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The stabiliser fragment of quantum theory is a foundational building block for quantum error correc-
tion, and hence for the fault-tolerant compilation of quantum programs. In this article, we develop a
sound, universal, and complete denotational semantics for stabiliser operations, including measure-
ment, classically controlled Pauli operators, and affine classical computation; supporting an explicit
treatment of quantum error-correcting codes. We interpret stabiliser operations as affine relations
over finite fields, yielding a semantics that reflects the algebraic structure underlying stabiliser quan-
tum error correction. Because stabiliser quantum mechanics has a well-behaved algebraic structure,
our relational semantics is conceptually transparent and computationally tractable when compared to
standard denotational models for general quantum programs. We demonstrate the resulting seman-
tics by describing a small assembly language for stabiliser programs with fully-abstract denotational
semantics.

1 Introduction

The problem of compiling quantum algorithms into fault-tolerant hardware-level instructions is now
central to large-scale quantum computing [3, 5, 16, 2, 6, 4, 11]. This raises key challenges, including
certifying the fault-tolerance of a given implementation and optimising compiled code while preserving
fault-tolerance [13, 20, 21, 8, 7, 10, 15, 14, 17]. Addressing these challenges requires a compositional
account of stabiliser programs and of the quantum error-correcting codes they manipulate.

Stabiliser codes are the most prevalent and well-studied quantum error-correcting codes, see for ex-
ample the breadth of research following Gottesman’s original work on the subject [9]. Therefore, the pro-
grams that manipulate them are central to these questions. Unlike general-purpose quantum programs,
stabiliser programs can be simulated efficiently on a probabilistic classical computer [1]. Although the
stabiliser formalism is mathematically well understood, there is still no denotational semantics tailored
for the quantum programs used to implement quantum error-correction protocols: encoding circuits,
syndrome-extraction routines, and recovery procedures. Existing denotational semantics for general-
purpose quantum programming languages [22] are sufficiently expressive, but restricting them to the
stabiliser fragment does not yield a tractable or algebraically transparent account of these protocols.

Recent work has introduced a denotational semantics for Clifford operators [12]. However, stabiliser
quantum error correction does not only concern Clifford operators. These protocols also involve prepar-
ing stabiliser states, discarding, measurement, classical post-processing, and classically controlled Pauli
corrections.

We construct a semantics for stabiliser quantum programs specifically tailored to quantum error-
correction protocols. We do so incrementally: we begin with the purely quantum stabiliser fragment,
then add discarding, and finally measurements and classical control, following Selinger [18, 19]. Figure 1
summarises this progression and the corresponding semantic descriptions. Our syntax and semantics are
restricted to odd prime dimensions, being further restricted to qubit CSS stabiliser codes in dimension 2.
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Figure 1: A semantic roadmap for stabiliser QEC.

The top row describes pure Clifford evolution on stabiliser states. Adding discarding gives the mixed
setting in which measurement can be represented, so syndrome extraction and error detection enter the
picture. Adding classical types then makes those outcomes explicit classical systems, so one can distin-
guish classical from quantum operations, process syndromes classically, and feed them into the classi-
cally controlled Pauli corrections used for recovery.

2 A Language for Stabiliser QEC

We construct an assembly language SPL for stabiliser QEC. Its commands are generated by the following
grammar for:

c,d ::= c ; d | init x | y+=A∗x | disc x | qinitP x | x∗=U | measP x | ctrlP x y | skip.

Here A :Zn
p →Zm

p is an affine transformation, U is a Clifford operator, and P∈ {Z,X} is a Pauli operator.
init initialises a classical register to 0, y+=A∗x applies affine classical processing, qinitP prepares the
ground quantum state in the Pauli P-basis, x ∗=U applies a Clifford operator, measP x measures a
quantum register in the Pauli P-basis , ctrlP x y applies a classically controlled Pauli correction in the
Pauli-P basis, disc x discards a classical register, and skip is the identity command.

These are exactly the primitives used in stabiliser QEC protocols: init allocates fresh classical regis-
ters, qinitP and Clifford gates build encoded blocks and syndrome-extraction gadgets, measP turns check
outcomes into classical syndrome registers, affine classical commands process those syndromes, ctrlP
applies the recovery Pauli selected by the syndrome, and disc removes measured ancillas once they are
no longer needed. Together they provide the assembly-level operations used to encode data, measure for
errors, and correct against them.

Programs are generated by the following formation rules:

Γ ⊢ c ▷ ∆ ∆ ⊢ d ▷ Σ

Γ ⊢ c ; d ▷ Σ x : qpit,Γ ⊢ measP x ▷ x : pit,Γ

x : pitn,y : pitm,Γ ⊢ y+=A∗x ▷ x : pitn,y : pitm,Γ Γ ⊢ init x ▷ x : pit,Γ

Γ ⊢ skip ▷ Γ x : pit,Γ ⊢ disc x ▷ Γ x : qpitn,Γ ⊢ x∗=U ▷ x : qpitn,Γ

Γ ⊢ qinitP x ▷ x : qpit,Γ x : pit,y : qpit,Γ ⊢ ctrlP x y ▷ x : pit,y : qpit,Γ

Here n∈N>0, τ ∈Ty, and x : τn is shorthand for {x1 : τ, · · · ,xn : τ} where x=(x1, · · · ,xn)∈Regn.
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We construct an operational semantics for this language using standard techniques, which can be
found in the book Ying [22]). Operationally, a well-formed program acts on a configuration consisting
of a stabiliser state together with a collection of classical registers, and evaluation produces measurement
branching according to the Born rule. Observational equivalence then identifies well-formed programs
that yield the same measurement statistics.

Denotationally, well-formed programs are interpreted in the category ARqc of quantum-classical
affine relations. Omitting contexts, the base terms are interpreted as follows:

Jc ; dK = JdK◦ JcK JUK = graph(SU ) JdiscK = {(a,∗) | a ∈ Zp} JinitK = {(∗,a) | a = 0 ∈ Zp}
JqinitZK = {(∗,(x,z)) | x = 0, z ∈ Zp} JqinitXK = {(∗,(x,z)) | x ∈ Zp, z = 0}

JA∗K = {(a,b) | b = Ma+ c} JmeasZK = {((x,z),a) | a = x ∈ Zp} JmeasXK = {((x,z),a) | a = z ∈ Zp}
JctrlXK = {((a,x,z),(a,x+a,z)) | a,x,z ∈ Zp} JctrlZK = {((a,x,z),(a,x,z+a)) | a,x,z ∈ Zp}

In this semantics, quantum states are represented by vectors in Z2
p, whereas classical states are rep-

resented by scalars in Zp. Here SU is the affine symplectomorphism associated to the Clifford operator
U . If P = XuZv, then the control register stores the value a, and ctrlP applies Pa by adding a(u,v) to
the symplectic coordinates of the target. In particular, ctrlX shifts the x-coordinate and ctrlZ shifts the z-
coordinate. Thus measurement and classically controlled correction are interpreted in the same semantic
category as the purely quantum fragment.

This allows us to state the two main results of the paper:

Theorem 1 (Full abstraction). Two programs are observationally equivalent if and only if they corre-
spond to the same relation in ARqc.

Theorem 2 (Full definability). Every morphism in ARqc is the denotation of a SPL program.

Definability says that the semantic model contains no spurious behaviours: every morphism in ARqc

can be realised by a program built from initialisation, Clifford evolution, measurement, affine classical
post-processing, controlled Pauli correction, and discarding. Together with full abstraction, this shows
that ARqc provides exactly the right semantic universe for stabiliser QEC at this assembly level.

For qubits, the same language and semantics restrict to CSS stabiliser operations: this language has
all of the same terms as the odd prime dimensional case, except where U ∈ {Z,X ,CX} ranges over a
generating set for the CSS Clifford operators, where Z and X are the Pauli gates and CX is the controlled-
X gate.
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[15] Benjamin Rodatz, Boldizsár Poór & Aleks Kissinger: Floquetifying stabiliser codes with distance-preserving
rewrites. arXiv:2410.17240.

https://doi.org/10.1038/s41586-022-05434-1
https://doi.org/10.1038/s41586-022-05434-1
https://doi.org/10.48550/arXiv.2211.07629
https://arxiv.org/abs/2211.07629 [quant-ph]
https://doi.org/10.1038/s41586-024-07107-7
https://doi.org/10.1038/nature23460
https://www.nature.com/articles/nature23460
https://www.nature.com/articles/nature23460
https://doi.org/10.48550/arXiv.2501.14380
https://arxiv.org/abs/2501.14380 [quant-ph]
https://doi.org/10.1145/3656419
https://dl.acm.org/doi/10.1145/3656419
https://arxiv.org/abs/arXiv:0904.2557
https://doi.org/10.1145/3729293
https://dl.acm.org/doi/10.1145/3729293
https://dl.acm.org/doi/10.1145/3729293
https://doi.org/10.1088/2058-9565/aa66eb
http://dx.doi.org/10.1088/2058-9565/aa66eb
https://arxiv.org/abs/2506.17181
https://arxiv.org/abs/2410.17240


6 Denotational Semantics for Stabiliser Quantum Programs(EXTENDED ABSTRACT)

[16] C. Ryan-Anderson, J. G. Bohnet, K. Lee, D. Gresh, A. Hankin, J. P. Gaebler, D. Francois, A. Chernoguzov,
D. Lucchetti, N. C. Brown, T. M. Gatterman, S. K. Halit, K. Gilmore, J. A. Gerber, B. Neyenhuis, D. Hayes
& R. P. Stutz (2021): Realization of Real-Time Fault-Tolerant Quantum Error Correction. Physical Review
X 11(4), p. 041058, doi:10.1103/PhysRevX.11.041058. Publisher: American Physical Society.
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1 Introduction25

With increasing experimental demonstrations of error-correction in real quantum systems26

[3, 7, 32, 2], the problem of compiling quantum algorithms into fault-tolerant hardware-level27

instructions is now a central problem in the design of scalable quantum processors [10, 5, 26].28

This raises key challenges, including certifying the fault-tolerance of a given implementation,29

and optimising compiled code while preserving fault-tolerance. For fault-tolerant compilation30

to scale, we need a better understanding of the compositional structure of fault-tolerance,31

including the semantics of quantum error-correcting programs.32

Stabiliser codes are the most prevalent and well-studied quantum error-correcting codes,33

hence the programs that manipulate them are central for these challenges [17]. Unlike34

general-purpose quantum programs, stabiliser quantum programs can be simulated efficiently35

on a probabilistic classical computer [1]. While the mathematical theory underlying the36

stabiliser formalism is well established, so far, it has not been used to provide a denotational37

semantics for stabiliser programs.38

Quantum error correction (QEC) makes essential use of measurements to detect when39

an error has occurred, and applies corrections conditioned on their outcomes. A language40

for QEC must therefore be able to express both measurements and classically-controlled41

corrections, and its denotational semantics must be able to model them. While denotational42

semantics for general-purpose quantum programming languages are well-studied [40], they43

are inherently intractable due to the exponential scaling of classical simulation. Simply44
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Figure 1 Structure of the article. The horizontal arrows represent categorical equivalences
which we systematically prove section by section. The vertical arrows represent the categorical
constructions of [35, 36] which are used to construct each successive category from the previous one.

restricting these semantics to the stabiliser fragment does not yield a tractable or algeb-45

raically transparent model of program behaviour. The mathematical structure underlying46

stabiliser programs, particularly including measurements and classical control, remains poorly47

understood. Furthermore, these general-purpose programming languages and semantics have48

not been designed with quantum error correction in mind.49

Quantum error correction and fault-tolerant compilation have only become a subject of50

interest to the PL community in recent years, with a focus on verification [28, 38, 39, 16, 11, 21]51

and program optimisation [30, 29, 33]. The structure of the stabiliser theory is intimately52

linked with symplectic linear algebra, which provides a convenient and tractable setting53

for representing and reasoning about stabiliser operations. Paykin and Winnick leverage54

this connection to obtain a type system and λ-calculus for stabiliser programs [27], with55

a key caveat: their language is unable to express state initialisation, measurement, or56

classical control. Incorporating these essential primitives in a compositional way requires a57

denotational semantics for stabiliser programs that has not yet been developed.58

1.1 Contributions59

The main technical result of this paper is that stabiliser quantum programs with measurement60

and classical control admit a fully abstract denotational semantics in terms of affine relations61

over finite fields (Theorem 37). Moreover, this semantics is fully definable in the following62

sense: we identify a subcategory of affine relations that is exactly the image of the denotational63

semantics, so that a relation is definable if and only if it lies in this subcategory (Theorem 34).64

To establish Theorems 34 and 37, we prove the following results:65

Completely positive stabiliser maps between quantum systems are equivalent to affine66

coisotropic relations (Proposition 24).67

Completely positive trace-preserving stabiliser maps between quantum systems are equi-68

valent to the total affine coisotropic relations (Proposition 25 and Theorem 26).69

Completely positive trace-preserving stabiliser maps between quantum-classical systems70

are represented by adjoining a classical modality !(−) to total affine coisotropic relations71

(Definition 32 and Propositions 33 and 35).72

Taken together, these results characterise the symplectic structure of stabiliser computation73

with measurement and classical control, providing a basis for future work on abstractions,74

verification, and semantics-preserving optimisation for fault-tolerant stabiliser programs.75
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1.2 Proof strategy and organisation76

Quantum processes can be stratified into three increasingly expressive settings [8]:77

1. Pure quantum mechanics: complex linear maps between finite-dimensional vector spaces;78

2. Mixed quantum mechanics: completely positive maps between matrix algebras;79

3. Quantum mechanics with classical systems: completely positive maps between finite-80

dimensional C∗-algebras.81

The transition from pure to mixed quantum mechanics adds discarding via the linear-algebraic82

trace. The transition from mixed quantum mechanics to the classical–quantum setting adds83

explicit classical systems as types, rather than representing classical data implicitly as84

subsystems of quantum systems.85

In this article we do not consider all quantum processes, but restrict throughout to86

stabiliser processes. For pure stabiliser processes, a symplectic representation is already87

available; we recall it in Section 4. This provides the purely quantum core of our denotational88

semantics, and we extend it to incorporate discarding and explicit classical systems and89

operations such as measurements and classical control.90

Following Selinger, given a †-compact closed category of “pure” processes, there are91

categorical constructions that extend it with discarding [35] and classical systems [36]. We92

apply these constructions in parallel to stabiliser quantum processes and to their symplectic93

representation, showing that their equivalence lifts along both extensions, see Figure 1.94

To keep the denotational semantics algebraically simple, we show that at each stage the95

symplectic semantics admits an equivalent and more cleanly algebraic form. The main work96

consists of isolating the correct categorical notions. This abstract approach reduces the97

technical core of the article to a small number of clean, conceptual verifications. However,98

this requires considerable exposition.99

2 Background: dagger compact-closed categories100

In this section, we review the basic theory of symmetric monoidal categories and †-compact101

closed categories. These will serve as the mathematical structures with which we model102

theories of processes, and allowing us to formally state our denotational semantics.103

We work throughout in the strict setting for notational convenience; by coherence, this104

entails no loss of generality, and equalities should be read as canonical coherence isomorphisms.105

106 ▶ Definition 1. A symmetric monoidal category (SMC) is a category C equipped with a107

functor ⊗ : C × C → C, called the monoidal product, and an object I ∈ C, called the monoidal108

unit, so that for all objects X,Y, Z, (X ⊗ Y ) ⊗ Z = X ⊗ (Y ⊗ Z) and I ⊗X = X = X ⊗ I.109

Moreover, we require that there is a natural isomorphism:110

swapX,Y : X ⊗ Y → Y ⊗X such that swapX,Y = swap−1
Y,X .111

▶ Definition 2. A †-compact-closed category (†-CCC) is a SMC, equipped with an identity112

on objects functor † : C → Cop such that swap†
X,Y = swapY,X . Moreover, we require that113

every object X has a dual X∗, such that (X ⊗ Y )∗ = Y ∗ ⊗X∗ and (X∗)∗ = X. Finally we114

ask that for all objects X there are maps ∪X : I → X ⊗X∗ and ∩X : X∗ ⊗X → I, satisfying115

(1X ⊗∩X)◦ (∪X ⊗1X) = 1X , (∩X ⊗1X∗)◦ (1X∗ ⊗∪X) = 1X∗ , and ∩†
A = swapA,A∗ ◦∪A.116

A map f is an isometry if f† ◦ f = 1, coisometry if f ◦ f† = 1, and unitary if f† = f−1.117
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Functors between such categories are implicitly understood to preserve relevant structure.118

The isometries in the following †-CCC capture pure state quantum mechanics.119

▶ Example 3. The †-CCC FHilb has finite-dimensional Hilbert spaces as objects and linear120

maps as morphisms. The monoidal structure is given by the tensor product, the dagger is121

given by the Hermitian adjoint. The dual is given by the dual vector space, where the cup122

and cap are given by evaluation and the adjoint of evaluation.123

Note that FHilb is equivalent to the category of complex matrices.124

More generally, in order to also account for classical systems and operations, our opera-125

tional semantics will have configurations which are states in the following SMC:126

▶ Example 4. The SMC QChan of quantum channels has finite-dimensional C∗-algebras127

as objects and completely positive trace-preserving maps as morphisms.128

It is not important to understand the technical theory of C∗-algebras. It is however important129

to understand that QChan represents exactly the quantum operations which can be performed130

between quantum and classical systems. In Sections 5 and 6, we will build up to an equivalent131

definition of QChan starting from pure state quantum mechanics formulated in FHilb.132

On the other hand, our denotational semantics is built from the following †-CCC:133

▶ Example 5. Given a field K, †-CCC AR of affine relations over K has finite-dimensional134

K vector spaces as objects. Morphisms V → W are given by (possibly empty) affine subspaces135

S ⊆ V ×W , which are composed using relational composition136

(x, z) ∈ S ◦R ⇐⇒ ∃y : (x, y) ∈ R ∧ (y, z) ∈ S.137

The monoidal structure is given by the direct sum, and the dagger is given by the converse138

(y, x) ∈ R† ⇐⇒ (x, y) ∈ R. Finally, the cup and cap are given by the diagonal subspaces139

∪V :=
{(

{•},
[

x
x

])
: x ∈ V

}
and ∩V :=

{([
x
x

]
, {•}

)
: x ∈ V

}
.140

In Sections 4, 5 and 6, we refine AR to exactly capture our denotational semantics.141

3 A minimal assembly language for stabiliser QEC142

In this article, we study a variant of QPL for odd prime dimensional stabiliser and qubit143

CSS stabiliser quantum operations, the imperative language SPL (Stabiliser Programming144

Language). This language captures the primitive operations needed to perform quantum145

error correction, including measurements and classical control. Compared to QPL [34], our146

quantum operations are now restricted to stabiliser operations and our classical operations147

are restricted to affine transformations. We have implemented SPL and its denotational148

semantics in Python [13].149

Notation. Throughout, let p be a prime number; where Zp := Z/pZ is the field of150

integers modulo p. Call an element of Zp a pit and an element of Z2 a bit. Fix the p-151

dimensional Hilbert space Hp := Span{|n⟩ | n ∈ Zp}, representing a normalised element of152

Hp by |φ⟩ ∈ Hp, which we shall call a qupit pure quantum state, or a qubit quantum state153

for p = 2. We write the tensor product of pure states as |φ,ψ⟩ := |φ⟩ ⊗ |ψ⟩, the Hermitian154

adjoint as ⟨φ| := |φ⟩†, the inner product as ⟨φ|ψ⟩, and the outer product as |φ⟩⟨ψ|.155
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Kind Term Operation

Structural: skip Do nothing.
c ; d Sequential composition of subterms.

Quantum: qinitP x Initialise x as the qupit |0⟩ (if P=Z) or H |0⟩ (if P=X).
x∗=U Apply the Clifford operator U to the qupit on x.

Classical: init x Initialise x as the pit 0.
y+=A∗x Apply A to the pit x and add result to the pit on y.
disc x Discard the pit on x.

Quantum- measP x Measure the qupit on x in the P -basis.
classical: ctrlP x y Apply the Pauli operator P to the qupit on y, classically

controlled by the pit on x.

Figure 2 Operations of SPL.

{in : qpit} ⊢ qinitZ x ; qinitZ out ; x ∗= H ; (x,out) ∗= CX ; % prepare Bell pair

(in,x) ∗= CX ; in ∗= H ; measZ in ; measZ x ; % Bell measurement

ctrlZ in out ; ctrlX x out ; % phase correction

disc in ; disc x ▷ {out : qpit} % discard ancillae

Figure 3 Quantum teleportation in SPL.

3.1 Syntax156

The terms of SPL are generated from the following grammar with respect to some fixed,157

linearly ordered index set of registers Reg:158

c, d ::= c ; d | init x | y+=A∗x | disc x | qinitP x | x∗=U | measP x | ctrlP x y | skip.159

The elements x,y ∈ Reg, are registers and x ∈ Regn,y ∈ Regm are lists of registers for160

all n,m ∈ N. A : Zn
p → Zm

p is any Zp-affine transformation. P ∈ {Z,X} ranges over the161

Pauli operators (Definition 9). In odd prime dimensions U ∈ {Z,X,CX , H, P} ranges over a162

generating set for the Clifford operators (Definition 11); whereas for p = 2, U ∈ {Z,X,CX}163

ranges over a generating set for the CSS Clifford operators (Definition 12). We give the164

interpretations of terms as quantum operations in Figure 2.165

SPL is equipped with a linear type system which enforces single-use of quantum data,166

presented in the leftover typing style, where typing returns a residual context [23, 41]. SPL167

has classical and quantum types Ty ::= pit | qpit. Typed environments are partial168

functions Γ : Reg → Ty which bind registers to be either qupits or pits, and which we will169

represent by {x : τ, y : σ, z : µ, · · · } for x,y,z, · · · ∈ Reg and τ, σ, µ, · · · ∈ Ty. We impose170

that the domain dom(Γ) of Γ, i.e. the set of bound registers {x,y,z, · · · }, is finite, and that171

every register has at most one type. Judgments are triples Γ ⊢ t ▷ ∆ consisting of a term t172

and typed environments Γ,∆. A judgment Γ ⊢ t ▷ ∆ is well-formed if it is derivable from173

the formation rules given in Figure 4. See Figure 3 for a simple example of an SPL program.174

3.2 Operational semantics175

In Appendix A, we give SPL a conventional operational semantics that follows the literature176

on quantum programming languages, and summarise the details here. In any quantum177

programming language, measurements are inherently probabilistic, hence properly describing178
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Γ ⊢ c ▷ ∆ ∆ ⊢ d ▷ Σ
Γ ⊢ c ; d ▷ Σ x : qpit,Γ ⊢ measP x ▷ x : pit,Γ

x : pitn,y : pitm,Γ ⊢ y+=A∗x ▷ x : pitn,y : pitm,Γ Γ ⊢ init x ▷ x : pit,Γ

Γ ⊢ skip ▷ Γ x : pit,Γ ⊢ disc x ▷ Γ x : qpitn,Γ ⊢ x∗=U ▷ x : qpitn,Γ

Γ ⊢ qinitP x ▷ x : qpit,Γ x : pit,y : qpit,Γ ⊢ ctrlP x y ▷ x : pit,y : qpit,Γ

Figure 4 Formation rules for SPL. New variables are always assumed to be fresh.
n ∈ N>0, τ ∈ Ty, and x : τn is shorthand for {x1 : τ, · · · ,xn : τ} such that x = (x1, · · · ,xn) ∈ Regn.

their operational behaviour requires care. Measurements in SPL are destructive: they179

consume a qupit to produce a pit.180

▶ Definition 6. Given an environment Γ, a state is a pair (σ, |ψ⟩) consisting of a classical181

store σ : Γ−1(pit) → Zp and a normalised vector |ψ⟩ ∈ ⊗
Γ−1(qpit) Hp. We identify states182

(σ, |ψ⟩) and (σ, |ψ′⟩) when there is a complex phase θ ∈ [0, 2π) such that |ψ⟩ = exp(iθ) |ψ′⟩.183

▶ Definition 7. A configuration is a pair
[

Γ ⊢ t ▷ ∆
∣∣ σ, |ψ⟩

]
, or

[
t

∣∣ σ, |ψ⟩
]

for short,184

consisting of a well-formed judgement Γ ⊢ t ▷ ∆ and a state (σ, |ψ⟩) of Γ.185

The operational semantics of SPL is given a big-step reduction
[
t

∣∣ σ, ψ
]

⇓ µ186

(defined in Appendix A, Figure 6), where µ is a probability distribution over states for187

the output environment, arising from measurement branching via the Born rule. This opera-188

tional semantics is intensional, in the sense that it distinguishes computational behaviours189

that are physically indistinguishable. This is because different distributions over the quantum190

states can represent the same physical state. Nevertheless, by postcomposing with terms191

which only output classical data, we can rely on the standard definition of observational192

equivalence for probabilistic operational semantics:193

▶ Definition 8. Let Θ be a classical environment containing no quantum registers, i.e.194

Θ−1(qpit) = ∅. Well-formed SPL terms Σ ⊢ c ▷ ∆ and Σ ⊢ d ▷ ∆ are observationally195

equivalent if for any well-formed terms Γ ⊢ a ▷ Σ and ∆ ⊢ b ▷ Θ,
[
a ; c ; b

∣∣ σ, |ψ⟩
]

⇓ µ196

implies
[
a ; d ; b

∣∣ σ, |ψ⟩
]

⇓ µ, and vice-versa.197

3.3 Denotational semantics198

We give a denotational semantics for SPL in terms of affine relations over Zp. On types,199

define JpitK := Zp and JqpitK := Z2
p, so that the denotation of a typed environment is200

given by the direct sum JΓK :=
⊕
x∈dom(Γ)JΓ(x)K. For an ordered list u ⊆ dom(Γ), denote201

the complement by uc ⊆ dom(Γ). Using the canonical isomorphism JΓK ∼= JΓ|uK ⊕ JΓ|ucK,202

denote the projections by πu : JΓK → JΓ|uK and πuc : JΓK → JΓ|ucK. Given contexts Γ,∆,203

ordered lists u ⊆ dom(Γ), v ⊆ dom(∆) such that Γ|uc = ∆|vc , and an affine relation204

R : JΓ|uK → J∆|vK, define:205

Ru→v :=
{

(γ, δ) ∈ JΓK × J∆K
∣∣ (πu(γ), πv(δ)) ∈ R and πuc(γ) = πvc(δ)

}
: JΓK → J∆K.206

When dom(Γ) = dom(∆) and u = v, write Ru := Ru→u. Finally, the denotations of terms207

are given in Figure 5.208

12 Denotational Semantics for Stabiliser Quantum Programs(EXTENDED ABSTRACT)



R. I. Booth and C. Comfort XX:7

Despite the algebraically simple nature of the denotational semantics, proving full-209

abstraction is non-trivial. To prove this, we construct a subcategory ARqc ⊂ AR which210

captures exactly the denotations of SPL, culminating in Section 6 with the results:211

▶ Theorem 34 (Full definability). For all typed environments Γ and ∆ and morphisms212

f : JΓK → J∆K in ARqc, there exists a well-formed judgement Γ ⊢ c ▷ ∆ such that JcK = f .213

▶ Theorem 37 (Full abstraction). Well-formed judgements c and d are observationally214

equivalent if and only if their denotations are equal JcK = JdK.215

Section 4, Section 5, and Section 6 are devoted to constructing ARqc in such a way that216

Theorem 34 and Theorem 37 follow effortlessly. This pursuit requires a detailed exposition217

of various aspects of quantum mechanics and category theory. The following sections can be218

seen to serve as a certificate of correctness for these theorems.219

Term Denotation

Structural operations:
JskipK := 1JΓK
Jc ; dK := JdK ◦ JcK
Quantum operations:

JqinitZ uK :=
{(

•,
[ 0

z

])
∈ {•} × Z2

p

}
∅→u

JqinitX uK :=
{(

•,
[

x
0

])
∈ {•} × Z2

p

}
∅→u

Ju∗=XK :=
{([

x
z

]
,
[

x+1
z

]) ∣∣∣
[

x
z

]
∈ Z2

p

}
u

Ju∗=ZK :=
{([

x
z

]
,
[

x
z+1

]) ∣∣∣
[

x
z

]
∈ Z2

p

}
u

J(u,v)∗=CXK :=
{(

(
[

x
z

]
,
[

x′

z′
]
), (

[ x
z−z′

]
,
[

x+x′

z′
]
)
) ∣∣∣

[
x
z

]
,
[

x′

z′
]

∈ Z2
p

}
u,v

Ju∗=HK :=
{([

x
z

]
,
[

z
-x

]) ∣∣∣
[

x
z

]
∈ Z2

p

}
u





odd prime p only
Ju∗=P K :=

{([
x
z

]
,
[

x
z−x

]) ∣∣∣
[

x
z

]
∈ Z2

p

}
u

Classical operations:

Jdisc uK :=
{

(c, •) ∈ Zp × {•}
}
u→∅

Jinit uK :=
{

(•, 0) ∈ {•} × Zp

}
∅→u

Jv += A∗uK :=
{([ u

v
]
,
[ u

v+A(u)
])}

u,v

Quantum-classical operations:

JmeasX uK :=
{([

x
z

]
, z

)
∈ Z2

p × Zp

}
u

JmeasZ uK :=
{([

x
z

]
, x

)
∈ Z2

p × Zp

}
u

JctrlX u vK :=
{(

(c,
[

x
z

]
), (c,

[
x+c

z

]
)
) ∣∣ c ∈ Zp,

[
x
z

]
∈ Z2

p

}
u,v

JctrlZ u vK :=
{(

(c,
[

x
z

]
), (c,

[
x

z+c

]
)
) ∣∣ c ∈ Zp,

[
x
z

]
∈ Z2

p

}
u,v

Figure 5 Denotation of SPL terms into AR
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4 The pure stabiliser theory220

In this section, we expose the theory underlying the purely quantum operations in SPL,221

called the pure stabiliser theory. The operations in the pure stabiliser theory consist of the222

Pauli operators, Clifford operators and the initialisation of quantum registers.223

This theory is based, fundamentally, on an equivalence between two †-CCCs of pure224

stabiliser quantum processes:225

1. a concrete †-CCC, Stab, given by restricting the objects and morphisms in FHilb,226

2. and an abstract †-CCC, ALR, described in terms of affine subspaces over finite fields.227

The first will form the basis of our operational semantics; whereas the second will form the228

basis of our denotational semantics.229

Note that this representation does not fully carry through for qubits. Therefore, we are230

forced to restrict the qubit stabiliser theory to what is known as the CSS stabiliser theory231

[37, 9]. Although this may initially seem like a significant restriction, some of the most232

important stabiliser codes, such as the surface code and toric codes are CSS codes [6, 15, 22].233

To avoid repeatedly making case distinctions between even and odd dimensions, we omit the234

CSS qualifier, and all results for qubits are understood to be restricted in this way.235

4.1 The stabiliser formalism236

We first recall the Hilbert space exposition of the pure stabiliser theory.237

▶ Definition 9. Let χ(x) := exp(i2πx/p). The odd prime qupit Pauli group Pp ⊆ U(Hp)238

is generated by the operators Z |x⟩ := χ(x) |x⟩ and X |x⟩ := |x+ 1⟩. Similarly, for p = 2, the239

real qubit Pauli group is generated by X and Z.240

Henceforth, by qubit Pauli group we mean the real qubit Pauli group. The stabiliser formalism241

of quantum error correction begins with the following observation:242

▶ Lemma 10. Take a maximal Abelian subgroup S ⊆ P⊗n
p such that χ(a)1⊗n

Hp
∈ S if and243

only if a ≡ 0 mod p. Up to global phase exp(2πiθ), S uniquely determines a pure quantum244

state |S⟩ ∈ H⊗n
p such that s |S⟩ = |S⟩ for all s ∈ S, called a stabiliser state associated to245

the stabiliser group S.246

The stabiliser-state-preserving unitaries can also be captured group theoretically:247

▶ Definition 11. The Clifford group is the unitary normaliser of P⊗n
p :248

Cℓn
p := {U ∈ U(H⊗n

p ) | ∀P ∈ Pn
p , UPU

† ∈ Pn
p } ⊆ U(H⊗n

p ).249

The odd-prime-dimensional Clifford group is generated by the PauliX operator, the classically-250

controlled-X gate CX , the phase shift gate S, the Fourier transform (or Hadamard) H, and251

swap; where stabiliser states are generated by applying Cliffords to |0⟩⊗n:252

CX(|x, y⟩) := |x, y + x⟩ , S |x⟩ := χ
(

x(x−1)
2

)
|x⟩ , and H |x⟩ := 1√

p

p−1∑

y=0
χ(xy) |y⟩ .253

We define restricted notions of these structures for qubits:254

▶ Definition 12. An n-qubit stabiliser state is CSS if its stabiliser group is generated by255

Paulis of the form ± ⊗n
j=1 Z

bj

j and ± ⊗n
j=1 X

bj

j . A qubit Clifford operator is CSS if it256

preserves stabiliser states.257
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The CSS Clifford group is generated by the Pauli operators, CX , and swap; and the CSS258

stabiliser states are generated by by applying CSS Cliffords to |0⟩⊗n ⊗ (H |0⟩)⊗m. Henceforth,259

take qubit stabiliser states and Clifford operators to denote their CSS counterparts.260

All of these different operations together into a †-CCC:261

▶ Definition 13. The †-CCC, Stab, of (pure) qupit stabiliser maps is the †-compact-closed262

subcategory of FHilb generated by the qupit stabiliser states and Clifford operators as well as263

the scalars 1/√p and √
p under tensor product, composition and the Hermitian adjoint.264

We add the scalars 1/√p and √
p to obtain a compact closed category. The evolution of265

pure stabiliser quantum processes is given by the isometries in Stab.266

4.2 The symplectic representation267

The stabiliser formalism can be reformulated using finite-dimensional symplectic linear algebra268

over Zp. We recall the essential definitions and statements here. Throughout this section we269

fix the standard symplectic vector space (Z2n
p , ωn), where ωn

(
(x, z), (x′, z′)

)
:= xTz′ − zTx′.270

For p = 2 we require all subspaces to be split,1 and all linear maps to be block diagonal.271

Paulis are vectors.272

We equip Zp ⊕ Z2n
p with the group law (a,v) ∗ (b,w) := (a+ b+ γ(v,w),v + w), where γ is273

chosen so that there is a group isomorphism Zp ⊕ Z2n
p

∼= Pn
p given by274

π(a, (x, z)) :=
{
χ

(
a+ 1

2 zTx
) n⊗

k=1
XxkZzk if p is odd; else (−1)a

n⊗

k=1
XxkZzk if p = 2.275

Stabilisers are affine Lagrangian subspaces.276

Given a linear subspace S of a symplectic vector space (V, ω), its symplectic complement277

is the space Sω := {v ∈ V | ∀s ∈ S, ω(v, s) = 0}. A linear subspace S ⊆ (V, ω) is: isotropic278

if S ⊆ Sω, coisotropic if Sω ⊆ S, Lagrangian if S = Sω. An affine subspace is isotropic,279

coisotropic, Lagrangian, or split if its linear component2 is.280

▶ Proposition 14 ([18, Lem. 8]). Nonempty affine Lagrangian subspaces L+ a ⊆ (Z2n
p , ωn)281

are in bijection with stabiliser subgroups of Pn
p via L+ a 7−→ {π(ωn(a,b),b) | b ∈ L}.282

Cliffords are affine symplectic maps.283

Clifford operators Clifford operators act on Paulis by conjugation, hence induce affine maps284

φ(v) = Sv + t on Z2n
p with ωn(Sv, Sw) = ωn(v,w); for qubits we restrict to the block285

diagonal case S(Zn
p ⊕ 0) = Zn

p ⊕ 0 and S(0 ⊕ Zn
p ) = 0 ⊕ Zn

p .286

▶ Proposition 15 ([18, Lem. 4]). The Clifford group modulo global phase is isomorphic to287

the group of affine symplectic automorphisms of (Z2n
p , ωn).288

For example289

JXK(x, z) = (x+1, z), JZK(x, z) = (x, z+1), JCXK
(
(x, z), (x′, z′)

)
=

(
(x, z−z′), (x+x′, z′)

)
;290

291

and for odd p JSK(x, z) = (x+ z, z), JHK(x, z) = (z,−x).292

1 A linear subspace S ⊆ (Z2n
p , ωn) is split if S = (S ∩ (Zn

p ⊕ 0)) + (S ∩ (0 ⊕ Zn
p )).

2 The linear component of a non-empty affine subspace S ⊆ Zn
p is the linear subspace

{x − y | x, y ∈ S} ⊆ Zn
p .
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Affine Lagrangian relations.293

Affine Lagrangian subspaces are closed under relational composition [19, Eq. 9.6]. This yields294

a †-compact category ALR whose morphisms (Z2n
p , ωn) → (Z2m

p , ωm) are affine Lagrangian295

subspaces of (Z2n
p ⊕ Z2m

p , (−ωn) ⊕ ωm).296

▶ Theorem 16 ([14, 24]). There is an equivalence ALR ≃ Stab modulo nonzero scalars.297

5 Mixed states and stabiliser codes298

Pure state quantum mechanics is not expressive enough to encode quantum information299

redundantly, a feature which is essential for quantum error correction. Even worse, in pure300

state quantum mechanics, it is not even possible to discard information, which we have taken301

as a primitive operation in SPL. In this subsection we address these problems using the302

machinery of mixed state quantum mechanics and stabiliser codes.303

Recall that a stabiliser group S uniquely determines a one dimensional subspace304

Span{|S⟩} ⊆ H⊗n
p , hence a rank-one projector |S⟩⟨S| : H⊗n

p → H⊗n
p , called a pure quantum305

state. Note that using the internal hom, this can be regarded as an element of H ⊗ H∗. As306

opposed to a stabiliser subgroup, a stabiliser code is a non-maximal subgroup of the Pauli307

group, and determines a higher-dimensional subspace of H⊗n
p , called the codespace:308

HG := Span{|φ⟩ ∈ H⊗n
p : ∀P ∈ G,P |φ⟩ = |φ⟩} ⊆ H⊗n

p .309

The projector onto the codespace HG ⊆ H⊗n
p is given by the operator310

ΠG := 1
|G|

∑

P ∈G

P : H⊗n
p → H⊗n

p .311

Given an orthonormal basis B = {|φj⟩}j for HG, the normalised state ρG := ΠG/Tr(ΠG)312

can be written as a uniform mixture 1
dim(HG)

∑ |φj⟩⟨φj | of pure states |φj⟩⟨φj | in H ⊗ H∗.313

In quantum mechanics, such probabilistic mixtures of pure states are called mixed states;314

therefore, we can treat stabiliser codes within the framework of mixed state quantum315

mechanics.316

Mixed state quantum mechanics is not only concerned with states, but also the processes;317

i.e. the linear maps H ⊗ H∗ → S ⊗ S∗, which can be implemented physically. Given a318

†-compact closed category C, we recall the construction of the †-symmetric monoidal category319

CPTP(C) which captures mixed state quantum mechanics when restricted to C := FHilb:320

▶ Definition 17 ([35, Def. 4.18]). Let C be a †-compact closed category. The †-compact closed321

category CP(C) of abstract completely positive maps has the same objects as C. The322

morphisms X → Y are given by maps of the following form in C323

[S, g] := (1Y ⊗ 1Y ∗) ◦ (g ⊗ (g∗)†) ◦ (1X ⊗ ∪S ⊗ 1X∗) : X ⊗X∗ → Y ⊗ Y ∗
324

for some g : X ⊗ S → Y in C, where g∗ := (1Y ∗ ⊗ ∪Y ) ◦ g ◦ (∪X ⊗ 1X∗) is the transpose of g.325

Applying the following functor yields an abstract notion of pure states:326

▶ Lemma 18 ([35, Rem. 4.19]). There is a functor CP[−] : C → CP(C) sending f 7→ f⊗(f∗)†.327

We need to restrict to a subcategory whose morphisms are “normalised” to capture mixed-328

state quantum mechanics:329
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▶ Definition 19 ([35, Def. 4.6]). Define the symmetric monoidal subcategory CPTP(C) ⊆330

CP(C) of abstract completely positive trace-preserving maps to have morphisms satis-331

fying TrX = TrY ◦f , where TrY := ∩Y ∗ ◦ swapY,Y ∗ denotes the trace.332

We interpret the abstract trace as an operation which discards information. For C := FHilb,333

the abstract trace becomes the linear-algebraic trace, meaning that CPTP(FHilb) reproduces334

the standard setting for mixed state quantum mechanics between quantum systems:335

▶ Proposition 20 ([35, Ex. 4.21]). CPTP(FHilb) is equivalent to the category CPTP of336

completely positive trace-preserving maps between quantum systems.337

Stabiliser quantum operations as affine coisotropic relations338

We now apply this construction in the novel setting of the stabiliser theory. We treat Stab339

and ALR in parallel: in the Hilbert-space model, “mixedness” is captured by completely340

positive maps; in the symplectic model, it will be captured by relaxing Lagrangian relations341

to coisotropic ones (where Rω ⊆ R).342

▶ Definition 21. The categories LR,CR,ACR are variants of ALR whose morphisms are343

respectively, linear Lagrangian, linear coisotropic and affine coisotropic subspaces.344

We will repeatedly pass from a relation R : V → W to its set-theoretic image in W . To345

express this internally as composition, we single out the “total state” imV : I → V :346

▶ Definition 22. Denote the coisotropic relation which picks out the entire space as follows347

im(V,ωV ) := {({•},v) | ∀v ∈ V } : (Z0
p, ω0) ↣ (V, ωV ).348

We use the notation im(V,ωV ) because postcomposition with an affine Lagrangian, or349

affine coisotropic relation R : (V, ωV ) → (W,ωW ) is identified with the set-theoretic image:350

R ◦ im(V,ωV ) = {({•},w) | ∃v : (v,w) ∈ R} = Z0
p × im(R) ∼= im(R).351

Indeed, this observation leads to a symplectic form of Stinespring dilation:352

▶ Lemma 23. Every non-empty affine coisotropic subspace of (Z2n
p , ωn) of dimension 2n− k353

is the image of an affine Lagrangian isometry (Z2(n−k)
p , ωn−k) ↣ (Z2n

p , ωn).354

Proof. We prove the claim for linear Lagrangian coisometries and coisotropic linear subspaces,355

after which the affine generalisation follows immediately.356

Take a linear coisotropic subspace S ⊆ (Z2n
p , ωn) of dimension 2n−k. Then its symplectic357

complement Sωn ⊆ (Z2n
p , ωn) is an isotropic subspace of dimension k. Consider a basis358

of Sωn which by [31, Exercise 7.2.2-(a)] extends to a symplectic basis of (Z2n
p , ωn). By359

[31, Corollary 7.1.5], this yields a symplectomorphism φ : (Z2n
p , ωn)

∼=−→(Z2n
p , ωn) such that360

φ(Sω) = {(x,02n−k) | x ∈ Zk
p}. In case S is split, then φ can be chosen to be block diagonal.361

Remark that D := {(x,0k) | x ∈ Zk
p} ⊆ (Z2k

p , ωk) is a Lagrangian subspace, inducing a362

Lagrangian coisometry E := D×Z0
p : (Z2k

p , ωk) ↠ (Z0
p, ω0). Therefore the following composite363

of Lagrangian coisometries is itself a Lagrangian coisometry:364

C := (E × 1(Z2(n−k)
p ,ωn−k)) ◦ Gr(φ) : (Z2n

p , ωn) ↠ (Z2(n−k)
p , ωn−k).365

Taking the kernel of this Lagrangian coisometry, we have:366

Z0
p × kerC = C†({02(n−k)}) = (Gr(φ)† ◦ (E† × 1(Z2(n−k)

p ,ωn−k)))({02(n−k)})367

= Gr(φ)† ◦ {({•}, (d,02(n−k))) | d ∈ D} = Gr(φ)† ◦ {({•}, (x,02n−k)) | x ∈ Zk
p}368

= {({•}, φ−1(D × {02n−k}))} = {({•}, s) | s ∈ Sωn} = Z0
p × Sωn .369
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Finally, by taking the double symplectic complement of Z0
p × S, we have the desired result370

Z0
p × S = ((Z0

p × S)−ω0×ωn)−ω0×ωn = (Z0
p × kerC)−ω0×ωn371

= Z0
p × im(C†) = C† ◦ im(Z2(n−k)

p ,ωn−k) . ◀372

Using Lemma 23, we find that the “mixed symplectic” processes are affine coisotropic:373

▶ Proposition 24. There is an isomorphism CP(ALR) ∼= ACR.374

Proof. Define a functor F : CP(ALR) → ACR by [f, (S, ωS)] 7→ f ◦ (1 ⊕ im(S,ωS)). We prove375

the claim for the linear case, after which the affine case follows immediately.376

Restricting F to the linear subcategories yields a †-compact functor F : CP(LR) → CR,377

which is identity-on-objects. Since both CP(LR) and CR are †-compact closed, it suffices to378

show that the induced map on states is a bijection. Surjectivity follows from Lemma 23.379

For injectivity, take Lagrangian relations L : (S, ωS) → (V, ωV ) and M : (T, ωT ) → (V, ωV )380

such that im(L) ̸= im(M).Then v ∈ im(L) iff (v,v) ∈ L ◦ (L∗)†, i.e. iff there exists s ∈ S381

with (s,v) ∈ L and (s,v) ∈ (L∗)†. However, by assumption there is some v ∈ V such that382

v ∈ im(L) and v /∈ im(M), so that [L, (S, ωS)] ̸= [M, (T, ωT )] in CP(LR). This proves that383

F : CP(LR) → CR is injective on states, hence a †-compact isomorphism.384

Finally, every affine Lagrangian relation L+ a ⊆ V ×W is obtained from its linear part385

L by composing with translations on V and W ; likewise every affine coisotropic relation is386

obtained from its linear part by composing with translations. Since translations are invertible387

in ALR (hence are sent by CP to invertible morphisms), the linear isomorphism extends388

along translations, yielding an equivalence CP(ALR) ≃ ACR. ◀389

Moreover, trace preservation also has a relational analogue:390

▶ Proposition 25. CPTP(ALR) is equivalent to the category TACR of total affine coisotropic391

relations, meaning that for all x ∈ X, there exists some y ∈ Y such that (x, y) ∈ R.392

Proof. Consider the equivalence F : CP(ALR) ≃ ACR of Proposition 24. Write imX : I → X393

for the total relation {({•}, x) | x ∈ X} and im†
X : X → I for its dagger (discard). For a394

relation R : X → Y in ACR, we have im†
Y ◦R = {(x, •) | ∃y ∈ Y : (x, y) ∈ R} ⊆ X × I, so395

im†
Y ◦R = im†

X holds if and only if for every x ∈ X there exists y ∈ Y with (x, y) ∈ R.396

Under F , the abstract trace TrX in CP(ALR) is sent to the discard relation im†
X in ACR.397

Therefore, transporting the trace-preservation condition TrY ◦f = TrX along F identifies398

CPTP(ALR) with the subcategory TACR ⊆ ACR of total affine coisotropic relations. ◀399

Both the standard and the symplectic notions of mixed stabiliser quantum processes400

coincide exactly, without even having to quotient by scalars:401

▶ Theorem 26. There is an equivalence CPTP(Stab) ≃ TACR.402

Proof. Consider the equivalence ALR ∼= Stab modulo scalars of Theorem 16 and apply the403

CP construction. Transporting along Proposition 24 yields a symmetric monoidal functor404

CPTP(Stab) −→ CPTP(ALR) ∼= TACR,405

where the final isomorphism is Proposition 25.406

It remains to prove faithfulness. Since ALR ≃ Stab holds modulo scalars, if two morphisms407

f, g : X → Y in CPTP(Stab) have the same image in CPTP(ALR) then g = λ · f for some408

nonzero scalar λ. Using trace preservation and centrality of scalars,409

TrY ◦g = TrY ◦(λ · f) = λ · (TrY ◦f) = λ · TrX .410

But also TrY ◦g = TrX , hence λ = 1 and therefore f = g. Thus the functor is faithful. ◀411
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Note that CPTP(Stab) is generated by the Clifford operators, stabiliser states and the412

quantum trace on Hp, where JTrHp
K =

{([
x
z

]
, •

) ∣∣ [
x
z

]
∈ Z2

p

}
: (Z2

p, ω1) → {•}.413

6 Classical types and full-abstraction414

SPL distinguishes between quantum and classical registers, taking measurement and classically415

controlled Pauli operators which interface between quantum and classical systems as primitive416

operations. However, in the preceding section, we have not described how classical systems417

can be formulated: neither within the framework of mixed-state quantum mechanics [25,418

Section 8.2] nor in terms of total affine coisotropic relations. In this section, we address this419

problem, adding a notion of classical system to the Hilbert space picture and the symplectic420

picture.421

Fix an orthonormal basis B = {|λ1⟩ , . . . , |λn⟩}. A state is classical with respect to422

B iff it is diagonal in B, i.e. ρ =
∑

i pi |λi⟩⟨λi| for some probability distribution (pi)i.423

Measuring the quantum system H according to the basis B is said to decohere the system,424

producing a classical state with respect to B. In our operational semantics, this is exactly the425

probabilistic branching rule governed by the Born rule: measurement branches on an outcome426

j with probability |⟨λj |φ⟩|2, updating the residual state by normalisation. In mixed state427

quantum mechanics, the same branching behaviour is encoded by the completely positive428

trace-preserving map EB : H ⊗ H∗ → H ⊗ H∗:429

EB(|φ⟩⟨φ|) :=
n∑

j=1
|λj⟩⟨λj | |φ⟩⟨φ| |λj⟩⟨λj | =

n∑

j=1
|⟨λj |φ⟩|2 |λj⟩⟨λj | .430

The diagonal states |λj⟩⟨λj | ∈ H ⊗ H∗ represent distinct measurement outcomes, and the431

coefficients |⟨λj |φ⟩|2 are the probabilities used by the branching rule in the operational432

semantics. However, this view does not yet distinguish between classical and quantum433

systems: not all mixed states ρ ∈ H ⊗ H∗ are probabilistic mixtures of diagonal states, nor434

will all completely positive trace-preserving maps preserve this property of classicality.435

In order to give denotational semantics to a quantum programming language, we seek436

to distinguish between quantum and classical systems so that the classicality is reflected at437

the level of types. The solution to this problem is to consider classical systems a subsystems438

of quantum systems. More precisely, as the subspace Span{|λj⟩⟨λj | : ∀ |λj⟩ ∈ B} ⊆ H ⊗ H∗.439

This is precisely the linear subspace that is fixed by the decoherence map EB, therefore440

we can think of a classical subsystem being specified not only by this subspace but by a441

decoherence map itself.442

There is an abstract theory for quantum-classical systems, which can be formulated in any443

†-compact closed category. We will apply this notion both to stabiliser quantum processes444

(the operational semantics) and to their symplectic presentation (the denotational semantics).445

To this end, we first introduce the following notion following that of Selinger [36, Def. 3.6]:446

▶ Definition 27. An abstract subsystem of a quantum system X in CP(C) is a map447

f : X → X which is both self adjoint, f† = f , and idempotent, f ◦ f = f .448

In the setting of finite-dimensional, mixed quantum theory, this produces what we expect:449

▶ Example 28 ([20, Thm. 2.5], [12, Prop. 3.5]). The abstract subsystems in CP(FHilb) are450

in bijection with tensor products of decoherence maps and identity maps.451

The decoherence map in a basis corresponds to a fully classical subsystem of H ⊗ H∗. On452

the other hand, the identity on H corresponds to the completely quantum system H ⊗ H∗.453
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Tensor products of both of these classes of maps represent systems in which some subsystems454

are classical and others are quantum.455

Just as before, we construct a category of processes between quantum and classical456

systems; which are captured by the following construction for C := FHilb:457

▶ Definition 29 ([36, Def. 3.13]). Given a †-compact closed category C, the category of458

abstract quantum-classical operations CPTPqc(C) has objects given by pairs (A, a) where459

A is an object of C and a : A → A is an abstract subsystem in CP(C). The morphisms460

f : (A, a) → (B, b) are given by morphisms f : A → B in CPTP(C) which are invariant461

under decoherence onto the input and output subsystems so that b ◦ f ◦ a = f .462

Applied to FHilb, this produces the quantum processes between quantum-classical systems:463

▶ Theorem 30 ([20, Thm. 2.5], [12, Prop. 3.5]). CPTPqc(FHilb) is equivalent to the category464

QChan of quantum channels between quantum-classical systems (i.e. between C∗-algebras).465

Here, the decoherence map EB corresponds to four different quantum channels:466

EB : (H, 1H) → (H, 1H): which decoheres the quantum system in the basis B;467

EB : (H, EB) → (H, EB): which does nothing to the classical system;468

EB : (H, 1H) → (H, EB): which measures in the basis B;469

EB : (H, EB) → (H, 1H): which prepares a pure state in the basis B.470

Note that measurement followed by state preparation decoheres the quantum system; whereas,471

state preparation followed by measurement acts trivially on the classical system.472

Classical systems in the stabiliser theory473

We now apply this construction in the novel setting of the stabiliser theory. We proceed to474

analyse how to add classical systems to the stabiliser theory; applying this construction to475

our two categories of interest Stab and ALR, starting with Stab:476

▶ Lemma 31. The stabiliser quantum channels are generated by the stabiliser operations477

between quantum systems in addition to the maps which measure and prepare in the Pauli Z-478

basis {|n⟩ : n ∈ Zp} and Pauli X-basis {H |n⟩ : n ∈ Zp} . Moreover, adding state preparation479

and measurement is equivalent to adding state preparation and classically controlled Paulis.480

See proof on page 21.481

On the other hand applying this construction to the symplectic picture is equivalent to482

the following category, given by adding a classical modality3 !(−) to ACR:483

▶ Definition 32. Consider the induced embedding !(−) : AR CP[−]−−−→ CP(ALR) ∼= ACR. The484

SMC ARqc of quantum-classical affine relations whose morphisms consist of the total485

affine relations !R : (!Zn
p ) → (!Zm

p ), total affine coisotropic relations S : (Zn
p , ωn) → (Zm

p , ωm),486

in addition to four more total affine relations487

µZ :=
{([

x
z

]
, x

)}
: (Z2

p, ω1) → (!Zp), µ†
Z :=

{(
x,

[
x
z

])}
: (!Zp) → (Z2

p, ω1),488

µX :=
{([

x
z

]
, z

)}
: (Z2

p, ω1) → (!Zp), µ†
X :=

{(
z,

[
x
z

])}
: (!Zp) → (Z2

p, ω1),489

corresponding to the measurement and state preparation maps in the Pauli-Z and X bases.490

3 !(−) is not a modality in the sense of being induced by adjoint functors [4]; rather, it witnesses the
posetal adjunction µP ⊣ µ†

P given by 1(Z2
p,ω1) ⊆ µ†

P ◦ µP and µP ◦ µ†
P = 1!(Zp).
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▶ Proposition 33. There is an isomorphism ARqc ∼= CPTPqc(ALR).491

Proof. Define the Z-decohering relations,492

EZ :=
{([

x
z

]
,
[ x

z′
])

∈ Z2
p × Z2

p

∣∣ x, z, z′ ∈ Zp

}
: (Z2

p, ω1) → (Z2
p, ω1).493

Along the equivalence ACR ∼= CP(ALR) of Proposition 24, using symplectic Gaussian elimin-494

ation ([31, Corollary 7.1.5]), it follows that subsystems in ACR are symplectomorphic to a495

direct sum E⊕n
Z ⊕ 1(Z2m

p ,ωm) for some n,m ∈ N.496

For the split case in characteristic 2, define the X-decohering relation497

EX :=
{([

x
z

]
,
[

x′
z

])
∈ Z2

p × Z2
p

∣∣ x, x′, z ∈ Zp

}
: (Z2

p, ω1) → (Z2
p, ω1).498

Then via a restricted form of symplectic Gaussian elimination, every subsystem is symplecto-499

morphic via block diagonal operators to E⊕n
Z ⊕ E⊕m

X ⊕ 1(Z2k
p ,ωk) for some n,m, k ∈ N.500

By construction, CPTPqc(ALR) is generated by CPTP(ALR) together with the state501

preparation and measurement morphisms for all subsystems in CP(ALR). Therefore, the502

above normal form implies that CPTPqc(ALR) is generated by CPTP(ALR) together with503

state preparation and measurement for EZ and EX .504

Along the equivalence TACR ∼= CPTP(ALR) of Proposition 25, these morphisms are given505

by µP and µ†
P for P ∈ {X,Z}, as they satisfy µ†

P ◦ µP = EP and µP ◦ µ†
P = 1 because506

CPqc(ALR) is defined to be the †-idempotent completion of CP(ALR) (see [36, Def. 3.3, &507

Def. 3.6]), it follows that CPTPqc(ALR) is generated by total affine coisotropic relations,508

total affine relations in the image of !(−), as well as µP and µ†
P for P ∈ {X,Z}. ◀509

Interpreting the types of SPL in ARqc as JinitK :=!(Zp) and JqinitK := (Z2
p, ω1), from510

Lemma 31 and Proposition 33 it follows immediately that:511

▶ Theorem 34 (Full definability). For all typed environments Γ and ∆ and morphisms512

f : JΓK → J∆K in ARqc, there exists a well-formed judgement Γ ⊢ c ▷ ∆ such that JcK = f .513

Now we relate the denotational semantics to the operational semantics, first observing:514

▶ Proposition 35. There is an equivalence CPTPqc(Stab) ≃ ARqc identifying stabiliser515

quantum channels between quantum-classical systems with quantum-classical relations.516

See proof on page 21.517

▶ Lemma 36. There is a mapping ⟨−⟩ of SPL terms into CPTPqc(Stab) such that c ≈obs d518

if and only if ⟨c⟩ = ⟨d⟩.519

See proof on page 21.520

From Proposition 35 and Lemma 36 it follows that:521

▶ Theorem 37 (Full abstraction). Well-formed judgements c and d are observationally522

equivalent if and only if their denotations are equal JcK = JdK.523

See proof on page 22.524
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A Operational semantics713

For completeness, we begin by presenting a conventional operational semantics for SPL.714

In any quantum programming language, measurements are inherently probabilistic, hence715

properly describing their operational behaviour requires care. Measurements in SPL are716

destructive measurements in the computational basis: they consume a qupit to produce717

a pit. Furthermore, they are governed by the Born rule: given a (normalised) quantum718

state |ψ⟩, a measurement of the quantum register x yields the outcome k ∈ Zp with719

probability Prob[k | |ψ⟩] := ∥ ⟨k|x |ψ⟩ ∥2, and the (renormalised) state of the system after the720

measurement is ⟨k|x |ψ⟩ / ∥ ⟨k|x |ψ⟩ ∥.721

▶ Definition 38. Given an environment Γ, a state is a pair (σ, |ψ⟩) consisting of a classical722

store σ : Γ−1(pit) → Zp and a normalised vector |ψ⟩ ∈ ⊗
Γ−1(qpit) Hp. We identify states723

(σ, |ψ⟩) and (σ, |ψ′⟩) when there is a complex phase θ ∈ [0, 2π) such that |ψ⟩ = exp(iθ) |ψ′⟩.724

▶ Definition 39. A configuration is a pair
[

Γ ⊢ t ▷ ∆
∣∣ σ, |ψ⟩

]
, or

[
t

∣∣ σ, |ψ⟩
]

for short,725

consisting of a well-formed judgement Γ ⊢ t ▷ ∆ and a state (σ, |ψ⟩) of Γ.726

The operational semantics of SPL is given by the big-step reduction
[
t

∣∣ σ, ψ
]

⇓ µ defined727

in figure 6, where µ is a probability distribution on states for the output environment. In728

order to clarify presentation, we write such a probability distribution as ⊞i(pi, σi, |ψi⟩) where729

pi ∈ [0, 1] is the probability of the corresponding state, but emphasise that this is purely for730
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[
c

∣∣ σ, |ψ⟩
]

⇓ ⊞i(pi, σi, |ψi⟩)
[
d

∣∣ σi, |ψi⟩
]

⇓ ⊞j(p′
ij , σ

′
ij ,

∣∣ψ′
ij

〉
)[

c ; d
∣∣ σ, |ψ⟩

]
⇓ ⊞j

( ∑
i pip

′
ij , σ

′
ij ,

∣∣ψ′
ij

〉 )
[

init x
∣∣ σ, |ψ⟩

]
⇓ (1, σ[x := 0], |ψ⟩)

[
y+=A∗x

∣∣ σ, |ψ⟩
]

⇓ (1, σ[y+=A∗x], |ψ⟩)
[

disc x
∣∣ σ, |ψ⟩

]
⇓ (1, σ \ x, |ψ⟩)

[
x∗=U

∣∣ σ, |ψ⟩
]

⇓ (1, σ, Ux |ψ⟩)
[

qinitZ x
∣∣ σ, |ψ⟩

]
⇓ (1, σ, |ψ⟩ ⊗ |0⟩x)

[
qinitX x

∣∣ σ, |ψ⟩
]

⇓ (1, σ, |ψ⟩ ⊗H |0⟩x)
[

ctrlP x y
∣∣ σ, |ψ⟩

]
⇓ (1, σ, P σ(x)

y |ψ⟩)
[

skip
∣∣ σ, |ψ⟩

]
⇓ (1, σ, |ψ⟩)

[
measZ x

∣∣ σ, |ψ⟩
]

⇓ ⊞k∈Zp
(Prob[k | |ψ⟩], σ[x := k], ⟨k|x |ψ⟩ / ∥ ⟨k|x |ψ⟩ ∥)[

measX x
∣∣ σ, |ψ⟩

]
⇓ ⊞k∈Zp(Prob[k | H |ψ⟩], σ[x := k], ⟨k|xH |ψ⟩ / ∥ ⟨k|xH |ψ⟩ ∥)

Figure 6 Operational semantics of SPL. The symbols Ux and Py represent the application of
the unitaries U and P at the qupits indexed by the registers x and y respectively. P σ(x) represents
the repeated application of the unitary P parametrised by the classical store value σ(x) ∈ Zp. The
only reduction rule that introduces probabilistic branching is the rule for meas.

notational convenience and that µ should be thought of as a function from states into the731

interval [0, 1] (i.e. a genuine distribution).732

This operational semantics is intensional, in the sense that it distinguishes computational733

behaviours that are physically indistinguishable. This is because different distributions over734

the quantum states ⊞i(pi, σi, |ψi⟩) and ⊞j(p′
j , σ

′
j ,

∣∣ψ′
j

〉
) can represent the same physical state.735

Nevertheless, by postcomposing with terms which only output classical data, we can rely on736

the standard definition of observational equivalence for probabilistic transition systems:737

▶ Definition 40. Let Θ be a classical environment containing no quantum registers, i.e.738

Θ−1(qpit) = ∅. Well-formed SPL terms Σ ⊢ c ▷ ∆ and Σ ⊢ d ▷ ∆ are observationally739

equivalent if for any well-formed terms Γ ⊢ a ▷ Σ and ∆ ⊢ b ▷ Θ,
[
a ; c ; b

∣∣ σ, |ψ⟩
]

⇓ µ740

implies
[
a ; d ; b

∣∣ σ, |ψ⟩
]

⇓ µ, and vice-versa.741

We emphasise that in this definition µ is a probability distribution ⊞i(pi, σi, | ⟩) on the output742

classical values, i.e. a classical probability distribution, since there is no output quantum743

state after sequencing with Θ. This corresponds to the standard physical identification of744

quantum systems: two quantum states are identified if and only if they produce the same745

statistics for all possible measurements.746

As we shall see, this extensional operational semantics (up to observational equivalence)747

does capture the correct behaviour of quantum systems under measurement. This is because748

the set of measurements in the stabiliser fragment is sufficiently strong to distinguish arbitrary749

quantum states, not just stabiliser ones.4 This is made formal by lemma 36.750

▶ Remark 41. Density operators provide the standard device in quantum physics for reasoning751

about probability distributions over quantum states. This amounts to quotienting our752

semantics by the equivalence relation induced by observational equivalence. We have chosen753

to give our operational semantics in a language which should be more familiar to the reader754

familiar with probabilistic programming, whilst avoiding the definition of density operators755

and operations on them,756

4 In the language of quantum information theory, stabiliser measurements are informationally complete.
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B Proofs for Section 6: Measurement and classical types757

▶ Lemma 31. The stabiliser quantum channels are generated by the stabiliser operations758

between quantum systems in addition to the maps which measure and prepare in the Pauli Z-759

basis {|n⟩ : n ∈ Zp} and Pauli X-basis {H |n⟩ : n ∈ Zp} . Moreover, adding state preparation760

and measurement is equivalent to adding state preparation and classically controlled Paulis.761

Proof of Lemma 31. We prove both claims for Pauli Z-measurements and classically con-762

trolled X-gates in the Pauli Z basis, from which the result follows.763

We prove the first claim. First observe that CPTPqc(Stab) is generated by CPTP(Stab)764

together with the state preparation and measurement morphisms for all subsystems in765

CP(Stab). Moreover because stabiliser codes are uniform mixtures of pure stabiliser states,766

and all pure stabiliser states are unitarily isomorphic via Clifford operators to |0⟩ all subsys-767

tems in CP(Stab) are unitarily isomorphic, via conjugation with Clifford operators, to those768

of the form (H⊗(n+m)
p , E⊗n

Z ⊗ 1⊗m
Hp

). Therefore, CPTPqc(Stab) is generated by the stabiliser769

quantum operations between quantum systems in addition to the Pauli-Z state preparation770

and measurement operations.771

For the second claim, note that applying a classically controlled Pauli-X operator in772

the Pauli-Z basis to the state |0⟩ and then discarding the classical pit is the same as state773

preparation in the Pauli Z-basis. Conversely, a classically controlled Pauli-X gate in the774

Z-basis can be performed by preparing the first qupit in the Pauli-Z basis, applying a775

quantum controlled X gate controlled by this prepared qupit and then measuring the same776

qupit in the Pauli Z-basis. ◀777

▶ Theorem 34 (Full definability). For all typed environments Γ and ∆ and morphisms778

f : JΓK → J∆K in ARqc, there exists a well-formed judgement Γ ⊢ c ▷ ∆ such that JcK = f .779

▶ Proposition 35. There is an equivalence CPTPqc(Stab) ≃ ARqc identifying stabiliser780

quantum channels between quantum-classical systems with quantum-classical relations.781

Proof of Proposition 35. By Theorem 26, CPTP(Stab) ≃ TACR modulo scalars and by782

Proposition 25, TACR ∼= CPTP(ALR); therefore by transitivity, CPTP(Stab) ≃ CPTP(ALR)783

modulo scalars. Because quotienting by scalars commutes with CPTPqc, it follows that784

CPTPqc(Stab) ≃ CPTPqc(ALR) modulo scalars. Moreover, by Proposition 33 CPTPqc(ALR) ≃785

ARqc. By transitivity, it follows that CPTPqc(Stab) ≃ ARqc modulo scalars. By the786

same argument as in Theorem 26, it follows that this induces an honest equivalence787

CPTPqc(Stab) ≃ ARqc without quotienting by scalars. ◀788

▶ Lemma 36. There is a mapping ⟨−⟩ of SPL terms into CPTPqc(Stab) such that c ≈obs d789

if and only if ⟨c⟩ = ⟨d⟩.790

Proof of Lemma 36. Given a well-formed judgement Γ ⊢ c ▷ ∆, for each state (σ, |ψ⟩) for Γ,791

there must be some probability distribution µ on the states for ∆ such that
[
c

∣∣ σ, |ψ⟩
]

⇓ µ,792

and by construction of ⇓ this µ is unique.793

Now, both the state (σ, |ψ⟩) and the probability distribution µ yield density operators: we794

encode classical data as a diagonal density operator then form the tensor product with |ψ⟩⟨ψ|.795

µ then corresponds to a statistical ensemble of pure states, which canonically corresponds796

to a density operator [25, Section 2.4].5 This yields a mapping from (pure) input density797

operators to output density operators.798

5 Recall that the mapping from statistical ensemble µ is surjective onto density operators but not injective.
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It is straightforward to verify that each of the generating terms corresponds in this way799

to a map in CPTPqc(Stab), and that that the sequence rule corresponds to composition in800

CPTPqc(Stab). This gives the mapping ⟨−⟩801

Finally, observational equivalence yields exactly the condition that all measurements in802

CPTPqc(Stab) have identical outcome probabilities, which uniquely characterises the output803

density operator. Hence, if c ≈obs d, the corresponding ⟨c⟩, ⟨d⟩ map every input density804

operator to the same output density operator, i.e. they are equal. ◀805

▶ Theorem 37 (Full abstraction). Well-formed judgements c and d are observationally806

equivalent if and only if their denotations are equal JcK = JdK.807

Proof of Theorem 37. By Lemma 36, we have c ≈obs d if and only if ⟨c⟩ = ⟨d⟩ in808

CPTPqc(Stab). Transporting along the equivalence CPTPqc(Stab) ≃ ARqc of Proposition 35,809

we have ⟨c⟩ = ⟨d⟩ if and only if JcK = JdK. Combining these equivalences gives the result. ◀810
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