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1 Introduction

Quantum contextuality is the impossibility of reproducing the statistical predictions of the theory with an
ontological model in which operationally indistinguishable procedures are represented identically [1, 2].
In the current work, we refer to the notion of generalized contextuality, first introduced in Ref. [1]. This
property is known to underlie quantum advantage in various information-processing tasks, encompassing
quantum computations [3-5] and quantum communications [6, 7].

Following from the work on prepare-measure scenarios in Ref. [8], we develop a statistics-first,
linear-algebraic framework to test generalized contextuality in operational scenarios with transforma-
tions beyond the prepare—measure setting. First, we extend the rank-based characterization from pre-
pare—measure scenarios to prepare—transform—measure scenarios by replacing the COPE matrix with an
analogous COPE tensor. We then introduce higher-order transformation scenarios, where operations act
on sets of lower-level transformations, and give a full decision procedure for contextuality together with
a complexity analysis. Using this higher-order description, we derive a contextuality condition for se-
quential scenarios with multiple transformation stages. The advantage of this is that it can be checked
with a similar complexity to deciding the contextuality of prepare-measure scenarios. We construct a
toy theory in which contextuality can be detected by our condition, but vanishes when the sequential
structure of transformations is collapsed.

2 PTM Scenarios

The simplest scenario we consider is the prepare-transform-measure scenario with a single transforma-
tion stage, denoted by PT'M. We can organize the conditional outcome probabilities of the scenario into
a tensor C, the entries of which are the probabilities p(k|i, j,1) := p(k|P,-,T;7 M;) of each outcome E!,
given that the system was prepared, transformed and measured according to P;, T}- and M; respectively.
In a PT'M scenario, C is therefore a 3-tensor of conditional outcome probabilities of events (COPE).
It is assumed that C represents the entire probabilistic structure of the operational theory admissible for
such scenarios [8].

An ontological model of the PT'M scenario is given by a nonnegative tensor factorization of its
COPE tensor C of the form,

Cij = RiTVEy = p(I|Py, T}), (1)
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where we have re-indexed the outcomes using a single global index, rather than a pair consisting of the
measurement label and the measurement outcome label. Here, the rows of R are the response functions
of the ontological model representing measurement outcomes, the columns of E are the epistemic states
representing preparations, and the stochastic matrix I''/ represents the jth transformation from the set of
available transformation procedures.
Our first main result is the following.

Theorem 1. The operational theory of the PT'M scenario admits a noncontextual ontological model
(NCOM) iff its COPE 3-tensor admits a nonnegative tensor factorization C;ji = R;.TYE, such that

rank(R) = rank(Cig)),
rank(E) = rank(Cjpj), (2)
rank(G') = rank(Cpy1p).

Here, Cg), Cjr1}, and Cjp) denote the mode-E, mode-T' and mode-P flattenings [9] of the COPE tensor
C, respectively. Furthermore, G' represents the matrix of row-flattened T’V matrices.
The proof of this theorem is given in the full paper.

3 Computing Noncontextual Models of PT!M Scenarios

To formulate the contextuality of PT'M scenarios linear algebraically, we first derive the following
lemma, which will be used in constructing noncontextual ontological models (NCOMs).

Lemma 1. Suppose a PT!M scenario with COPE tensor C admits NCOMs of the form Cjj;, = R.TVE,.
Then there exist matrices R and E, depending only on C, called extremal factors, such that rank(R) =
rank (Cigj) and rank(E)) = rank(Cip)). Moreover, for all NCOMs, the corresponding factors R and E can
be written as R = RM and E = M'E for some nonnegative M,M'.

Due to space limitations, we defer the proof to the supplementary paper. This leads to the following
lemma.

Lemma 2. It can be decided whether an operational theory with np preparations, ng measurement
events, nti transformations, and the greatest Tucker rank component r of its COPE tensor admits a
noncontextual ontological model in time poly((ngnp)°") ny1).

Proof. (outline). We first observe that, by Lemma 1, for an ontological model given by response function
matrix R, epistemic state matrix £, and stochastic transformation matrices {F“}?:Tll , the slice of the COPE
tensor given by RTCVE can always be written in terms of extremal factors as R(MT"'"M')E, for some
nonnegative M and M’. Then, the matrices M and M’ can be absorbed into the I'/ matrices. It follows
that if an NCOM exists, there exists one with R = R and E = E. Therefore, only the representation of
the transformations needs to be optimized, which can be done with a linear program. Given that R and E

have ng(r) columns and ng(r) rows, respectively, as shown in the full paper, (I’I,Enp)o(r )nTl variables need
to be optimized, hence the complexity result. |

4 Computing Noncontextual Models of PT?[T!]M Scenarios

We extend our formalism to operational theories with different causal structures, rather than just one stage
of transformations, in particular, the nested PT?[T!]M scenario. Here, T?[-] is a second-order transfor-
mation, meaning that it acts on the system’s transformations. An ontological model of the PT2[T!]M
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scenario is given by a nonnegative tensor factorization of its COPE tensor C of the form,

Cijit =Y, Rl T}  Eut. 3)
WXyz

Here, the 4-tensor I'** represents the kth second-order transformation setting in the operational theory.
Define the matrix G? as the matrix of row-flattened I'** tensors, and Ci72) as the mode-T? flattening
of C. Then, the noncontextuality conditions for this scenario are given by Eq. (2) and the following:

rank(G?) = rank(Cir2)). 4)

Theorem 2. It can be decided whether an operational theory with np preparations, ng measurement
events, nti first-order transformations, nt2 second-order transformations and the greatest Tucker rank
component r of its COPE tensor admits a noncontextual ontological model in time poly((ngnpnt1)°") np2).

Proof. There exist extremal factors R, E and {I'"/}, depending only on C, satisfying the corresponding
noncontextuality conditions. Moreover, for all NCOMs, the corresponding factors R, E and 'Y can be
written as R = RM ,E=ME and T}, = Yy My, T ;ﬁ , for some nonnegative M, M’ ,M". According to Eq.
(3), R, E, and T'V only contract with I'**, therefore, M, M’ and M" can be absorbed into I'’**. Now, only
the representation of T2 needs to be optimized. The complexity result follows from a line of reasoning

similar to that of the PT!M case. [ |

This result can be extended to higher-order scenarios in the obvious way. For example, in the
P(T3[T2])[T']M scenario, where T? is third-order, the complexity would become poly((ngnpning2)°") nys).

S Application to Sequential PTM Scenarios

The simplest example of a sequential PTM scenario is the PT!T?M scenario, where T' and T? are
both first-order and act on the system sequentially. This can be viewed as a special case of PT?[T!]M
scenarios. Using Theorem 2, we arrive at the following contextuality condition.

Theorem 3. A PT!T2M scenario is contextual if interpreting the same COPE tensor as that of a
PT2[T']M scenario is contextual.

Note that Theorem 3 provides only a sufficient, and not a necessary, condition for the contextuality
of PT!T?M scenarios. We note also that this can be extended in the obvious way to more stages of
sequential transformations.

6 An Example

In the corresponding paper of this abstract, we provide an example of a contextual PT!T?M scenario
where contextuality is removed when the scenario is coarse-grained by lumping operation stages together.
However, it emerges when the causal structure is enforced, and it can be certified using Theorem 3, Eq.
(2), and Eq. (4). This shows that our condition detects contextuality missed by existing methods.
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Linear Algebra of Generalized Contextuality in Prepare-Transform-Measure Scenarios
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Generalized contextuality is a canonical distinguishing property of quantum theory. Existing
methods for testing generalized contextuality of general probabilistic theories, in particular quan-
tum mechanics, are well developed for prepare-measure and single-stage prepare-measure-transform
scenarios. In a recent work [arXiv:2512.10000], a bottom-up, statistics-first linear-algebraic frame-
work for contextuality in prepare-measure scenarios was introduced. We extend this approach to
operational scenarios with sequential and higher-order transformations and give a full decision proce-
dure for contextuality and analyze its computational complexity. We then show how the higher-order
framework yields a one-sided test for multistage sequential prepare—transform-measure scenarios,
providing a sufficient condition for noncontextuality that can be checked faster than a full sequential
decision procedure. We construct an operational theory in which contextuality manifests itself only
in the sequential structure of the transformations. Our results sheds new light on the compositional

aspects of generalized contextuality.

I. Introduction

A central problem of quantum foundations is explain-
ing the separation between classical and nonclassical the-
ories. A canonical distinguishing property of the lat-
ter is contextuality, which is the impossibility of repro-
ducing the statistical predictions of the theory with an
ontological model in which operationally indistinguish-
able procedures are represented identically [1, 2]. Vari-
ous widely used notions and frameworks of contextual-
ity include Kochen-Specker contextuality [3], the sheaf-
theoretic framework [4], Contextuality-by-Default [5],
state-independent contextuality [6], and graph-theoretic
formulations [7]. Also, Bell’s work on nonlocality [8, 9]
is closely related and can be viewed as contextuality in
multipartite measurement scenarios [4, 10].

In the current work, we refer to the notion of gen-
eralized contertuality, first introduced in Ref. [1]. This
property is known to underlie quantum advantage in var-
ious information-processing tasks, encompassing quan-
tum computations [11-13] and quantum communica-
tions [14, 15].

Many information-processing tasks of interest are nat-
urally described as sequential compositions of operations.
In such settings, classical simulability and classicality are
often not properties of any single step in isolation, but
rather of how the steps compose. In such protocols, it
may be that each individual stage admits a classical ex-
planation, even though the overall process does not. Con-
versely, one can also devise scenarios in which the compo-
sitional process does not admit a noncontextual ontolog-
ical explanation, even though such an explanation exists
when all the transformations are treated as a single, com-
bined operation. This motivates studying contextuality
in scenarios with multiple transformation stages, where
one can ask how contextuality behaves under concatena-
tion and coarse-graining. In particular, computation is
implemented by circuits whose power is determined by
the composition of stages, making multistage contextu-
ality a natural candidate property for explaining circuit-

level quantum advantage [12, 16, 17].

Despite this, contextuality has been most extensively
studied in the simplest possible scenario: the prepare-
measure (PM) scenario, in which an experimenter has
access to a finite number of ways to prepare and measure
the system. Many tools already exist to probe the con-
textuality of PM scenarios. Typically, these rely not only
on the statistics of an operational theory but also on a
pre-defined generalised probability theory (GPT) model
describing it. With these at hand, one can use linear
programming to decide whether a noncontextual onto-
logical model exists [18-20]. Conversely, in Refs. [21, 22],
a bottom-up, statistics-first framework was developed to
tackle the same problem. In this framework, the em-
pirical data of a theory are collected in a matrix C' of
conditional-outcome-probability evaluations (COPE ma-
trix). It was shown in [21, 22] that contextuality of a
PM scenario relies on a single rank-based criterion of C,
without reference to an underlying GPT.

A recent study by Schmid et al. [23] character-
ized the contextuality of generalized probabilistic theo-
ries (GPTs) in the prepare-transform-measure scenario
(PTM) with a single transformation stage. Similar to
typical PM scenario methods, this relied on an underly-
ing GPT model and linear programming, and the com-
position of multistage transformations was also not ad-
dressed. In this work, our goal is to analyze generalized
noncontextuality in scenarios that go beyond the simple
prepare-measure case. In particular, we aim to extend
the linear-algebraic framework of Refs. [21, 22] to show
that a statistics-first approach is also viable in scenarios
with transformations. This approach differs from Schmid
et al. in two key respects: we are able to determine the
contextuality of scenarios with an arbitrary number of
transformations, and we only require the statistics of the
operational theory to do so.

We begin by showing that the rank-based characteri-
zation of PM scenarios [21, 22] can be extended to PTM
ones, if the COPE matrix C is replaced by an analogous
COPE tensor.

We then further extend the study of contextuality to



scenarios with higher-order transformations, which have
never been studied in the framework of generalized con-
textuality. Specifically, these are operations which act
on sets of lower level transformations. Despite the more
elaborate structure introduced by such operations, we
show that our rank criterion is still capable of detecting
contextuality in these scenarios. From a computational
perspective, however, it is not immediately obvious that
the criterion can be checked efficiently in this more gen-
eral setting. We therefore also perform a complexity anal-
ysis to confirm that the complexity is similar to the PM
case.

Next, we show that higher-order transformations can
be used to obtain a contextuality condition for sequen-
tial scenarios with first-order transformations. This is
achieved by defining a mapping from sequential trans-
formation scenarios to an associated higher-order de-
scription, which captures the relevant compositional con-
straints.  We can then check the rank criterion of
the higher-order scenario. The condition is necessary-
but-not-sufficient for the existence of a generalized-
noncontextual ontological model for sequential PTM sce-
narios. As a one-sided test, it avoids the full decision
problem for the contextuality of the multistage sequen-
tial model, and can therefore be checked substantially
faster.

We illustrate these methods on a range of worked ex-
amples. First, we recover the expected behaviour for
Spekkens’ toy model, as well as an 8-state model for
single-qubit stabilisers with a single stage of transforma-
tions. For the latter, the rank criterion detects the pres-
ence of transformation contextuality only, corroborating
a result in [24]. We also contribute a 4-state model of
a 2D toy theory that exhibits contextuality only when
multiple stages of transformations are present, demon-
strating that sequential structure plays a nontrivial role
in witnessing contextuality.

Overall, our results provide a general framework for de-
tecting contextuality in operational scenarios that go be-
yond the prepare-measure setting, including multistage
and higher-order transformation structures. We view
this as a step toward a more circuit-level understanding
of nonclassicality, and connecting operational notions of
contextuality with known requirements for quantum ad-
vantage in information processing. From a foundational
perspective, we believe the work also helps clarify which
features of contextuality are genuinely compositional.

The paper is organised as follows. In Sec. IT we give
an overview of the preliminary concepts and definitions,
including operational theories and the COPE tensor for-
malism. In III, we introduce the different types of under-
lying models of operational theories, including noncon-
textual ontological models. In Sec. ITI B 3, we explain our
method of deciding if a noncontexual ontological model
exists for a single-stage PT'M scenario using our formal-
ism, and constructing one if it does. In Sec. V, we extend
this to scenarios with higher-order transformations. In
Sec. IV, we show how our method from the previous sec-

tion can be used to derive a noncontextuality condition in
scenarios with sequential first-order transformations. Fi-
nally, in Sec. VI, we demonstrate toy models with trans-
formations that exhibit contextuality. Discussions and
conclusions are presented in Sec. VII.

II. Formalism

The groundwork for the fundamental concept in this
paper, namely representation-free operational theories,
has been laid out in Refs. [21, 22]. In this picture, each
operational theory has three structures: an operational
one, a causal one (including sequential and parallel com-
positions), and a probabilistic one. In this section, we
recap these structures, focusing primarily on the causal
structure and, above all, on the sequential composition
of transformations.

A. Operational structure

The primitive elements of operational theories are lists
of laboratory instructions. For example, “turn the laser
on AND adjust its intensity as such” is an instruction
for preparing a photonic system. Similarly, propositions
such as “turn the detector on AND align its aperture
as such” associated with measurements of the system
are measurement instructions. Intermediate propositions
such as “add a polarizer at this point in the photon path”
are instructions for transforming such a system, and “ro-
tate the polarizer’s angle as such” is an instruction for
applying a higher-order transformation to such a trans-
formation.

The scenario we consider is the PTM, denoted here by
PT!M, consisting of a preparation, a single transforma-
tion, and a measurement. The operational structure thus
consists of the prescriptions (propositions) for preparing,
transforming, and measuring the system, denoted by the
sets P := {P;}, T' := {T}}, and M := {M;}, respec-
tively. Later, we will extend this to an arbitrary number
of transformation stages where the sets of transforma-
tion instructions are given by 7' := {T1}, 72 := {T?},
vy T™ = {T7"}. In all scenarios, a measurement M;
results in an outcome event Ej from a list of possible
outcomes indexed by j, £7.

B. Probabilistic Structure

The probabilistic structure of an operational theory of
a PT'M scenario is provided by a probability measure
p that takes every possible sentence (PTM circuit) to
a real number in the unit interval. The image of p is
thus the collection of conditional outcome probabilities
associated with each sentence in the theory. We can or-
ganise these probabilities into a tensor C, the entries of
which are the probabilities p(kl|i,j,1) = p(k|Pi,T;7 M;)
of each outcome E%C, given that the system was prepared,
transformed and measured according to P;, le- and M; re-



spectively. In a PT!'M scenario, C' is therefore a 3-tensor
of conditional outcome probabilities of events (COPE),
where we assume I preparations, J transformations, K
measurements, and ny events in the kth measurement.
A COPE 3-tensor is thus the natural extension of the
COPE matriz of a prepare-measure scenario introduced
in Refs. [21, 22]. We have depicted the schematic of a
COPE 3-tensor in Fig. 1. The tensor is divided into col-
umn stochastic blocks corresponding to each measure-
ment setting, which are stacked on top of each other.
Therefore, even though each probability depends on four
indices, we have fused the measurement and outcome
event indices into one index, which allows us to represent
the COPE tensor as a 3-tensor. Each choice of transfor-
mation T} thus corresponds to an I x Y3, n; COPE
matrix,

p(1[1,5,1) p(1l1,5,1)
p(n1|17j,1) p(n1|-[7]’]-)
Cj: = (1)
p(l‘l,],K) p<1|I7]7K)
p(nK|17jaK) p(’l’LK‘I,j,K)

In tensor terms, each choice of dimension is called a
mode. Hence, C.; in the above equation is called a
mode-T! slice. We can see that each of these slices can
be thought of as representing a prepare-measure experi-
ment, where the fixed transformation has been absorbed
into either the preparations or measurements. Similarly,
each mode-P slice represents a fixed choice of prepara-
tion P, and each mode-E slice represents a fixed choice of
outcome event E.

The assumptions used to define the probabilistic struc-
ture of the PT*M scenario are the obvious extensions of
those used to define the probabilistic structure of the PM
scenario in Ref. [22]. In particular, we have the following.

Assumption 1. The COPE matrix contains the com-
plete probabilistic structure of the operational theory.

In the following, we employ a 2D toy theory as a running
example to clarify the concepts and approach.

Example 1. 2D Toy Theory: Probabilis-
tic structure. Imagine a world which accom-
modates an elementary system: There are four
propositions describing how to prepare the sys-
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FIG. 1. Diagram of a COPE 3-tensor.
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We note that each slice is given by cyclic shifts of
the rows of the previous slice. Note that all rows
and columns of each slice are convexly indepen-
dent as required by a COPE matrix [22].

tem, four propositions describing how to trans-
form the system after preparation, and one propo-
sition for measuring it, which yields four out-
comes. We thus have P = {Py,Py,P3,P4}, T! =
{Ti,T%,Té,T}l} and & = {E]_,EQ,Eg,E;;}. We
consider the COPE tensor with mode-T! slices

From the probabilistic structure, we can define a no-
tion of operational equivalence of procedures. The op-
erational equivalence (=) of preparations (measurement
events) means that there are no combinations of trans-
formations and measurement events (preparations) in the



operational theory that can distinguish them [1], i.e.,

P; ~ P; iff p(Ex|Pi, T, M) =p(Ex|P;, T, M) VE;, M, T,
Ex ~ E; iff p(Ex|P, T',M)=p(E/|P, T},M) VP, T'.
(3)

Similarly, two transformations are operationally equiv-
alent iff there are no combinations of preparations and
measurements that can distinguish them, i.e.,

T = T} iff p(Eg|P, T}, M) =

p(Eg|P, T}, M) VP ,E, M.

(4)

It follows that two operationally equivalent procedures
give rise to two identical slices in the theory’s COPE
tensor. Then, Assumption 1 leads to the following obser-
vation.

Corollary 1. For two identical slices of the COPE ten-
sor of an operational theory, corresponding to two choices
of the same procedure type, there exist no combinations
of the other procedure types that can separate them.

Other remarks in the definition of the COPE matrix of
a PM scenario detailed in Ref. [21] extend to PT'M sce-
narios in the obvious way.

Example 2. 2D Toy Theory: Operational
equivalences. As an example of operational
equivalences observable in the COPE tensor, con-
sider the slices in Example 1. As usual, we assume
that the set of available transformations is closed
under convex combinations. Thus, we have,

1 1
5(0:211? +CH) = 5(0;221;) +CZP), (5)

implying that,

1 1
SM+Th=T+Th.  (©)

III. Models of COPE Tensors

To construct a model that reproduces the probabilistic
structure of an operational theory, mathematical objects
must be assigned to the experimental procedures. Every
such an assignment is called a model. In this section, we
introduce three different model types and analyze their
relationships. These models are used to study the non-
classicality of the operational theory.

A. preGPT and GPT Models of PT'M Scenario

The first two models we consider are preGPTs and GPTs,
which we extend from Ref. [21]. A preGPT for a PT'M
scenario is the tuple (E,apr, TparT,Spart,V, (1))
where V is an ordered inner-product vector space with

4

(+,-) the inner product, and E,apr, Tpepr and Spepr
are its sets of effects, transformations, and states, re-
spectively, constructed as follows. ‘

Each possible event of the jth measurement, Ej, is
represented by a vector Kg(E},), the collections of which
for a fixed measurement form a probability vector-valued
measure (PVVM) satisfying

VE, €& Ke(EL)=0
eV st ZICE Ef)=u

ZICE (E7).-

Each vector Kg(E}) is called an effect, u is called the unit
element of the preGPT, and the collection of all opera-
tionally legitimate effects is denoted by £,gpr. Further,
by the convexity of the set of all events £ and the linearity
of the map K, it is assumed that &,qpr is convex. We
denote the set of extremal points of Eygpr by exEpapr-

Similarly, let Cp be the function that maps prepara-
tions of the operational theory to linear functionals in
V*, the dual of V. These vectors are called the preGPT
states. It is assumed that the states are normalized in
the sense that (u,Kp(P)) = 1. Finally, let K11 be the
function that maps transformations of the operational
theory to linear transformations over V*. We assume
that the state space is invariant under Kt:, that is,
Kt (T5)[Kp(P;)] is a valid state for every transformation
T} and every preparation P;.

We denote the GPT states, effects and transformations

by,

Vi Ke(Ug EJ

Kp(P;) = s,
Ke(Ey) = €', (8)
Kri(T}) =1TY,

respectively. To clarify, we use upper indices to label
elements of the operational theory, with the lower act-
ing as matrix indices. For instance, T kj is the element
at position (i, k) in the matrix 7% representing the jth
transformation in the first stage.

Then, the probability of an outcome event is given by
the inner product

p(kIP:, T3 Mi) = (Ke(EL), K (

= (e!*, TY[51]).

THIKe(P;
HICTCUTIN

Note that we could also have defined transformations in
terms of their action on the effect vectors. Importantly,
the probability is linear in the state vector, transfor-
mation, and effect vector. Also, the maps from proce-
dures to preGPT elements are necessarily linear. There-
fore, for a procedure O; which is probabilistically de-
pendent on other procedures of the same kind, for in-
stance O; = a0, + (1 — a)Oy, it is always possible to



construct a preGPT model that preserves convexity as
Ko(0;) = aICo(Oj) +(1- a)/Co(Ok).

By choosing an orthonormal basis of V, and the linear
transformation, and using the most general linear trans-
formation of a state vector, we write the probability rule
as,

p(k|Ps, T}, M) =¥ T T, (10)

We are now in a position to extend the definition of
a GPT model for PM scenarios given in Ref. [21, 22] to
the PTM cases. Defining the matrices of states, A;. =
s'T, and effects, B.; = e*, the COPE tensor C' can be
decomposed into

Ciji = Ai.TY By. (11)
Example 3. 2D Toy Theory: PreGPT Con-

sider the COPE tensor C?P of Example 1. A
possible preGPT model is given by,

1000 1
q_ 0100 -1
0010 3 |’
0001 —1%
10 0 0
01 0 0
B=(oo0o 1 o0 [,
00 0 1
111 _1
2 2 2 2
5 1B L3 1
32 32 32 32 16
3 3 13 13 1
32 32 32 32 16
T 13 5 3 U _1
- 32 32 32 32 16 |
i 1 5 5 1
32 32 32 32 16
-+t 1 1 1 1
16 16 16 16 8
5 05 1 1 _1
12 12 12 12 12
i 1 5 1 1
12 3 12 6 12
12 1 1 1 1 1
'“=1% & 3 3 ~12|>
1 1 1 5 1
3 12 6 12 12
1 1 1 1 1
12 12 12 12 6
7 3 1 5 _1
16 16 16 16 8
5 5 3 3 1
16 16 16 16 8
T | 3 7 5 1 _1
16 16 16 16 817
1 1 7 7 1
16 16 16 16 8
~1 11 1 1
8 8 8 8 4

101 11 _1

4 4 4 4 4

1 1 1 1

i 0 135 1

14 1 1 1
74— 1 1 gg -1 (12)

1 1 1 1

0 7 531 1

1 111 1

4 4 4 4 2

The unit effect of this preGPT is given by the sum
of the rows of A, whichisu= (1 1 1 1 0).

A common formalism in the multilinear algebra and
tensor decomposition literature is to factorize tensors in

Tucker form. A Tucker decomposition of a 3-tensor C' €
RIX JXL is

C:QxlUx2V><3VV, (13)

where the core tensor G € R"1*"2%"3 and the factor ma-
trices U € RV € R7*™ and W € REX™ . Equiva-
lently, in indices,

T1 T2 73

Cijt = 3> > Gapy Uia Vi Wiy, (14)

a=1p=1v=1
The Tucker rank of C' is the triple

I'ankTucker(C’) = (TEv rT1, TP), (15)

which equals the ranks of the mode-wise unfoldings,
namely

rank(C[E]) =TE,
rank(C1) = ry, (16)
rank(C[p]) =Tp.

Then, the preGPT model is equivalent to a Tucker de-
composition of the form Eq. (14), where

A=U, (T)ay =Y Viggass B=WT. (p)
B

This factorization can also equivalently be written in
three flattened forms:

1. Clgp = AB', where each possible composition of a
preparation and transformation is represented by a
column of B’.

2. Cipy = A’'B where each possible composition of a
transformation and a measurement outcome is rep-
resented by a row of A’.

3. Cm = Y10!, where ©' = AT ® B is the Kronecker
product of A and B, and Y'! is such that YJ1 is the
row-flattening of T17.

Here, Cig is the mode-E matricization of C, Cp) is its
mode-P matricization, and C1 is its mode-T! matri-
cization. Also, we will define ¢!7 := Y]1 for convenience.



A GPT model of an operational theory is a preGPT
that is quotiented under the operational equivalence
relations for preparations, transformations and out-
comes [22]. That is, a GPT does not allow for two indis-
tinguishable procedures to have multiple representations,
ie.,

P =Py, < S(Pl) = 5(P2),
Ei 2 Ey & B =) (18)
Th o Tk o (™) = 7(T2),

For a preGPT model given by the COPE factorisations
described above, the following criteria must be met for
each type of procedure to be quotiented.

Theorem 2. Consider a preGPT model of the opera-
tional theory. Lump the transformations with the prepa-
rations (measurements) to get a new set of preparations
{P.} (measurements {M.}), which corresponds to a new
set of states {s"'} (effects {€’*}). The original effects {e*}
(states {s'}) are quotiented iff the set {s"*} ({e''}) sepa-
rates them.

Proof. Assume for contradiction that the effects are quo-
tiented, and yet there exist two distinct effects e? and e?
which are not separated by elements of {s"}. That is,
using Eq. (9),

(eP,s") = (e, ") Vi. (19)

By definition, {s*} contains all the extremal states that
can be constructed by composing all possible prepara-
tion and transformation pairs available in the operational
theory. Therefore, by Eq. (3), e and e? represent op-
erationally equivalent measurement outcomes. This is
a contradiction, since operationally equivalent outcomes
should have the same representation in a model with quo-
tiented effects.

By symmetry, a similar argument can be applied to
the states. O

Theorem 3. In a preGPT of the operational theory,
the representation of the transformations in the model
is quotiented iff the states and effects together separate
the transformation matrices.

Proof. Similarly to the proof Theorem 2, assume for con-
tradiction that the transformations are quotiented in the
model, and yet there exist two different transformations
TP and T'? which are not separated by the states and
effects. Then, using Eq. (9),

<6i,T1p[5jD = <6i,T1q[5j}> Vi, j. (20)

Therefore, by Eq. (4), T'? and T represent opera-
tionally equivalent transformation procedures. This is
a contradiction, since operationally equivalent transfor-
mation procedures should have the same representation
in a model with quotiented transformations. O

6

Theorems 2 and 3 yield a necessary and sufficient condi-
tion for the preGPT to be fully quotiented, i.e., to form
a GPT model, as follows.

Corollary 4. Let rg = rank(Cg), rp = rank(Cipy), and
r11 = rank(Cy1)) be the ranks associated with a preGPT
given by the simultaneous factorizations,

Cg = AB’
C[p] =A'B (21)
Cmy=Y'0"

Then, the preGPT is a GPT iff,

rank(A4) = rg, (22)
rank(B) = rp, (23)
rank(Y?') = rqi. (24)

We have listed these flattenings, their factorizations, and
interpretations in Appendix A. Equations. (22), (23),
and (24) represent the separating power of the pairs
transformations-measurements, states-transformations,
and states-measurements, for all states, measurements
and transformations, respectively.

It is clear from Corollary 4 how to find such a GPT
model.

Algorithm 1: GPT Construction Procedure

1 Find a rank factorization of C[g) to obtain the
factors A and B’
2 Find a rank factorization of Clpj to obtain the
factors A’ and B
3 Pad the rows of A or columns of B with zeros at
the end such that the row-length of A matches
the column-length of B.
Construct the matrix ©' = AT @ B
Compute Y as C[Tl]@lT, where T denotes the
pseudoinverse
foreach 't = Y! do
Construct the matrix T by placing the first
rp entries of 1% into the first row, the next rp
entries into the second row, and so on

SN

g o

Lemma 5. Let rge = rank(Cg)) and rp = rank(Cip).
The minimum GPT dimension that can model the op-
erational theory is max{re,rp}, which is the mazimum
Tucker rank component.

Proof. Algorithm 1 proves the existence of a GPT model
of this dimension. To see that this is minimal, con-
sider the first two steps of this algorithm. In the first
step, rank(A) cannot be less than rank(Cfg ), therefore,
since the effects are the rows of A, they cannot span a
space of dimension less than rank(Clg)). Similarly, we see
from the second step that, since the states are columns
of B, they cannot span a space of dimension less than
rank(Cp)). Therefore, the GPT dimension must be at
least max{r.,rp}. O



Example 4. 2D Toy Theory: GPT A possible
GPT model for C?P is given by,

1 0 1
11 -1 0
A—§10—1’
11
1 00

T%'=10 0 1},
0 -10
1 0 0
TZ?=10 -1 0 |,
00 —1
(25)
10 0
T =(00 —-1],
01 0
100
T =(010],
001
101 1 1
2 2 2 2
B=|-i i i-
1 _1 1 1
4 4 4 4

The unit effect of this GPT is given by the sum
of the rows of A, which is u = (2 0 0). Since
rank(A) = rank(B) = 3, and each mode-T! slice
of C?P is rank-3, the GPT states and effects are
fully quotiented.

To verify that the GPT transformations are fully
quotiented, we note that the first row of each of
the first three mode-T* slices, C2JD , is given by,

CYll::(1 33 1)3
Ciz=(3311), (26)
013::(3 11 3).

By inspection, these are linearly independent,

therefore the span of the C';. matrices is at least
3-dimensional. Then, since

Tll _ T12 + T13 _ T14 — O7 (27)

the span of transformation matrices is at most
3-dimensional, proving that the GPT transforma-
tions are fully quotiented.

B. Ontological Models of PT'M Scenario

1. General Ontological Models

An ontological model provides a realistic interpreta-
tion of the operational theory through its probabilistic
structure. It is described by an underlying ontic vari-
able space A which we assume to be finite-dimensional,
and spanned by a finite set of discrete ontic points {\;}.
Here, each \; represents a definite state of the system, in
which all of its properties are predetermined.

In this model, a preparation P; prepares the system in
a random ontic point according to some probability dis-
tribution ui(Aj), representing an agent’s limited knowl-
edge of the true state of the system. Being a probability
distribution, u’()\;) satisfies > p'(A;) = 1. Each trans-
formation T} in the ontological model is represented by
a stochastic map I'** : A — A. In the linear-algebraic
formalism, these are represented by stochastic matrices
encoding transition probabilities between ontic points,
Fli(/\k|/\j)7 with Zk FM()\H)\J) =1

Finally, if the system is in the state A; just before the
measurement M; with possible outcomes {Ej}, is per-
formed, the outcome k occurs according to a probability
distribution &7%();). The function &% is known as a re-
sponse function and satisfies >, &/%();) = 1 for all A;.

Lemma 6. An ontological model is a preGPT model with
only nonnegative entries, up to a positive rescaling.

Proof. We can represent each ontic point \; as the ith
cartesian unit vector of a |Al-dimensional vector space.
Therefore, we can represent the probability distribution
i as a nonnegative stochastic vector. As mentioned, we
can represent I''* as a stochastic matrix, such that F,lcg is
the transition probability from A; to Ax. Finally, we can
represent £¥ as a nonnegative vector, where JE; M £,
is the vector of all ones, which is the unit response func-
tion.

This has the same structure as a preGPT. The only ex-
tra constraints are that all elements are nonnegative, and
the constraint on the form of unit vector, which guaran-
tees the correct normalization.

Given any nonnegative preGPT model, C.;. = AT' B
one can efficiently convert this to an ontological model
using positive diagonal rescalings, as follows,

ATYB = (AD)(D™'TY D')(D'~'B) (28)
= RI'YVE, (29)

where D and D’ are positive diagonal matrices which are
chosen such that the column sum of AD is the total num-
ber of measurements, and D'"'B is column-stochastic.
Then, since the column sum of C.;. is the total number
of measurements, D~'T' D’ will be column-stochastic.
Here, R is the matrix of response functions and E is the
matrix of epistemic states. O



Example 5. 2D Toy Theory: Ontological
Model A possible ontological model for C%P is

R= ]14><47
j 4
lelg = 5[ilk, j—1> (30)
E=CF,

where (56[147117 =1if a=b (mod 4), and 0 otherwise.
The unit response function is the sum of rows of
R, which is the vector of all ones.

2. Noncontextual Ontological Models of PT*M Scenario

We are now ready to demonstrate how our formalism
captures the notion of generalized noncontextuality [1]
in PT!M scenarios. By definition, an ontological model
is noncontextual precisely when it assigns identical rep-
resentations to all operationally equivalent procedures,
ie.,

P12 Py & ) = P2,
Bi 2By & ) =), (31)
Th o Tk & 0™ = (™2,
Comparing these with Eq. (18), it follows from our frame-
work that a noncontextual ontological model (NCOM) is
simply an ontological model that is also a GPT. This
means that for a PT!M scenario, the matrices of epis-
temic states E, response functions R, and row-flattened
stochastic maps I''? satisfy
rank(R)
rank(E) = rank(Cipy), (32)
rank(G') = rank(Cjr1y).

Il
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The above conditions are the generalization of the
equirank conditions introduced in Ref. [22] for PM sce-
narios. The violation of the first, second and third line
of Eq. (32) imply measurement, preparation and trans-
formation contextuality, respectively.

Example 6. 2D toy theory: Noncontextual
Ontological Model. A noncontextual ontologi-

cal model for C?P is

1100
1{0110
R*E*§ 0011]°
1001
1100
1{o110
1n_ L
"=3loo011]
1001
1001
1{1100
12
“=slo110)]: (33)
0011
0011
1{1001
13 __
I“=35l1100]
0110
0110
1{o011
14
" =511001
1100

The unit response function is the vector of all ones
as required.

To see that this model is noncontex-
tual, observe that rank(R) = rank(F) =
dimspan({T'1, T'12 T'13 T14}) = 3,
which matches rank(4) = rank(B) =

dim span({T1*, T2, 73, T1*}) from the GPT
model in Eq. (25).

8. Complezity of computing NCOMs in PT'M Scenario

Equation (32) identify necessary and sufficient condi-
tions for an ontological model to be noncontextual. In
this section, we tackle the problem of finding nonnega-
tive factorizations of the COPE tensor that satisfy these
conditions. To do so, it is helpful to use a geometric
interpretation of these equations.

We start with a geometric interpretation of the real
factorization of a nonnegative matrix, adapted from
Lemma 5 of Ref. [25]. For a nonnegative matrix C' with
a real factorization C' = AB, the columns of B are in-
terpreted as the vertices of a polytope B, and the rows
of A are interpreted as the facet inequalities of a poly-
tope A. For a column b; of B, Ab; = C;; > 0 and
> (Abj); =>,Cij =1, so b; € A. Hence all vertices of
B lie in A, i.e., B C A. This leads to a lemma regard-
ing the geometric interpretation of RNMF due to Gillis
and Glineur [26] as follows. Note that, here, without loss
of generality, we have restricted the inner dimension to
r = rank(C).

Lemma 7. Let C be a matriz of rank r and column



sum [ with a real factorization C' = AB of inner dimen-
sion r. Define the polyhedron A = {x € rspan(A)|Azx >
0,>""_,(Az); = I} and the polytope B whose vertices are
the columns of B. Then, there exists an RNMF C = RE
of inner dimension k with rank(R) = r iff there exists a
nested polytope G C rspan(A) with k vertices such that
BCGCA.

Proof. First assume that such a G exists, and let G be
the matrix whose columns are the vertices of G. Clearly,
G C Aimplies AG > 0. Since B C G, each column of B is
in the convex hull of the columns of G. Therefore, there
exists a nonnegative matrix F such that GE = B. Then,
defining R := AG, we have RE = AGE = AB = C.
We know rank(R) = r since rank(4) = r, and R has
k columns, therefore, C' = RFE is an RNMF of inner
dimension k.

For the reverse direction, let C' = RE be an RNMF
of inner dimension k. Then, since rank(R) = rank(A),
there exists a matrix G such that R = AG and
cspan(G) = rspan(A). Now, we have RE = A(GE).
Since cspan(GE) = cspan(G) = rspan(4), we can iden-
tify GE = B. Therefore, B is in the convex hull of the
columns of G. O

We notice that an RNMF is always possible when k
equals the number of vertices of A. In this case, the in-
termediate polytope of the above proof, G, is chosen to be
A, which guarantees that B C G. We call this RNMF the
extremal RNMF with the restricted nonnegative matrix
factor R.

Lemma 8. For an m x n nonnegative matriz C of rank
r, there exists a rank-r nonnegative matriz R, which we
call the extremal factor, depending only on C'. Moreover,
for any RNMF C = RE, R can be written as R = RM,
for some nonnegative M. This R has m©") columns,
and the complexity of computing it is at most mC") +
poly(m, n).

Proof. We will give a constructive proof of the existence
of such a matrix R. We can assume w.l.g. that C has
a column sum of some integer number /. Given a rank
factorization C = AB, define the polytopes A and B as
in Lemma 7.

We first show that A is bounded. Assume for con-
tradiction that there exists a set of points x + ty in
A, for some fixed nonzero vectors x,y, and a scalar
t > 0. Clearly, >'_;(A(x + ty)); = [ requires that
i 1(Ay); = 0, for r := rank(C). Therefore, given that
Ay # 0, Ay contains a negative element. This means that
A(z +ty) contains a negative element for large enough ¢,
which is a contradiction.

Given that A is bounded, any nested polytope G is in
the convex hull of the vertices of A. Let G be the matrix
whose columns are vertices of A. Then, any G as defined
in Lemma 7 can be written as GM, for some nonnegative
matrix M. Therefore, defining R := AG, we have that
any R = AG for some G, can be written as R = RM, for
some nonnegative matrix M.

It is known that vertex enumeration of a polytope with
m facets in 7 dimensions has complexity m©(") and the
number of vertices is m©(") [27]. The complexity of com-
puting the rank factorization C = AB is poly(m,n),
hence the complexity result. O

Using a similar argument, if we instead restrict the rank
of the second factor, we can analogously construct an
extremal matrix, E. The computational complexity of
this construction is n°).

Corollary 9. For an m X n nonnegative matriz C of
rank r, there exists a rank-r nonnegative matriz E de-
pending only on C. Moreover, for any RNMF of CT,
CT =ETRT, E can be written as E = M'E, for some
nonnegative M. This E has n®(") columns, and the com-
plexity of computing it is n°") + poly(m,n).

Now, we can use Lemma 8 and its corollary to decide
if an NCOM of an operational theory exists, and to com-
pute one if so.

Lemma 10. It can be decided whether an operational
theory with np preparations, ng measurement events, nti
transformations, and maximum Tucker rank component
r of its COPE tensor admits a noncontextual ontological
model in time poly((ngnp)®"), nr1).

Proof. We first observe that for an ontological model
given by response function matrix R, epistemic state ma-
trix E, and stochastic transformation matrices {T'**};T],
the slice of the COPE tensor given by RI'''E can always
be written in terms of extremal factors as R(MTYM')E,
for some nonnegative M and M’. Therefore, the M and
M’ matrices can be absorbed into the I''* matrices. The
transformation I''" — MTY M’ is a linear transforma-
tion of T'%. This means that if {I''*};7] is a noncon-
textual representation of the transformations, then so is
{MTYVM'}/T} . Therefore, it can be assumed without loss
of generality that R = R and E = E.

Then, to decide if the COPE admits a NCOM, first
find the extremal factors R and E, which have at most
n(ED(T) <P?(f’)

columns and at most n rows, respectively.

Also, the complexity of this step is n(E)(T) + ng(r)
these factors, construct the (ngnp)©) x ngnp matrix
of input-output transitions J! = RT ® E. Now, the
problem of finding a NCOM can be reduced to finding
the matrix of vectorized stochastic matrices G satisfy-
ing G'J' = Cpry and rank(G') = rank(Cfr1)). Define
GY = C[Tl]ﬂ, where JT is the pseudoinverse of J. Obvi-
ously, rank(G’) = rank(Cp)). It follows that finding the
matrix G is equivalent to finding a shear matrix @) of the
form [25],

. From

p k—p

Q=1Trk+ Y > Diya'b, (34)

i=1 j=1
such that
GVQ >0, (35)



wherein {a'T,...,a”"} is an orthonormal basis for the
columns of J', {b!,...,b(*=P)} is an orthonormal basis
for the left kernel of J!, p is the rank of J', k is the
number of rows of J!, and D is a real matrix to be found
via optimization. It is immedite given the forms of @) and
G" that

GYQJt =GV I, (36)
rank(G"Q) = rank(Cr1y), (37)

therefore, the choice
G'=G"Q (38)

is a valid solution for G!. Assuming this choice for G,
the conditions for this matrix D can be written as linear
inequalities, therefore, it can be found via a linear pro-
gram. In particular, each entry of G! corresponds to a
linear inequality (nonnegativity) and is a linear function
of GV, D and the a’ and b’ vectors. There are knyi many
of these inequalities and poly(k,nt1) many variables,
where k = (ngnp)®("). Therefore, the total complexity of
solving this linear program is poly((ngnp)°™, nm). O

In fact, we can argue for a tighter complexity bound in
the above proof. For procedure O, let ro be the rank of
the mode-O matricization of C. Then, using Lemma 8,
E has n(P)(TP) rows, and R has ng(rE) columns. Con-
structing J! from these extremal factors yields a matrix
with poly(np,ng)"8 ™ rows. Then, the matrix G* would
have dimensions n1 x poly(np, ng)"8 . Therefore, find-
ing a nonnegative solution for G* would have complexity
poly(nr1) poly(np, ng) ="

For simplicity, in higher-order scenarios in the coming
sections, we will discuss complexity simply in terms of
the minimum GPT dimension r, rather than the various
ranks of matricizations of the COPE tensor. Neverthe-
less, it is worth noting that these ranks can be used to
tighten the complexity bounds via similar arguments as
above. This may be useful in cases where many of these
ranks are small.

IV. Contextuality of PT'T?M Scenarios

The natural extension of the PT'M scenario is the
PT!T2M in which there are two sequential stages of trans-
formations. In this case, the probabilistic structure of the
operational theory is given by a COPE 4-tensor where its
last dimension encodes the recipes for the second trans-
formation stage.

For a PT'T2M scenario with COPE tensor C, a GPT
model is given by an effect matrix A, a state matrix B,
and transformation matrices {7%} and {T2*}. Then, C
admits the factorization,

Cijm = A THT* B, (39)

The resulting tensor can then be flattened as follows. The
successive composition of T! and T2 with preparations re-
sults in the equation Cg) = AB”, while their composition
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with measurements gives the equation Cjg) = A”B. Sim-
ilarly, composing the first transformation stage, T!, with
preparations yields the equation Crip) = AB' and com-
posing the second stage, T2, with measurements yields
the equation Clgrs) = A’ B. Furthermore, we denote by
©! the Kronecker product of A and B’, by ©2 the Kro-
necker product of A’ and B, by Y! the matrix of row-
flattened T matrices, and by Y? the matrix of row-
flattened T2* matrices. These result in the equations
Crrp = Y'0? and Ci2) = Y2©!. Then, the conditions
for the decomposition to correspond to a GPT can be
given as,

) = rank(AB"),
rank(B) = rank(A” B),
Y?') = rank(Y'0?),
Y?) = rank(Y?0").

(40)

This set of equations, when satisfied, guarantees that the
sets of states, measurement effects, and transformations
at each stage are completely separated. This ensures that
each is represented uniquely in the model, as required by
a GPT.

Similarly to the previous section, an ontological model
of this scenario is given by a response function matrix R,
and epistemic state matrix F, and nonnegative stochas-
tic transformation matrices {I'*/} and {I'>*} represent-
ing 7' and T2, respectively. Then, G' is the matrix
of row-flattened 'Y matrices, and G? is the matrix of
row-flattened I'?* matrices.

When finding a NCOM of this scenario, the extremal
response function and epistemic state matrices, R and
E, respectively, can be defined by inputting Clg into
Lemma 8, and Cpj into Corollary 9. However, there is
no analogous extremal G' matrix. To see this, suppose
there exists a G' such that for any choice of G, there
exists a nonnegative M? that solves G! = G'M?3. Now,
the rows of G are the row-flattenings of a set of nonneg-
ative matrices {I'*/} which represent a set of first-order
transformations, and there exists some set of nonnega-
tive matrices {I''/} whose row-flattenings are the rows
of G'. Then, M3 is equivalent to a general linear map
from one set of matrices {I''/} to another, {I'*/}. This
linear transformation cannot necessarily be written as
'YV — 'Y M, for some nonnegative M. Since only linear
transformations on {'"J} of this form can be absorbed
into the I'** matrices, there does not generally exist an
extremal noncontextual ontological representation of 7!,
{T'Y}, thus there exists no general G matrix.

Similarly, by symmetry, there also exists no general G
matrix, therefore we cannot isolate single layer of proce-
dures whose representation needs to be optimized, the
representations of 7' and 72 must be optimized simul-
taneously. It follows that our linear program cannot be
extended to provide a full decision procedure for the con-
textuality of PT!T2M scenarios.

A sufficient but not necessary condition for the contex-
tuality of a PT!T2M scenario can, however, be derived by



considering higher-order transformations that subsume
sequential transformations as shown in Sec. V B.

V. Higher-order Scenarios
A. General case

We extend our formalism to operational theories with
different causal structures, rather than just one stage
of transformations, in particular, the nested PT2[T!]M
scenario. Here, T2[] is a second-order transformation,
meaning that it acts on the system’s transformations.

In a GPT model, the representations of preparations,
measurements and T! transformations are represented in
the same way as for the PT'M scenario. The T2 transfor-
mations are represented by 4-tensors, denoted T2¢, which
map matrices to matrices. The transformed T! trans-
formations, T2[T!], are represented by matrices denoted
T given by T/L = Dz T3.,.T,:. That is, T"'" is
the new first-order transformatlon which arises after ap-
plying the jth second order to the ith first-order. We
can assume without loss of generality that T and T"'%
have the same dimensions, because if not, zero padding
can be used without violating the GPT conditions.

The probabilistic structure of such an operational the-
ory is represented by a COPE 4-tensor C, given by

= > ATy Ty Bap.  (41)

wryz

Cijip = A T"'B

Like in the single transformation stage case, such a fac-
torization is equivalent to factorizations of flattenings of
C. Two such flattenings have the same form as before,
given by

1. Cg) = AB' where each possible product of a prepa-
ration and a combination of transformations is rep-
resented by a column of B’.

2. Cip; = A’ B where each possible product of a combi-
nation of transformations and a measurement out-
come is represented by a row of A’.

The factorizations of the mode-T' and mode-T? flatten-
ings, C11) and C/t2), respectively, are constructed below
in terms of the matrix Y! of row-flattened T'* matrices,
and the matrix Y2 of row-flattened T%* tensors.

For an index ¢, denote by d; the maximum of gq. Then,
Cl1) is factorized as follows:

u=(y—-1)d: +z
vzi—&-d'(( —1)+d (1-1)),

Z Z AZU} wgcyz ﬂ"p’ (42)

1
(YD) Tyi,
Cmy=Y'0%

11

Similarly, for Cr,

s=(((w=1ds+ (@ —1)dy+(y—1)d: +2z,
t=i+di((G—1)+d;(p-1),
elt = Aiw yli By,
(Y2)ls = T1121lacyz7
Clr2) = Y2 ol
(43)

We emphasise that the above equations are included for
completeness, and essentially amount to bookkeeping of
indices.

We now know all the flattenings of the COPE tensor
in a PT2[T!]M scenario for which a GPT model must
provide a rank-restricted factorization. Explicitly, the
conditions of a GPT model of a PT?[T!]M scenario are
as follows:

rank(A) = rank(Cig)),
rank(B) = k(C 1)
rank(Y!) = nk(Cipy), (44)

rank(Y?) = rank(C[Tz] ).

This allows us to construct a method to decide if the
scenario admits a NCOM. Recalling that a NCOM is sim-
ply a nonnegative GPT model (up to positive rescalings),
so we represent the analogous parts of the model with R,
E, TY T2 G G2, J' and J? instead of A, B, T, T,
Y!, Y% O! and ©2, respectively. Then, for the sake of
clarity, a NCOM must satisfy,

rank(R) = rank(Cig), (45)
rank(F) = rank(C[p]) (46)
rank(G') = k(C[Tl ), (47)
rank(G?) = rank(Cprsy). (1)

Also, we will use,

J; = Riw I} Eqp, (49)
uv Z Z le Fiil:cyz zp» (50)

where,
s=((w—=1)dy+ (z—1))dy +(y —
t=i+di((j—1)+d;j(p—1),
u=(y—1)d, + z,
v=i+di((p—1)+d,(l-1)),

and as before, for an index ¢, d, is the maximum of q.
Now, we are ready to prove the following theorem.

1)d. + 2,

Theorem 11. It can be decided whether an operational
theory with np preparations, ng measurement events, nti
first-order transformations, nt2 second-order transfor-
mations and maximum Tucker rank component r of its
COPE tensor admits a noncontextual ontological model
in time poly((ngnpnt)©T) ny2).



Proof. Given a NCOM of the scenario, we can assume
R = R and E = E are the extremal restricted nonnega-
tive factors.

This is because if R = RM' and E = EM? for
M?', M? >0, we can absorb M' and M? into the repre-
sentation of T?[T!] without violating any nonnegativity
or rank constraints. Then, using Eq. (47), we can assume
G' = G, the extremal factor of G'. This is because if
G' = G'M? for M3 > 0, M3 represents a nonnegative
linear transformation of the I'' matrices, which can be
absorbed into the representation of T2 without violat-
ing any nonnegativity or rank constraints. Therefore, we
only need to optimize the representation of T2, i.e., the
G? matrix.

A tensor network diagram of how the COPE tensor C'
is composed from R, E {I'**} and {I'*}, using the rep-
resentation of tensor networks introduced in Ref. [28], is
given in Fig. 2. It can be seen in Fig. 2 that any non-
negative linear transformation of R, E or I''* that acts
on indices that are summed over can be instead absorbed
into I'%J.

To find a solution for G2, the process is the same as in
Section III B 3. That is, define G¥ = C[Tz]J”, where -f
denotes the pseudoinverse. The next step is to search for
a shear matrix @ of the form,

p k—p
Q=1lpk+Y_ > Dya't', (55)
i=1 j=1
such that
G?Q >0, (56)

wherein now {a'T,...,a”"} is an orthonormal basis for
the columns of J*, {b", ..., b(* =)} is an orthonormal basis
for the left kernel of J', p is the rank of J', k is the
number of rows of J!, and D is a real matrix to be found
via optimization. Then, the choice G? = G¥(Q is a valid
solution for G2.

Now, we consider the complexity of deciding the con-
textuality of a PT?[T!]M scenario with np preparations,
ng measurement events, nt1 1! transformations, and nr2
T2 transformations. Let r be the minimum GPT dimen-
sion of the operational theory. Then, using Lemma 8§,
E has ng(r) rows, R has ng(r) columns, and Y! has
n.?l(r) columns, therefore, by constructing J! from these
extremal factors, it would have poly(np, ng,nt1)" rows.
Using this choice of J', the matrix G? would have dimen-
sions nt2 x poly(np,ng,nt1)", therefore, optimizing G*
would have complexity poly(ntz) poly(np,ng,nt1)". O

The result can be extended to scenarios with
even higher-order transformations in the obvious way.
For example, in the P(T?[T2])[T!|M scenario, where
T3 is third-order, the complexity would become
poly((nenpnrinT2)C) nrs).

In this case, the flattenings can be found in the same
way as before in order to find the extremal factors E, R,
G', G?. Then, only G® has to be optimized.
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FIG. 2. Tensor-network diagram in the style of [28]: R (left)
and E (right) each connect by a single leg to I'% (center); T
(top) contracts with I/ via two legs.

Of course, this can be extended to a more general sce-
nario with k transformation stages, one stage for each
order of transformation, up to kth order. This would
be written as a P(...(T*[T*~1])...[T?])[T!]M scenario, and
the COPE of this would be a (k+2)-tensor. The complex-
ity of deciding contextuality in this general case would
be poly(ntx ) poly(np, ng, nr1, ..., npe—1 ) F+27 where 7 is
the minimum GPT dimension.

B. PT!'T?M Scenario in the Higher-Order Picture

In order to derive a contextuality condition on PT!T2M
scenarios, we observe that they can be viewed as a special
case of PT2[T!]M scenarios. In particular, we construct
a mapping from models of PT!T2M scenarios to models
of statistically identical higher-order scenarios.

Lemma 12. Suppose a preGPT model of a PT!T2M
scenario represents the preparation, T'-transformation,
T2-transformation, and measurement procedures by A,
{TY%}, {T?7}, and B, respectively. Then there exists a
PT2[T!]M scenario with the same COPE tensor, together
with a preGPT model, such that A, {T**}, and B repre-
sent P, T1, and M, respectively, and such that the repre-
sentation of T2 is

Proof.
2] 14 25l

Z Tw]a:szyz = Z 6102/ Tz:g Tyz

Yz Yz
DL

. (58)

SIEE
= (THT%),p.

Therefore, under the assumed models, the two scenarios
have the same COPE tensor. O

Furthermore, we use the following lemma to construct
NCOMs of the higher-order scenario.



Lemma 13. Suppose a (pre)GPT model is given for
a PTIT2M scenario. Suppose also that it induces a
(pre)GPT model for the associated PT?[TYM scenario
with the same COPE, using the same representations for
P, M, and T, and with Tfjwyz = 0yuy T2. Then the rep-
resentation of T2 is quotiented iff the representation of
T2 is quotiented.

Proof. We denote by 72 and T2 the sets of T2 and T2
transformations, respectively. _

Firstly, for any T%, TYT% and T% [T are statisti-
cally indistinguishable for all T'* by assumption.

Secondly, the map T% + T2 is linear and bijective,
hence it preserves linear relations. It follows that the
former GPT model identifies operationally equivalent el-
ements in span(7?) iff the latter model identifies opera-
tionally equivalent elements in span(772). O

Now, we can derive a theorem that relates the contex-
tuality of sequential transformations to the contextuality
of higher-order transformations.

Theorem 14. Given a PT'T?M scenario and corre-
sponding PT2[TYIM scenario, if the PT2[TYM scenario
does not admit a noncontextual ontological model, then
neither does the PTIT2M scenario.

Proof. Using Lemma 13, if the PT!T2M scenario admits
a noncontextual ontological model, then using the map-
ping in Lemma 12, there exists a noncontextual ontolog-
ical model of the PT2[T!]M scenario. Then, the result
immediately follows. O

The significance of the above theorem is that it pro-
vides a nontrivial sufficient but not necessary condition
for the contextuality of PT'T2M scenarios. The time
complexity of this is at most singly exponential in the
Tucker rank components and polynomial in the number
of procedures in each stage. This is much faster than de-
ciding contextuality exactly in general, which as far as we
know, requires nonlinear optimization (see the conclusion
of Ref. [23]). It should be noted that this condition is in-
equivalent to the other known sufficient but not necessary
conditions for the contextuality of a PT!T2M scenario.
One such example is shown in Ref. [23], which consists of
absorbing consecutive stages of procedures into one pro-
cedure to get a new PT'M scenario, and deciding if the
resulting operational theory is contextual.

VI. Application to Known Toy Models
A. 8-state Model for Single Qubit Stabiliser

To see that the criteria of Corollary 4 certify that a model
is noncontextual, we can test them on some known ex-
amples. In particular, the presence of transformation
contextuality in the single qubit stabiliser subtheory has
been noted in [24] and briefly in [23].
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We first define the ontological model that was used
in the former. Consider a single qubit on which we can
perform certain stabilizer operations. The only measure-
ments and preparations available are the Paulis M =
{X,Y,Z}, and their 41 eigenstates P = {XT Y+ Z*}.
In this case, the only allowed transformations are 7 =
{T1,T2,Ts, Tg-1}, where S = v/Z is the phase gate. In
particular, T4 corresponds to conjugation by the gate G,
which we denote by the channel 7(¢)(.) := G(-)GT

As usual, we call our ontic space A, and the size of the
ontic space is s := |A|. The epistemic state representing
the £ eigenstate of operator X will be ux+ (), and the
corresponding event will be £x+ (A). The channels, such
as 7(9) | are represented by transformation matrices ().

Now, any pair of +1 eigenstates for a fixed Pauli are
single-shot distinguishable (SSD), which means that there
is a single measurement which discriminates them with
certainty. For insance, if you know that a given state
|1)) belongs to the set {|0),{|1)}}, then a measurement
of Z will determine [¢)) with certainty. As noted in
Ref. [1], any two states which are SSD must be repre-
sented by orthogonal epistemic state vectors. This is be-
cause >, €¥(X\) = 1 VA for any complete measurement,
SO

Ez+(N) +E2-(\) =1 VYA

Therefore, if uz+ and pz- shared any support, no mea-
surement {{z+,&z-} could distinguish them with cer-
tainty.

This observation allows us to split A into 8 disjoint
subspaces:

Aeyz = Biatax) VA 4y NALat2z),  (59)

where (2,7, z) € { £}°; the +1 eigenstate of X is X+ =
1(1+ X) and so on. These subspaces define the shared
support of any triplet of eigenstates for the X,Y, Z oper-
ators. For instance, supp(px+)Nsupp(py+)Nsupp(pz+)
is disjoint from supp(ux-)Nsupp(uy+)Nsupp(pz-), ete.
The reason for this is simply that, for any Pauli, the +1
and —1 eigenstates are SSD. For instance, a measurement
of X any two states which are must have disjoint sup-
ports in a noncontextual ontological model [1]. However,
we also know that a measurement of X ona Y or Z eigen-
state yields +1 or —1 with probability 1/2. Therefore,
eigenstates of different Paulis must share some support.
Now, given that there are 8 disjoint subspaces, it is
easiest to define a model with s = 8, since any larger
model will inherit essentially the same structure. More
precisely, each ontic state A\ = (x,y,z2) € {i}3 labels
whether or not that ontic point is in the support of the
corresponding eigenstates. For instance, choosing

)\1:+++7)\2:7++7>\3:
)\5:+__a)\6:_+_7)\7

+ -+, N
__+7)\8

=++-,

(60)

then A is the unique shared support of the +1 eigenstates
of X,Y and Z. Preparing the 1 eigenstate of X, for



instance, corresponds to choosing all ontic points where
x=+1[24]:

1/4 A€ {)\1,/\3,/\4,)\5}

61
0 otherwise. (61)

px+(A) = {

Therefore, px+ has equal support everywhere where x
is +1, which also guarantees that in y and z it is an
equal mixture of +1 and —1. That is, the model inherits
the structure of the mutually unbiased bases it describes.
The corresponding effect x+ is easily defined:

1 Aesu
Ex+(N) = P(jix+) (62)
0 otherwise.

so that (€x+(A), ux+ (X)) =1, i.e., the probability of ob-
serving outcome + when measuring X on its + eigenstate
is 1.

This assignment of epistemic states and response func-
tions is manifestly noncontextual. The only operational
equivalences are

1 1 1
S XTHXT) = (VFHYT) =5 (254 27).
By construction,
1 1
5 (hx+ + px-) = 5 (Hy+ + py-) = 3 (hz+ + pz-)

clearly holds. It was noted in Ref. [24] that building
preparation noncontextuality into this model inevitably
leads to transformation contextuality. Our criteria cor-
roborate this in what follows.

With descriptions of states and measurements in place,
it is easy to see that conjugation by any of the gates must
be represented by a permutation matrix. For instance,
conjugation by Z must be represented by a permutation
matrix whose action is T%) : (z,y,2) = (=, —y, z) and
so on. No other representation is capable of replicating
the statistics [24].

We first consider a PT'M scenario with preparations,
transformations and measurements belonging to the sets
P,T! and M respectively. There is only one nontrivial
operational equivalence present in the set of transforma-
tions [23]:

1

L2+ () = 5

: ()t (), (63

therefore, transformation noncontextuality demands

1 1 -

S0P +1M) = S 4 1 . (64)
We call the 8 x 6 epistemic state matrix E, containing
the Pauli eigenstates, and the 6 x 8 response function
matrix R, containing the corresponding projective mea-
surements. Using these alongside the four 8 x 8 transfor-

mation matrices T'%), T T and T'5™) we can form
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our 6 X 4 x 6 COPE 3-tensor. Since we began with the
ontological model, and used it to construct the COPE,
we already have the factor matrices R and E. For the
transformation factor matrix G1, we flatten every trans-
formation matrix into a 1 x 64 vector and place them into
a matrix G, as described earlier. We indeed find that

rank(Cig)) = rank(R) =4,
k(C ank(E) =4,
rank(Cip) = rank(E) )
rank(Cr1)) = 3,
rank(G') = 4,

which means that the transformations are not repre-
sented noncontextually. We emphasize as in Ref. [24],
that this is a result of enforcing a noncontextual rep-
resentation of preparations. Also, although we started
with the ontological model, in principle the rank crite-
ria allow us to certify contextuality without knowing the
operational equivalence in Eq. (63).

Witnessing contextuality in this model required only
{1,7,5,57 !} - indeed one could replace Z with any
Pauli and S with its square-root to see the same result,
as the equivalence in Eq. (63) would be unchanged. The
reason that the model is contextual is because the sym-
metries of the Bloch sphere cannot be represented clas-
sically. Explicitly:

I (2,y,2) = (2,9, 2),
. (z,y,2) = (—z, -y, 2), (66)
P (2,9, 2) = (y, —, 2),

IO (2,y,2) = (~y,2.2),

so that the equivalence in Eq. (63) is forcing a parity-
preserving operation to have the same representation as
a parity-reversing one.

The transformation contextuality pointed out in
ref. [24] arose from a different operational equivalence,
but for the same reason. Here, the authors instead con-
sidered all Paulis and the Hadamard gate, which we de-
note as 7' = {T1,Tx, Ty, Tz, Ty} Defining the depo-
larizing channel as:

LAO1+ XOXT 1YY+ 2()20),

() = 1

(67)
= 7m0 +7x() +7v() +72()),

one can see that, since it is a convex mixture of Pauli
operations, it is parity-preserving. Its ontological repre-
sentation must be the corresponding convex mixture:

(o) _ i(r‘(]l) + T 410 4 @), (68)

which is also parity-preserving. As 7p(p) =1/2V p, one
may also define:
Hrp(-)HY

/() = =7u(7p(+)),



m1(tp(-)) ~ (7D (")), (69)

where clearly 7pr = 7p since Tp/(p) = 1/2 V p as
well. However, the Hadamard is parity-reversing, I'F) :
(x,y,2) = (2,—y,x), and so [P = pETMP) £ (D),
Once again the contextuality arises because the ontolog-
ical model cannot encode equivalences between parity-
reversing and preserving operations. In this case, the
equivalence in Eq. (69) is defined across two stages of
transformations.

With this in mind, we now define a PT!T2M sce-
nario. Specifically, we form a COPE 4-tensor result-
ing from the same preparations and measurements, and
the transformation stages 7+ = { Ty, Tx, Ty, Tz } and
T2 = {Ty, Ty }. The matrices representing each trans-
formation stage, G' and G2, are formed as before by
vectorising the transformation matrices in stages 7' and
T2, and placing them into matrices G', G2. Despite the
fact that TUDTP) £ T(P) we find:

rank(Cig)) = rank(R) = 4
rank(Cip)) = rank(E) = 4

rank(Cr1)) = rank(G1) = 4,
rank(Cprz)) = rank(Gz) = 2.

)

(70)

In other words, our rank criteria deem this scenario non-
contextual. In fact, this is to be expected — used in
this way, the criteria cannot recognise ‘composite equiv-
alences’ of the form 7y (rp(-)) ~ 7 (7p(:)). Any dis-
tinct choice of transformations from each stage does
indeed result in a unique set of statistics, hence why
G',G? and the corresponding flattenings are full rank.
If, however, we place all transformations in a single stage
T={T1,Tx, Ty, T2, T, Tux, Ty, Tuz } we find in-
stead:

rank(Cpg)) = rank(R) = 4,

rank(Cip)) = rank(E) = 4, (1)
rank(Cpr)) = 6,

rank(G) = 8

This implies that, among the transformations, there are
two (independent) operational equivalences which are not
respected at the ontological level. Alongside Eq. (69), we
can also find:

(HXpXTHY + HZpZ 'H") = Z(1p1 + YpY'T)

| —

1

2
— Slrx() 4 T O] ~ )+ (]

(72)

as before, the LHS is parity-reversing and the RHS is
parity-preserving, so the ontological representations are
not equivalent.

The fact that there is no rank separation when the
stages T, T2 are considered separately, but there is when
they are absorbed into a single stage, implies that the
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contextuality arises only from ‘composite equivalences’
of the form

T°T' ~ 72T (73)

This underlines the fact that contextuality is dependent
not only on the procedures available in the operational
theory, but also at what stage each one is available;
that is, which procedures are considered to be ‘atomic’
vs. composite. For scenarios with many transforma-
tion stages, one could use the same ‘absorbing procedure’
to determine whether a noncontextual model remains so
when multiple stages are collapsed into one. In princi-
ple, this can also narrow down exactly where the con-
textuality arises. For instance if the model appears to
be noncontextual except when some stages 71,72, 73
are collapsed, then the equivalence which the model fails
to represent must be of the form T3T2T! ~ TB3T2T/!
— here, T?, T’ can be any transformations in the convex
hull of those in stage T°.

B. Spekkens’ Toy Model

Spekkens’ toy model is an ontological model which mim-
icks many features of quantum mechanics such as en-
tanglement, non-commutativity, interference and many
more, but, notably, not contextuality [29]. It is similar
to the 8-state model defined above, as it can also serve
as a toy model for a single qubit. In this case, though,
there are only four ontic states, A = {1,2,3,4} [29, 30].

The model is epistemically restricted by its own kind
of uncertainty principle, called the ‘knowledge balance
principle’, which limits the amount of information an
observer can gain about any system:

‘If one has maximal knowledge, then for every sys-
tem, at every time, the amount of knowledge one
possesses about the ontic state of the system at that
time must equal the amount of knowledge one lacks [29].’

For instance, suppose an observer wanted to ask ques-
tions to learn the ontic state of the system. This could
be achieved with 2 questions: if the responses to ‘is the
state 3 or 42’ and ‘is the state 1 or 8¢’ were No and
No, then they would know the state was 2, for exam-
ple. The knowledge balance principle prevents the ob-
server from answering both questions. At most, they can
have the answer to one of them. Therefore, there are 6
‘pure’ epistemic states representing maximal knowledge:
they are states which have equal weight on any two ontic
points. This is usually represented by disjunction; if the
observer knows the state is 1 or 2 the state is written
1V 2 — in the usual notation for epistemic states we may
write pive(A) = (1/2,1/2,0,0) and so on.

The measurements available are simply the questions
we used above, of the form ‘is the ontic state ¢ or j7° For
instance, ‘is the ontic state 1 or 27’ can be represented
by the measurement {1V 2,3V 4}; the first ‘event’ rep-
resents Yes and so acts like a projection onto 1V 2, the



second represents No and so acts like a projection onto
3V 4. Note that there are only three ways to partition
A into two equally sized pieces, hence the observer only
has 3 questions available to them.

These questions are the only way an observer can learn
about the state. Since the knowledge balance principle
restricts them to know the answer to only one question,
the only ‘mixed’ state, where knowledge is less than max-
imal, is 1V 2V 3V 4 — this means that the observer has no
information whatsoever. This can be ‘decomposed’ into
any (disjoint) pair of pure states, for instance

1v2v3v4d=(1v2)Vv(3Vv4)=(1Vv3)V(2V4)... (74)
or equivalently:
(1/4,1/4,1/4,1/4)

1 1
§(M1v2 + pigva) = §(M1v3 + plova) ... .
(75)

H1ivav3va

In this way we can consider each disjoint pair of ontic
states as a model for an orthogonal pair on the Bloch
sphere, with 1V 2V 3V 4 as the maximally mixed state
admitting multiple decompositions. In fact, these pairs
of states are also a toy model for the +1 eigenstates of
the Pauli observables, with the ‘questions’ corresponding
the observables themselves. This is closely analogous to
the 8 state model.

Another feature it shares with the 8 state model is
that the allowed transformations are permutation matri-
ces. Specifically, they are the 24 permutation matrices
associated with Sy, the permutation group of 4 elements.
It is useful to note that only 10 of the 4 x 4 transforma-
tion matrices are linearly independent. This is because
every row and column must sum to 1 - this amounts to
only 6 constraints (as the final row/column will be de-
termined by the others). Considering them as vectors in
R'6, placed under 6 constraints, only 10 can be indepen-
dent. With this in mind, we construct the COPE tensor
of 6 pure states, 24 permutations and 3 yes/no questions
(6 events), and find:

rank(Cig)) = rank(R) = 4,
rank(Cip)) = rank(E) = 4, (76)
rank(Cpry) = rank(G) = 10.

This is to be expected; the model is manifestly noncon-
textual, in particular because the multiple decomposi-
tions of the mixed state are already ‘built in’.

C. Information Loss and Transformation
Contextuality

The operational equivalence in Eq. (69) required the de-
polarising channel 7p to be defined in the ontological
model. This channel also exists in Spekkens’ toy model,
sending every state to 1V 2V 3V4; let us call it T’;"y. Let

J,, be the n x n matrix of 1s, so that T'(P)tev — Jy/4, the
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equal mixture of all permutation matrices, is the repre-
sentation of T!°Y in the ontological model.

It is obvious that one can manufacture a ‘signal’ of
transformation contextuality using this channel. As an
extreme example, suppose there is a stage of transforma-
tions consisting of only depolarising noise 7' = {TTBoy }
amongst the set of procedures. Then the rank of ev-
ery flattening of the COPE will be 1, while the ranks
of the matrices comprising the ontological model will be
unchanged. Naturally, this requires the observer to have
constructed their ontological model before the depolar-
ising stage was introduced. Therefore, one must argue
that this is not an instance of contextuality. The statis-
tics do not demand redundancy at the ontic level, but in-
stead the redundancy is introduced by a procedure which
destroys information. If the observer had mot built an
ontological model already, and was presented with com-
pletely uniform statistics (due to the depolarising stage),
then building a noncontextual ontological model would
be trivial.

On the other hand, this leaves open the possibility that
all operational equivalences are the result of some loss of
information. The same question was asked in Ref. [31]:
‘What hypothetical physical mechanism could be respon-
sible for the emergence of operational equivalences — the
fine-tuned feature associated with contextuality?”” We
can ignore this on the grounds that all the instructions
in an operational theory can be implemented by an ob-
server. If there is a hidden process giving rise to equiva-
lences, then by definition that process is not part of the
operational theory.

D. Necessity of Sequential Scenarios

We have seen that the presence of transformation contex-
tuality, as signaled by our rank-separation criteria, can
depend on the structure of the theory. Placing differ-
ent subsets of transformations in each stage can yield a
noncontextual model, but placing them all in one stage
can reveal contextuality. It is therefore natural to ask
whether we should ever separate transformations into
multiple stages, or simply place every possible transfor-
mation into a single stage.

To fully justify placing all transformations in one stage,
we must ensure that there are no cases where a model is
contextual over multiple stages, but noncontextual when
they are collapsed into a single stage. Surprisingly, these
cases do exist.

To see such an example, first consider the PT'M
scenario S;, given by Example 1, where each fixed-
transformation slice of the COPE tensor is given by,

1331
111133

2D _ —

C:l:_8 3113 (77)
3311



3311
111331
2D
C:Q:*g 1133 (78>
3113
3113
113311
2D
C:S: _g 1331 (79)
1133
1133
113113
2D __ -~
C:4: 78 3311 (8())
1331

Now, we prove that the only possible noncontextual on-
tological model is given by:

1100
110110
R=EF=510011 (81)
1001
1100
1{o110
1 _ 1+
=3loo011 (82)
1001
1001
11100
12 _ 1
"=21o110 (83)
0011
0011
111001
13_ 1
F_2 1100 (84)
0110
0110
110011
14
=3l1001 (85)
1100
A rank factorization of C2P is given by,
101 11 -1 -1
oD 0 —-11]|1
=12 gl )
0 1 1 2 2 2 2

=AB

Define the polytope P from the rows of A as P =
{z|Az > 0,>,x; = 1}, as in Lemma. 7.We find that
the extremal points are given by the columns of R. Us-
ing Lemma. &, this means that if a noncontextual model
exists, one exists with our current choice of R.

Using the same reasoning and symmetry, and Corol-
lary. 9, a noncontextual model also exists, which uses
our current choice of E. Therefore our choices of R and
E are the most general. Then, with these fixed choices
of R and F, it is clear from the sparsity patterns of C,
R and E that noncontextuality fixes the I''* matrices to
the form given above.
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Now we consider the PT'T2M scenario S, with fixed
transformation slices given by,

1331
111133 L
C:,ij:_g 3113 tti=l (mod 4)  (87)
3311
3311
111331 S
C';’ij::§ 1133 iti=2 (mod 4)  (88)
3113
3113
113311 S
C:'ijzfg L33 1] iti=3 (mod4) (89
1133
1133
1({3113 S
C’:’ij:=§ 331 1] iti=0 (mod4).  (90)
1331

We see that when we absorb the two transformation
stages into a single stage, the fixed-transformation slices
are the same as in scenario Sy, but repeated four times
each. The same is true if we absorb T2 (T!) into mea-
surements (preparations): the fixed-measurement (fixed-
preparation) slices are the same as in Sq, again repeated
four times each. Therefore, we can use the same R and
FE as before, and this is still the most general choice. The
I''" matrices are therefore the only noncontextual repre-
sentation of T!. However, by symmetry, they are also the
only noncontextual representation of T2. If both T* and
T2 are represented with the I''* matrices, they no longer
reproduce the statistics.

Furthermore, we can show that contextuality can also
be seen using Theorem 14. That is, a PT?[T!]M scenario
with the same COPE tensor is also contextual. Firstly,
as before, the most general noncontextual choice for R
and E are fixed by Eq. (81) up to a permutation of rows
or columuns.

Then, by considering absorbing the T2 stage into the
preparations and measurements, the most general choice
for T! is still given by the I''* matrices in Eqs. (82)-(85).

Now, we will prove that given these representations of
preparations, measurements, and T! transformations, we
cannot have a noncontextual ontological representation
of the T2 stage. One can always follow the method in
the proof of Theorem 11, however, in this case there is a
shortcut.

Given that C3” = C/;;, shown in Eqs. (77) and (87)
fori+j =1 (mod 4), we have

RIMME=RI"IE, i+j=1 (mod4). (91)

Observe that the only vectors in the right kernel of E are
scalar multiples of v, where,

ol=(1-11-1). (92)

Similarly, the only vectors in the left kernel of R are scalar
multiples of vT. Therefore, I"'¥ for i + j = 1 (mod 4)



must satisfy,

51UT

1ij 11 527)T

' =1+ (alv Qv a3V 0441}) + 8T | (93)
3
BavT

i >0, (94)

where a and [ are some real vectors. We show in Ap-
pendix B that this is only possible when,

51UT
Bav T

(alv ooV 3V a4v) + BT =0, (95)
BavT

= MY =T i+j=1 (mod4).  (96)

By symmetry, it is clear how this argument can be re-
peated to show that,

M =1 i4+j=1 (mod4). (97)
In other words, the T2 transformations simply permute
the I''* matrices. We show in Appendix C that this im-
plies that the ontological representation of T2 must have
a 4-dimensional span. Since the rank of C'[’TQ} is only 3,
this establishes rank separation and therefore contextu-
ality. The linear program given in Section V is therefore
also guaranteed to recognize contextuality in this sce-
nario.

This example demonstrates that the contextuality of a
scenario may be obscured when multiple transformation
stages are absorbed into one, but can still be exposed by
the linear program introduced in Section V.

VII. Conclusion

We have presented a method to decide if there ex-
ists a NCOM of an operational theory that consists of
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preparations, nested transformations of increasing order,
and measurements. This esssentially works by iterating
the linear program used to detect contextuality in single-
stage transformation scenarios. The complexity of this
method seems to be almost optimal. Furthermore, when
such a model exists, our method computes it explicitly.

We have shown that this leads to a new sufficient-
but-not-necessary condition for the existence of a NCOM
model of other kinds of PTM scenarios, such as those with
sequential first-order transformations. This new condi-
tion is to our knowledge much faster to verify than the
fully general noncontextuality condition of a sequential
PTM scenario. We then verified the condition on some
known toy models, and argued that the full set of trans-
formations allowed in an operational theory should be
available at every stage, as this avoids ‘false signals’ of
contextuality which can arise due to loss of information
in noisy channels. Even with this requirement, we have
given an explicit example of a PTM scenario where the
sequential structure of the transformations is necessary
to witness contextuality. This means that absorbing all
transformation stages into one may obscure the nonclas-
sicality of an operational theory.

A natural next step is to clarify the role of multistage
(and higher-order) contextuality as a resource for infor-
mation processing. Many computational models are in-
trinsically sequential, and it is therefore important to
understand when contextuality can be detected stage-
by-stage versus when it is an emergent property of com-
position that only appears after several transformation
stages. This raises several concrete questions: can one
define contextuality monotones that behave well under
sequential composition and coarse-graining; and can one
characterize classes of circuits for which contextuality is
necessary (or sufficient) for computational speedups. Of
greater practical significance is to develop robust ver-
sions of these tests that tolerate approximate operational
equivalences, allowing one to certify (non)contextuality
under experimentally realistic noise and finite statistics.
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A. Flattenings and Factorizations

For completeness, we attach below some examples of COPE tensor flattenings and their factorizations. These apply
to the PTM scenario. Here we use &, u* and T as shorthand for €), 4P and T(T:), As usual the sets of effects,
preparations and transformations are given by £,P and T.

) (2) o ()
E\) () .. ()
Cg = . . . X (A1)

EEIA) €E100g) .. EEI(,)
Fl(/\1|)\i)ﬂl(>\i) FQ(MW !
(A2 X))t (A !

(
(

H) TH )

Ai) - DTN [
A YD) T M) p2 (M) -

) e F\TI()\QW)

==

T
i) T?(Aa|Xi)p

Z : : (A2)
TG ) T2t (N) - TITHOG At () TH o) (N) -
YAt (M) T2 A)pt (Aa) -+ TITTOG )t (M) TH A A)p?(Ae) -
That is,
Cig = RE' (A3)

where E’ describes the augmented set of preparations, calculated by applying every transformation in 7 to every
preparation in the original set P. The entries of Cjg are simply the probabilities of the events described by R
occurring in each of the preparations in the augmented set — essentially, a larger prepare-measure scenario. Next, we
have

EEADT A AG) - € )T (N2 Ai) -+ €1 (AT (As )
ST (A fA) ') (N2l hi) - 1T (AsN)
CUer =22 [ 0TI () €Ol - ST | (a9
00T N) )T AfA) - DTN
prA) (M) o pPI(
1 5 1P|
y H (-/\2) H (:>\2) - () (A5)
) 12N e wlPIN)
That is,
Cig) = R'E (AG)

where R’ describes the augmented set of effects, calculated by applying every transformation before every effect in the
original set £. The entries of Cpj are simply the probabilities of the events described in this augmented set occurring
in any of the original preparations — again, this is just a larger prepare-measure scenario. Finally,

YA o THAAS) THA2Ar) -
Oy = | T2OulAn) - T2 A) T2(2lA) - (A7)
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That is,
Cm=G(R'®E) (A9)

where G is the matrix of flattened transformation matrices. The entries of Cjy) are harder to interpret. Given a
preparation and an event, they are the probabilities that the process was mediated by a given transformation.

B. Transformed Transformation Matrices in the Example

Lemma 15. Let

1
-1
v=1 |-
- (B1)
1100
110110
1m_ +
P =3loo011
1001
For a= (ay,...,a4)T and B = (B1,...,B1)7T, define
N =T" 4+ av? +087. (B2)
If N is entrywise nonnegative, then
av” +vpT = 0. (B3)
Equivalently, there exists t € R such that
a=tv (B4)
and
B =—twv. (B5)
Proof. From (B2), for all i, j,
Nij = leljl + O[i’l)j —+ Uiﬂj- (BG)
At each zero entry of I''!, entrywise nonnegativity implies
Q;v; + viﬂj > 0. (B?)
The zero positions of I''! are
(1,3),(1,4),(2,1),(2,4),(3,1),(3,2), (4,2), (4, 3). (B8)
Applying (B7) at (B8) yields
a; + B3 >0, —aq + B4 >0,
1+ 83> 1+ 54 (B9)
012_5120, _a2_ﬁ4207
a3 + > O, —ag + > Oa
3+ 012> 3+ B2 (B10)
—ay — 2 >0, ag — P32 0.
Eliminating 3; in pairs gives
a1+ as <0, as +asz >0,
1 2 < 2 3 (B11)

as +ay <0, ag+a; > 0.
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Adding the first and third inequalities in (B11) and adding the second and fourth inequalities in (B11) give

4
Z (0% < 0,
i=1

. (B12)
Z a; > 0,
i=1
hence
4
> ai=0. (B13)
i=1

Since (a1 + az) < 0 and (a3 + a4) < 0 with sum (B13), and since (a2 + a3) > 0 and (a4 + 1) > 0 with sum (B13),
we obtain

a1+a2:07

ag + ayg =0,

(B14)
as + az =0,
ag +ap =0.
Therefore
Qg = —0Oq,
az = ay, (B15)
Q4 = —Qy,
so with ¢ := o1 we have
a=tv. (B16)
Substituting (B16) into (B9)—(B10) forces equalities and yields
= —t7 = t,
B1 B2 (B17)
63 = _tv 54 = t)
hence
B =—tuv. (B18)
Finally,
av? + BT =tv? —tw? =0, (B19)
as required. 0
C. Higher-Order Transformations in the Example
Lemma 16. Let
1100 1001
1fo110 11100
11 12
' =2loo11): " =3 o110 (C1)
1001 0011
0011 0110
11001 10011
13 _ 1+ 14 _ L
=2li1100) ' =3l1001]" (C2)
0110 1100
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and let the tensors T2, T22 123 T24 ¢ RIS satisfy,

4
S ory T =Tyl Vile{1,2,3,4}, Vu,z, (C3)

wrYyz
y,z=1

where | + i is taken modulo 4 and relabeled into {1,2,3,4}.
Then, the span of the T’ tensors must be 4-dimensional.

Proof. Firstly, observe that for any fixed matrix position (y,z) in the I''! matrices, the position (y,z) has a nonzero
entry for exactly two of the I''! matrices, which are always consecutive. Also, observe that for any two consecutive
' matrices, I''* and I'**! there exists a position (w, ) which is only nonzero on both of those matrices.

Define r(p, ¢) such that,

—_

1 s _ 1l,r(p, 1 _
pp;(p 7 — rl (Pa)+1 — 5 (C4)
Now, fix (w,z,y, z) and 7. By definition of r(y, z) we have
Fyl!z(y,z) — F;’Zr(y’z)H _ % (C5)

If T2¢, . > 0, then inserting [ = r(y, z) into (C3) and evaluating the (w,z) entry yields a sum of nonnegative terms

contuz:iﬁz?ng the strictly positive summand I‘ﬁfxyzl“;;'(y’z) =412 ., hence
Dholmati — L, (Co)
Likewise, using | = r(y, z) + 1 gives
I‘i;;(%z)ﬂ-l-ﬁ-i _ % (C7)
By the definition of r(w, x), this forces
r(w,z) =r(y,z) +4 (mod 4). (C8)
Then, taking the contrapositive and using Ffjmyz > 0 leads to,
I‘ifzyz =0 Vr(w,z)—r(y,z) Zi¢ (mod 4). (C9)

Since the four I'?* tensors each must have nonzero entries, this implies that they have disjoint supports, therefore,
they are linearly independent. Then, it clearly follows that the I'?* tensors have a 4-dimensional span. O
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