This can be, for
instance, certified by the violation of a Bell inequality [1,
2]. In this work, we are interested in correlations, in
which ¢ is zero in every possible decomposition of pg. If
this is the case, we say that the correlation has no local
content, or obeys full nonlocality. Similarly, we will say
that a state pap is fully nonlocal if it can be employed to
generate fully nonlocal correlations. While in this work
we mostly consider scenarios with finitely many inputs
and outputs, it is worth pointing out that some quantum
states, for instance the maximally entangled two-qubit
state, can show full nonlocality only if an infinite set of
measurements is considered [30].

By observing that local correlations as in Eq. (4) can
be decomposed into local deterministic strategies, one
obtains a convenient and standard way to check full non-
locality (see Appendix A for further details). If none of

L It can be shown that py 7, is non-signaling, since it is the difference
of two non-signaling distributions pg and pr..



the local deterministic strategies can appear in the corre-
lations of pg(a,blx,y), the correlations are fully nonlocal.
See Table I for an illustration of the Popescu-Rohrlich
correlations, which represent the simplest fully nonlocal
(but not quantum) correlations.

y|[ 0|1 yll0]1
z(30ll0 1[0 1 z|y0]l0 1]0 1
0|5 0[:0 0f10f01

ablzy) = 0O 2 2 ablzy) = 0
prr(ablzy) 10%0%%(\1/) o olo o
1101z 003 1| 0f[rofo1
10450 1[[00]00

TABLE 1. Left: Correlations ppr(a,b|z,y) for the Popescu-
Rohrlich Box, the simplest fully nonlocal correlations (they
cannot be achieved in quantum theory). Right: A local de-
terministic strategy, where Alice outputs a = 0 for both
inputs and Bob outputs b = y. ppgr is fully nonlocal, since
any of the 16 local deterministic strategies cannot appear in
ppr(a,blz,y). For the local strategy shown here, the contra-
diction arises since ppr(a = 0,b = 1jlx = 0,y = 1) = 0 but
pr(a=0,b=1z=0,y=1)=1.

In addition, a Bell inequality is defined by I,pzy € R
and the value w for given correlations p(a, b|z,y) as

w = Z Iabxy p(a,b|x,y) . (5)

a,b,z,y

We denote as wr,, wg, wyg the largest score that can
be achieved with local, quantum, and non-signalling dis-
tributions. It is worth mentioning, that if a state is
fully nonlocal, one can construct a Bell inequality, in
which the fully nonlocal correlations achieve the highest
possible value while all local strategies perform worse
(wp < wg = wyg). While the details for this connec-
tion are made explicit in Ref. [10], it can be understood
in the following way. Define the Bell inequality such
that it assigns a value of one to every event that occurs
with a nonzero probability in pg(a, b|z,y) and a value of
zero to any event that occurs with zero probability in
po(a,blz,y). It is clear that the quantum value for this
inequality is the largest possible one and no non-signalling
correlations can achieve a higher value. At the same time,
any local deterministic strategy cannot avoid all zeros
in the Bell inequality when pg(a,b|x,y) is fully nonlocal.
Hence, the local bound is strictly less than the quantum
(or non-signalling) bound. This motivates the picture in
Fig. 1.

At the same time, if certain quantum correlations have
a local content strictly larger than zero, such a Bell in-
equality with w;, < wg = wng cannot exist. Since the
Bell inequality is a linear function, a decomposition of the
form in Eq. (3) implies that wg < g wr +(1—¢q) wng. In-
tuitively speaking, one can simulate quantum correlations
that have a local content with local resources in some
rounds and in those rounds the performance is bounded
by the local bound.

We will establish a connection between full nonlocality
and the concept of antidistinguishability. A set of states
{p1,...,pn} = {pi}icm) is called antidistinguishable if
there exists a POVM {M;}icp, (with 3, M; = 1 and
M; = 0) such that Tr[M,;p;] = 0 holds for all ¢ [39, 45, 52].
Hence, the one who performs the antidistinguishing mea-
surement may not be able to identify the prepared state,
but is able to exclude with certainty one of the n prepa-
rations, since the outcome M; implies that the prepared
state was not p;. This is also called state exclusion and it
is worth mentioning that it can be solved via semidefinite
programming (SDP) [44, 48]:

(6)
subject to : ZMl =1, M; =0.

The set is antidistinguishable if that minimum is zero,
since Tr[M;p;] > 0 implies that Tr[M;p;] = 0 for all i.
Note that the measurement that minimizes this expression
does not have to be unique (see App. D for an example). It
is also possible that M; = 0 for some i. In particular, if a
subset {p;}icscin) of n states is antidistinguishable, then
the whole set {p; }ic[n) is antidistinguishable by defining
M; = 0 for all i € [n]\S.? Furthermore, we say a mea-
surement { M} ;e is an antidistinguishing measurement
for {p;j},cm if and only if it satisfies

VM € {M;}jci 30 € {pj}tjem st Te[Mp] =0. (7)

Hence, for every outcome j of the antidistinguishing mea-
surement, there is always a state p € {p;};e[n) such that
the outcome j never occurs. In Appendix A, we show
that the existence of such a measurement is equivalent to
the antidistinguishability of {p;} e[n], see Obs. 1.

A simple set of states {|¥o),|V1),|V2)} that are an-
tidistinguishable are states of the following form:

|Wo) = a1 [1) + a2 2) (8)
[Wy1) = B110) + B2 |2) 9)
[W2) =7110) +72[1) . (10)

Here, the coefficients «a;, 8;,7; € C are arbitrary complex
numbers (up to normalization). Clearly, a measurement in
the computational basis My = |[0)0], My = [1X1], My =
|2)(2| antidistinguishes the three states p; = |¥; {¥;].

III. CONNECTING FULL NONLOCALITY AND
ANTIDISTINGUISHABILITY

In this section, we establish a connection between full
nonlocality and antidistinguishability. Denote by pﬁx

2 Note that there are (slightly) different notions of antidistinguisha-
bility in the literature. The one that is relevant for this work, it
is allowed that M; = 0 for some . This is sometimes called weak
antidistinguishability, as for instance in Ref. [50].



the post-measurement state on Bob’s side when Alice
performs the measurement x € {1,...,n} = [n] on the
bipartite state p4p and gets outcome a € {1,...,d4} =
[d4], formally given as:

DB Tra[(Aqz @ 1)pas]
e Tr[(Age @ D)pap]

(11)

Let us denote by a = [, ..., a,], where a, € [d2], the
collection of outcomes for every input x € [n]. Suppose
now that for some fixed a the post-measurement states
pB = {paB:a1|x:17 <+ Py—q, jz=n ) are antidistinguishable.
Further suppose that Bob, by choosing a measurement
labeled as y = a, performs the antidistinguishing measure-
ment {Byjy—q }oe[n]- Then, it follows from the definition
of antidistinguishability that Tr[paB:aj‘z:ij:j‘y:a] =0
for all values of j € [n]. Therefore, conditioned on Alice
giving the outcome a = «; for x = j, the probability that
Bob gives the outcome b = j for y = a is 0, i.e.,

pQ(b:j‘x:jay:aaa:aj)

(12)

= Tr[/)f:aﬂw:ij:jly:a] =0,
which further implies, using Bayes’ rule pg(a,blz,y) =
po(blz,y,a)pg(alz, y), that

pola=aj,b=jlz=jy=a)=0. (13)

The equation above implies that in any decomposition
of pg as in Eq. (3), the local strategy pr must satisfy
pr(e = oj,b = jloz = j,y = o) = 0 for all values of
J € [n]. It is now easy to see that any deterministic local
strategy pr, in which Alice’s device outputs the outcomes
according to the strategy given by a cannot appear in
the decomposition of Eq. (3). Indeed, for any such local
deterministic strategy, Bob must assign some outcome
b = j for the measurement choice y = «, and hence
pr(e = a;,b=jlz = j,y = o) =1 > 0 for some j € [n]
(see also Tab. II).

This directly establishes a link— if for all choices of «
(i.e., for all possible local deterministic strategies of Alice),
the set of post-measurement states pZ are antidistinguish-
able, then no local deterministic strategy can appear in
the decomposition of Eq. (3), which is enough to guaran-
tee that the resulting correlations have zero local content
(also see Appendix A for a more explicit proof).

A converse statement also holds: If for a given state
and some measurements for Alice there is at least one
a such that the post-measurement states pZ are not
antidistinguishable, then the resulting correlations always
have a local content, irrespective of the measurements
performed by Bob (see Appendix A for proof). This leads
us to the following theorem:

Theorem III.1. A bipartite state is fully monlocal if
and only if there exist measurements for Alice such that
all the sets pZ = {paB:allle,...,pf:an‘m:n} of post-
measurement states are antidistinguishable.

Note that the number of measurement settings required
for Bob can decrease (sometimes significantly) if the same
measurement can antidistinguish several sets of post-
measurement states pg as it happens, for instance, in
the Peres-Mermin square (see Appendix D).

y= (a1 =2,a2 =4,a3 = 1)

b=1 =2 b=3
r=1a =1|... X X X
a; = 2|... 0 X X
a; = 3|... X X X
a; =4]... X X X
r=2a=1|... X X X
az = 2|... X X X
as = 3|... X X X
as =4]... X 0 X
r=3a3=1|... X X 0
as = 2|... X X X
az = 3|... X X X
asz = 4|... X X X

TABLE II. Alice has three sets of measurements labeled
by x with four outcomes a, each. Suppose the three post-
measurement states on Bob’s side for the outcomes (a1 =
2,a2 = 4,a3 = 1) (hence pgl, pﬁg, and pﬁ3) are antidis-
tinguishable. Then Bob can perform a measurement that
we label with y = (a1 = 2,a2 = 4,a3 = 1) such that
p(a1,b = ].|.Z‘7y) = p(az,b = 2‘1‘,y) = p(as, b = 3‘:17,:!/) =0
(marked in red). The other values denoted by “x” are arbitrary
and do not matter for our argument. If such a measurement
exists, it shows directly that every strategy in which Alice
outputs a1 = 2, a2 = 4, ag = 1 must have zero weight; If Bob
wants to output b = 1, it might be that Alice has the first
measurement setting and the joint outcome will be a1 = 2 and
b = 1. However, this is prohibited by the 0 in the probability
table. Similarly, Bob cannot output b = 2 since Alice might
have the second measurement setting x = 2 and so on. If such
an antidistinguishing measurement can be found for all com-
binations (a1, ag, ..., an), the behaviour has zero local content.

Now, we can use some general statement regarding the
antidistinguishability of quantum states. For instance, it
is known that three pure states {|¥1) , |¥a),|Us3)} are an-
tidistinguishable, if all pairs of states fulfill | (¥;|¥;)| <
1/2. This result was first shown by Caves, Fuchs and
Schack [39]. Recently, this criterion was further gener-
alized by Johnston, Russo, and Sikora [48], where the
following theorem was established:

Theorem II1.2 ([48, Cor. 5.3]). A set of n pure quantum
states {|W1),|¥a),...,|Vn)} is antidistinguishable if

G| = ZZH%I%)I?S%- (14)

i=1 j=1

Here, Gi; = (U;|¥;) is the Gram matriz associated with

the states {|V;)}icin), and |G| its Frobenius norm. In

particular, the set is antidistinguishable if | (U;|¥;) | <
(n—2)/(2n — 2) for all pairs i # j.

In what follows, we will use the relation between full
nonlocality and antidistinguishability, together with the



aforementioned theorem, to find general classes of states
that are fully nonlocal. Note that, in order to apply
the theorem, the states need to be pure (and normal-
ized). This is always the case when Alice applies sharp
measurements, and the shared state |¥) , 5 is pure.

IV. ACTIVATION OF PURE ENTANGLED
QUBIT PAIRS

As a simple first example, we will show that all pure
entangled qubit pairs are fully nonlocal in the multi-
copy scenario using a finite number of measurements. In
contrast, it is known that with a single copy only the
maximally entangled two-quibt state is fully nonlocal
and further requires an infinite number of measurements
settings [22-24]. Consider first a general two-qubit state
(we assume p > 1/2 without loss of generality)

(W) ap = vP|00) + /1 —p[i1), (15)

and suppose Alice has three measurement settings cor-
responding to the qubit observables X, Y, and Z. The
post-measurement states on Bob’s side conditioned on
Alice obtaining the outcome a € {0,1} for the measure-
ment choice © € {X,Y, Z} are given by |‘1Ja\z> = la),

W5 ) = BI0)+(—1)* T = p|1), and [W5,) = /5[0)+
(—1)*iy/1 — p|1). Calculating the inner products of these
post-measurement states and using \/p? + (1 —p)? < \/p
for p > 1/2, we obtain, for z,2’ € {X,Y,Z} and
a,a’ € {0,1},

(PLLPep) [ S vp (a#a). (16)

Suppose now that Alice and Bob share k copies of this
two-qubit state |¥),; and once again Alice has three
measurement settings corresponding to performing one
of X, Y, or Z basis measurement on all the individual
qubits. That is, Alice measures along the same basis
on all of her k& qubits, and obtains the k-tuple outcome
a=(ay,...,a) € {0,1}*. The post-measurement states
on Bob’s side are then the tensor products of single copy
post-measurement states, i.e.,

(Why) = la) = a1 ... ax) ,

[why) = é(mo SRARAETID) R
UEy) = é(\[m ) +i(—1)% /1 —p |1)

1

7

and satisfy, for all z,2’ € {X,Y, Z},

|< a|m|\Ij ’|m>|<\[

due to the tensor product structure. If |/p ¥ <1/2, then
all the sets of post-measurement states { ‘\I]a|X> |@§|Y),

(x #2), (18)

|Q/5,‘Z)} are antidistinguishable (Theorem. II1.2) and

hence the state (,/p|00) + /T — p|11))®* demonstrates
full nonlocality (Theorem. III.1).

For the maximally entangled state (p = 1/2) two copies
(k = 2) are enough to demonstrate full nonlocality with
a finite number of measurement settings but even very
weakly entangled states can be activated if sufficiently
many copies are available, since there always exists a value
of k such that \/fok < 1/2 for p < 1. It is worth noting
that we have used only three separable measurements for
Alice. Later on, we will use similar ideas to extend this
result to arbitrary d-dimensional pure entangled states.

V. SUFFICIENT CONDITIONS FOR FULL
NONLOCALITY FROM MUTUALLY UNBIASED
BASES

In this section, we will derive some simple sufficient
criteria for full nonlocality. Recall that a general pure
state has the following form in the Schmidt basis

d—1
U) a5 = VAilid) . (19)
=0

Suppose Alice measures this state along one of n mutu-
ally unbiased bases (MUBs), i.e., the POVM elements
(projectors) of Alice’s n measurements { Ay },c[n) With d
outcomes each are of the form Ay, = [Aq),)(Aq)2| and
satisfy, for x,2’ € [n] and a,a’ € {0,...,d — 1},

| <Aa\z|Aa’|z'> | = (z # I/) : (20)

1
Vd
It is known that at least three MUBs exist in every dimen-
sion d, while the exact number for a given dimension is
not known. If Alice and Bob share a maximally entangled
state (A\; = 1/d for all 7), the post-measurement state on
Bob’s side conditioned on Alice obtaining the outcome a

for the measurement x is glven by ‘\I,G,I:L‘> ‘AG‘T>, and
thus
‘ < | > ‘ ! ( /) (21)
Uj a’ €T # T ).
alx |z’ \/7

Using Theorems IT1.1 and II1.2, this directly proves that
all maximally entangled states in dimension d > 4 exhibit
full nonlocality, which also follows from Ref. [27] by using
the connection to Kochen-Specker sets. If we instead have
a nonmaximally entangled state that is close to being
maximally entangled (i.e., all the Schmidt coefficients
A; are close to 1/d), then we intuitively expect that the
a‘m|\I/ ,) | above are close to 1/v/d. As long

as these overlaps are below a given bound (e.g., 1/2 for
three measurements) then we have full nonlocality due to
Theorems III.1 and III.2.

More precisely, let us fix Alice’s first measurement to
be along the computational basis, i.c., [Agz=1) = |a).

overlaps | (¥ o



Due to Eq. (21), the other measurements are then of the

form
d—1
[Aage) = Y (il Aaga) 13) = \fZe‘d’w (z # 1),
=0
(22)
Where we have used (jlAu.) = (Ajje=1daf)

alr/ Vd for some phase e AP whose precise value is

not relevant for the discussion. If Alice measures along
these MUBSs, the post-measurement states on Bob’s side
conditioned on Alice obtaining the outcome a for mea-
surement choice x are given by

|a)
I\Iffx>—{ )
| POHERVAVE®

As shown in Appendix B, we can bound the overlaps of
these post-measurement states as follows

if z=1,

cd 23
e ) i x£1. (23)

Vo < 2,

V Amax lf 17:1,
‘< a|x|\IJ ’|x>|{

=D i w1, OV

which lets us apply Theorems III.1 and IIL.2 to arrive at
the following theorem.

Theorem V.1. Let n be the number of MUBs in a given
dimension d. A state |V),p = Z \/>|zz> is fully

nonlocal if

2 n—2 2 n—2
— 1—(d— ; < . (2
) 1 @ V)| <5 (25)
In particular, this is true if
n—2
< .
max ( max s 1-— (d f) mzn) > 9 — 9 (26)

We refer the reader to Appendix C for further details
and remarks. There we can show a stronger version of this
theorem that is more general but also more difficult to
state and to prove. However, this version here is already
sufficient to establish our main results.

Result 1. Non-mazimally entangled states with full non-
locality exist in all dimensions d > 4.

In dimension d = 3 it is known that the number of
MUBs is n = 4, and the bounds in Theorem V.1 are
satisfied if and only if Apaz = Amin = A = 1/3. This
demonstrates that the maximally entangled state is fully
nonlocal, but tells us nothing about partially entangled
states. However, for d > 4, we can show that there are
always nonmaximally entangled states which are fully
nonlocal. Indeed, for d = 4 there are exactly 5 MUBs and
the condition in Eq. (26) for full nonlocality becomes

max (\/Amaz, 1— 2/\mm) < \/g, (27)

which is satisfied whenever A\, < 3/8 = 0.375 and

Amin > (1/2) — \/3/32 ~ 0.194.
For d > 5, we note that at least three MUBs [53] exist,
and the condition in Eq. (26) can be simplified to

1
<= 2
<3, @)

max (v Az, 1= (d = V) Amin)
which is satisfied whenever Ao, < 1/4 and Apin >
1/(2(d — v/d)). Tt is simple to check that there are non-
trivial values of A, and A4 within these bounds such
that A\pin < Amaee Whenever d > 5. Hence, there are par-
tially entangled states that demonstrate full nonlocality
also in every dimensions d > 5.

Corollary. There are states with a relatively large coeffi-
cient Amaz > 1/2 that demonstrate full nonlocality.

These states are interesting because they cannot be
deterministically transformed to any maximally entangled
state by local operations and classical communication
(LOCC) [54]. Hence, the full nonlocality of these states
cannot, be understood in terms of the full nonlocality of
the maximally entangled state, even when we allow for
arbitrary preprocessing via LOCC. To construct such an
example, choose a large prime power dimension, say d =
101, where it is known that n = d + 1 = 102 MUBs exist.
Eq. (25) then shows that the state |¥) , 5 = v/0.67|00) +

2101 v/0.0033377) is fully nonlocal.

Result 2. All pure entangled states are fully nonlocal if
sufficiently many copies are available.

Proof. This activation of full nonlocality is a simple exten-
sion of the qubit case in Sec. IV. It follows from Eq. (24)
that when Alice and Bob share a (single copy) pure en-
tangled state of the form Eq. (19) and Alice measures
along the n MUBs (at least three MUBs exist in every
dimension), the overlaps of the post-measurement states
obey, for z # 2/,

(U010 | < mase (VAo 1= (d = V) Auin)

(29)

The right hand side in the equation above may not be
sufficient to certify full nonlocality of a single copy of the
entangled state. However, for every pure entangled state
(Amaz < 1 and A > 0) we have ¢ := max(v/ Aoz, 1 —
(d — Vd)\nin) < 1 whenever d > 2. Choose an integer
k that is large enough to satisfy & < \/(n —2)/(2n — 2).
If Alice and Bob share k copies of the entangled state and
Alice performs one of the n MUB measurements on each
copy like in the case for qubits above, the inner product of
the resulting post-measurement states is upper bounded
by & < \/(n —2)/(2n — 2) (note n > 3 since three MUBs
always exist). Theorem. II1.2 then guarantees that all
the resulting sets of post-measurement states that appear
in Theorem. ITI.1 are antidistinguishable, and hence the
correlation is fully nonlocal. O



Note that the strategy above to generate fully nonlocal
correlations is not optimal in the number of copies re-
quired. For instance, consider two copies of the two qubit
state |W)57 (f\00> +T=p|11))®% with p > 1/2,
which can albo be seen as a single copy state in dimen-
sion d = 4 with A\jyez = p? and Apin = (1 — p)2. Using
Eq. (26), this state is fully nonlocal if A\par = p? < 3/8
and A\pin = (1 —p)? > 1/2 — /3/32 which is true when

1/2 < p <1-4/1/2—,/3/32 = 0.560. Hence, some

nonmaximally entangled two qubit states only need two
copies to show full nonlocality. However, if Alice performs
separable qubit MUBs on the two copies as in the strategy
described above (there are exactly three MUBs for d = 2
which are precisely the X, Y, and Z qubit observables
used in Sec. IV), only the two qubit maximally entangled
state can be shown to be fully nonlocal.

Note the measurements that we have used to activate
full nonlocality do not depend on the specific entangled
state. We might find better bounds and more examples
when adapting the measurements according to the state.
Note also that we assume very little about the structure
of the MUBs. It might be possible to derive better bounds
by using the explicit form of the MUBs (i.e., the explicit
phases gi)fl II) or other measurements. In fact, this allows

us to find some partially entangled two-qutrit states in
the next section.

VI. SUFFICIENT CONDITIONS FOR FULL
NONLOCALITY OF QUTRITS

We have shown in Result 1 that fully nonlocal partially
entangled states exist in all dimensions d > 4. However,
with MUBs we were only able to certify full nonlocality
of the partially entangled state. While MUBs are easy to
work with, they are ultimately limited in the number of
outcomes and in d = 3 there are exactly 4 MUBs. Here,
we can surpass this limitation by considering a set of
5 measurements that was used in Ref. [33] to show full
nonlocality of a maximally entangled two-qutrit state. Up
to normalization, Alice’s measurements ‘Aa‘ JC> correspond

2mi

to the following vectors (w =e™3 ):

z=1  (1,0,0),(0,1,0),(0,0,1) (30)
r=2 (l,w, 2) (1,1,1), (w? w, 1) (31)
r=3 (-1Lw,w?),(~1,1,1),(~w? w,1) (32)
x=4 (1, —w, w2),(1,71 1), (w? —w,1) (33)
r=5 (Lw,—w?),(1,1,-1), (W} w, ~1). (34)

The idea is to increase the number of bases while allow-
ing a larger scalar product for some vectors. In total, the
resulting bounds become looser. In particular, the first
basis is mutually unbiased with respect to the other bases

1

| <Aa\m:1|Aa’|x’7ﬁ1> | = = (35)

&

while the scalar product between vectors of different bases
has a richer structure (see Lemma 3 for details):

1— 040
[(Aafert [ Aarjorz1)| = = 2 (@£ (36)
Suppose now that Alice and Bob share a pure partially
entangled state |¥)AB = ] _o V/Aj ljj) Following a
similar calculation as in the case of the MUBESs, we can
calculate the post-measurement states |[UZ ) and, as

before in Eq. (24), show an upper bound, which reads:

Vo <z,
V Amaz if z=1,
vB <1 -2 \pin if 2#1,a=4d, (37
a|m a’|z’
1—Apin i z2#1,a#4a.

The proof of this formula can be found in Appendix E,
see Lemma 4. Together with Theorem III.2 this allows us
to obtain a sufficient condition to the state |¥) , 5 to be
fully nonlocal. The only complication relative to the case
of MUBEs is that the scalar product has different bounds
when a # o' and when a = d’.

Result 3. A bipartite qutrit state | V), = S5 /A |id)
is fully monlocal if

22 — /259 <A < 1
18 - -3
Proof. see Appendix E O

0.328 ~ (38)

Although, the range of allowed \,,;, is extremely nar-
row, it proves that full nonlocality of partially entangled
states exists in dimension d = 3, which, together with
Result 1 implies they exist in all dimensions d > 3.

VII. LOCAL CONTENT FOR SOME PARTIALLY
ENTANGLED STATES
So far, we asked which states exhibit full nonlocal-

ity; now we want to ask which states do not. Con-
sider an arbitrary finite dimensional pure entangled state
(W) = S0 /A |id). We will show that if the maximal
eigenvalue )\ma » is large enough, then the state must have
a nonzero local content. For simplicity, we will assume
Ao > Ay > -+ > Ag_1 without loss of generality, so that
Amaz = Ao

Recall that if there exists a set of outcomes o = [ty s

for every input x of Alice and a set of outcomes 8 = [, ],
for every input y of Bob such that
Vz,y, pola=az,b=pBylz,y) >q, (39)

then the correlations pg have local content at least g (see
equation Eqs. (A4)—(A6) in the appendix). Therefore,
to show that a state pap has a nonzero local content, it
is enough to prove that for every extremal measurement



{A,}. of Alice there is always an outcome a, and for every
measurement of Bob { By} there is always an outcome b
such that

Tr[Aq ® By pas] = pq(a,blz,y) > 0. (40)

We will use the following lemma, which is proved in
App. F, to lower bound the local content of partially
entangled states.

Lemma 1. Consider a d-dimensional entangled state
W) = SS90/ id), where Mg > Ay > - > Aoyl If
Alice and Bob perform rank—1 measurements with at most
ka and kp outcomes respectively on this state, then, for
every measurement choice of Alice and Bob, there exists
a POVM element A = |AYA| for Alice and B = |B)B|
for Bob such that

VA = VAL (ka —1)(kp — 1)
Vkakp .

The above inequality is nontrivial when Ao > Ay (ka —
1)(kp—1) and demonstrates a nonzero local content for the
correlations generated since [(V|A ® B)[? = Tr[|U)}¥| A®
B] > 0. We use this theorem now to prove our results. We
first consider the case when Alice and Bob perform pro-
jective measurements where we can obtain the following
lower bound on the local content.

(VA B)| > (41)

Theorem VIIL.1. A d-dimensional entangled state | V) =
S o VA id), where Ag > Ay > oo > Aoy and Ao >
A(d— 1)2, has a monzero local content q larger than

g [V Yudo DI (12)

if Alice and Bob perform projective measurements.

Proof. The proof is a straightforward application of
Lemma 1 to projective measurements. We consider first
rank—1 projective measurements. Since there are exactly
d outcomes for a rank-1 projective measurement, we can
substitute k4 = kg = d in the inequality (41) to obtain

Tr[A © BW)¥]] = [(¥|A@ B)[?
J [V -vaEd-1) 43
> - ,

which must hold for some projector A of Alice and B of
Bob for every measurement choice.

Furthermore, we can always split a rank-k projector into
k rank—1 projectors, increasing the number of outcomes
associated with the projector from 1 to k. The new
correlation generated by such splitting of projectors can
be used to obtain the original correlation by classically
binning the k outcomes into a single outcome. Such local
classical post-processing cannot decrease the local content,
and hence the new correlation (obtained by splitting the
projectors) has a local content that is less than or equal

to that of the original correlation. Therefore, proving a
lower bound on the local content for rank—1 projective
measurements is equivalent to proving a lower bound for
all projective measurements. O

For d = 2, this directly shows that all partially en-
tangled states (i.e., Ag > A1) have a nonzero local con-
tent with projective measurements, which was known
before [22-26]. Further, for the special class of states in
which \y =+ = Ag—1, we have A\g + A1(d — 1) =1, and
hence the condition A\g > A;(d — 1)? for nonzero local
content is equivalent to A\g > (d — 1)/d. For d = 3, this
gives us an analytic proof for the result by Scarani [23]
where it was shown numerically that when \g > 2/3, the
state |¥) = /Ao [00) + v/A1(]11) 4 [22)) has a nonzero
local content.

We next remove the restriction to projective measure-
ments and generalize our result to arbitrary POVMs.

Theorem VII.2. A d-dimensional entangled state |¥) =
STV fid), where Ao > Ay > - > Mgy and Ao >

)\1(38 —1)2, has a nonzero local content q larger than

o5 [V VA -1 ’

= , (44)

if Alice and Bob perform general POV Ms.

Proof. We can use Naimark’s dilation theorem [55], which
implies that a d-dimensional POVM can be expressed as a
projective measurement in a d?-dimensional Hilbert space.
The bound follows than by using Theorem VII.1 above
replacing d with d2. Alternatively, one can use the fact
that in dimension d every non-extremal POVM can be
written as a convex mixture of extremal rank—1 POVMs
with at most d? outcomes [56]. The result then follows
by Lemma 1 for ks = kg = d? to obtain

Tre[|U)¥| A® B] = |(V]|A @ B)[?

o[V -va@ -1 49
- d2 )

which must hold for some POVM element A of Alice and
B of Bob for every measurement choice. O

At first glance, the results in this section look dis-
connected from the relation we established between full
nonlocality and antidistinguishability. Recall that if for
a given state there is a combination of outcomes, one
for every measurement of Alice, such that the resulting
post-measurement states on Bob’s side are not antidis-
tinguishable, the state is not fully nonlocal. However, it
turns out that these results are in fact inspired by antidis-
tinguishability. A simple example is a partially entangled
two-qubit state \/p|00) + /1 —p|11), where p > 1/2, on
which Alice performs projective measurements. It can
be shown that for every projective measurement of Alice,
one of the pure post-measurement states |¢B> created on
Bob’s side always satisfies <1/)B\Z‘1/JB> > (2p—1), i.e., the



FIG. 2. For a non-maximally entangled two-qubit state
/P 100) ++/T —p|11) each projective measurement of Alice has
one outcome such that the corresponding post-measurement
state is above the dashed line (black arrows). For each of
these states there is only a single measurement orthogonal
to it (antipodal red arrows). However, these measurements
cannot be combined to a basis and therefore the corresponding
post-measurement states are not antidistinguishable. This
shows that every non-maximally entangled two-qubit state
has a local content with projective measurements.

Z —component in the Bloch sphere is larger than 2p — 1
(see Fig. 2). Tt is not difficult to see that such a set of
states is not antidistinguishable. Indeed, note that an
operator B excluding a state [¢)?) (Tr[¢” B] = 0) corre-
sponds to the unit vector (rx,ry,rz) antipidal to "(/JB>
in the Bloch sphere, i.e., B = (cl+rxX +ryY +rz2Z)/2
has a Z-component less than rz < —(2p — 1). These
operators however cannot sum to the identity, and thus
cannot form a valid measurement (as shown in Prop. 6 of

Ref. [45)).

VIII. CONCLUSION

We have established a strong connection between full
nonlocality and the concept of antidistinguishability. Us-
ing the connection, we have derived some sufficient criteria
that ensure an entangled pure state in a given dimension
to be fully nonlocal. We found that also non-maximally
entangled states can have full nonlocality and examples
exist in all dimensions d > 3. At the same time, we
have also shown that in all dimensions there are some
states that are not fully nonlocal. Furthermore, we have
shown that all pure entangled states show full nonlocal-
ity if sufficiently many copies are available. For future
research, it is an interesting open problem to find a nec-
essary and sufficient condition for a pure state to show
full nonlocality.
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Appendix A: Relation between full nonlocality and antidistinguishability

In this section we prove the statements made in Sec. III that leads to Theorem III.1. Recall that the local content of
a quantum correlation pg is defined as the maximum value of ¢ in any decomposition of the form

po(a,blz,y) = q-prla,blz,y) + (1 —q) - pns(a,blz,y),

(A1)

where py,(a,blz,y) is a local correlation. Since any local correlation can be written as a convex mixture of local
deterministic strategies, we can equivalently write the above decomposition as,

palable,y) =q- Y p(a, B) Dagla,blz,y) + (1 - q) - pns(a, bla,y),

a8
7an]716 = [617' c

where the tuple (a = [aq, ...

(A2)

, Bm]) corresponds to the deterministic local strategy in which Alice

(Bob) outputs a = a, (b= B,) for the input x € [n] (y € [m]) so that Dq g(a,b|z,y) = da,.q 98, -
Note that if pg(a, b|z,y) = 0 for some fixed value of (a, b, z,y), then any local deterministic correlation that appears
in the above decomposition (with weight ¢ - p(a, 8) > 0) must have Dy g(a,blz,y) =0, i.e.,

pQ(a7b\x,y) =0 = Da,ﬁ(a’b|x’y) =0.

(A3)

On the other hand, if there exists a value of (o, 3) such that

Vx € [n],y € [m],

po(a = gz, b= Bylr,y) >q¢>0,

(A4)
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then the correlation pg has local content at least g. Indeed, letting

D aabx7 7q'D047 a7b$:
pNs(a,b|x,y) — Q( I y) = ﬁ( ‘ y)7 (A5)

we can write

pQ(a: b|1‘,y) =4q- Da,,@(a’ﬂ b|$,y) + (1 - Q) : pNS(a, b|1‘,y) . (AG)

To see the connection with antidistinguishability, suppose that for some fixed a the post-measurement states
P = AP jem1s 2 Po, jap ) 2T antidistinguishable and Bob, given the measurement choice y = e, performs the

antidistinguishing measurement {Byj,—a }oein), i-€.,
Vz € [n], Tr[Bb=l‘|y=a paB:aILT] =0. (AT)
Therefore,
Va € [n],pola=az,b=zlr,y=a)= Tr[(Aa:%|$ ® By—yjy—a) [YXY] 15] = k- Tr[Bp—g|y—a paB:aa,hc] =0, (A8)

where k = Tr[(Aq—a, e ® 1) [UX¥] ,5]. It is now easy to see from Eq. (A3) that any deterministic local correlation
Dq g in which Alice’s strategy is given by o has zero weight in the decomposition of Eq. (A2). Indeed, for any such
local deterministic strategy, Bob must assign some outcome b € « for the antidistiguishing measurement y = «, and
hence, for every strategy B3 of Bob, there exists € [n] such that Dy g(a = ay, b = |2,y = &) = 1 # 0. Furthermore,
if for all possible values of a, the set of post-measurements states p5 are antidistinguishable, and if Bob performs all
the corresponding antidistinguishing measurements, then all the local deterministic strategies have zero weight, and
hence the correlation produced is fully nonlocal.

Before proving the converse statement, it will be useful to note the following equivalent characterization of
antidistinguishability.

Observation 1. A set of states {p;}jcm) is antidistinguishable if and only if there exists a measurement {M;} ;e
satisfying

VM € {M;}jepn 3 € {pjtiem st Te[Mp] =0, (A9)
that is, an antidistinguishing measurement.

Proof. First, we show that {p;};c[, is antidistinguishable if Eq. (A9) is satisfied. Define N; as the sum of all the
operators M € {M;} ;e such that Tr[Mp;] =0, i.e., N;:=3 3,5 M, where S; = {M € {M;} ey : Tr[Mpi] = 0}.
If the set S; is empty for some i € [n], then define N; := 0. Clearly, for all i € [n], Tr[N;p;] = 0. However, {N;}icn)
may not form a valid measurement if some M € {M;};c(x) appears in two or more sets S;. To rectify the situation,
we can pick some set S; containing M and delete M from all the other sets S; # S;. Thus, we have constructed a
valid measurement {N; };c[n) that satisfies, for all values of i € [n], Tr[N;p;] = 0, which shows that the set {p;} c[n] is
antidistinguishable.
The ‘only if’ statement is trivial, since an antidistinguishable set {p;};c[,) implies, by definition, that there exists a
measurement { M} ¢, satisfying Eq. (A9), i.e., YM; € {M;}iein), 3pi € {pj}jem s-t- Te[Mip;] = 0.
O

We can now prove the converse relationship between full nonlocality and antidistinguishablility: If for a given
state and some measurements on Alice’s side there is at least one a such that the post-measurement states pZ :=
{pf:al‘zzl, . vpaB=an|x=n} are not antidistinguishable, then the resulting correlations always have a local content,
irrespective of the measurements performed by Bob. The proof goes as follows.

Since the states p5 are not antidistinguishable, from Observation 1, there must exist, for every measurement y of
Bob, at least one outcome b such that

Vo € [n], Tr[By,pl,. ] >0. (A10)

Pick an outcome b, for every measurement y, that satisfies the above equation and define 3 := [51, ..., fm], where
By = b. We then have

Pola=asb=B,le,y) = T[(Asca o ® Boos, ) [ WX ¥l ap) = k- T[Byosyy ol n] >0, (ALD)

where k = Tr[(Aq—a, |z ® 1) [U)XV|,5]. Hence, from the discussion surrounding Eq. (A4), the deterministic local
strategy Do g has a nonzero weight in the decomposition of pg.
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Appendix B: Bounds on the overlap for the post-measurement states

In this section, we derive bounds on the overlaps of Bob’s post-measurement states when Alice performs measurements
using mutually unbiased bases on a pure bipartite state. This will allow us to obtain a sufficient condition for full
nonlocality of a state, as expressed in Theorem V.1.

Lemma 2. Alice chooses a mutually unbiased measurement |(Aq, jx=i|Aa;jz=5) | = 1/V/d, where the first setting
corresponds to the computational basis |Aa‘w:1> = |a). If she applies these measurements on a given state |¥) , 5 =
Z?:_ol Vi |id), the post measurement states on Bob’s side fulfill:

| <\IlaBl|x:1‘\I,(?z|x;ﬁl> | < \% )\max (Bl)

W22 ) 1< min (ST - X+ AW | <1 (d— V)i (B2)

a;|z=i AR, -

Proof. The proof is a rather straightforward calculation. Since the first measurement basis is the computational basis
‘Aa‘z=1> = |a), the other measurements, being mutually unbiased, read:

) = 3 Z 13 (B3)

are some arbitrary phases whose precise value is not important for now. If Alice applies these MUBs on her

Here, ¢’

alz
system, it is simple to calculate the post-measurement states on Bob’s side for z # 1:

Uhsn) =Y /Ay e ) (B4)
J

Note that these states are normalized due to ) ;Aj = 1. For the first measurement, the post measurement states are

B

a‘I:1> = |a). Therefore, we can calculate

‘ <\IlaBllac:1|\I/c]i|x;£1> | = \/E <V Amaz - (B5)

Furthermore, we find a bound on the inner product between two states of the form |\Ifﬁx 751) coming from two different
bases (i #k, i # 1, k # 1):

(W8 0B ) =3 oy e Pnn i) = S0 = ) e OnTPm) £ 3R e ) (B6)
J J J

simply |¥

Here, A € R can be chosen arbitrarily. Since |Aai|m:i> and |Aak‘w:k> are mutually unbiased, we know that:

1 1 (62,1 10)
— = (Ao omtlAaijomi) | = 51D e ot ™)) (B7)
vd d <

Using this and the fact that | >, z;| <3, |2 for complex numbers z; € C we obtain the following upper bound:

OB 0B 1< STy = A ALY e Cas e | = STy - X+ AV, (B8)
J J J

Note that X is arbitrary, so we can minimize this expression with respect to}\ € R to obtain the best bound. In
particular, we can limit to the case where A > 0. One convenient choice for A (but not always the best one) is to
choose the smallest coefficient A = \,,,;,,. This leads to a simple expression:

min Z |)\] - 5\| + 5\\/& S Z |)\j - )\min‘ + )\mzn\/& - Z()\j - )\mzn) + )\mzn\/a =1- (d - \/g))\mzn . (Bg)
J J

AER ;

In the previous equation, we used that A\; > Apin and >, A; = 1. ]
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Appendix C: Proof and remarks of Theorem V.1

Theorem C.1. Let n be the number of MUBs in a given dimension d. A state |V) ,p = Z YV Jid) s fully nonlocal
if:

min Zu S V7] R (C1)

2 \ n n—
no " n o XeR, |& “ -2
Proof. We have to show that every combination of the post-measurement states (one for each of the n measurements)

is antidistinguishable. For that, we can combine Lemma 2 and the Theorem III.2 by Johnston et al [48]. For each of
these combinations, we can bound the Frobenius norm of the Gram matrix as follows:

(IGlp)* = ZZ\ ta=il Vo ja=j) | S+ (20 = DAae + (n = 1)(n — 2) min Z:IM—;\H;\\/g (C2)

i=1 j=1 AER L

The first term corresponds to the diagonal elements (i = j), the second to the pairs with i =1 and j # 1 or ¢ # 1 and
j =1 and the last term to the remaining terms. Here, we used the bounds obtained from Lemma 2. Hence, all of these
combinations are antidistinguishable if:

2
2
n 20— DAmaz + (n = Dn—2) min [ Sy - A +AVd| <% (C3)
AERL J 2
Subtracting n first and dividing by n(n — 1) second gives the desired bound. O

Furthermore, note that when we use Eq. (B2) (by choosing A = A,,;,,) we arrive at the theorem stated in the main
text. Choosing A = A, is a convenient choice for practical purposes. However, we can also explicitly minimize the
function. Suppose A; is ordered with Ag_1 > A\g_2 > ... > Ag. Now, we can see that the function:

ZM “AHAWAd= DTN =N+ D (A= M) +Ad (C4)

A=A A<

is piecewise linear in A and the slope in the interval [\;, A\;11] is given by vVd + j — (d — j) = 2j + v/d — d. Hence the
minimal value is reached when the slope changes sign and becomes positive, which happens at X = A; for j= [d_T‘/EW
In this case the function becomes:

ST =N HEAVE= ST -+ D (- A) +AVd (C5)
J YRSV Aj <A
=D N =A== N +iN+NVd (C6)
i>j i<j
=(—d+2j+ VAN +1-2> ). (C7)
i<j

1. Further remarks

1. In some situations, it might be better to exclude the measurement in the computational basis. This can happen
in particular when )\, is large. This would reduce the number of measurements by one and we arrive at the
sufficient condition:

—3
PYRED ) W] Ity C8
jmin |2 =NV < g (cs)
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Here is an example of a state Where this is relevant. Consider d = 9. This is a prime power, so n = d + 1 = 10.
suppose |¥) , 5 = v/0.552|00) + Zl 1 V0.056 [i1), 50 Apin = 0.056 and Aqp = 0.552. Choosing A = Apin we

obtain:

_ _ 7 n—3
i A — A+ A\WVd 1—6M\nin)°=(1—-6-0.056 — = . C9
guin |32 A AV < 7= e (C9)

So the state is fully nonlocal by using the criterion without the computational basis measurement. However,
the criterion in above theorem cannot detect full nonlocality. However, examples seem to be rare (already for
|¥) 45 = v0.52]00) + Zle 1/0.06 |ii) the argument does not work anymore). Note also, that adding an extra
measurement setting cannot turn a fully nonlocal state into a state with a local content. So the discrepancy
rather comes from the criterion we use for antidistinguishability and is not fundamental.

2. A further remark is that sometimes it might be better to interpret a state as a higher dimensional state. For
instance in d = 6, there are only three known MUBs. However, d = 7 is a prime and there are n =d+ 1 =8
MUBs. So, if we set A; = 0 and apply the MUBs of dimension 7 it might certify full nonlocality of some states
in d = 6 that cannot be certified directly by using the MUBs in d = 6. (We do not give an example here.)

Appendix D: The Peres-Mermin square with antidistinguishability

It might be useful to consider an explicit known example of full nonlocality and show how the results of this paper
apply. In the magic square nonlocal game, two noncommunicating players Alice and Bob are asked to fill, with labels
either ‘+’ or ‘=, a row z € {1,2,3} and column y € {1,2,3}, respectively, of a 3 x 3 grid called the magic square.
Alice must always assign an even number of —’s for the row whereas Bob must always assign an odd number of —’s for
the column. Additionally, the labels assigned by Alice and Bob must agree in the intersecting element of the grid. In a
local deterministic strategy, Alice and Bob agree beforehand the labels for every row and column. However, no local
deterministic strategy can win the magic square game perfectly since the total number of —’s in the gird would be
even according to Alice and odd according to Bob, leading to a contradiction. Therefore, any no-signaling correlation
p(a,blz,y), wherea € {+ ++,+ - —,—+—,——+}and be {— — —,— + +,+ — +,+ + —}, that allows Alice and
Bob to win the magic square game perfectly is fully nonlocal (see Appendix A).

There is a quantum correlation pg that can perfectly win the magic square game, and hence has full nonlocality [31].
In particular, it is conjectured to be the simplest fully nonlocal strategy in dimensions 4 [28, Conjecture 1]. The
quantum strategy uses the maximally entangled state |¥) = (|00) + |11) 4 |22) 4 |33))/2 and the following projective
measurements {A; }, (Az = {[Aq)z)(Aqz|}a) for Alice and {By}, (B, = {|Byjy)XBy)y|}s) for Bob.

H |Aa|z=1>‘ | Agjz=2) ‘ | Aajz=3) ‘
a=+++| [0} [(0)+][1)+1[2)+[3))/2{(0) — [1) = [2) = [3))/2
a=+-——| [2) [(0)=[1)+[2)—3))/2| (0} + 1) — [2) + [3))/2
a=—+—| (1) [(0)+][1)—=1[2) = [3))/2{(|0) — [1) +[2) + [3))/2
a=——+| [3) [(0)=[1)—1[2)+[3))/2](|0) +[1) + [2) = [3))/2

H | Byjy=1) ‘ | Bpjy=2) ‘ | Byjy=3) ‘
= ——— || (I = 13))/v2] (12) = 13))/V2 | (|1) = 2))/V2
b=—++ (1) +13))/v2| (12) +13))/v2| (1) +2))/v2
b=+ —+/(10) - [2))/v2| (10) = [1))/v2 | (10) - |3))/v2
(10) +12))/v2 | (|0) +[1) )+ 13)

10y +11)/v2{ (|0

To see that this quantum strategy wins the magic square game, first note that Alice’s and Bob’s outcomes always
satisfy the parity constraints, i.e., the number of —’s in each row is even and in each column is odd. To check that
Alice and Bob agree on the intersecting element, we first make the following observation: for the maximally entangled
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state, the post-measurement states on Bob’s side when Alice performs measurement x and gets outcome a are the
complex conjugate of the operators |A,,). Since all the operators |4,,) are real, we have
‘\I’ﬁz> = |Aa|z> . (D]-)
It is now easy to see that all the outcomes of Bob that would assign a different label than Alice for the intersecting
element of the magic square occur with probability zero. For example, if Alice assigns a = + + + for the first row
(x = 1), then the post-measurement state |0) is orthogonal to (|1) — [3))/+v/2 and (|1) + |3))/v/2. Hence, Bob would
never give the outcome — — — or — 4 + for the first column. The remaining outcomes + — + and + + — occur with
equal probability and satisfy the constraint that both Alice and Bob assign + in the first column of the first row.
Let us now make the connection with antidistinguishablility, and provide an alternate proof that the quantum
correlation defined by the maximally entangled state and the measurements above leads to a fully nonlocal correlation.
As we have seen in Appendix A, it is sufficient to show that no deterministic local strategy can have a nonzero weight in
the decomposition Eq. (A2) of pg to prove that pg is fully nonlocal. Indeed, we observe that for every local deterministic
strategy a of Alice, the set of post-measurement states corresponding to the outcomes a can be antidistinguished by
one of the measurements of Bob. For example, suppose Alice’s local deterministic strategy is to output a = + + +
whenz=1,a=—+—whenz=2,anda=+++ whenz =3, ie, a=[a; =+++,a2 = —+ —, a3 = + + +|. Now,
the measurement By,—» of Bob is an antidistinguishing measurement (see Eq. (7)) for the corresponding set of states

{Pe s amr) = 10) 5 [PELamo) = (10) + (1) = [2) = [3))/2, 1921 o) = (10) — 1) — [2) — [3))/2}. (D2)

Therefore, every local strategy of Bob is forbidden (i.e., occurs with zero weight in any decomposition Eq. (A2))
since every outcome b for y = 2 leads to a contradiction. Indeed, b = — — — is forbidden because, conditioned on
Alice giving the outcome a = + + 4 for x = 1, the probability of Bob giving the outcome b = — — — is 0, i.e.,
polb=———la=+++y=2,z=1)=| (\I/f:+++|m:1|Bb:,,,‘y:2> |? = 0. Similarly, b = — + + is forbidden since
it implies that Alice’s outcome could not have been a = + + + for x = 1, the outcome b = + — + implies that Alice’s
outcome could not have been a = — + — for x = 2, and the outcome b = + 4+ — implies that Alice’s outcome could not
have been a = + + + for = 3. Hence, for y = 2, every outcome of Bob is forbidden due to the strategy o of Alice 3.
The proof that pg is fully nonlocal then follows from the fact that for every local deterministic strategy o of Alice, the
corresponding sets of post-measurement states are antidistinguishable, with one of the measurements of Bob being the
antidistinguishing measurement. We make several remarks from this example of full nonlocality.

1. Although the proof of full nonlocality of pg based on the magic square construction is more elegant in this
example, the connection to antidistinguishability is more general and can always be applied in every scenario due
to Theorem III.1.

2. There are 4> = 64 local deterministic strategies for Alice which correspond to an equal number of sets of
post-measurement states. However, only 3 measurements on Bob’s side are sufficient to antidistiguishing all of
them. This is a remarkable reduction in the number of measurements required for Bob.

3. This example also shows explicitly that the antidistiguishing measurement for a set of states is not unique. Indeed,
consider the post-measurement states U2 corresponding to Alice’s strategy o = [y = + + +, 0 = + + +, 3 =
+ + +]. Since the parity of all the columns are violated, all the 3 measurements of Bob are antidistiguishing for
this set of states.

4. In this example, one can see that the inner product between any two post-measurement states is bounded by 1/2
(exactly 1/2 in fact), so we can apply directly the theorems about antidistinguishablity from Ref. [39] or Ref. [48].

Appendix E: Proves for full nonlocality of qutrits

In this appendix, we provide some details concerning the full nonlocality of qutrits, discussed in Section VI, together
with some technical proofs. After writing Alice’s measurement, we proceed with Lemma 3, which provides the scalar
product between two vectors in different bases. We will see how to bound post-measurement states on Bob’s side
in Lemma 4, and finally, we will provide the proof of Theorem 3, thus demonstrating that partially entangled fully
nonlocal states exist in dimension d = 3.

3 In the magic square, this corresponds to the fact that Alice’s
assignment o to the magic square violates Bob’s parity constraints

for the second column.
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For each z € [5], Alice’s measurement form a basis in the form (30)-(34), with the components A, that can be
expressed as unitary matrices A, in the form

1 1 w w? 1 1 w —w? 1 1 —w w? 1 -1 w w?
Ag=— |1 1 1]|,43= 1 1 —1|,Ay=—|1 =1 1|, A45=—|-1 1 1|, (E1
\/ngwl \/§w2w—1 \/§w2—w1 \/g—wal

with w = c%, and A; = 1. Explicitly, the row a of the matrix A; contains the components of the vector |A,,) with
respect to the computation basis. In particular, these measurements are used to provide the currently simplest fully
nonlocal strategy in dimension d = 3, with 5 and 9 orthogonal measurements per party [33].

It is easy to find the scalar product between two vectors of different bases, as expressed in the following lemma.

Lemma 3. Let us consider two vectors |Agz), |Aqr|ar), elements of two different bases in (30), that is x # x'. Then,
their scalar product has modulus given by:

1 : ! _
|<Aa\x‘Aa’\m’>| = {5/5/14_(1_6 I)g Z;ij/zé;lv (E2)
aa 3 aa 3 b N
Proof. The case x # 1 and 2’ = 1 is trivial. Instead, for the case x,x’ # 1, we can first observe that
2
<Aa\w‘Aa’\x’> = ZmAa’bm’ = (AI’ : Al)a’a ) (Eg)
b=0

Furthermore, any A,/ can be obtained from A, by flipping either one or two columns. Suppose, for example, that A,
is obtained by flipping the third component of A,. This means that

0| -Al =1 —24,]2)2| Al (E4)

Here, we used the fact that A, - Al = 1. Since the state A, |2) is a uniform vector, all the entries of the matrix
A, 12)(2] Al have modulus 1/3, and the diagonal elements are equal to 1/3. This clearly implies a scalar product in
the form (E2). A similar proof works also for a flipping of two observables, by writing the flip as 2|a)a| — 1. O

In a similar way as done in Lemma 2, we can bound the scalar products of the post-measurement states on Bob’s
side. This is summarized in the following lemma.

Lemma 4. Let Alice be performing measurements from the basis (30). If she applies these measurements on a given
state |U) , 5 = Z?:o VA |id), the post measurement states on Bob’s side fulfill:

| <‘I’ﬁz=1|‘1’5\z;ﬁ1> | < VAmas (E5)
2
| <\I’f\z:i‘\pf’|z’=k> | S pln Z p‘j - X' =+ 3X| <Aa\w:i|Aa’\az’:k> | ) (EG)
Nery |1

with i # k and i,k # 1. The minimum of the second inequality (E6) is reached when X\ = Apmin.

Proof. The bounds (E5) and (E6) can be obtained by mimicking the proof of Lemma 2. We only need to prove the
last statement, for which the explicit form of (E2) plays a key role. Assume Ay < A1 < Ag, and suppose that a = a’, so
that ’ (AgjzlAaar)| = % As in the argument presented after Lemma 2, which in this case can be made more explicit,

we need to minimize the convex and piecewise linear function

1—2X for 0<A<X\
2 —
-~ - 1—2)\0 for )\()S)\S)\l
A=A+ A= — - . E7
;O|] ‘+ 2)\271‘1‘2)\ for )\1§)\§)\2 ( )
Ah—1 for A >\

In particular, this function is decreasing for X < )Xo, it is constant in the interval Ay < A < A; and it increases for
A > A;. Its minimum is therefore 1 — 2)¢, which is also the value it takes in A = A\g = Apin. A similar computation
can be repeated for a # a’, for which | (AgjalAarjar)| = % Again, the minimal value is attained for A = Ag = A\pin,
here the slope changes sign and becomes positive. O
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The previous bounds can be used to attain a sufficient condition for the antidistinguishability of the post-measurement
states. Specifically, using Theorem III.2, we can now provide a proof for Result 3.

Result 3. A bipartite qutrit state |¥) 4,5 = Z?:o VA i) is fully nonlocal if

22 — /259 1
0328~ ————— < Mpin < = E8
18 - 73 (ES)
Proof. Let us consider, for each measurement i € [5], an output a;. We are interested in bounding the Frobenius norm

of the Gram matrix G;; constructed from the post measurement states:

(HG” ZZ| a,\x z ak\x:k> ‘2' (Eg)

i=1 k=1

B

The bound on | (\I’B \Ila]-|:c=j> | can be obtained from Lemma 4. In particular, the main complication is that there

are some ¢ and k for which a; = a; and others for which a; # ax, which makes the second inequality (E6) more
complicated to manage. Nevertheless, for i, k = 2,3, 4,5, there exists at least a couple i, k, with i # k, such that a; = ay.
Therefore, there are at least two terms in the sum (E9) (4, k and k,i) where the condition (Ag,|z=i|Aq, |z=k) = % holds.

|z= L|

For the other terms, we use the worse case scenario | (Aal.|r:i|Aak‘I=k> | = % Using Lemma 4, we can therefore bound
the Frobenius norm (E9) as
(1G]l 2)? <5+ 8N\ maz + 2 (1 = Anin)® + 10+ (1 — 20 in)? = 18X2,,, — 28N\ nin + 17 + 8\ (E10)
Imposing (||G||»)? < 25/2 from II1.2, we obtain
9
182, — 28\ min + 8\maz + 5 <0 (E11)
Using Anaz < 1 — 2\ nin, we get the sufficient condition for antidistinguishability
25
]‘8)‘%17,71 — 44 min + 9 <0, (E12)
with solution given by Equation (ES). O

Appendix F: Proof of the Local Content Bound

In this appendix, we are going to prove Lemma 1, which provides the fundamental tool to obtain a lower bound on
the local content of entangled states.

Lemma 1. Consider a d-dimensional entangled state |U) = Zf;ol VA |idy, where Ao > A1 > -+ > Ag_1. If Alice
and Bob perform rank—1 measurements with at most ka and kg outcomes respectively on this state, then, for every
measurement choice of Alice and Bob, there exists a POVM element A = |AXA| for Alice and B = |BYB| for Bob
such that

V2 = VAi/(ka — D (kp — 1)
Vkakp '
The inequality (F1) is nontrivial when Ao > A1 (ka — 1)(kp — 1), which implies |[(V|A ® B)|?> = Tr[|[U} V| A® B] > 0

and that there is a nonzero local content for the correlations generated.

Proof. Let us begin by fixing explicitly the POVM elements A = |AXA| and B = |B)B| used in the statement of the
theorem. For any k4—outcome, rank—1 POVM {A4;,..., A;,} of Alice, we must have

(VA ® B)| > (F1)

ka ka
(0| (Z |Az><Al|> 0) = (0] 1[0) = > |(0]A)]> =1. (F2)
=1 =1

Hence, for some POVM element A € {A1,..., A4, }, [(0lA)]> > 1/k4. Similarly, for some POVM element B €
{B1,...,By,} of Bob, |(0|B)|?> > 1/kp. Let us denote by a; the 5" component of |A) in the Schmidt basis of |¥), i.e.,
aj = (j|A), and by b; the j* component of |B), i.e., b; = (j|B). Hence,

1 1
\a0|2 > — and |b()|2 > —. (F3)
kA kB



We now consider the scalar product

d—1
<\IJ|A®B>:Z\/E .]|A .7|B \/>a0b0+2\/7aj v
j=0

and take its absolute value, which satisfies

|<\I/|A®B | >4/ A |CLOb0

Furthermore,

d-1 d-1
bi| < 30 VA lagbl < VAL S byl
j=1 =1

where in the final step we have used the fact that Ay = max{A1,..., \s_1}. Defining |u) := (|a1],...,

[v) == (|b1],--.,]ba—1]) and applying the Cauchy—Schwarz inequality |(u|v)| < /(u|u) (v|v) we get,

1/2

d—1 d—1 /2 (41
Vo S ) < Vi (z w) b,
j=1 i=1 j=1

Inequalities (F6),(F7) imply that we can relax the inequality (F5) as

1/2

d—1 1/2 /41
(¥|A® B)| > /Ao laobo| — v\ (Z |az‘|2> > bl
i—1 j=1

Moreover, using Eq. (F3) we obtain

d—1 d—1 1 Ea—1
Dolas? = | X lasl | — laol = (A14) ~Jaol? < {Al4) — 1= < =,
j=1 §=0

A

where in the final step we have used (4|A) < 1 since
[AXA] =1 = (A]4) (A]4) < (A]1]4) = (A]4)* < (4]4) .

Similarly, on Bob’s side we obtain

d—1
S <k
i=1
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(F4)

(F5)

(F7)

(F8)

(F9)

(F10)

(F11)

Substituting the RHS of inequalities (F9),(F11) in (F8), and using |agbo| > 1/vkakp, we obtain the desired result (F1).

O



