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Introduction

The Gottesman-Knill theorem [|1}/5{9]] sets a boundary in quantum computation theory that must be over-
come in order to achieve a quantum speedup over classical computers. It establishes that any quantum
computation performed using stabilizer operations (SO), i.e. operations built out of Clifford operations,
stabilizer states preparation and Pauli measurements performed adaptively, can be efficiently classically
simulated. Therefore, observing a quantum advantage requires the use of non-Clifford gates, such as the
Toffoli gate, or the preparation of non-stabilizer states, also known as magic states, which are the resourceful
states in a resource theory of magic where SO represent the free operations.

Within the qubit stabilizer formalism, multiqubit states are eigenvectors of tensor product of Pauli op-
erators. However, even though such kind of states can be easily prepared through SO, non-stabilizer opera-
tions might be necessary in order to perfectly discriminate them, thus exhibiting non-stabilizerness without
magic [8]. Notably, the set of states used in [8] to reveal this phenomenon is related to the so called SHIFT
basis, a complete orthonormal set of unentangled vectors for a three-qubit system which is known to exhibit
quantum non-locality without entanglement (QNLWE) [3]. This means that the vectors composing the ba-
sis are not perfectly discriminable through LOCC protocols, despite being product vectors. From a resource
theoretic perspective, non-stabilizerness without magic is the analogous of QNLWE in the resource theory
of entanglement. In the latter case, there exists a set of free states (product states) that cannot be perfectly
discriminated via free (LOCC) operations. Correspondigly, in a resource theory of magic where free op-
erations are stabilizer operations, there exists stabilizer product states that cannot be discriminate via free
operations.

Remarkably, such states can be perfectly discriminated by a protocol in which the classical communi-
cation takes place without a definite causal order [[7]], thus revealing a connection between causality and
non-locality. All these results highlight a pattern which seems to link together topics that are, in principle,
unrelated: causality, non-locality and non-stabilizerness. The aim of the present work is to strengthen the
relationship between causality and non-stabilizerness, as described below.

Methods and Results

In this section, we establish a fundamental link between classical indefinite causal order and the resource
theory of magic by showing that multiqubit product stabilizer bases generated by non-causal process func-
tions cannot be perfectly discriminated using stabilizer operations alone, despite containing no magic states.
Since every non-causal process function violates a causal inequality, causal inequalities thus provide an op-
erational witness of non-stabilizerness. We further extend this connection to the multiqudit case by intro-
ducing a local d-colourability condition, which ensures that a broad class of (possibly ambiguous) product
bases can still be represented through quasi-process functions.



The process function framework

A well-established framework to rigourously study the consequences of dropping the assumption of a def-
inite causal order in a classical communication scenario is the process functions framework [2f]. Consider
n parties, each one is in his/her own laboratory, who are allowed to perform one round of classical com-
munication exchanging classical systems with the environment. Each party receives an input i, € Zj, from
the environment only once and similarly they feed one output o, € Oy in it. Moreover, each of them
has access to an input xj, the local setting, and produces an outcome aj. The basic assumption is that
classical probability theory holds locally, meaning that the local operations they can apply to their input
variables are stochastic processes p(o, ai|ixzy). The environment essentially encodes how the parties
communicate with each other and, in the deterministic case, it is mathematically modeled by a function
w : X O — X Z). Combining this function with the local intervention of the parties yields the observed
correlations P(alz) = >, ; 6u(o).i [ [ P(0k, ak|ixzk). A process function is a function w that gives a
legitimate probability distribution P(a|x), for any arbitrary choice of local interventions; otherwise the
function is called a quasi-process function. This constraint also implies that wy(a) = wg(a\x), where
a\, = (ai,...,ax_1,0k41,...,0y,) (non-self signaling condition). The process function is the central
object in this framework: it completely determines whether the communication between the parties takes
place with a definite causal order. According to the characterization provided in [4]] a process function is
non-causal if there exists at least a subset of parties such that the input received by each party depends non
trivially from the outputs of the other ones. In other words, for such a subset, there is no party in the global
past of all the other ones. Notice that this condition still allows for a partial causal order among some of
the parties.

Causal nequalities as witnesses of non-stabilizerness (Multiqubit Case)

In the multiqubit case, there is a tight connection between product bases and boolean process functions
w : {0,1}™ — {0,1}"™. Indeed, it has been shown that every product basis can be mapped to a unique
process function via the following formula [4]]

S= {® U la) Ja € {0, 1}”} (1)
k

where U: (@) are local controlled unitaries. Depending on the values a\; of the other qubits, either

UY or U} is applied, and when Uit € {1,H,SH}, the set S corresponds to a product basis made of
stabilizer states (notice that S H rotates the computational basis in the Y eigenbasis). Now, in the resource
theory of magic where free operations are SO, a discrimination protocol is made of the following building
blocks: i) preparing ancillary quibits in some stabilizer state; ii) applying Clifford unitaries; iii) performing
Pauli measurements. The operations can be applied adaptively, depending on the outcomes of previous
measurements. We then say that a set of product stabilizer states S exhibits non-stabilizerness without
magic if it cannot be discriminated through stabilizer operations.

A simple example of a basis that can be perfectly discriminated via stabilizer operations is the two-
qubit basis {|00) , |01),|14),]|1—)}. A trivial LOCC protocol consists of Alice measuring her qubits and
sending the result to Bob: if she obtains 0, then Bob measures in the Z basis, otherwise he measures in
the X basis. Notice that, even though the measurement protocol is a legitimate stabilizer protocol, the
unitary implementing the measurement in a circuital representation is a controlled Hadamard, which is
a non-Clifford unitary. As already mentioned, the SHIFT basis cannot be discriminated using stabilizer
operations, and it can be expressed via the formula (T) where w is the Lugano process [2]]. Therefore, the
result shown for the SHIFT basis might suggest that the non-causality of the process function in (I) plays a
key role in determining the discriminability of the associated stabilizer basis. It turns out that this is indeed
the case, as proved by the following theorem

Theorem 1. Consider a product basis S = {@k U:k(a\k) la) |a € {0, 1}”} If the process function w

is non-causal, S exhibits non-stabilizerness without magic.

It is known that every non-causal process function violates the "guess the process function" causal



inequality [4]]. As a corollary of the previous theorem we then conclude that causal inequalities provide an
operational witness for non-stabilizerness.

Extension to the multiqudit case: local colourability

LetS = {|1/ﬂ> = ®pr_ W@}‘ill be an orthonormal product basis. For each party k, we can group the
local vectors into a set S**) = {|wi) Yk, of sp < |S| distinct elements. This set can be further divided into
| X% | subsets Sg(;? such that S¢*) = UL):’“:‘(; 183(0? and all vectors in a given subset are mutually orthogonal.

Since S is a basis, we have that each subset Séi) contains exactly dj (local dimension) elements and is
itself a local basis. 4

When the product basis in unambiguous, meaning that for every party k (¢} |¢7) = 0 iff they belong
to the same setting, there always exists a process function and a set of local unitaries such that S can be
expressed as

S = {@,U |a) |a € {0,1}"} )

This property is a key ingredient used in the construction given in [4]. Here we observe that unambiguity
can be relaxed in a way that still allows to write S as above. For each local vector |1/},) we choose a setting

Sg(cﬁ). When |4} ) appears in multiple settings we can choose to assign the same setting to each occurence,
even if this is not necessary. In any case, in this way, each vector of the product basis ‘W> € § is associated

with a unique string of settings (z1, . .., zy). Now for every Sg(gi) = {|1/)ZT" ) }urcx, there exists a unitary

operator U,* that maps the computational basis By, to Sg(ci). We consider the following assumption

Assumption 1 (Local colourability). For every party k there exists a labeling function fj, : S*)

{0, ...dy — 1} such that whenever |¢), |1} are orthogonal fi.(|¢)) # fr.(|¥)).

This assumption is equivalent to requiring that the orthogonality graph of the local set S(*) is dj.-colourable
for every k. On the one hand, this condition is implied by the aforementioned unambiguity condition. On the
other hand this represents a weaker constraint since it applies also to ambiguous bases, such as the Domino
basis [3]]. However, there might be some cases in which this assumption is too strong, since one can build
local sets that are not d-colourable. A counterexample for d = 3 can be easily built using the thirteen states
proposed in [[11]]. Effectively, the constraint of local d-colourability amounts to a noncontextual assignment
of "colours" to the local sets. In the case of d = 2, such a colouring always exists: this fact underlies the
Kochen-Specker hidden-variable model for a qubit [|6,|10] and it explains why all unentangled multiqubit
bases are "unambiguous" [4]], defining process functions.

An immediate consequence of the local colourability of the local sets is that the unitaries U,* can be
explicitly written as

—

U =S W W@, 3)

namely, whatever setting z; a given vector [¢}) € S*) has been assigned, we have [¢%) = UZ*|f(¥5)).
This readily implies the existence of a function that leads to (2)), as stated in the following proposition

Proposition 1. For every locally colourable product basis S there always exists a quasi-process function

w:xp_ {0, dp—1} = X 4)

such that .
S={QU;* " |a)|a € xp_,{0,...,d; —1}} (5)

k=1

This proposition provides a recipe to build a quasi-process function that can be used to derive an explicit
representation of the basis S.
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We study non-stabilizerness without magic, where multiqubit stabilizer product states cannot
be perfectly discriminated using only stabilizer operations. Drawing a parallel with quantum non-
locality without entanglement, we show that this limitation arises from classical processes with
indefinite causal order. Using the process functions framework, we demonstrate that product stabi-
lizer bases generated by non-causal process functions are operationally indistinguishable by stabilizer
protocols. Since non-causal process functions violate causal inequalities, these inequalities provide
an operational witness of non-stabilizerness, establishing a direct link between causal structures and

resource-theoretic quantum advantage.

I. INTRODUCTION

The Gottesman-Knill theorem [1, 11, 12, 20] sets a
boundary in quantum computation theory that must be
overcome in order to achieve a quantum speedup over
classical computers. It establishes that any quantum
computation performed using stabilizer operations (SO),
i.e. operations built out of Clifford operations, stabi-
lizer states preparation and Pauli measurements per-
formed adaptively, can be efficiently classically simulated.
Therefore, observing a quantum computational advan-
tage requires the use of non-Clifford gates, such as the
Toffoli gate, or the preparation of non-stabilizer states,
also known as magic states, which are the resourceful
states in a resource theory of magic [9, 23] where SO
represent the free operations.

Within the qubit stabilizer formalism, multiqubit states
are eigenvectors of tensor product of Pauli operators.
However, even though such kind of states can be eas-
ily prepared through SO, non-stabilizer operations might
be necessary in order to perfectly discriminate them,
thus exhibiting non-stabilizerness without magic [18].
This result somewhat mimics the separation between the
set of separable operations and LOCC transformations,
which is revealed by the existence of QNLWE product
bases. Such bases are made of vectors that are not per-
fectly discriminable through Local Operations and Clas-
sical Communication (LOCC) protocols, despite being
product vectors. Then, from a resource theoretic per-
spective, non-stabilizerness without magic is the analo-
gous of Quantum Non-Locality Without Entanglement
(QNLWE) in the resource theory of entanglement. In
the latter case, there exists a set of free states (product
states) that cannot be perfectly discriminated via free
(LOCC) operations. Correspondigly, in an operational
resource theory of magic where free operations are stabi-
lizer operations, there exists stabilizer product states that
cannot be discriminated via free operations. Notably, the
set of states used in [18] to reveal this phenomenon is re-
lated to the so called SHIFT basis, a complete orthonor-
mal set of unentangled vectors for a three-qubit system
which is known to exhibit QNLWE [6].

Recently, the QNLWE property of product bases has
also been studied in connection with the process func-
tion framework [5, 10, 21], where the assumption of a
definite causal order is abandoned. The process function
framework corresponds to deterministic classical counter-
part of the process martrix formalism developed within
the quantum setting [21]. One models multipartite clas-
sical operations without assuming a fixed causal order,
while ensuring that the overall dynamics remain logically
consistent, i.e., producing legitimate probability distri-
butions for the correlations among the parties for ev-
ery choice of their local operations. It has been shown
that non-causal quantum processes provide operational
advantages in a variety of information-theoretic tasks
[2, 7, 8, 14, 19]. Along these lines, it has been proved
that the SHIFT basis can be perfectly discriminated by
a protocol in which the classical communication takes
place without a definite causal order [17]. This result
has been strengthened in [10], where the authors prove
that every non-causal process function can be encoded
on a QNLWE basis, and viceversa every QNLWE basis
is mapped to a non-causal process function, thus reveal-
ing a deep connection between causality and non-locality.
All these results highlight a pattern which seems to link
together topics that are, in principle, unrelated: causal-
ity, non-locality and non-stabilizerness. The aim of the
present work is to strengthen the relationship between
causality and non-stabilizerness.

The remainder of the paper is organized as follows. In
Section II, we review the process-function framework and
recall the characterization of causal and non-causal pro-
cess functions, together with their reduction properties.
We then discuss the correspondence between complete
product bases and (quasi-)process functions, introduc-
ing the notions of unambiguity and local colourability,
and proving that locally colourable product bases can al-
ways be encoded in terms of suitable local unitaries and
a quasi-process function. In Section II we further clar-
ify the relation between this construction and quantum
non-locality without entanglement. In Section III, after
reviewing the stabilizer formalism and adaptive stabilizer
discrimination protocols, we prove our main result: every
multiqubit stabilizer product basis associated with a non-
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FIG. 1: A pictorial representation of the scenario
described in the main text. Each party is allowed to
locally apply classical channels, mathematically
represented by functions fr : X — Ay in the
deterministic case. The way in which the parties
communicate with each other is ruled by the
environment, mathematically described by a process
function w: A — X

causal process function exhibits non-stabilizerness with-
out magic. In section IV We draw our conclusions.

II. PRELIMINARIES

In this section, we give a brief introduction of the process
function framework and collect the results relevant for
the present work.

A. Process function framework

The process functions framework [5] provides a well-
established approach to rigorously study the conse-
quences of dropping the assumption of a definite causal
order in a classical communication scenario. The corre-
lational scenario is defined as follows: consider n parties,
each one is in his/her own laboratory, who are allowed to
perform one round of classical communication exchang-
ing classical systems with the environment. Each party
receives an input xp € A from the environment only
once and similarly feeds one output ap € Ag into it.
Moreover, each of them has access to an input i, € Zj,
the local setting, and produces an outcome o € Oj.
The basic assumption is that classical probability theory
holds locally, which means that the local operations they
can apply to their input variables are stochastic processes

p(ok, arlirzy).

The environment essentially encodes how the parties
communicate with each other and, in the determinis-
tic case, it is mathematically modeled by a function
w : X0 — XpZx. Combining this function with the
local intervention of the parties yields the observed cor-
relations

P(old) =Y bua)a | [ POk, anlinar). (1)
a,r k

In figure 1 we reproduce a pictorial representation of the
correlational scenario. A process function is a function w
that gives a legitimate probability distribution P(a|x),
for any arbitrary choice of local interventions; otherwise
the function is called a quasi-process function. This con-
straint also implies that wy(a) = wi(a\x), where ay;, =
(aty...,Qk—-1,Qk+1,---,0n), known as the non-self signal-
ing condition. In the remainder, we will denote the carte-
sian product of all the outcomes set Ay by A = X, Ay,
and similarly for the settings X = X X

The process function is the central object in this frame-
work: it completely determines whether the communi-
cation between the parties takes place with a definite
causal order. According to the characterization provided
in [10] a process function is non-causal if there exists at
least a subset of parties such that the input received by
each party depends non trivially on the outputs of the
other ones. In other words, for such a subset, there is no
party in the global past of all the other ones. Notice that
this condition still allows for partial causal order among
some of the parties. To introduce the formal character-
ization of causal process functions, we introduce a stan-
dard procedure to obtain a n — 1-partite process function
from a n-partite one. Assume to have a process function
w X, Ap = X, Xk Now, fix a local deterministic in-
tervention f : X — A for a given party k& and define
wf™ A\x — Xy, as follows

wfk(a\k) = w\k(a\, frr(wr(ak)))- (2)

A crucial point here is that a process function is non-
self signaling, which guarantees the well-posedness of the
above definition. Indeed, the new function does not de-
pend on the outcomes of the other parties, and it is a
process function called reduced process function. A spe-
cial case of this is when the local intervention is a con-
stant function, i.e. f(zr) = arpVag. In this case w is
called output-reduced process function. This latter no-
tion has been used in a recent characterization of causal
process functions. We quote it here for the reader’s con-
venience.

Theorem 1 (Theorem 4 [10]). Let w : A — X be a n-
partite process function. Then, w is causal if and only if
the following conditions are satisfied:

1. there exists a party ki such that no other party can
signal to it, i.e., the input received by the environ-
ment 1s constant

Tk, = Wi, (@\k,) = Tk, - (3)

2. For every such party and for every ag, € Ag,, the
output-reduced process functions w‘“"ll] are them-
selves causal n — 1-partite process functions.

By contrapositive, non-causal process functions are those
that violate one of the two conditions above. If condition
1 is violated, there is no party who receives a constant



from the environment. The input of every party depends
on the output of at least another party. Formally speak-
ing, for every k there exist agk, a{k such that

wi(aly,) # wr(ayy)- (4)

Notice a(\)k, a{k might differ for just one component. In
this case, there is no global: every party is in the causal
past of another party. The most famous and simplest
example of a non-causal process function of this kind is
the AF/BW process, also known as the Lugano process,
defined by the following set of equations

xr1 = ag(ag@l), To = al(ag@l), Tr1 = ag(al@l). (5)
The input of each party depends on the two outputs of
the other parties. However, there can be process func-
tions that meet condition 1 but fail to satisfy condition
2. Even though such functions allow for causal com-
munication among a subset IC of the parties, there is a
n — |K|-partite process function that violates condition 1.
In other words, there is a configuration of the parties in
K such that the remaining parties communicate without
a definite causal order. A simple example of this case
is the following 4-partite process. A party in the global
past, whose output establishes whether the other parties
communicate in a fixed causal order or via the AF/BW
process:

x1 =(1 — a4) + agas(ag B 1),
22 =(1 — aq) + agay(as ® 1),
3 =(1 — as) + asas(a; ® 1),
T4 =0.

(6)

This obviously satisfies condition 1, thanks to party 4.
At the same time, there is a configuration of this party,
as = 1, such that the output reduced process function
w=1(ay,az,a3) is non-causal.

The AF/BW process is the prototypical example of a
non-causal process function. It is known to lead to the
maximal violation the following causal inequality

[P(000|000) + P(100/001) + P(001/010)

+P(001]011) + P(010/100) + P(100[101)  (7)

+P(010[110) + P(000|111)] < Z.

| =

Notice that each probability term P(o|t) appearing in
the above equation is in correspondence with an event
x = w(a) of the AF/BW process. This observation let us
rewrite the above inequality in the following form

$ > Plo=wili <} (8)

This formulation of the inequality let us reinterpret it
as a causal game dubbed ”guess the process function”

game. When the classical communication is governed by
the AF/BW process, the parties can win the game with
probability one using the following local strategy: each
party feeds its external input ¢; into the environment,
ay = iy, and gives as output the value received from it,
o = x. This amounts to choose the local interventions

P(Ok; ak‘ikwfk) = (;ok,fck(sak,ik-

This can be generalized to any non-causal process func-
tion wN¢. When the parties implement the local strat-
egy described above, the obtained correlations maximally
violate the following causal inequality

Hklllk 3 Plo=wN(i)fi) < 57 9)

where 5. denotes the bound achievable with correlations
obtained via causal communication. When Vk, |Z;| = d,
B¢ =1— - [5]. In the general case, the bound is given
by [10]

1

C:l—i
5 [T 1%

(10)

B. Relation with complete product bases

In [10], the authors establish a strong relationship be-
tween a certain class of orthonormal product bases, called
unambiguous, and process functions. We briefly review
their construction, and we connect it to d-colourability,
a property that the set of local bases must satisfy. Given
a qudit system, or more generally, the tensor product
of n qudit systems H; ® --- ® H,, each of dimension
dy, a complete product basis is a set of vectors S of the
form

S={v") = Qv (11)
k=1

where |S| =[], di. For each party k, we can group the
local vectors into a set S® = {|yi)}%, of s, < [S|
distinct elements (so S*) does not contain repetitions of
the same element). This set can be further divided into

| Xk | subsets S:,(c];) such that

| X% |-1
k k
St — U Sa(%)

=0

and all vectors in a given subset are mutually orthogo-

nal. Since S is a basis, we have that each subset Si’i’
contains exactly di (local dimension) elements and is it-
self a local basis. At this point, for any k& we can interpret
the X} as the set of local settings, and for each setting
Sg(gi), a local vector in Sg(ﬁi) is associated with an outcome
ay, corresponding to the position of the vector in the ba-
sis. For each party, we denote by By the computational
basis.



We can consider two different paradigmatic examples.
The first is three-qubit SHIFT basis

S = {1000),[+01),01+), |01=),

12
1+0) o0, 1 -0y juny P
For each party k € {0,1,2}, the local sets are given
by

S ={]0),11), 1+) 1=} (13)

and the local settings are

S =Aloy, 11}, SF ={+H.)  (14)

In this case, every vector ‘W> € S can be assigned to a
unique setting, and it is orthogonal to the vectors that be-
long to the same setting only. Thus, the map that assigns
each outcome string a = (a1, as, ag) with the correspond-
ing setting @ = (x1, 29, x3) clearly is a function, i.e., we
do not have that one string of outcomes associated with
two different settings. The property for which every local
vector belongs to one and only one setting, satisfied by
the SHIFT basis, is called unambiguity [3, 4, 10], and it
is defined as follows

Definition 1. A complete joint product basis S is said to
be unambiguous if, for every party k, two local vectors are
orthogonal if and only if they belong to the same setting,
i.e.,

( iwi) =0 < mfc in. (15)

This property, together with the fact that S is a complete
orthonormal basis, ensures that the mapping w : A —
X is a well defined quasi-process functions. Actually, it
has been shown that unambiguity [10] not only implies
that w is a process function, but that is also unique.
Viceversa, every process function can be encoded onto
an unambiguous product basis by suitably choosing the
local unitaries U, *. In summary, for every unambiguous
product basis S there exists a unique process function w
and a set of local unitaries {U;*}}_, such that

5 ={RU; " |a)|a € A}. (16)
k

A striking consequence of this relation between orthonor-
mal product bases and process functions is a tight rela-
tion between the QNLWE property and causality: every
unambiguous product basis that is QNLWE is associated
with a unique non-causal process function. Viceversa,
every non-causal process function can be encoded on an
unambiguous QNLWE basis.

While multiqubit product bases are all unambiguous,
there are examples of ambiguous bases. The simplest

4

example is provided by the Domino basis [REF], which
is the following set of nine states forming a basis of the
the two-qutrit system:

Sp :{|O+> ) |O_> ) |2+I> ) |2_l> )

0} |0y, [+2) -2y iy, )

where |+) = %(|0> + 1)) and |+') = %(m + |2)) For
both parties, the local sets S*) are given by

SW ={[0),11),12),1+), =), [+, =)} (18)
and from this set the following bases can be drawn:

S =1{10).11),12)}
SM = {10y, [+, |-}
S = {1+). 1), 12)}.

For the Domino basis, the vectors |0) and |2) appear in
two different settings for both parties, making this basis
ambiguous. This does not forbid the possibility of writ-
ing Sp in terms of a quasi-process function, as explicitly
shown in [10].

A simple procedure to write down explicitly the quasi-
process function can be devised. For each vector, we list
all possible settings in the following table

[v) | (a’lz’)
|0+) |(02) or (12)
|0—)|(02) or (12)
124/)|(01) or (21)
|2—")](01) or (21)
|[+/0)[(10) or (11)
|—'0)|(10) or (11)
|[+2) [(20) or (22)
|—2) |(20) or (22)
[11) [ (00)

Therefore, in the first place, for each party we have to
assign a setting to each vector. There are two vectors, |0)
and |2), which can be assigned to two different settings.
We can fix the settings as we wish, so let us suppose
that we assign both to the setting x; = 0. Now, notice
that for each party, the local set S*) is such that there
exists a function fi : S*) — {0,1,2} with the property
that for every pair of orthogonal states [1)), |¢) € S,
fe(¥)) # fr(l¢)). We can choose the labeling functions
fr in the following way:

+)) =
fe(11) = fe(|=) = fu(I+) = 1,
-’ :



These functions allow us to fix a convention for the
outcomes (a},a}) associated with each vector [¢%) =

1) ® |[¢h) in Sp set

(a1, a2) = (fr(|91)): f2([95))) (19)
Given the property of f it is immediate to see that for
every pair (a1, ag) there exists a unique vector in Sp such
that the above equation holds. Therefore, we have a map
w : A — X where each outcome (a1, as) associated with
a distinct vector is mapped to the unique setting repre-
senting that vector. Notice that, depending on the initial

choice of the settings, different w may be associated with
Sp.

Finally, using the following unitaries defined using the
functions f

Uy =10) (F(0)] + 1) (S +12) (f(2)] =
=10) O + [1) (1] +[2) (2| = 1

Uy =10) (FO)] + [+ )N ()] + =) (20)
=10) (0] + [+") (11 + ") (2|

Ui =) (f(H) + =) (F() +12) (f(2)]
=[+) (0 + [=) (1] +12) (2I.

one can easily check that the basis Spon is obtained
using the formula ®,U* |a).

The recipe described above for the Domino basis Sp
hinges on the existence of the function fi. That property
is equivalent to say that the orthogonality graph of each
local set is 3-colourable. We can formalize this property
to define a class of product basis

Definition 2 (Local colourability). Consider a complete
product basis S. a local set S™) is said to be dj-colourable
if for every party k there exists a function

fr:S® = {0,...d—1} (21)

such that whenever |¢) , 1) € S are orthogonal fi,(|¢)) #
fe(J¥)). Then S is said to be locally colourable if for
every k S is d,-colourable.

As already stated, this definition can be phrased in
graph-theoretic terms: S is locally colourable if the or-
thogonality graph of each local set S®) is d-colourable.
On the one hand, this condition is implied by the afore-
mentioned unambiguity condition. Indeed, the orthogo-
nality graph of unambiguous local setting correspond to
the disjoint union of |Xj| dg-colourable graphs. On the
other hand this represents a weaker constraint since it
applies also to ambiguous bases, such as the Domino ba-
sis [6]. However, there might be some cases in which this
assumption is violated, since one can build local sets that
are not d-colourable. A counterexample for d = 3 can be

easily built using the thirteen states proposed in [25]. Ef-
fectively, the constraint of local d-colourability amounts
to a noncontextual assignment of ”colours” to the local
sets. In the case of d = 2, such a colouring always exists:
this fact underlies the Kochen-Specker hidden-variable
model for a qubit [16, 24] and it explains why all unen-
tangled multiqubit bases are ”unambiguous” [10], defin-
ing process functions.

The recipe described above for in the special case of the
Domino basis can be applied to any locally d-colourable
product basis S.

Proposition 1. For every locally colourable product ba-
sis S there always exists a quasi-process function

w: >n<{0,...,

k=1

dp — 1} - X (22)
such that

S={QU;* ¥ |a)a e X{0,...,dv —1}}  (23)
k=1 k=1

Proof. We use the notation introduced above. For each
party k, S denotes the set of local vectors, and Séﬁ) de-
notes the local settings. If S is unambiguous, we already
know that such an w exists [10], is unique and is a pro-
cess function. So let us consider the ambiguous case. For
every [i") there are multiple settings @' = (21,...,2,)
which might be associated with |z/)’> For each vec-
tor, pick one particular setting =’ and call this function
h:S8 — X, X. Now, by local colourability, for every k
there exists a family of functions

fe:8® = 40,...d—1} (24)

such that fi(|¢})) # fu(l¥})) whenever (yi|vf) = 0.
For each vector |1/ﬂ> € S, we use this family to define the
outcomes via the mapping f: S — XZ:1{07 coydg — 1}
as follows

ai:(aiv"'aa;) = (f1(|1/ﬁ>)7 ,fn("‘/};») (25)
Notice that this mapping from S to A C
X:zl{O,...,dk — 1}, It is easily seen to be injec-
tive. Let [4%) # )"}, Then <wk|wk> = 0 for some k,

which implies

al, = fu(|vi)) # feljvh)) = al,.

Therefore |A| = [[,_; di, whence the mapping is also
surjective, thus invertible. The quasi-process function is
then defined as w := h o f~1.



A crucial point is that we can exploit the functions (24)
to explicitly write down the local unitaries connecting the

computational basis By to the settings Sg(ci). We have

U = S [ W (™) (26)

iy

where i,, runs over the elements in S™) such that
[0} € S Given [y)), for every ay # a such that
WJ c 53(0?789(52) we always have

L) = U fel[wi) = Ut ful|i))), (27)

namely, the vector W@ is obtained from the same vector
in the computational basis, whichever unitary is used.
We then have

®U<kuk(a) |a) :®U:k(.f(|'¢'i>)) ’.f(wl»
k k
=@ U [ i) = Qi) = [v)
k

k
(28)
and this concludes the proof. O

It is worth emphasizing that defining an invertible func-
tion f : § — XZ:1{O""vdk — 1} is always possible,
since S is an orthonormal basis and hence has cardinality
exactly [], di. Therefore, there is no obstruction to as-
sociating each vector of the basis with a particular event,
i.e., defining a function from outcomes to settings. How-
ever, one might fail to find a way to write the elements of
S in terms of suitable unitaries. This is where the local
noncontextual assignments have been used in the deriva-
tion, and this is reflected in particular in equation (27).
We finally remark that locally colourable QNLWE basis
implies that there does not exist a causal process func-
tion. Trivially, if w is causal, the basis would trivially
LOCC discriminable with one round of classical commu-
nication.

III. CAUSAL INEQUALITIES AS WITNESSES
OF NON-STABILIZERNESS

In a recent work [18] it has been shown that the SHIFT
basis, despite being made of stabilizer product states,
cannot be perfectly discriminated using stabilizer opera-
tions. Such operation consists of the preparation of some
ancillary qubits, Clifford operations and measurements
of Pauli operators. This result has been proved using
a subset of the SHIFT basis, which we know it is ob-
tainable from a non-causal process function in the way

explained in section II. In this section, we prove that
in the multiqubit scenario, every product stabilizer basis
whose associated process function is non-causal exhibits
non-stabilizerness without magic.

A. Stabilizer formalism

We begin by introducing the Pauli group and the stabi-
lizer formalism [13, 15, 22] in dimension d, assuming d
prime throughout the rest of the work. The Pauli group
is defined in terms of the shift and boost operators X
and Z respectively. Their action on the computational
basis is given by

Xla)=la®1)
Z |a) = w* |a) (29)

27i

where w = e"@ . Both Z and X are order d, namely
7% = X% = I, and they satisfy the following commuta-
tion relation

XZ=w'zX. (30)

The Pauli group is then generated by X and Z

Py = {wX?Z%a,b,c € Z4} (31)

By the primality of d, every @ € Py has order d. This im-
plies that each I # @) € Py has d different non-degenerate
eigenvalues {w’ }cz,.

The n-qudit Pauli group P7. is generated by the tensor
product of single system Pauli operators. Each @ € P}
is of the following form
Q=w'X"Z"@ .. @ X"z  coa,bcZy (32)
Also @ has order d and eigenvalues that are the d-th
root of the unity. For n qudit a stabilizer state is defined
as a vector that is left invariant by a maximal abelian
subgroup of P, called the stabilizer subgroup. Every
stabilizer subgroup has order n and completely deter-
mines the state. In particular, notice that every product
stabilizer state is uniquely determined by local genera-
tors, i.e., Pauli operators that are non trivial only on a
single factor. As an example, consider the state |+01)
from the SHIFT basis. The set of generators is given by
{X1,Z3,—Z3}. Here we have used the shorthand nota-
tion Py to denote the operator that acts non trivially only
on the k-th factor. We will use this notational conven-
tion hereafter. In prime dimension, for a single system,
the number of stabilizer eigenbases equals d+ 1 and they
are mutually unbiased. Each basis is the set of common
eigenvectors of a maximally abelian subgroup of P;. The



Clifford group is defined as the normalizer of Py} i.e., it
is the set of unitary operators U such that UPUT € P}
whenever P € PJ.

A measurement in the stabilizer formalism is given by
a projective measurement in the spectral decomposition
of some Pauli operator. Suppose that we want to mea-
sure a Pauli operator ). If we do this on a state sta-
bilized by a subgroup whose generators anticommute
with @, the outcome probability distribution is uniform,
since (| @Q |1)). The projector onto the w’-eigenspace is
given by. II; = 1 f;(} wItQ?, which readily implies
p(j) = §-

An adaptive stabilizer discrimination protocol consists
of: i) measurements of Pauli operators, ii) Clifford oper-
ations, iii) preparation of £ ancillary qubits in the state
|0). Operations i) and ii) can be performed adaptively,
depending on the outcomes of previous measurements.
The superoperator associated with such a protocol is
given by

D() = CpIIps . Cillpt IR CT .. IIpFC (33)
m

where each term CgH;?f generally depends on the pre-
vious £ — 1 outcomes my,...,my_1. Since the C' opera-
tions are Clifford and each I is a Pauli measurements
UTIRUT =TI, for a suitable Pauli operator P’. There-
fore, all the Clifford unitaries can be moved at the end,
and the protocol is essentially given by a sequence of
Pauli measurements

M oo I (34)

with k arbitrarily large. Thus, non-stabilizerness without
magic can be defined as follows [18]

Definition 3. A set of product stabilizer states S is said
to exhibit non-stabilizerness without magic if it cannot
be perfectly discriminated through an adaptive stabilizer
discrimination protocol.

A simple example of a basis that can be perfectly dis-
criminated via stabilizer operations is the two-qubit basis
{]00),|01),]14),|1—)}. A trivial LOCC protocol con-
sists of Alice measuring her qubits and sending the re-
sult to Bob: if she obtains 0, then Bob measures in the
Z basis, otherwise he measures in the X basis. Notice
that, even though the measurement protocol is a legit-
imate stabilizer protocol, the unitary implementing the
measurement in a circuital representation is a controlled
Hadamard, which is a non-Clifford unitary.

In the three-qubit scenario, the SHIFT basis in equa-
tion (12) constitutes an example of a set exhibiting non-
stabilizerness without magic. We reproduce the set here
for the reader’s convenience

S = {1000),[+01),[01+),, |01-),

|14 0),]-01),[1—0),|111)} (35)

This basis is made of product stabilizer states. How-
ever, it is clear that every non-trivial Pauli measure-
ment described by some operator P cannot discrimi-
nate all states. For example, suppose that we measure
Zy first. Then there are two vectors, |[+01) and |—01)
which are not perfectly discriminated by this measure-
ment. Indeed, such vectors have, respectively, X; and
— X1 among the stabilizer generators, and Z; anticom-
mutes with both. Thus, the outcome probabilities are
both 3. Moreover, it is not difficult to realize that the
two post-measurement states are orthogonal. The same
conclusions is reached considering every possible pauli
measurement P = P; ® P, ® P3 that can be performed.
Using local measurement, this would be obvious since the
protocol would correspond to a LOCC protocol, and this
basis is known to exhibit QNLWE.

B. Main result

From the discussion in section II, we know that every
unambiguous QNLWE basis & can be associated with
a non-causal process function [10] through the following
formula

S = {@x U |a) a € {0,1}"}. (36)

In the multiqubit case, every product basis is unam-
biguous and can therefore be expressed as above. The
SHIFT basis provides an example of a basis that can
be realized in this way. Indeed, consider the unitaries
U° = 1 and U! = H for all parties, where H denotes
the Hadamard gate, and let w : 0,13 — 0,1 be the
Lugano process (equation (5)). One can then easily ver-
ify that the SHIFT basis is obtained by applying equation
(36). Since the Lugano process is a non-causal tripartite
process, a natural question arises: do all stabilizer prod-
uct bases arising from a non-causal process exhibit non-
stabilizerness without magic, as the SHIFT basis does?
In this section, we focus on the multiqubit scenario and
answer this question positively, by proving the following
theorem

Theorem 2. Every multiqubit stabilizer product basis S
associated with a mon-causal process function of the fol-
lowing form

S = {@pH "W |a) a € {0,1}"} (37)

erhibits non-stabilizerness without magic.

The proof is given in the ancilla-free case. Indeed, as
proved in [18] (see Lemma 1 in Appendix A) adding an-
cillary qubits prepared in stabilizer states do not give
any advantage in the discrimination problem. The strat-
egy of the proof is the following: i) for every non trivial
measurement 17, there exists a state |¢;) which cannot
be perfectly discriminated after the measurement. This
is always guaranteed by the non-causality of the process



function; ii) there exists another state [i2) that is no
longer orthogonal to |11). Therefore these two states are
already no longer discriminable after the first measure-
ment. The full proof is provided in appendix A. No-
tice that the statement involves only rotations in the X
eigenbasis, but the proof strategy can be adapted to cover
cases in which rotations in the Y eigenbasis are also con-
sidered.

We notice that the reversed implication is trivially true:
bases exhibiting non-stabilizerness without magic are as-
sociated with non-causal process functions. By contra-
positive, if the process function is causal, then there ex-
ists a one-round LOCC protocol made of stabilizer mea-
surements. Therefore, for stabilizer product basis we
have an equivalence between non-locality (in the form
of QNLWE), non-causality and non-stabilizerness. We
finally notice that every non-causal process function is
associated with a causal game whose causal bound is
maximally violate, the ”guess the process function”[10],
as described in section II. As a corollary of our main re-
sult, causal inequalities then represent a witness of non-
stabilizerness in the multiqubit scenario.

IV. CONCLUSIONS

In this work we established a direct operational link be-
tween causal structure and non-stabilizerness in the mul-
tiqubit stabilizer setting. By exploiting the correspon-
dence between complete product bases and process func-
tions, we showed that whenever the process function as-
sociated with a stabilizer product basis is non-causal, the
basis cannot be perfectly discriminated using adaptive
stabilizer protocols. Therefore, we have extended the re-

sult of [18] to every product stabilizer basis other than
the SHIFT basis. In this way, causal inequalities ac-
quire a new interpretation: their violation certifies an ob-
struction to discrimination within the stabilizer formal-
ism, even though the states involved contain no magic.
Combined with previous results connecting non-causal
process functions and QNLWE, our findings seems to re-
veal a structural equivalence, at least in the multiqubit
case, between three phenomena: QNLWE, non-causality
of the associated process function, and non-stabilizerness
without magic.

Although our work already reveals an interplay between
the discrimination problem of stabilizer product bases
and the non-causality of the underlying process function,
our analysis has mainly been devoted to the multiqubit
case. However, the relation between QNLWE and non-
causal process functions has been fully understood for
unambiguous product bases [10] in arbitrary dimension.
It would be desirable to strengthen our results by proving
theorem 2 in the multiqudit scenario as well. In prime
dimension, local stabilizer bases are mutually unbiased,
and this implies that product bases built out of local sta-
bilizer bases are unambiguous. This ensures the existence
of a process function associated with such a basis, which
allows one to express the basis in terms of local unitaries
as in (36). Thus, in this case one may wonder whether
it is possible to extend the proof given for theorem 2 to
arbitrary prime dimension. This extension appears to be
possible, at least in the ancilla free case, to the multiqu-
dit case. The main problem might be to show that using
ancillary qudits does not provide any advantage in the
discrimination problem, as shown in the qubit case [18],
and we leave this as an open problem.
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Appendix A: Proof of Theorem 2

We first state and prove the following lemma

Lemma 1. Consider a quasi-process function w : A —
X. Consider a bipartition H,L C {1,...,n} of the par-
ties, HNL =0 and HU L =0, for every a, set
.y ah‘m )

.7whm‘)

ay ‘= (ahl,..
Wy = (whl,..

(A1)

and similarly for ¢ Suppose that there exists a =
(a1,...,a,) such that

LUH(CLH D 1aa’ﬁ) = W’H(a}[,aﬁ) D 1a

A2
welay ®1,ac) = we(ay, ag). (A2

Then w is not a process function.

Proof. Set x3; = wy/(a) and similarly for £. Consider
the local interventions defined as

fu(zn) =an, folzn®©1)=an®1, VheH, (A3)
fe(xe) = ap = fe(xe®1), VL
Then, it is immediate to check that
(:IZ'H,$L), (337.[@1,:13[) (A4)

are both fixed points of w o f. Thus w is not a process
function. O

By contrapositive, the lemma states that for any process
function, when the value of the outputs a of some par-
ties are flipped, not all the corresponding components of
w can flip while keeping the components outside of H
fixed.

We now prove theorem 2. Notice that it is pointless to
consider measurements P in which some factors corre-
spond to the Y operators. Such a measurement would
anticommute with the stabilizer of every vector in S, so
that no state would be discriminated by such a measure-
ment. The whole set S would collapse on one of the
27~ !_dimensional eigenspace of P, which would certainly
contain non-orthogonal vectors. We then onsider a mea-
surement P made of tensor product of Pauli operators X
and Z only. Let N}y, be the number of stabilizer genera-
tors of |1) which anticommute with P. Now, the process
function w is non-causal. Let us first assume that condi-
tion i) in theorem 1 is violated. Then, for each party k
there exists a(\)k and a{k such that

0y _ 1y _

wr(ayy) =0, wi(ayy) = 1.

Thus, both the X and Z eigenbasis appears for each
party. Therefore, there always exists a vector |¢) such
that N,y # 0. For simplicity, let us consider a vector cor-
responding to the smallest non-zero value of N}y = N.
Let us write such vector as

[V) = |¢1) ... |UN) [UN1) - - [Un)

where the parties have been rearranged in such a way that
Pgy = —goP for every £ = 1,...,N and Pgy = g¢P for
£ = N-+1...n. First, notice that the anticommutation of
P with a stabilizer generator of |¢) implies that the out-
come probabilities are the same p(+ [¢)) = p(—[¢)) = 4.
Therefore, this state is not discirminated by the measure-
ment. Let |a1) ... |a,) be the vector of the computational
basis mapped to [¢).

(A5)

) =@ (= fa)) =

14

- [@ (Hwem\e) |a€>>

14

®

& (e 1a0))

(A6)




We now consider the vector [¢)') obtained by replacing
ag—>ap®1 forevery {=1,... N

) = (B lar)) =

/4

B l® (H @) o, 1))

4

®

(A7)
Where a By lemma 1, it is not possible that Notice
that, as a consequence of this replacement, there will be
some indices ¢ for which the wy has changed value. Since
we considered a |1)) corresponding to the smallest non-
vanishing N, there will be at least NV indices such that
the stabilizer generators of the new vector anticommute
with P: goP = —Pgy. In particular, there are k indices
¢el,...,N such that goP = Pgy. Moreover, there are k'
indices £ € N + 1,...,n such that now g,P = —Pg,. By
suitably rearranging the qubits we can write the vectors
[} and |¢) as follows

1) =1 )Pkt NN N+ ) [ ON R 1)

V) =|V1. ) [Vkt1. NN+ N+ ) [ ON+R+1.m)

where |¢;,. i, ) = |biy) - - |di, ). We have partitioned the
vector so that

(A8)

1. goP = Pg, and gP = —Pg, for every { €
{1,...,k}, implying that |¢);. x) is an eigenvector
of P ® - ® P;

2. goP = —Pg, and g,P = —Pg, for every { € {k +
1,...,N}

3. 4P = —Pg; and g,P = Pg; for every £ € {N +
1,...,N + k'}, implying that |¢¥n11. N1x) IS an
eigenvector of Py11 ® -+ ® Pyigs;

4. goP = Pgy and g, P = Pgy for every £ € {N + k' +
1,...,n}, implying that |¢)n ik 41..n) IS an eigen-
vector of Pyipiy1 ® - Q@ Py,.

We now see that the post-measurement states\/%ﬂi [¢)

N -
and ﬁﬂihﬁ} are non-orthogonal. Here I1{. Here, TIY
denotes the projector onto the two eigenspaces of the

operator P. We write this operator as follows
P=P k®Pet1.N®PNi1. Nk @ Pniwt1.n (A9)

where P;, ;, = P;, ® ---® P;,. Given this partitioning,
the projector operators on the eigenspaces correspond-
ing to the eigenvalues +1 and —1 are respectively given
by
Y = (Mol oI+l @I +
I eIl +I1I- @II” @IIT) @ IT+
(Mol I™ + I oIl” @I +
eI @It +I @lI” @) @11,
(A10)

& (1 M)] |
L

10

for +1 and
= (Mfedtelt+I eIl oI +
I @Il +II" @II” @IIT) @ I+
(It el +0IMeI @It +
Il @It +II" @II” @II7) @ IIT,
(A11)
for —1. Suppose that the measurement result is +1, and
the other case is treated similarly. In such a case, the

overlap between the post-measurement states is given
by

(1. kel k1 NON 1 N [(ON 1. nl
(ITeIteOt +1IT @I~ @I~
ImeItel +I1I" @II” @ It) @ I
(eIt +1IT eIl @It
I eI @I+ @l @) @Il |

1) = |01 ) [Pt NN 1 N4k ) ON LR 41.m)
(A12)

Recall now that |¢1. &), [¥N+1. . N+k) and [N xr.. ) are

eigenvectors of Pk, Pvy1. Ntk and Pyygs .. . respec-

tively. Therefore, depending on the respective eigenval-
ues, only one term of the projector contributes to the sum

inside the squared brackets. This implies that the overlap
is proportional to (541, n|TIF|Yry1. n), where

[Wrirn) =) (HW(G\” |a5>> ;
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II* are the projectors onto the eigenspaces of Py41,... N-
For each factor in the projector, II®¢ is a single qubit
projector onto the Z or the X eigenbasis, depending on
whether the corresponding operator in P is P; = Z or
Pg = X. For each [, if Pg = X, wg(a\g) = wg(d\g) =0
and viceversa, if P, = Z, then wy(a\y) = we(a) = 1,
since by hypothesis, they must be in a basis rotated with
respect to the one defined by P;. The overlap is then
proportional to the following sum:
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(A14)
We now see that this sum is non-vanishing. Every term
in each product is explicitly given by

<az‘sz(a\e)Hssze(&\e) ‘aé D 1>. (A15)



We observe that each of these terms is 2 or —3, depend-
ing on whether sy = 4+1 or —1. Indeed, in the latter case,
the single qubit projector can be either II~ = |—) (—| or
I~ = |1) (1|, depending on P,. Therefore, the possible
values for the matrix elements are given by

O[=)(=1) = -
(+al=) = -

= (1[=){-0),

= (=D (1[+).

(A16)

N = N =

Now, if the the global projector I~ is the one that con-
tributes in equation (A12), the product s1 - --- - Sy, must
yield —1 for each term Hlé\[:k+1(wg|ﬂsf 1b¢) in the sum of
equation (A14). Therefore, each term contains a prod-
uct of an odd number of matrix elements with IIj = II~,
whence all the terms in the sum are negative and the
whole sum is non-vanishing. The same reasoning applies
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when the measurement outcome is +1. We then have
found two vectors that are not discriminated by P and
such that they become non orthogonal after the measure-
ment.

Now, suppose that w is non-causal but condition i) is
met. Thus, there must exist a party k1 and b, such that
the n — 1-partite process function w®: : Ak, = X, s
non-causal. If we iterate this, there must exist a subset
{1,...,n}\K of the parties such that the output-reduced
process function

WP = w\k(ark, ax)-

violate condition i). The set K = {ki,ka,... .k} is
the set of parties who communicate in a defined causal
order: k; is in the global past, ks can receive a sig-
nal from k; only, and so on. The corresponding values
bi = (bg,,-..,by,, ) are chosen in such a way that w®c
violates condition i). Therefore, for the subset of states
identified by by, the same proof of the previous case ap-
plies.



