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1 Introduction and context

1.1 Motivation: composition of quantum supermaps

Quantum supermaps [1] are higher-order quantum transformations that map one or several quan-
tum channels to another quantum channel. Quantum supermaps generalise parallel and serial
composition of quantum channels while allowing for new, more general types of compositions.
For instance, the order of composition can be coherently controlled by quantum systems, as in
the quantum switch [2], leading to quantum supermaps with so-called indefinite causal order [3].
Such supermaps can provide advantages in various computational tasks [4, 5], motivating interest
in understanding interesting classes of quantum supermaps [6] and exploring their information-
processing capabilities.

In information-theoretic tasks, it is often crucial to be able to compose the fundamental objects:
quantum circuits and computations are obtained by composing gates in parallel or sequence [7],
while communication protocols often involve composing together several sub-protocols or tasks.
It has been understood for some time, however, that more care must be taken when composing
together higher-order quantum operations to ensure the causal compatibility of the objects being
composed, and hence the consistency of the resulting objects [3]. Several recent works have made
significant advances in understanding the composition of quantum supermaps. Working in the
process matrix framework [3], which allows supermaps to be represented as positive semidefinite
(PSD) matrices in the Choi picture, Refs. [9, 10] characterise the valid transformations between
higher-order quantum operations — which are themselves higher-order operations.

A different, more abstract perspective that has been pursued is the study of causal cate-
gories [11, 12]. Simmons and Kissinger notably introduced the Causal Logic in [13] as a correct
and complete logic to decide causal consistency in the framework of causal categories. In Causal
Logic, a formula F is valid according to a proof-net criterion if and only if F' is causally consis-
tent. When applying the Caus[—] construction to the category of completely positive (CP) maps
between finite-dimensional C* algebras, the resulting causal category describes CP maps between
sets of PSD matrices — i.e., the (iterated) Choi representation of higher-order quantum operations.
Causal Logic thereby provides a means to determine the validity of a potential composition of
quantum supermaps, although the proof-net criterion is coNP-hard to verify.

Here, we pursue a problem motivated by considering a slightly more restrictive form of compo-
sition. As a motivation, consider the setting in which one is given a set of quantum supermaps —
each (by definition) mapping several quantum channels to a quantum channel — and one would like
to understand how these can be composed together using some simple, or “free”, compositional
procedures. For instance, one may wish to know what supermaps can be obtained by composition
together quantum switches, where the compositional procedure itself is causally well-defined. In
such a resource-theoretic view [14], a simple choice for free operations might be to consider just
“wirings” between input systems of one process and output systems of another.

The validity of such compositions can be studied using Causal Logic, but this is computationally
difficult and such problems have additional structure. For this specific task, it is in fact sufficient to
consider a fragment of Causal Logic, which we call First-Order ISOMIX (FO-ISOMIX) due to its
resemblance to ISOMIX logic. While, just as for Causal Logic, it was shown in [13] that verifying
the validity of a formula in FO-ISOMIX is in general a coNP-complete problem, the analogous
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problem for ISOMIX formulas can be solved efficiently. Here we study the relation between these
two logics more carefully, and in particular a simple mapping from FO-ISOMIX formulas F to
ISOMIX formulas HO(F'), obtained by replacing first-order variables by higher-order variables.
While it is easy to show that if HO(F) is valid, then so is F', the converse does not hold in general.
We show, however, that if F' is valid and HO(F') is not valid, then F must contain a “forbidden
structure”, which can be detected in linear time by parsing the formula F. This provides an
efficient pre-check when aiming to determine the validity of F: if F' has no forbidden structure,
then the non-validity of HO(F') — which can be checked efficiently — implies the non-validity of F'.

1.2 Causal Logic

A formula in Causal Logic [13] is defined according to the grammar
F,G:=AB,...|A*,B*,...|a,b,... |a",b*,... | [ | FRG | FBG| F <G, (1)

where variables A, B,... and a,b,... belong to two disjoint sets: regular variables (denoted in
uppercase) and first-order (FO) variables (denoted in lowercase).

The validity of a Causal Logic formula is defined using a proof-net criterion. One recursively
constructs syntactic string-diagram-like objects, called proof-structures, using the following “links”:

Fl |¢ F| ¢ F| |c
axiom FO-axiom unit tensor par prec

al Tar Al  [ar I [ FoGc |F3G¢  |[F<G

Each wire is labelled with a formula, and the formulas labelling the input and output wires of each
link must follow the rules depicted above. The wires whose bottom-ends are not attached to links
are called the open wires. Given a proof-structure, one then considers maps s that take each link
£ to an arc s({) between two input and/or output wires of this link. In this mapping, the allowed
arcs depend on the corresponding type of this link, as depicted below.

Fe®dG FRG F<d

Each map s that respects this constraint is called a switching function. Each switching function
produces a graph whose nodes are the wires of the proof-structure and whose arcs are the {s(¢)},.
The correctness of a proof-structure is defined according to the cyclicity of these graphs: a proof-
structure 7 is called a proof-net if for each switching function s of 7, the resulting graph is acyclic.
Finally, a formula is called valid (denoted F F') when there exists a proof-net with exactly one
open wire which is labelled with this formula.

1.3 ISOMIX and First-Order ISOMIX

The fragment of Causal Logic which we call FO-ISOMIX consists of the formulas defined over the
grammar F,G == a,b,... | a*,0*,... | | F® G | F® G. A wiring between input and output
Hilbert spaces of some quantum supermaps can be represented by an FO-ISOMIX formula U.
Each FO variable of U is interpreted as a Hilbert space of a supermap, and for each pair of input
and output Hilbert spaces wired together, their corresponding FO variables are connected with the
7 connector. Valid compositions of supermaps of some given types correspond to a fixed formula
R in FO-ISOMIX. A wiring, denoted by the formula U, then constitutes such a valid composition
if and only if the formula U — R :=U* % R is valid [13].

Proof-net verification is the problem of checking if a given proof-structure is a proof-net. As
mentioned earlier, proof-net verification for FO-ISOMIX is coNP-complete: it is easy to verify
that some appropriate switching function s produces a cyclic graph, but finding such a switching
function is typically difficult. On the other hand, for the fragment ISOMIX where formulas are
defined over F,G := A, B,... | A*,B*,... | I | F® G| F % G, validity corresponds to a simpler
proof-net criterion, allowing one to verify correctness of a proof-net efficiently.




2 Results
2.1 Mapping FO-ISOMIX to ISOMIX

Because proof-net verification in ISOMIX is easier than in FO-ISOMIX, we consider a simple
mapping of FO-ISOMIX formulas to ISOMIX formulas, allowing us in some cases to deduce the
(in)validity of the FO-ISOMIX formula from the (in)validity of the corresponding ISOMIX formula.
The mapping we consider takes an FO-ISOMIX formula F' to an ISOMIX formula HO(F) by
replacing first-order variables a, b, ... by regular variables HO(a), HO(b), . .. such that

HO(a*) = HO(a)", HOI) =1,
HO(F ® G) = HO(F) ® HO(G), HO(F B G) =HO(F)BHOG).

A straightforward consequence of the proof-net criterion with this mapping is that given an
FO-ISOMIX formula F', if - HO(F) then = F. The converse does not hold in general. Our
main result is that formulas that do not satisfy the converse implication must contain a specific
“forbidden” structure.

Definition 1. We say that G and H are opposite subformulas of a formula F' = Fy o Fy, where
o € {®,R}, if G is a subformula of F1 and H is a subformula of Fs, or vice versa.

Definition 2. We say that a formula F' contains a forbidden structure if there exist G = G173 Go,
H = H, ® Hy and K = K, ® K, as well as FO variables a,b,c,d such that G is a subformula
of F', H and K are opposite subformulas of G, and a,b,c*,d* are subformulas of Hy, Ho, K1, Ko,
respectively:

r r
/G1 7:5’ Gz\ /G1 ?:? GQ\

I‘{l ®//H2 K1\\® I{Q or K‘l ®//K2 Hl\\® I‘{z

AN A A

Theorem 3. Let F be a formula such that = F and tf HO(F). Then, F contains a forbidden
structure.

To prove this result, first prove an intermediate result concerning the structure of cycles in
the graphs obtained from switching functions. We show that, given a proof-structure that is not
a proof-net (i.e., in which there exists a switching function producing a cyclic graph), one can
construct a switching function whose graph contains a cycle of a specific form.

Given an FO-ISOMIX formula, we show that one can compute whether this formula contains
a forbidden structure in linear time by parsing the formula. This result allows one to perform an
efficient pre-check when one wishes to determine whether - F": if F' does not contain a forbidden
structure, then I HO(F) implies I/ F, and one can determine whether / HO(F') efficiently.

Finally, coming back to our motivating problem of wiring supermaps, we restrict ourselves to the
case of formulas of the form U — R. We prove that a given formula R contains a forbidden structure
if and only iff there exists a formula U of this form such that F U — R and I HO(U — R).

3 Conclusion and outlook

Our results help understand the relationship between FO-ISOMIX and ISOMIX, and allow one to
detect certain formulas whose (in)validity can be efficiently determined, in contrast to general FO-
ISOMIX formulas. This has immediate applications to our motivating question of wiring together
quantum supermaps. In a follow-up work, we are studying in detail the possible valid wirings of
bipartite quantum supermaps. This is an important first step towards understanding how small
supermaps can be consistently combined into more complex ones.




References

1]

G. Chiribella, G. M. D’Ariano, and P. Perinotti. “Transforming quantum operations: Quan-
tum supermaps”. Europhysics Letters 83, 30004 (2008). arXiv:0804.0180.

Giulio Chiribella, Giacomo Mauro D’Ariano, Paolo Perinotti, and Benoit Valiron. “Quan-
tum computations without definite causal structure”. Physical Review A 88, 022318 (2013).
arXiv:0912.0195.

Ognyan Oreshkov, Fabio Costa, and Caslav Brukner. “Quantum correlations with no causal
order”. Nature Communications 3, 1092 (2012).

Mateus Aratijo, Fabio Costa, and Caslav Brukner. “Computational advantage from quantum-
controlled ordering of gates”. Physical Review Letters 113, 250402 (2014). arXiv:1401.8127.
Alastair A. Abbott, Mehdi Mhalla, and Pierre Pocreau. “Quantum query complexity of
Boolean functions under indefinite causal order”. Physical Review Research 6, L032020 (2024).
arXiv:2307.10285.

Julian Wechs, Hippolyte Dourdent, Alastair A. Abbott, and Cyril Branciard. “Quantum cir-
cuits with classical versus quantum control of causal order”. PRX Quantum 2, 030335 (2021).
arXiv:2101.08796.

G. Chiribella, G. M. D’Ariano, and P. Perinotti. “Quantum circuit architecture”. Phys. Rev.
Lett. 101, 060401 (2008). arXiv:0712.1325.

Philippe Allard Guérin, Marius Krumm, Costantino Budroni, and Caslav Brukner. “Composi-
tion rules for quantum processes: a no-go theorem”. New Journal of Physics 21, 012001 (2019).
arXiv:1806.10374.

Timothée Hoffreumon and Ognyan Oreshkov. “Projective characterization of higher-order
quantum transformations” (2022). arXiv:2206.06206.

Simon Milz and Marco Tilio Quintino. “Characterising transformations between quantum
objects, ’completeness’ of quantum properties, and transformations without a fixed causal
order”. Quantum 8, 1415 (2024). arXiv:2305.01247.

Aleks Kissinger and Sander Uijlen. “A categorical semantics for causal structure”. Logical
Methods in Computer Sciencel5 (2019). arXiv:1701.04732.

Will Simmons and Aleks Kissinger. “Higher-Order Causal Theories Are Models of BV-Logic”.
In 47th International Symposium on Mathematical Foundations of Computer Science (MFCS
2022). Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik (2022). arXiv:2205.11219.

Will Simmons and Aleks Kissinger. “A complete logic for causal consistency” (2024).
arXiv:2403.09297.

Simon Milz, Jessica Bavaresco, and Giulio Chiribella. “Resource theory of causal connection”.
Quantum 6, 788 (2022). arXiv:2110.03233.



https://dx.doi.org/10.1209/0295-5075/83/30004
http://arxiv.org/abs/0804.0180
https://dx.doi.org/10.1103/PhysRevA.88.022318
http://arxiv.org/abs/0912.0195
https://dx.doi.org/10.1038/ncomms2076
https://dx.doi.org/10.1103/PhysRevLett.113.250402
http://arxiv.org/abs/1401.8127
https://dx.doi.org/10.1103/PhysRevResearch.6.L032020
http://arxiv.org/abs/2307.10285
https://dx.doi.org/10.1103/PRXQuantum.2.030335
http://arxiv.org/abs/2101.08796
https://dx.doi.org/10.1103/PhysRevLett.101.060401
https://dx.doi.org/10.1103/PhysRevLett.101.060401
http://arxiv.org/abs/0712.1325
https://dx.doi.org/10.1088/1367-2630/aafef7
http://arxiv.org/abs/1806.10374
http://arxiv.org/abs/2206.06206
https://dx.doi.org/10.22331/q-2024-07-17-1415
http://arxiv.org/abs/2305.01247
https://dx.doi.org/10.23638/LMCS-15(3:15)2019
https://dx.doi.org/10.23638/LMCS-15(3:15)2019
http://arxiv.org/abs/1701.04732
http://arxiv.org/abs/2205.11219
http://arxiv.org/abs/2403.09297
https://dx.doi.org/10.22331/q-2022-08-25-788
http://arxiv.org/abs/2110.03233

Probing the composition of processes with first-order-

ISOMIX logic
Alastair A. Abbott!, Mnacho Echenim?, and Raphaél Le Bihan'?

LUniversité Grenoble Alpes, Inria, 38000 Grenoble, France
2Université Grenoble Alpes, Grenoble INP - UGA, CNRS, LIG, 38000 Grenoble, France

The Causal Logic of Simmons and Kissinger [1] provides a sound and complete logic
to decide causal consistency in the framework of causal categories. Given a formula
F in Causal Logic, the validity of F' (denoted - F') can be determined according to
a proof-net criterion, and F' is logically valid if and only if it is causally consistent.
In general, however, determining the validity of a balanced formula, i.e. verifying the
correctness of a given proof-net, is a co-NP-complete problem.

Here, we interest ourselves in a slightly more specific problem: determining the
validity of compositions of higher-order processes (e.g., the composition of multiple
quantum supermaps). While Causal Logic can be used to address this problem, it is
sufficient to study some pertinent fragments of the logic for this purpose. In Causal
Logic, formulas can contain two sorts of variables: first-order variables, and regular
(or higher-order) variables, in addition to the unit atom I, and connectors ®, % and
<. ISOMIX is the fragment of Causal Logic containing only formulas with regular
variables, I and the connectors ® and 7%, while First-Order-ISOMIX (FO-ISOMIX) is
defined analogously, but with only first-order variables. FO-ISOMIX turns out to be
the relevant fragment for the compositional problem described above, but formulas’
validity remains coNP-hard to decide. On the other hand, the validity of (balanced)
ISOMIX formulas can be efficiently determined.

We study the relation between ISOMIX and FO-ISOMIX, and in particular a map-
ping from formulas F' of the latter to the former, HO(F'), obtained by replacing first-
order variables by higher-order variables. While it is easy to show that if HO(F) is
valid, then so is F', the converse does not hold in general. We show, however, that if F’
is valid and HO(F) is not valid, then F' must contain a “forbidden structure”, which
can be detected in linear time by parsing the formula F. This provides an efficient pre-
check when aiming to determine the validity of F': if F' has no forbidden structure, then
the non-validity of HO(F') — which can be checked efficiently — implies the non-validity
of F.

These results provide a criteria for determining when, e.g., the validity of the com-
position of higher-order processes can efficiently determined. In work in progress, we
apply this to the composition of quantum supermaps, enumerating all possible com-
positions of two bipartite supermaps, and determining the sets of valid compositions.
This provides a first step in the study of how small supermaps can be consistently
combined into more complex ones.

Note: the following is a draft version of the paper in progress, provided for the reviewers
and accompanying our extended abstract. The proofs and technical content below is essentially
complete, but further work is required on the presentation.

1 Introduction

In this article we present a connection between two logics: ISOMIX with regular variables and
ISOMIX with first order variables, which we call First-Order ISOMIX (FO-ISOMIX). ISOMIX
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and FO-ISOMIX are two fragments of Causal Logic, which is defined in [1].

Validity in FO-ISOMIX is defined in [1] using a proof-net criterion. First some string-diagram
objects are defined, called proof-structures. A proof-structure is a finite collection of wires labelled
with formulas, and connected together with links. Each proof-structure corresponds to a given
multiset of formulas, called its conclusions: those formulas labelling wires which are attached only
to one link. Then, a subset of proof-structures is defined, the proof-structures of this subset are
called proof-nets. A formula in FO-ISOMIX is said to be valid when there exists a proof-net
whose only conclusion is this formula. Verifying whether a given proof-structure is a proof-net is a
co-NP-complete problem for FO-ISOMIX. Validity in ISOMIX is defined using a similar proof-net
criterion, but checking whether a given ISOMIX proof-structure is a proof-net takes polynomial
time.

We study a simple transformation from FO-ISOMIX formulas to ISOMIX formulas, which
consists merely in injectively replacing the first-order variables of an FO-ISOMIX formula by
regular variables. We show that if the resulting ISOMIX formula is valid, then the initial FO-
ISOMIX formula is valid. This allows to pre-check whether a given proof-structure of FO-ISOMIX
is a proof-net: if the ISOMIX proof-structure produced by this transformation is a proof-net, so
is the initial FO-ISOMIX proof-structure. However this pre-check may fail (the ISOMIX proof-
structure isn’t a proof-net, but the FO-ISOMIX proof-structure is a proof-net). We show that in
this case the initial FO-ISOMIX formula must present a specific syntactic feature, which we call a
forbidden structure.

Finally, we consider the FO-ISOMIX formulas U which are of a specific form, which we call
tensor of FO maps (as, in our goal application of FO-ISOMIX, the formulas of this form represent
tensor products of quantum channels). In a later project, we will consider the following task: given
an FO-ISOMIX formula R where each variable appears only in one literal, enumerate all tensor of
FO maps U which have the same literals as R and such that U — R is valid. We show here that
for this task, it is sufficient to use the transformation of U — R in an ISOMIX formula if and only
if R doesn’t contain a forbidden structure.

1.1 Motivation

We are interested in the task of finding all the valid “wirings” connecting two process matrices
together in a deterministic way. By “wiring”, we mean applying quantum channels between pairs
of output and input Hilbert spaces of the process matrices.

This task can be tackled using FO-ISOMIX logic. A given formula R in FO-ISOMIX represents
a valid connection between process matrices. Each wiring can be represented by a formula U in
FO-ISOMIX, such that U — R is a valid FO-ISOMIX formula iff the wiring is a valid composition.

2 Notations

Notation 1. A multiset on a set X is a function X — N. Given a function f : X — Y, we
denote the multiset m : Y — N,y — #fY(y) (the number of preimages of each element of Y by
f) as [f(x),x € X]. We denote the empty multiset (the zero function) as [|. Given two multisets
m,m’ on a set X, we denote m +m' : y — m(y) + m/'(y) (the usual sum of functions X — N)
and we denote m Nm/ : y — min(m(y),m'(y)). Given a multiset m on a set X and x € X, we
denote x € m for m(x) > 0 and x ¢ m for m(x) = 0. Given a multiset m on a set X and a
function f : X — Y where the elements of Y can be summed together, we write ) . f(x) for
Y sex m(x)f(x) (i.e. the elements of m are summed with multiplicity).

3 ISOMIX and FO-ISOMIX

We introduce Causal Logic and its two fragments ISOMIX and FO-ISOMIX.




3.1 Formulas

Definition 2 (Formulas). Let V and Vro be two disjoint infinite sets of same cardinality. V is
called the set of reqular (or higher-order) variables and Vpo is called the set of first-order variables.
A formula in Causal Logic is an implicitely parenthesized term constructed from the grammar:

F,G:= V|V*|VFO|VFO*|I|F® G|F73)G|F <G. (1)

An atomic formula is a formula of one of the forms V|V*|Vro|Vro*|I.
ISOMIX is the fragment of Causal Logic which consists of the formulas over the grammar:

F,G:=VIVIIFQGF3G. (2)

First-Order ISOMIX (FO-ISOMIX) is the fragment of Causal Logic which consists of the for-
mulas over the grammar:

F,G ::=Vpo|ViolI|FRGIFBG . (3)

Definition 3 (Subformulas). Given a formula F, the set of direct subformulas, the set of proper
subformulas and the set of subformulas of F', denoted Dp, Pr and Sg respectively here, are defined
recursively as:

Ya € Vro, Do = Do =0, (4)
VAcV,Dg=Dy- =0, (5)

Dy =90, (6)

Dp<g = Drga = Dpzg = {F,G} , (7)

Va € Vpo,P, = Py =10, (8)
VACV,Py=Py-=0, (9)

Pr=0, (10)

Prp<c = Prgg = Pryg = {F,G} U Pr U Pg (11)
Sp={F}UPp. (12)

3.2 Proof-nets

Definition 4 (Proof-structure). A proof-structure © in Causal Logic consists of the following data:
e a finite set W of wires and a finite set L of links,
o for each wire x € W, a label f(x) which is a formula,

o for each link ¢ € L, a type t({) € {axiom, FO-axiom,unit, tensor, par,prec}, a set of pre-
misses p(£) C W which is totally ordered from the leftmost to the rightmost premisse and
a set of conclusions c(f) C W which is totally ordered from the leftmost to the rightmost
conclusion,

such that each wire is the conclusion of exactly one link and the premisse of at most one link, and
for each link ¢ € L:

e if t(¢) = axiom then £ has no premisse and has exactly two conclusions x (left) and y (right)
and there exists A € V such that f(z) = A and f(y) = A,

o if t({) = FO-axiom then { has no premisse and has exactly two conclusions x (left) and y
(right), and there exists a € Vo such that f(z) = a and f(y) = a*,

e if t(f) = unit then £ has no premisse and has exactly one conclusion x and f(z) =1,

o if t({) = tensor then ¢ has exactly two premisses x (left) and y (right) and exactly one
conclusion z and there exist two formulas F,G such that f(z) = F, f(y) = G and f(z) =
F®a,




o ift(£) = par then £ has exactly two premisses x (left) and y (right) and exactly one conclusion
z and there exist two formulas F,G such that f(x) =F, f(y) =G and f(z) = F &% G,

o if t(¢) = prec then £ has exactly two premisses x (left) and y (right) and exactly one conclu-
sion z and there exist two formulas F,G such that f(z) =F, f(y) =G and f(z) = F < G.

A wire x € W is called open when is isn’t a premisse of any link ¢ € L. We denote Op the set
of open wires.

The multiset of conclusion formulas is the multiset [fr(x),z € Op]. Given T' a multiset of
formulas, a proof-structure of I' is a proof-structure whose multiset of conclusion formulas is T'.

A proof-structure w is called an ISOMIX (respectively FO-ISOMIX) proof-structure when for
each wire x € W, the label f(x) is an ISOMIX (respectively FO-ISOMIX) formula.

Definition 5 (Switching graph). Let m be a proof-structure. A switching graph G of a proof-
structure 7 is a directed graph whose set of nodes is the set of wires W, and whose set of arcs is
the image of a partial function s : L — W x W, called a switching function of m, such that for
each link 0 € L:

e if t({) = axiom, then, denoting x and y the left and right conclusions of £ respectively (i.e.
such that f(z) = A and f(y) = A* for some A€ V), s(¢) € {x = y,y — z},

e if t({) = FO-axiom, then, denoting x and y the left and right conclusions of ¢ respectively
(i.e. such that f(x) =a and f(y) = a* for some a € Vpo), s(f) =y — x,

o if t(f) = unit, then s doesn’t map ¢ to any arc,

o if t(f) = tensor, then, denoting x and y the left and right premisses of ¢ respectively and z
the conclusion of ¢ (i.e. such that f(z) =F, f(y) =G and f(z) = F ® G for some formulas
F,G), s(t) e{x — z,z > x,y = 2,2 2> 4y, = y,y = T},

o if t(¢{) = par, then, denoting x and y the left and right premisses of £ respectively and z the
conclusion of £ (i.e. such that f(z) = F, f(y) = G and f(z) = F % G for some formulas
F,G), s(t) e{x — 2,2 > z,y — 2,2 = y},

o if t(¢) = prec, then, denoting x and y the left and right premisses of { respectively and z the
conclusion of € (i.e. such that f(x) = F, f(y) = G and f(z) = F < G for some formulas
F,G), s(t)ef{x— z,z > z,y > 2,2 > y,x —> y}.

We denote GRAPHS(7) the set of switching graphs of .

Definition 6 (Clarification: cycle). A cycle of a directed graph G = (V,E) is a sequence C' =
(e1,...,en) of arcs for some n > 1 such that, denoting e; = x; — y; for each i € {1,...,n},

o y; =xiy1 for eachi € {1,...,n—1} and y, = x1, and

o x; £ xy for each i,i’ € {1,...,n} such that i # 4.

We call (z1,...,x,) the vertex sequence of C. Usually, we identify cycles up to a circular permuta-
tion and we identify C with its set of arcs, so we write e € C when e = e; for some i € {1,...,n}.
For each i € Z, we use the notation e; = e; 4, for the appropriate k such that i+ kn € {1,...,n}.

Definition 7 (Proof-net). A proof-net is a proof-structure such that all its switching graphs are
acyclic. A multiset of formulas T' is called valid when there exists a proof-net of I' i.e. a proof-
structure of T' which is a proof-net, and in that case we write b I'. A formula F is called valid
when [F] is valid, and in that case we write - F.




4  Technical results

4.1 Size of a formula

Definition 8. We define the size of a formula s(F) by induction on F':

VAeV,s(A)=s(A")=1,
Ya € Vro,s(a) = s(a*) =1,
s(I)y=1,
S(FRG)=s(FBG)=s(F <QG)=1+s(F)+s(G) .

Fact 9. Let w be a proof-structure, £ € Ly, x € p;(£) and y € c;(£). Then, s(fr(z)) < s(fx(y)).

Proof. 1f t(¢) € {axiom,FO-axiom,unit}, then from Definition 4 p,(¢) = @ which contradicts
x € pr(f).

Otherwise if t(¢) € {tensor, par,prec}, then from Definition 4 there exist two formulas F' and
G such that fr(z) € {F,G} and f,(y) € {FQ G,F % G,F < G}. Since fr(z) € {F,G} and
s(F),s(G) > 0, from Definition 8 s(fr(x)) <1+ s(F)+s(G) =s(F®G) =s(F®G) =s(F <
G) = s(f=(y))- O

Fact 10. Let 7 be a proof-structure, let £ € L, and let x,y € c.(£). Then, s(fr=(z)) = s(fx(y)).

Proof. If t.(¢) = axiom, then there exists A € V such that ¢(¢) = {4, A*}, and since s(A) =
s(A*) = 1 the conclusion holds. Otherwise if ¢,(¢) = FO-axiom, then there exists a € Vpo such
that ¢;(¢) = {a,a*}, and since s(a) = s(a*) = 1 the conclusion holds. Otherwise if ¢,(¢) €
{unit, tensor, par,prec} then #c,(¢) = 1 so the conclusion holds. O

Proposition 11. Let F' be a formula and let G be a subformula of F. Then, s(F) > s(QG).

Proof. We prove this statement by induction on F.

If F' =G, then s(F) = s(G).

Otherwise G is a proper subformula of F. If F' is an atomic formula, then this contradicts G is
a proper subformula of F'. Otherwise if F' is of one of the forms X ®Y, XY or X < Y, then since
G is a proper subformula of F'; G is either a subformula of X or of Y, so there exists Z € {X,Y}
such that G is a subformula of Z. By the induction hypothesis s(G) < s(Z) < max(s(X), s(Y)).
Since s(X), s(Y) > 0, from Definition 8 s(G) < 14+ s(X)+s(Y) =s(X@Y)=s(XTY) =s(X <
Y) = s(F), so s(F) > s(G). O

4.2 Facts on proof-structures

Fact 12. Let 7 be a proof-structure and let £ € W.
o #cn(0) > 1.
o If #p(£) > 0, then #c. () = 1.

Proof. Tf t(¢) € {axiom,FO-axiom}, then from Definition 4 ¢ has exactly two conclusions. Other-
wise if ¢t (¢) € {unit, tensor, prec, par}, then from Definition 4 ¢ has exactly one conclusion. In
both cases there exists = € ¢, ().

If #pr(€) > 0, then from Definition 4 ¢,(¢) € {tensor, par,prec} and #c,(¢) = 1. O

Fact 13. Let m be a proof-structure and let £ € L. If there exists © € ¢ (¢) N Op, such that
s(fx(z)) > 1, then cz(€) C Op,.

Proof. Since s(fr(x)) > 1, from Definition 8 f, is of one of the forms F® G, F % G, F < G. Hence
from Definition 4, t,(¢) € {tensor,par,prec} and hence #c,(¢) = 1. So, for each y € ¢, (¢),
y = x, hence by assumption on z, y € Op,,. O

Fact 14. Let w be a proof-structure and I' be the multiset of conclusions of w. The following
statements are equivalent:




L4 Lﬂ:®7
e W, =0.

Proof. 1f L, # ), then there exists £ € L. By Fact 12 #c,(£) > 1, hence W, # 0. If W, # () then
there exists € W, so from Definition 4 there exists £ € L, such that « € ¢;(¢),s0 Ly 0. O

Proposition 15. Let m be a proof-structure such that #L, > 0. Then, there exists a link ¢ € L,
such that ¢ (£) C Op,,.

Proof. Since L, # 0, by Fact 14 W, # () and from Definition 4 W is finite, so there exists x € W
such that s(fr(x)) is maximum over W;. From Definition 4 there exists ¢ such that z € ¢, (¢).
If there exists ¢ such that x € p,(¢'), then by Fact 12 there exists y € ¢,(¢) and by Fact 9
s(fx(y)) > s(fx(x)) which contradicts that s(fr(z)) is maximal, so V&' € L,z ¢ p(¢').

If t;(¢) € {unit,tensor,par,prec}, then from Definition 4 #c.(¢) = 1 so ¢, (¢) = {x}, hence
since V¢ € L,z ¢ pr(¢') the conclusion holds.

Otherwise if t,(¢) € {axiom,FO-axiom}, then from Definition 4 ¢,(¢) = {z’,3’'} for some
'y € Wy, and fr(2') = A and fr(y') = A* for some A € V or f.(2') = a and f(y') = a* for
some a € Vpo, hence s(fr(z')) = s(fx(y’)) = 1. So, since x € ¢ (¢) = {2/, y'}, s(fr(x)) = 1. If
there exist 2/ € ¢;(¢) and ¢’ € L, such that 2z’ € p,(¢'), then by Fact 12 there exists y € ¢ (¢')
and by Fact 9 s(fx(y)) > s(fx(2)) =1 = s(fr(x)) which contradicts that s(fr(x)) is maximal, so
Vz' € e (€)Y € L,z ¢ pr(0). O

Proposition 16. Let 7 be a proof-structure and I be the multiset of conclusions of . The following
statements are equivalent:

4 LTI' = (Z);
4 WTI' = (Z);
o I'= []’
Proof. By Fact 14, Ly = 0 if and only if W, = . If W, = 0 then from Definition 4 T = []. If

L, # 0, then by Proposition 15 there exists £ € L, such that Vz € c;(€),Y¢' € L,z ¢ pr({). By
Fact 12 #c,(¢) > 1 hence there exists © € ¢;(¢) so V¢’ € Ly, x & pz(£),so fr(x) €T soT #[. O

Proposition 17. Let 7 be a proof-structure and let £ € L. Then, p;(£) Ncy(£) = 0.

Proof. For a contradiction, assume that there exists x € p,(£) N ¢ (¢). By Fact 9, s(fr(z)) <
s(fx(x)) which is absurd. O

Proposition 18. Let " # [] be a multiset of formulas and let © be a proof-structure of T'. Then,
there exists a link £ € L such that c;(£) C Op,.

Proof. Since T # [], by Proposition 16 #L, > 0, so by Proposition 15 there exists £ € L, such
that Vo € ¢, (€),Y0' € L, x ¢ p({'). O

Proposition 19. Let m and @' be proof-structures, let £ € L, and ¢’ € Ly such that there exist
z € cr(l) and ' € cp(£') such that fr(x) = frr(2'). Then,

o tx(0) =tm(l),

o #cp(0) = #en (0) and for each conclusion y of €, denoting y' the corresponding conclusion

of f‘fr(y) = fﬂ"(y/)7

o #p.(0) = #p(0') and for each premisse y of ¢, denoting y' the corresponding premisse of
U, fr(y) = fo(y).

Proof. Since fr(y) = f=(y'), from Definition 4




o if fz(x)is of one of the forms V and V* then t,(£) =t (¢') = axiom, so #pr({) = #p (¢') =0
and #c.(€) = #cp(0') = 2. Let us denote ¢ (¢) = {Z, 7} and ¢ (¢) = {’,y'}. Then, there
exist A, B € V such that f.(#) = A and fr() = A* and fo(2') = B and fr(y') = B*.
Since = € {Z, 7} and 2’ € {z/,y'} and fr(z) = fo(a'), A = B or A* = B*, in both cases the
equality between variables holds: A = B. So, fr(&) = fr(x') and fr(§ ) fr ().

o otherwise if fr(x) is of one of the forms Vpo and Vi, then t(¢) = t.(¢') = FO-axiom,
$0 #px(l) = #pr(U') = 0 and #cx(f) = Fco (') = 2. Let us denote c(¢) = {#,7} and
cor(U') = {a',y'}. There exist a,b € Vpo such that fr(%) = a, fr() = a*, fo(2') = b and
fr(y') = b*. Since x € {Z,y} and 2’ e{x y}andfﬂ(x): ~(2'), a =bor a* = b* so
a="b. S0, fr(Z) = fr(2') and fx(§) = fa (¢/)-

o otherwise if fr(z) = I then t,(¢) = t(¢') = unit, #p,(¢) = #p.(¢') = 0 and #c,(¢) =
#Cﬂ"(gl) =1,s0 Cﬂr(f) = {JJ} and ¢/ (él) - {Z‘/} and le'(x) = fﬂ"(x/) =1

o otherwise if f(x) if of the form F ® G then ¢.(¢) =t (¢') = tensor, #p({) = #p (¢') =
and #cg(0) = #c (¢)). Hence, ¢ (¢) = {2} and ¢, (f’) = {2’} and by assumption fﬁ( )
frr(2'). Denoting fr(x) = F®G and pr(¢) = {y, 2z} and po (') = {y/', 2}, f=(y) = fr (V)
Fand fr(2) = fw(?) =G

o otherwise if fr(z) if of the form F % G then t,(f) = t(¢') = par, #p.({) = #p(l') =2
and #c,(¢) = #c(¢') = 1. Hence, ¢;(¢) = {a} and ¢ (¢') = {a’}, and by assumption
fﬂ'(‘r) = fr (l‘/) Denoting fﬂ'(x) =F%® G and pﬂ'(g) = {y,z} and pr/ (6/) = {y/7zl}7 fﬂ'(y) =
fr(y) = F and fr(2) = fo(2) =G

o otherwise if fr(x) if of the form F < G then t,(¢{) =t (¢') = prec, #p. () = #p (£') =2
Cr
)

2

and #c,(¢) = #c(¢') = 1. Hence, c;(¢) = {a} and ¢ (¢') = {a’}, and by assumption
J(2) = fuo(a’). Denoting fx(z) = F < G and py(z) = {52} and pu(a’) = {y',2'},
fx(y) = f(y) = F and fz(2) = fo () = G

O

Proposition 20. Let © and ©' be proof-structures, let £ € Ly and £’ € Ly such that there exists
x € cp(l) and &' € e (£') such that fr(x) = far(z'). Then,

o =)y cex(O] = [fr(y),y € e ()],

o W)y epx(O] = [f= (), ¥ € pw ()]

Proof. By Proposition 19, #c.({) = #c.(¢) and for each conclusion y of ¢, denoting y’ the
corresponding conclusion of ¢, f(y) = fr(v'), and #p.(¢) = #pr(¢') and for each premisse
y or £, denoting y’ the corresponding premisse of ¢/, f(y) = fr(v'). So, [fx(y),y € cx(£)] =
[fo ()Y € e ()] and [fr(y).y € px(O)] = [fr (V). ¥ € pr (L)) O

4.3  Wires above one another

Definition 21. Let m be a proof-structure and let n > 0. A downward sequence of length n is a
pair ((xo, ..., Tn), (l1,..., L)) of sequences of wires and links such that for each i € {1,...,n},
xi—1 € pr(l;) and xz; € cr(¢;).

Forx,y € Wy, we say that x is above y when there exists a downward sequence ((xo, ..., xy), (1,. ..

such that xg = x and ., = y.

Proposition 22. Let w be a proof-structure, let x € W, and let n > 0. A downward sequence
((xoy.-yx2n), (b1,...,L,)) of length n such that x = xq is unique given x and n.

Proof. We prove this statement by induction on n. Let ((xo,...,2n), (¢1,...,%£,)) be a downward
sequence of length n such that z = x.

If n =0, then (zg,...,z,) = (z) and ({1, ..., ¥¢,) is the empty sequence, which are unique given
z and n.

Otherwise if n > 0, by the induction hypothesis the downward sequence ((zo, ..., Zn-1), (¢1,...,ln-1))

of length n — 1 is unique. From Definition 4, x,_1 is a premisse of at most one link, hence




since z,—1 € pr(¢,) and x,_1 is unique, ¢, is unique. Since x,—1 € pr(£n), #pr(£n) > 0,
hence by Fact 12 #c,(¢,) = 1. So, since z,, € c¢(¢,) and ¢, is unique, xz, is unique. Since
((xoy. - yxn_1),(l1,...,ln_1)), £y and z,, are unique, the downward sequence ((xo, ..., 2Zn), (l1,...,4n))
is unique given = and n. O

Proposition 23. Let 7 be a proof-structure, let x € Op,., and let y such that x is above y. Then,

x=y.
Proof. Since x is above y, there exists a downward sequence ((zg,...,2y), (¢1,...,4,)) for some
n > 0 such that zp = « and z, = y. If n > 1, then * = z¢y € pr(¢;) which contradicts
V0 € Lp,x ¢ pr(¢), hence n =0 and z = g = 2, = y. O
Proposition 24. Let © be a proof-structure and let ((xo,...,2n), (l1,...,4,)) be a downward

sequence. For eachi,j € {0,...,n} such thati < j, s(fx(z;)) < s(fx(z;))-

Proof. We prove this statement by induction on n. Let ((zo,...,%n), (¢1,..., %)) be a downward
sequence and let 4, € {0,...,n} such that ¢ < j. Since 0 <i < j<m,i<n—1andn >0. Since
n >0, ((xo,...,Tn-1), l1,...,€n_1)) is a downward sequence of length n — 1.

If j <n-—1,theni j € {0,...,n— 1} so by the induction hypothesis applied to the downward
sequence ((xo,...,Zn-1), (l1,...,€n-1)), s(fx(zi)) < s(fx(z;)).

Otherwise if j = n, then i < n — 1, so by the induction hypothesis s(fz(z;)) < s(fr(xn-1)).
Since zp,—1 € pr(¢y) and z; = x,, € cx(£y), by Fact 9 s(fr(zn—1)) < s(fx(z;)), hence s(fr(x;)) <
S(fﬂ(xj))' [

Fact 25. Let m be a proof-structure and let ((zo,...,%n),(l1,...,4n)) be a downward sequence.
For eachi € {1,...,n}, t-(¢;) € {tensor, par, prec}.

Proof. x;_1 € pr(£;) hence p,(¢;) # () which proves the result. O
Proposition 26. Let m be a proof-structure and let ((xo,...,2Tn), (1,...,4s)) be a downward
sequence.

e Foreachi,j €{0,...,n} such that i # j, x; # ;.
e Foreachi,je{l,...,n} such that i # j, £; # ;.

Proof. Since i # j, @ < j or j < i, so by Proposition 24 s(fz(z;)) < s(fr(x;)) or s(fx(z;)) <
5(fx(e)), 50 5(fa(21)) # (fx(27)), 50 i # 5.

By Fact 25, t:(¢;),tx(¢;) € {tensor,par,prec} so ¢ ({;) = {z;—1} and ¢ (¢;) = {z;—1}. Since
¢ # j, by the previous argument x;_1 # x;_1 so ; # ;. O

Proposition 27. Let m be a proof-structure and let x € Wr. There exists a unique wire y € Op,,
such that x is above y.

Proof. ((x),()) is a downward sequence ((xo,...,Zn), (¢1,...,%¢,)) such that = . From Defi-
nition 4 W, is finite, so by Proposition 26 for each downward sequence ((xq, ..., %s), (l1,...,4pn))
such that x = zg, n < #Wj. So, there exists a downward sequence ((zog, ..., zy), (¢1,...,4,)) such
that z = zg where n is maximal, hence x is above z,,.

We prove that V¢ € L., z, ¢ p(£). For a contradiction, assume that there exists £ € L, such
that z € pr(¢). By Fact 12, there exists y € c,(¢). Hence, ((xo,...,Tn,y),(l1,...,ln,0)) is a
downward sequence of length n 4+ 1 such that xy = x, which contradicts that n is maximal, so
Ve € Ly, xy & pr(L).

By Proposition 22 ((xg,...,Zn,Yy), (¢1,...,€s,¥£)) is unique given = and n, hence z,, is unique
given x and n. So, since n is unique given z, x,, is unique given x. O

Fact 28. Let m be a proof-structure, let £ € L, let x € pr(£) and let y € cx (). frz(x) is a direct
subformula of fr(y).




Proof. From Definition 4, since € pr(¢), #pr(£) > 0 hence t,(¢) € {tensor, par,axiom} so ¢ has
exactly two premisses 2,4’ and exactly one conclusion 2z’ and there exist two formulas F, G such
that fr(2') = F and f-(y') = G and fr(¢') e {F 9 G,F B G,F < G}. So, fr(2') and f(y') are
direct subformulas of f(z’). Since y € ¢(¢), y = 2’ and since x € p.({), x € {z',y'} so fr(z) is a
direct subformula of f(z). O

Proposition 29. Let w be a proof-structure and x,y € Wy such that x is above y. Then, fr(x) is
a subformula of fr(y).

Proof. Since x is above y there exists a downward sequence ((zg,...,z), (¢1,...,%,)) such that
xo = x and yg = y. We prove this statement by induction on n (for  and y not fixed).

If n =0 then x = 29 =z, =y s0 fr(x) = fz(y) so fz(z) is a subformula of fr(y).

Otherwise if n > 1 then ((zo,...,%n-1),(¢1,...,¢n—1)) is a downward sequence, so by the
induction hypothesis f.(zg) is a subformula of f;(z,—1). Since x,_1 € pr(¢,) and =, € c (),
by Fact 28 fr(x,—1) is a subformula of f(z,). Since fr(z) = fr(xo) is a subformula of f(x,—_1)
and fr(x,—1) is a subformula of f.(z,) = fz(y), fz(x) is a subformula of f,(y). O

Proposition 30. Let w be a proof-structure and x,y € Wy such that x is above y. If s(fr(x)) =
s(fx(y)) then z =y.

Proof. By Proposition 24. O
Proposition 31. Let 7 be a proof-structure and let ((zo, ..., Zn), (l1,...,£4n)) and ((z§, - .., x},), (667 ol
be downward sequences such that x,, = x},,. Then, there exists k1 € {0,...,n} and ks € {O Sm

such that xy, =z}, and if ky >0 and kz > 0 then vy, 1 # 2}, ;-
Proof. This is a consequence of Proposition 22. O

Fact 32. Let w be a proof-structure, let © € W, and let F be a formula. Then, F is a subformula
of f=(x) if and only if there exists ' € Wy such that fr(2') = F and &’ is above x. In that case,
denoting ((zo,...,Zn), (l1,...,4,)) the downward sequence such that xo = 2’ and xz,, = z,

e n> 0 if and only if F is a proper subformula of fr(x), and
e n=11if and only if F is a direct subformula of fr(x).

Proof. This is proven by induction on F. O

4.4 Balanced multiset of formulas
Definition 33. We define recursively the multiset of atoms At(F') of a formula F as:

VA € V, At(A) = [A], At(A*) = [A*], (13)

Va € Vro, At(a) = [a], At(a®) = [a"], (14)

At(I) = [1] , (15)

AL(F ® G) = AL(F B3 G) = At(F < G) = At(F) + At(G) . (16)

Given a multiset of formulas ', we define At(I") = > pop At(F).

Fact 34. Let H be an atomic formula and let F' be a formula. Then, H is a subformula of F if
and only if H € At(F).

Proof. This is proven by induction on F. O
Definition 35. A multiset of formulas I is called balanced when:

o for each variable A € V, At(T')(A) = At(T)(4*) < 1

e for each variable a € Vpo, At(T')(a) = At(T)(a*) < 1.

A formula F is called balanced when the multiset [F] is balanced.




Fact 36. Let I' be a balanced multiset of formulas such that I ¢ At(T") and let F,G € T'. If
At(F) N At(G) # [], then F = G.

Proof. Since At(F)NAt(G) # [] there exists H € At(F)NAt(G). Since H € At(F'), H is an atomic
formula. Assume that F' # G. Then, At(T)(H) = 3 pep At(F)(H) > At(F)(H) + At(G)(H) > 2.
If H =1, then H ¢ At(T") which contradicts At(T")(H) > 2. Otherwise if H € {4, A*} for some
A eVorif H € {a,a*} for some a* € Vg, then since T is balanced, At(I')(H) < 1 which
contradicts At(T")(H) > 2. Hence, F' = G. O

Fact 37. Let T be a balanced multiset of formulas such that I ¢ At(T"). Then, T < 1.

Proof. Let I € I'. From Definition 33 there exists an atomic formula H € At(F). Since At(I") =
Yoier At(F) > At(F), H € At(T') so H # 1. So F' € {A, A*} for some A € V or F' € {a,a"} for
some a € Vro, hence since I' is balanced, At(I")(H) < 1. So, 1 > At(I')(H) = Y pcp At(F)(H) =
Y tormuta £ LF)AL(F)(H) > T(F)At(F)(H) > T'(F) since H € At(F), so I'(F) < 1. O

4.5 Induction on proof-structures
4.5.1 Induced substructure of a proof-structure after removing a link

Definition 38. Let m be a proof-structure, let £ € L such that c;(¢) C Op,.. We call the induced
substructure of ™ after removing £ the following structure T defined with

o the set of wires W = Wi \ cx(£) and set of links Lz = L, \ {¢},
e the formula labels of wires fz = (fr)w-,

e the types of links tz = (tr)L_, premisses of links px = (px)— and conclusions of links
Cr = (Cﬂ')‘L?'

Given a proof-structure m and a structure T, we say that T is an induced substructure of m when
T is the induced substructure of m after removing a link £ € L, such that c(¢) C Op,..

Proposition 39. Let 7 be a proof-structure and let T be an induced substructure of w. Then, T is
a proof-structure.

Proof. This is proven by checking Definition 4. O

(In the following, Proposition 39 will be used implicitely each time we consider an induced
substructure of a proof-structure.)

Fact 40. Let w be a proof-structure and let T be the induced substructure of w after removing a
link £ € L. Then,
e OpzNex(f)

= @7
o Opﬂ— mpﬂ'(g) = Q)f
. OpF U Cﬂr(f) = Opﬂ— Upﬂ(e)'

Proof. Since T is the induced substructure of 7 after removing ¢, from Definition 38 ¢, (¢) C Op,
and Lz = L, \ {¢} and Wz = W, \ ¢ (¥).

Let 2 € Wi such that Y/ € Ly, 2 ¢ p=(f). Since x € We = Wy \ ¢x(0), z ¢ ¢ (0).

Let 2 € pr(f). Since £ € Ly, x doesn’t satisfy V0 € Ly, % ¢ pr(f).

Let € Wi such that ¥/ € Lz, ¢ pz({). If there exists £/ € L, such that = € p,(¢'), then
since Ly = L\ {{}, ' € Lz or ' = (. If ¢’ € Lz, then z ¢ pz(¢') = pr(¢'), which contradicts
x € pr(¢'). So, ¢ = ¢, hence z € p,(f). Otherwise if for each ¢’ € L., x ¢ p.(¢'), then z € Op,.
So, Op= C Op,. Up(£).

Let 2 € cx(£). Then, V0 € Ly, 2 ¢ p(f). So, cx(£) C Op,.

Let x € W, such that for each ¢/ € L,z ¢ p({'). Since Wi = Wi\ cr(€), x € W or & € c(£).
If x € W, then for each ¢/ € Lz C L, x ¢ p(¢'). Otherwise, z € ¢ (¢). So, OpzU ¢(¢) D Op,.
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Let ¢ € pr(£). If x ¢ c(£), then x € Wx. If there exists ¢ € Lz such that = € pz(¢’), then
'€ Ly and x € pz({') = pr(¢'). From Definition 4, x is a premisse of at most one link in 7, hence
since x € pr(¢) and = € p(¢'), ¢’ = £ which contradicts £’ € Lz = L \ {¢}, so for each ¢' € L=,
z ¢ pz(¢'). Otherwise, x € cz(¢). So, OpzU c(£) D p=(£). O

Fact 41. Let I' be a multiset of formulas, let m be a proof-structure of I', let T be the induced
substructure of m after removing a link £ € L and let I' be the multiset of conclusion formulas of
7. Then, I'+ [fx(z),2 € px ()] = ' + [fx(z),z € cx(0)].

Proof. By Fact 40, Opz W ¢z (¢) = Op, W p(¢). So, [f=(Z),& €
[f=(2),% € Op,] + [f(%),Z € pr(£)]. From Definition 4, I = [f (&),
Op+] = [f=(Z), & € Op4] since for each = € Op= C Wx, fr(z) = f=(z
L'+ [fx(@), 2 € cx(0)].

Proposition 42. Let T’ be a multiset of formulas, let m and @' be two proof-structures of T', let T
and 7' be the induced substructures of m and 7' after removing links { € Lr and 0 € L respectively
and let T and T7 be the multisets of conclusion formulas ~of T and 7' respectively. If there erist
x € cr(€) and x' € cp/ (') such that fo(x) = fr(2'), then T =T".

Pr| + [fx(%),% € cx(0)]
j 6 Opﬂ‘} and I' = [f?(j)vj
) s0 L'+ [fr(2), 2 € pr(0)]

Oonml

Proof. Since fr(z) = fa(2'), by Proposition 20, [fr(z),x € cz({)] = [fa(2'),2" € cp ()] and
[fr(2), 2 € pr(O)] = [fr (2'), 2" € pr (£')]. By Fact 41, I'+ [fr(2), z € pr(0)] = I'+[fr(x), 2 € cx(0)]
and T+ [fr: (27), 2" € pr ()] = '+ [frr (27), 2" € o ()], S0, TH[fr @), € ex(0)] = T+ [ (). €

cx(0)], so T =T". O

4.5.2 Induction on the number of links

Theorem 43. Let w be a proof-structure such that #L, = 0. Then, Wy =0 and L, =
Proof. By Proposition 16. O

Theorem 44. Let m be a proof-structure such that #L, > 0. Then, there exists an induced
substructure ™ of .

Proof. By Proposition 15. O

Theorem 45. Let m be a proof-structure and let T be an induced substructure of wm. Then, # L= <

#L,.

Proof. Since 7 is an induced substructure of 7, from Definition 38 there exists ¢ € L, such that 7
is the induced substructure of 7 after removing ¢ and Lz = L, \ {{}, so #Lz(¢) = #L, —1. O

4.5.3 Induction on the sum of formulas size of a multiset of formulas
Definition 46. Let I' be a multiset of formulas. We define s(I') = > pop s(F).
Fact 47. Let I' be a multiset of formulas. Then,

e s(I') >0,

e s(T') >0 if and only if T # [].

Proof. For each formula F, s(F') > 0, hence s(I') = >, s(F) > 0, and s(I') = 0 if and only if
r=]. O

Theorem 48. Let I' be a multiset of formulas such that s(I') = 0, and let ™ be a proof-structure
of I'. Then, W, =0 and L, = (.

Proof. Since s(I") = 0, by Fact 47 T’ = [] so by Proposition 16 W, = { and L, = (. O

Proposition 49. LetT' be a multiset of formulas such that s(I') > 0 and let w be a proof-structure
of T'. Then, there exists { € L such that ¢, (¢) C Op,.
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Proof. Since s(I") > 0, by Fact 47 I" # [] so by Proposition 16 #L, > 0 so by Proposition 15 there
exists a link £ € L, such that Vo € ¢(£),V¢' € Lz, x & pr(£). O

Theorem 50. Let I' be a multiset of formulas such that s(I') > 0 and let w be a proof-structure of
I'. Then, there exists an induced substructure T of .

Proof. Since s(T") > 0, by Proposition 49 there exists a link ¢ € L, such that ¢.(¢) C Op,, so the
induced substructure of 7 after removing ¢ is an induced substructure of 7. O

Fact 51. Let w be a proof-structure and let £ € L. Then, s([fr(x),z € pr(0)]) < s([fr(x),x €

e (0)])-

Proof. If t,(¢) € {axiom, FO-axiom,unit}, then by Fact 12 #c,(¢) > 1 and from Definition 4
#pr(£) = 0. Hence, since s(F) > 0 for each formula F, s([fr(x),z € cx(¢)]) > 0 = s([fr(x),x €
px(0)]).

Otherwise if ¢, (¢) € {tensor, par, prec}, from Definition 4 there exist z,y,z € W, such that
px(€) = {z,y} and c;(¢) = {2} and there exist formulas F' and G such that f.(x) = F, fz(y) =G
and fo(2) € {F®©G, FAG, F < G}. S0, s([fx(2),7 € pr(0)]) = s(fa(2)) +5(f=(y)) = 5(F) +5(G) <
S(F)+s(G)+1=s(F®G) =s(FBG)=s(F <G)=s(fr(2) = s([fr(@), T € cz(£)]). O

Theorem 52. Let I' be a multiset of formulas, let ™ be a proof-structure of I', let T be an induced
substructure of m and let I' be the multiset of conclusion formulas of ™. Then, s(I') < s(T').

Proof. There exists ¢ € L, such that 7 is the induced substructure of 7 after removing ¢. Let
us denote U = [fr(2),z € p,({)] and V = [fr(z),2 € ¢, ({)]. By Fact 41, T +U =T + V,
so s( +U) = s(T + V). By Fact 51, s(U) < s(V) hence s(I') + s(U) — s(V) < s(I'). Since
s(C+U)=5s(T)+sU) and s(T + V) = s(T) + s(V), s(T) = s(I') + s(U) — s(V) < s(I). O

4.5.4 Induction on the size of a balanced multiset of formulas

Fact 53. Let 7 be a proof-structure and let £ € L, such that t;(¢) € {axiom, FO-axiom,unit}.
Then:

o [fr(x), 2 € cx(0)] = At([fr(2), 2 € cx(0)]),
o [fr(x),x € cx(0)] is balanced.

Proof. Denote U = [fr(z),x € cz(£)].

If t;(¢) = axiom, then U = [A4, A*] for some A € V. So, At(U) = At(A4) + At(A*) = [A] +
[A*] = U. For B € V, if B = A then At(U)(B) = At(U)(B*) = 1, otherwise if B # A then
At(U)(B) = At(U)(B*) = 0 and for a € Vpo, At(U)(a) = At(U)(a) = 0, so U is balanced.

Otherwise if ¢,(¢) = FO-axiom, then U = [a,a*] for some a € Vpo. So, At(U) = At(a) +
At(a*) = [a] + [a*] = U, and U is balanced.

Otherwise if ¢(¢) = unit, then At(U) = At(I) = [I] = U. For A € V, At(U)(A) =
At(U)(A*) = 0 and for a € Vo, At(U)(a) = At(U)(a*) = 0, so U is balanced. O

Proposition 54. Let I' be a multiset of formulas, let w be a proof-structure of I', let £ € L such
that ¢ (€) C Op,, let T be the induced substructure of w after removing ¢ and let T’ be the multiset
of conclusion formulas of T.

o Ift.(¢) € {axiom, FO-axiom, unit}, then At(T) + [f(x),x € c.(£)] = At(T).
o Otherwise if t,(¢) € {tensor,par,prec}, then At(T) = At(T).

Proof. By Fact 41, T + [fr(x),2 € pz(€)] = T + [fx(2),2 € cx(£)]. So, At(T) + At([fr(2),z €
Pe0)]) = At(T) + At(([fx(2),2 € ex(0)]) )
If t(¢{) € {axiom,FO-axiom,unit}, then from Definition 4 p,(¢) = @ so At(l') = At(T) +
At([fx(z),z € cx(£)]). By Fact 53, At([fx(z),z € cx(0)]) = [fr(2), € cx(£)], hence At(I') =
At(D) + [fr(x),x € cz(£)].
Otherwise if t(£) € {tensor, par, prec}, then from Definition 4 p,(¢) = {z,y} and ¢, (¢) = {z}
for some z,y,z € W, and fr(x) = F and f,(y) = G and fr(2) € {F® G, F B G, F < G}.
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So, At([fx(2),% € p=(£)]) = At(F) + At(G). From Definition 33, At(fr(z)) = At(F ® G) =
At(F B G) = At(F < G) = At(F) + At(G), hence At([fr(Z),Z € cz(0)]) = At(F) + At(G). So,
At(T) + At(F) + At(G) = At(T) + At(F) + At(G), hence At(T) = At(T). O

Theorem 55. Let I be a multiset of formulas, let ™ be a proof-structure of I', let T be an induced
substructure of m and let I' be the multiset of conclusion formulas of 7.

e IfT is balanced, then T is also balanced.
o If I ¢ At(D), then I ¢ At(T).

Proof. Since 7 is an induced substructure of 7, from Definition 38 there exists ¢ € L, such that
¢x(¢) C Op,, and 7 is the induced substructure of 7 after removing .

If t,(¢) € {axiom, FO-axiom, unit}, then by Proposition 54 At(T) = At(T) — [fx(x),x € c(£)],
and by Fact 53 At([fz(z),z € cz()]) = [fx(z),z € cx ()] and [fr(z),z € cx(¢)] is balanced.
Denote U = [fr(x),x € ¢z ()], then At(T) = At(T') — U and U is balanced and At(U) = U. Since
At(T) = At(T") — U, At(T) < At(T).

o Assume that I' is balanced. For 4 € V, At(T)(A) = At(T")(A) — U(A). Since I is balanced,
At(T)(A) = At(T")(A*) < 1. Since U is balanced and At(U) = U, U(A) = U(A*). So,
At(T)(A) = At(T)(A*) —U(A*) = At(T)(A*) < 1. For a € Vro, At(T)(a) = At(T)(a)—Ul(a).
Since I' and U are balanced and At(U) = U, At(I')(a) = At(T')(a*) < 1 and U(a) = U(a*).
So, At(T')(a) = At(T)(a*) — U(a*) = At(T)(a*) < 1. So, T is balanced.

o Assume that I ¢ At(T'). Then, At(T)(I) < At(T')(I) =0, so I ¢ At(T).

Otherwise if ¢, (¢) € {tensor, par, prec}, then by Proposition 54 At(T') = At(T"), which implies
both statements. O

4.6 Some results proven by induction

Theorem 56. Let ' be a balanced multiset of formulas such that I ¢ At(T) and let w be a proof-
structure of T'. For any wires x,y € Wa, if fr(x) = fr(y) then x = y.

Proof. Since s(I') > 0 for any multiset of formulas I, we prove this proposition by induction on
s(T"). Let I' be a balanced multiset of formulas such that I ¢ At(I'). We can use the induction
hypothesis: “for any balanced multiset of formulas T such that I ¢ At(T') and s(T') < s(T'), for any
proof-structure 7 of T, for any wires z,y € Wx, if f=(2) = f=(y) then x = y”. Let © be a proof-
structure of I'. Let x,y € W, such that fr(z) = f(y), we show that z = y. By Proposition 27
there exist unique wires 2/, 3y’ € Op,, such that x is above 2’ and y is above ' in 7. From Definition
4, fr(2"), fz(y') € T. There exists an atomic formula H which is a subformula of f(x). Since x
is above 2’ and y is above ' and since f(x) = fr(y), by Proposition 29 f.(x) is a subformula of
f=(2") and of f(y’). Since H is a subformula of fr(z) and fr(x) is a subformula of f,(z’) and
of f=(y'), H is a subformula of fr(z') and of f(y’). So, by Fact 34 H € At(fr(z')) N At(f(v'))
hence At(fr(z)) N At(f(y')) # []. Since T is balanced and I ¢ At(T") and fr(z'), f=(y') € T and
At(fw(a:’)) NAt(fr(y')) # [], by Fact 36 fr(2') = fz(y'), and by Fact 37 I'(f-(z')) < 1. Hence,
since 2/, y" € Op, and I is the set of conclusion formulas of 7, 2’ = y'. Since fr(z) is a subformula
of fr(x ) by Proposition 11 s(fr(z")) > s(f=(z)).

If s(frx(2") = s(fr(x)), then since fr(x) = fr(y), s(fr(z)) = s(f=(y)). Since x is above 2’ and

s(fx(z")) = s(f=(x)) and y is above ¢y = 2’ and s(fr(2")) = s(fx(y)), by Proposition 30 x = z’
and y = 2/, hence z = y.

Otherwise if s(fr(z")) > s(fr(x)), then since s(fr(x)) > 1, s(fz(2’)) > 1. From Definition 4
there exists ¢ such that 2’ € ¢,(¢). Since s(f(z’)) > 1 and = € Op,,, by Fact 13 ¢(¢) C Op,. Let
7 be the induced substructure of 7 after removing ¢. Let I’ be the multiset of formulas of 7. Since
7 is an induced substructure of 7, by Theorem 52 s(I') < s(I'). Since 7 is an induced substructure
of 7 and T is balanced and I ¢ At(T), by Theorem 55 T is balanced and I ¢ T'. So, by the induction
hypothesis, for each Z,§ € W, if fz(Z) = f=(7) then & = . Since s(f(z")) > s(fx(x)) = s(f=(y))
and ' € c;(£), by Fact 10 x,y ¢ cr({), hence z,y € Wz = Wi \ ¢x(£). Since z,y € Wz and
Fo(@) = fo(2) = foly) = fo(u), 2 =, 0
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Proposition 57. Let I be a balanced multiset of formulas such that I ¢ At(T'), let ® and 7' be
two proof-structures of ', let £ € L and £ € Ly and let x € cz(£) and &' € cx(¢') such that
¢z () C Op, and fr(x) = far(2'). Then, ¢ (¢') C Op,..

Proof. Since fr(x) = fr(y), by Proposition 19 #c,(f) = #c/(£') and for each conclusion y of
£, denoting y’ the corresponding conclusion of ¢, fr(y) = fw(y'). Let y' € co(¢), we show
that ¥’ € Op,,. The conclusion y € ¢,(¢) corresponding to y’ satisfies fr(y) = fa(¢/). Since
y € ¢x(¢) C Op,., y € Op,, hence fr(y) € . So, since fr(y) = fr(y), fa(y') € T. Since T is
balanced and I ¢ At(T"), by Theorem 56 3’ is unique given f/(y’). So, if ¢’ ¢ Op,., then f.(y') ¢ T
which is absurd, so 3’ € Op,... O

4.7 Equivalent proof-structures

Definition 58. Two proof structures m and ©' are called equivalent when there exist bijections
w:We =Wy andv: Ly >~ Ly such that:

o for each x € W,

fr (@) = frr(pu(2)) (17)

o for each l € L,

Proposition 59. Let w and 7' be two proof-structures and let T and 7' be the induced substructures
of m and 7' respectively after removing some links £ € L, and £’ € Ly respectively such that T and
w' are equivalent and there exist x € ¢, ({) and x' € e (¢') such that fr(z) = for(2'). Then, T and
7' are equivalent.

Proof. Since 7 and 7’ are equivalent there exists 1 : W ~ W— and U : Lz ~ L— which satisfy the
conditions of Definition 58. From Definition 38, Wz = Wi \cx(£), Lz = Lo \{{}, W= = W \cx (')
and L— = Ly \ {{'}. Since x € cx(¢) and 2’ € c/(¢) and fr(x) = fr (2'), by Proposition 19
#er(l) = #cnr (). Let p: Wy ~ Wy be the bijection obtained by extending i : W ~ W—
with ¢ (¢) =~ ¢ (¢'), by mapping each conclusion of ¢ to the corresponding conclusion of ¢ from
leftmost to rightmost. Let v : Lr ~ L/ obtained by extending 7 : Lz ~ L— with {{} ~ {¢'}.
We show that p and v satisfy the conditions of Definition 58, hence that m and 7’ are equivalent
proof-structures, which will conclude the proof.

o Let y € W, we prove that fr(y) = fm(u(y)). If y € Wx, then from the definition of p above,

u(y) = 7(y) € W—. Since fi and 7 form an equivalence between the proof-structures 7 and
7, from Definition 58 fz(y) = f=(i(y)) = f=(pu(y)). From Definition 38 f7 = (fx)w~ and
fz = (Fx) i, hence since y € Wr, fz(y) = fx(y), and since p(y) € Wz, fo(uly)) =
fr(1(y)). So, f=(y) = fry) = f(u(y)) = fx(u(y)), so the condition of Definition 58
is satisfied. Otherwise if y ¢ W, then y € ¢;(¢) and from the definitions of y and v,
1Y) € cx(l) = cn (WD), #eall) = fen () = Hew(v(l) and u(y) € cx((0) is the
corresponding conclusion to y € cr(£). Since z € ¢, (¢) and 2’ € ¢ (¢') and fr(x) = far(2'),
by Proposition 19 f(y) = fa (11(y)). So, condition (17) is satisfied.

o Let £ € L, we show that t() =t (v(£)), u(px(£)) = pr (v(€)) and p(c(0)) = e (v(F)).
If / € Lz then from the definition of v, v(f) = T(f) € L—. Since fi and 7 form an equivalence
between the proof-structures 7 and 7/, from Definition 58 tz(f) = t;(ﬁ(@)) = tF(y(E)),
p=(0)) = p= (@) = p=((0)) and (cx(D) = c=(7(D)) = e=(v(D)). Since pe(l) C Wz
and cz() C W, from the definition of p, p(p=(f)) = f(p=(f)) = p=(v(€)) and pu(cx(f)) =
fi(ex(0)) = c(v v(f)). Since £ € Lz and 7 is the induced substructure of 7 after removing /,
from Definition 38 t(f) = tz(£) = t(v(0)), p(px(£)) = p(p=(€)) = p(v(0)) and p(ex(f)) =
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plex(0)) = c?(u(g)). Since v(f) € L— and 7/ is the induced substructure of 7’ after removing

¢, from Deﬁniticin 38 tx(l) = t7(v(€)) = tm(v(L)), ulpx(l)) = p=(v(f)) = pwl(u(g)) and

plea(0)) = ex(v(l)) = cx(v(£)), so conditions (18), (19) and (20) are satisfied.

Otherwise if / ¢ Lz then / = (. Since z is a conclusion of £ and 2’ is a conclusion of
¢ =v{) and fr(x) = fu(2'), by Proposition 19, t.(¢) = t(v(£)). Since z € ¢, (¢) and
2’ € e (v(l)) and fr(z) = fr(a'), by Proposition 19, #p.(¢) = #pr(v(¢)) and for each
premisse y of ¢, denoting y’ the corresponding premisse of v(¢), f(y) = f=(y). Let y be a
premisse of £ and let y’ be the corresponding premisse of v(¢), then fr(y) = f=(y’). Since
y € pr(£), by Proposition 17 y ¢ c({), so y € Wiz = W, \ ¢z(£). So from the definition of y,
w(y) = fi(y) € W= and since 7 and ¥ form an equivalence between 7 and 7, from Definition
58 f=(y) = f=((y)) = f=(u(y)). Since y € Wz and 7 is the induced substructure of 7

after removing /, from Definition 38 fr(y) = f=(y) = f=(u(y)). Since p(y) € W and 7 is

T

the induced substructure of 7" after removing ¢', from Definition 38 fr/(u(y)) = f=(u(y)) =

s

fr(y). So fr(u(y)) = fr(y) = fx(y'), hence by Proposition 56 y' = u(y). This holds for
any y € pr(¢) and for the corresponding y" € p./(v(£)), hence p(pr(¥)) = pr (v(¢)). From
the definition of y, 1 maps each conclusion of £ to the corresponding conclusion of ¢ = v(¢),
. ji(ca(£)) = ca (VD). ta(6) = tar (W(0)), 1(pa(0)) = par (v(0)) and (e (6)) = e (v(0)), 50
conditions (18), (19) and (20) are satisfied.

O

Theorem 60. Let I' be a balanced multiset of formulas such that I ¢ At(I"). Then, all proof-
structures of I' are equivalent.

Proof. Since for any multiset of formulas T', s(I') > 0, we prove this property by induction on
s(T"). Let I' be a balanced multiset of formulas such that I ¢ At(I'). We can use the induction
hypothesis: “for any balanced multiset of formulas T such that I ¢ At(T) and s(I') < s(I'), all
proof-structures of I' are equivalent.” Let 7 and 7’ be two proof-structures of I'. We prove that 7
and 7’ are equivalent.

If s(T') = 0, since 7w and 7’ are proof-structures of I'; by Theorem 48 W, = () and L, = () and
We =0 and Ly =0. Let p: Wy ~ Wy and v : Ly ~ L. be the unique bijection § ~ 0. p and
v satisfy the conditions of Definition 58 since these conditions are universally quantified over ().
Hence, m and 7’ are equivalent proof-structures.

Otherwise if s(I') > 0, then since 7 is a proof-structure of I, by Theorem 50 there exists an
induced substructure 7 of 7. Let T’ be the multiset of conclusion formulas of 7. By Theorem 52
s(T) < s(T). Since I is balanced and I ¢ At(I"), by Theorem 55 T is balanced and I ¢ At(T).
Since 7 is an induced substructure of = there exists ¢ € L, such that ¢,(¢) C Op, and 7 is the
induced substructure of 7 after removing ¢. By Fact 12 there exists « € ¢;(£), and hence z € Op,,,
5o fx(z) € T. Since 7’ is a proof-structure of I" and f,(z) € T, there exists ' € Op,, such that
far(x") = fr(z). From Definition 4 there exists ¢ € L,/ such that 2’ € ¢,/ (¢'). Since I is balanced
and I ¢ At(T") and c.(¢) C Op, and f(x) = f. ('), by Proposition 57 ¢,/ (¢') C Op,,. Let ’
be the induced substructure of 7’ after removing ¢'. Since fr/(2’) = fr(z), by Proposition 42 the
multiset of conclusion formulas of 7 equals the multiset of conclusion formulas of 7 i.e. T.

Since 7 and 7/ are both proof-structures of I' and T is balanced and I ¢ At(T') and s(T') < s(T),
by the induction hypothesis 7 and 7/ are equivalent. Since 7 and 7/ are equivalent and fr(z) =
fa(2"), by Proposition 59 7 and 7’ are equivalent. O

Proposition 61. Let m and ' be two equivalent proof-structures. If w is a proof-net, then w' is
also a proof-net.

Proof. From Definition 58 there exists bijections y : W ~ W, and v : L, ~ L, such that for
each x € Wy, fr(x) = fr(u(x)), and for each £ € L, t.(¢) =t (v(£)), p(pz(€)) = pr(v(¢)) and
wlex(€)) = e (v(f)). Let s’ be a switching function of 7’ and let G’ be the switching graph of 7/
whose set of arcs is the image of s’. Let s : L, — W, x W, be the following partial function: for
each link ¢ € L., if s’ maps the link v(¢) to an arc s'(v(¢)) = 2/ — y' then s({) = x — y where
r=p"1(2') and y = u~1(y’), otherwise if s’ doesn’t map v(¢) to any arc then s doesn’t map ¢ to
any arc.
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We show that s is a switching function of w. I.e., we show that for each ¢ € L., s satisfies
the corresponding condition of Definition 5 depending on t(¢). If ¢, (¢) = axiom, then ¢,/ (v(¢)) =
axiom so from Definition 5 s maps v(¢) to an arc s'(v(¢)) € {2’ — v,y — 2’} where 2’ and ¢/’
respectively denote the left and right conclusions of v(¢). So from the definition of s, denoting
r=p"t(2)and y = p~1(y’), s maps £ to an arc s(¢) € {x — y,y — x}. Since p(cy(€)) = cqar(v(£))
and ¢’ = p(z) and y' = p(y) are the left and right conclusions of v(¢) respectively, x and y are
the left and right conclusions of ¢ respectively, hence since s(¢) € {z — y,y — x}, s satisfies the
condition of Definition 5. If ¢,(¢) = FO-axiom, then ¢,/ (v(f)) = FO-axiom so from Definition 5,
s'(v(0)) =y — 2’ where 2’ and y' denote the left and right conclusions of v(¢) respectively. So
from the definition of s, denoting x = u~*(2’) and y = p~*(y'), s maps £ to the arc s({) =y — .
Since p(eq(€)) = e (v(€)) and 2’ and y' are the left and right conclusions of v(¢) respectively,
and y are the left and right conclusions of ¢ respectively, hence since s(¢) = y — x, s satisfies
the condition of Definition 5. If ¢;(¢) = unit, then ¢,/ (v(£)) = unit so from Definition 5, s’
doesn’t map v(¢) to any arc. So from the definition of s, s doesn’t map ¢ to any arc, so s satisfies
the condition of Definition 5. If ¢,(¢) = tensor, then ¢, (v({)) = tensor so from Definition
5, denoting z’ and y’ the left and right premisses of v(£) respectively and z’ the conclusion of
v(f), s" maps v({f) to an arc s'(v(¢)) € {a/ = 2/,2/ = 2,y — 2,2 — ¢y, 2’ = ¢,y — 2}
So from the definition of s, denoting x = p=1(2'), y = p~1(y') and 2 = p~1(2’), s maps ¢ to
an arc s({) € {z = 2,2 = z,y = 2,2 = y,x = y,y — x}. Since u(pz(¢)) = pr(v(¢)) and
x' and y' are the left and right premisses of v(¢) respectively, x and y are the left and right
premisses of ¢ respectively, and since p(c,(€)) = ¢ (v(£)) and 2’ is the conclusion of v(¢), z is the
conclusion of ¢, hence since s(¢) € {z — 2,2 = z,y — 2,2 = y,x — y,y — x}, s satisfies the
condition of Definition 5. If ¢,(¢) = par, then ¢, (v(¢)) = par so from Definition 5, denoting z’
and y’ respectively the left and right premisses of v(£) and 2’ the conclusion of v(¢), s’ maps v(¢)
to an arc §'(v(¢)) € {2/ — 2,2 = 2,y — Z/,Z — y'}. So from the definition of s, denoting
r=p"2),y=p"1(y)and z = p~1(2’), s maps £ to an arc s({) € {x — 2,2 = 2,y — 2,2 = Yy}
Since p(pr(£)) = pa (v(¢)) and ' = p(zr) and ¥y’ = p(y) are the left and right premisses of v(¥)
respectively, « and y are the left and right premisses of £ respectively, and since u(c,(€)) = ¢ (v(£))
and 2/ = p(z) is the conclusion of v(¢), z is the conclusion of ¢, hence since s(¢) € {x — 2,z —
x,y — 2,z — Yy}, s satisfies the condition of Definition 5. If ¢, (¢) = prec, then ¢, (v(¢)) = prec
so from Definition 5, denoting 2’ and ¥y’ respectively the premisses of v(¢) and 2’ the conclusion
of v(¢), s’ maps v(¢) to an arc s'(v(¥)) € {a' — 2,2/ = o',y — 2,2 — ¢, 2" — y'}. So
from the definition of s, denoting z = p~*(2'), y = p~'(y') and z = p~%(2'), s maps £ to an
arc s({) € {z = z,z = z,y = 2,2 = y,& — y}. Since pu(pz(£)) = p(¥(¢)) and =’ = p(x)
and y' = p(y) are the left and right premisses of v(¢) respectively, z and y are the left and right
premisses of ¢ respectively, and since p(cy(¢)) = ¢ (v(£)) and 2z’ = p(z) is the conclusion of v(¢),
z is the conclusion of ¢, hence since s(¢) € {x — 2,2 = z,y — 2,2 = y,x — y}, s satisfies the
condition of Definition 5. So s is a switching function of .

Let G be the switching graph of m whose set of arcs is the image of s. pu: W, >~ W/, so pis a
bijection between the sets of nodes of G and G’. We show that p is a graph isomorphism between
G and G’'. Let x,y € W,. Since the set of arcs of G is the image of s, G contains the arc z — y if
and only if there exists £ € L, such that s(¢) = z — y. So from the definition of s, G contains the
arc x — y if and only if there exists £ € L, such that x = p~1(2’) and y = p~1(y’) where 2’ — ¢/
denotes s'(v(£)). Since p is bijective, G contains the arc x — y if and only if there exists ¢ € L,
such that p(z) = 2’ and p(y) = v’ where 2’ — 3’ denotes s'(v(¢)), i.e., if and only if there exists
¢ € L, such that pu(z) — p(y) = s'(v(¢)). Since v is bijective, G contains the arc x — y if and
only if there exists ¢ € L, such that pu(z) — u(y) = s'(¢') and since the set of arcs of G’ is the
image of §’, G contains the arc x — y if and only if G’ contains the arc p(z) — u(y). Hence, p is a
graph isomorphism between G and G’. Since 7 is a proof-net and G is a switching graph of 7, G is
acyclic, and since G and G’ are isomorphic, G’ is also acyclic. This holds for an arbitrary switching
function s’ of 7/, hence 7’ is a proof-net. O

Definition 62. Let F be a balanced formula such that I isn’t a subformula of F. We call the
canonical structure of F' the following structure m defined with

o W ={G|G is a subformula of F'} and L = {(A, A*)|A and A* are subformulas of F', with A € V}U
{(a,a*)|a and a* are subformulas of F', with a € Vpo }U{(X®Y, X,Y)|X ®Y is a subformula of F}U
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{(X®Y,X,Y)|X BY is a subformula of F}U{(X <Y, X,Y)|X <Y is a subformula of F'}
o for each wire G e W, f(G) =G,

e for each link £ € L, if £ = (A, A*) for some A € V then t({) = axiom, p(£) = 0 and c(f) =
{A(left), A*(right)} otherwise if £ = (a,a*) for some a € Vpo then t(£) = FO-axiom, p(¢) = 0
and c(f) = {a(left),a*(right)} otherwise if £ = (X ® Y, X,Y) for some subformula X ® Y
of F then t(£) = tensor, p(f) = {X(left), Y (right)} and ¢({) = {X ® Y} and otherwise if
(= (XRBY,X,Y) for some subformula XY of F thent(£) = par, p(¢) = { X (left), Y (right) }
and c¢(€) = {X B Y}, otherwise if { = (X <Y, X,Y) for some subformula X BY of F then
t(¢) = prec, p(£) = { X (left), Y (right)} and c({) = {X < Y}.

Proposition 63. Let F' be a balanced formula such that I isn’t a subformula of F. The canonical
structure of F is a proof-structure.

Proof. This is proven by checking Definition 4. O
(In the following we will use this proposition implicitely.)

Proposition 64. Let 7 be a proof-structure, let s be a switching function of 7, let G be the switching
graph of m whose set of arcs is the image of s, and let y € W be a node of G. If y is the target of
an arc x — y and the source of an arc y — z in G, then there exist two unique links £, and £Y such
that y is a conclusion of £, and a premisse of 1Y, and either s({y) = x — y and s(t¥) =y — z or
s()=x =y and s(ly) =y — z.

Proof. Since the set of arcs of G is the image of s there exist two links £ and ¢’ such that s({) =z — y
and s(¢') = y — z. From Definition 5 in each case depending on t(¢) and t(¢'), s(¢) € (p(¢) U
c(0)) x (p(€) Ue(l)) and s(¢') € (p(¢') U (') x (p(£') Uc(l')). Hence, y is either a premisse or a
conclusion of each link ¢ and ¢'. From Definition 5 in each case depending on ¢(¢), the source and
the target of the arc s(¢) are different nodes, i.e. « # y. Therefore, since the arcs ¢ — y and y — 2
have different source nodes @ — y # y — z, i.e. s(f) # s(¢') and so ¢ # ¢'. From Definition 4 y
is a conclusion of exactly one link and a premisse of at most one link. We denote ¢, the unique
link of which y is a conclusion. Since y is a premisse or a conclusion of two different links ¢ and ¢,
there exists a unique link ¥ of which y is a premisse, and either £ = ¢, and ¢/ = ¢¥ or ¢ = ¢¥ and
0" = {,. Hence, either s({y) =z —yand s(¢¥) =y — z, or s(¥) =z — y and s({,) =y — 2. O

Definition 65. Let 7 be a proof-structure. We define the height h(€) of a link £ € L, by induction,
as:

e if t(¢) € {axiom,FO-axiom, unit}, let h(¢) = 0,
e otherwise if t({) € {tensor, par, prec}, let h({) = 1 4+ max,cpp) Maxys i pecer) R(L).
This is well-defined since:

e from Definition /4, for each € such that t.(¢) € {tensor,par,prec}, #p.({) > 0 and for each
x € pr(€) there exists €' such that x € c.(¢'),

e for each 0 € Ly, #c-(€) > 1 and for each x € pr(£) and y € cz(£), by Fact 9 s(fr(x)) <
5(fx(y)). So, h(€) is defined recursively for increasing values of maxge. (o) 5(fr()).

Proposition 66. Let w be a proof-structure, let s be a switching function of m and let G be the
switching graph of m whose set of arcs is the image of s. For any cycle C in G, there exists a link
¢ € L such that t(£) € {axiom, FO-axiom} and C' contains the arc s(f).

Proof. Let C be a cycle in G. C contains at least one arc. Since the set of arcs of G is the image
of s there exists a link ¢ € L such that s(¢) € C. We prove that there exists a link ¢ such
that ¢(¢') € {axiom, FO-axiom} by induction on h(f). For the base case assume that h({) = 0.
Hence from Definition 65 ¢(¢) € {axiom, FO-axiom,unit}. From Definition 5 s doesn’t map any
arc to each link whose type is unit, hence t(¢) # unit so t(¢) € {axiom,FO-axiom}, which
proves the base case. For the induction case, assume that h(¢) > 0. Hence from Definition 65,
t(¢) € {tensor, par,prec}. From Definition 5 in each of these cases, either the source or the target
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of the arc s(¢) is a premisse y of £. Since y is a node of C, there exists an arc z — y € C' whose
target is y and an arc y — z € C whose source is . By Proposition 64 there exists £/ € L such
that y is a conclusion of ¢ and s(¢') € {& — y,y — z}. Since y is a premisse of £ and a conclusion
of ¢ from Definition 65 h(¢') < h(¢). Since s(¢') € {z — y,y — 2}, s(¢') € C hence we can apply
the induction hypothesis, so there exists a link ¢” € L such that ¢(¢”) € {axiom, FO-axiom} and C
contains the arc s(¢"). O

5 Technical results on cycles in switching graphs

5.1 Unique preimages of arcs

Fact 67. Let w be a proof-structure, let s be a switching function of 7, let { € L, and let x € ¢, ().
e Let!' € Ly such thatx € pr('). Forl € Ly, if s({) € (Wyr — z)U(z — W), then £ € {£,0'}.
e Assume that x € Op,.. For{ € Ly, if s(f) € (Wy — 2) U (x — W), then { = .

Proof. This is proven by checking Definitions 4 and 5. O

Fact 68. Let m be a proof-structure, let s be a switching function of w, let £ € L, such that s(¢) is
defined. Then,

o s(0) € (pr(£) Uecr(£))?, and
o denoting s({) =x =y, x #y.
Proof. From Definition 5. O

Proposition 69. Let m be a proof-structure, let s and s’ be switching functions of w, let £,0' € L,
such that s(£) = s'(¢'). Then, £ =1 or s(£) € (pr(€) Nca(€')> U (p(£') Ner(£))2.

Proof. Let us denote s({) = x — y. By Fact 68 x — y € (po(£) U ca(£))? N (p(') U cx (€))%
So, ,y € (pr(€) Uc(£)) N (pr(€) Uca(€)). If pr(€) Np=(¢)) # O or cx(€) Ncr(€) # O, then
from Definition 4 £ = ¢’. Otherwise, z,y € (p=(¢) Nex(¢')) U (p=(¢') Nex(£)). For a contradiction,
assume that p.(€) N e (€') # O and p(¢') N e (€) # 0, i.e. there exists z € pr(£) N (¢) # O
and z' € pr(¢') Ncr(¢). Since z € pr(¢) and 2’ € c({), by Fact 9 s(fr(2)) < s(fx(2')). Since
2 € pr(l') and z € ¢ (¢'), by Fact 9 s(fr(2)) > s(f=(2")) which is absurd. So, p(¢) Necx(¢') =0
or p-({') Nex(€) = 0. Hence, z — y € (p=(€) Ncx(£))? U (pr(€') N e (€))? which concludes the
proof. [

Fact 70. Let m be a proof-structure and let ¢, .0 € Ly. If there exists x € Wr such that x €
(p=(O) N () U (pr(&) Ner(l)) and x € (pr(€) Ner(£)) U (pr(£) Nex(€)), then £ = L.
Proof. This is proven by enumerating each case © € (pr(£) Ncx(¢')) or & € (px(¢') Ner(£)), and

z € (px(€) N (0)) or x € (pr(£) Ncx(F)). O

Proposition 71. Let w be a proof-structure, let s and s’ be switching functions of w, let £,¢' € L,
such that s(¢) = s'(¢) and s(£) € (p(£)Nex(0))2U(pr(¢)Ner(€))?. Let G = (Wi, s(Ly)). If there
exists a cycle C of G such that s(€) € G, then len(C) = 2.

Proof. Let us denote s(¢) =z — y. Since z — y € C there exist w, z € W, such that w — z € C
and y — z € C and there exist ¢1, ¢ such that s(¢1) = w — = and s(2) = y — z. By Fact 68,
x £y, so s(f) # s(f1) and s(¢) # s(€2), hence ¢ # ¢1 and £ # L.

Since s(£),s(l2) € (Wr — y) U (y — W) and £ # £, by Fact 67, (y € ¢, (¢) and y € pr(f2)) or
(y € cx(€z) and y € pe(0)), i,y € (prl€) ex(£2))U (e (£2) Nr(£)). Since 5(6) € (o (€) Nen(£))U
(p=() N er(0)?, y € (p=(€) Nex(€)) U (pr(¢) N cx(€)). So, by Fact 70 £/ = 5. Similarly, since
s(£1),s(0) € Wy = z)U (x — W) and €1 # £, by Fact 67 2 € (p-(€) Nex(€1)) U (pr(£1) Nex(£)),
and since s(£) € (pr(€) Nex(€)? U (p=(0) Ner ()2, 2 € (pr(£) Nex(€)) U (pr(¢) Nex(€)). So, by
Fact 70 ¢ = /;.

So, ¢1 = 5 hence s({1) = s(ly) ie. w— =y — 2,80 z=x. Since x # y and x — y € C' and
y—x € C,len(C) = 2. O
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Theorem 72. Let m be a proof-structure, let s be a switching function of m and let £ € L,. Let
G = (Wr,s(Lz)), and assume that there exists a cycle C of G such that s(€) € C.

o Letl € L. If s(£) =s({'), then £ =10'.

o Let s’ be a switching function of m and let ¢ € L. If s(¢) = s'(¢') and len(C) > 2, then
e=1r.

Proof. Let £ € L, such that s(¢) = s(¢'). By Proposition 69, £ = ¢ or s(f) € (pz(£) Ncz(¢'))* U
(p=(¢') N e (£))?. For a contradiction, we assume that s(€) € (p(€) Ner (€)% U (pr(€) Ner(£))2.
Let us denote s(¢) = — y. Since s(¢) € C there exists z € Wy such that y — z € C and there
exists £ such that s(fz) = y — 2. By Fact 68, x # y, so s(f2) # s(£), so ly # £ and {5 # ¢'. By
Fact 68, s(f2) € (px(f2) Ucx(£2))?, 80 y € p(f2) Uca(f2). Assume that s(f) € (pr(£) Nex(0))%
If y € pr(€3), then y € pr(f3) N pr(£) so €3 = £ which is absurd. Otherwise, y € c¢;(f2), hence
Y € cx(l2) Nex () so o = ¢ which is absurd. So, s(£) € (p=(¢') Nc(£))?. By the same argument,
we arrive to a contradiction, hence £ = /.

Let s’ be a switching function of m and let ¢/ € L, such that s({) = s'(¢'), and assume that
len(C) > 2. By Proposition 69, £ = ¢ or s(¢) € (px(€)Nex(€)U(pz(¢')Ncx(€)). For a contradiction,
assume that s(€) € (pz(£) Nex(¢)) U (px(¢') Nex(€)). Then, by Proposition 71 len(C') = 2 which is
absurd. So, ¢ = /. O

Corollary 73. Let  be a proof-structure, let s be a switching function of m and let C = (e, ..., ey)
be a cycle of G = (Wyr,s(Lz)). There exists a unique sequence of links (¢1,...,¢,) such that
s(l;) =e; foreach i€ {1,...,n}.

Proof. For each arc e;, ¢; is unique by Theorem 72. O

Definition 74. Let 7 be a proof-structure, let s be a switching function of m and let C = (e, ..., ey)
be a cycle of G = (Wy,s(Lr)). We call the link sequence of C' the unique (according to Corollary
73) sequence ({1,...,4y) such that s({;) = e; for each i € {1,...,n}.

5.2 Horizontal and (in)direct links
Definition 75. Let w be a proof-structure, let s be a switching function of w and let £ € L.
o We say that £ is horizontal with respect to s when s(f) € p(£)2.

e Denoting c:(£) = x -y, we say that £ is direct or indirect with respect to s when s(f) =y — x
or x — y respectively.

5.3 Structure of a cycle in a switching graph

Fact 76. Let m be a proof-structure, let s be a switching function of 7, let C' be a cycle of G =
(Wax,s(Lyz)), let (x1,...,x,) be a vertex sequence of C and let ({1, ...,¢y,) be the link sequence of
C such that s(£;) = x; — ;41 for each i € {1,...,n}. Then, for eachi € {1,...,n}, the following
statements are equivalent

e xip1 € pr(li),
o Tip1 ¢ ca(li),
e Tip1 & pr(liv1),

e Zip1 € cr(liga).
Proof. By Fact 67 and Proposition 17. O
Proposition 77. Let m be a proof-structure, let s be a switching function of 7, let C be a cycle
of G = Wy,s(Lr)) and let (41,...,4,) be a link sequence of C. Let Ly, ..., L. be the links of
(€1, ..., £y) which are horizontal w.r.t. s and let Ly, ., = Llk,. Then, for each j € {1,...,m}, there
exists a unique link £y, such that k; < q; < k(j11y and s(ly;) € cx(ly,)?. For each j € {1,...,m},
s(l;) € cx(l;) X pr(€;) for each i € {kj +1,...,q; — 1}, and s(4;) € p=(€;) X cx(€;) for each
1€ {C]j + 17"'7k(j+1) -1}
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Proof. Let us denote (z1,...,x,) the vertex sequence of C such that s(¢;) = x; — x;41 for each
i€{l,...,n}. Let j €{1,...,m}.

Since L, ,, is horizontal w.r.t. s, zy ., € pﬂ(ﬁk(”l)), so by Fact 76 zg, ,, € cﬂ(ﬁk(_7.+1),1).
Hence, since k; < k(;j41) — 1 there exists a minimum index ¢; such that k; < g; and x4, 11 € cx(£g,)-
Then, q; < k(j41) — 1 50 q; < k(j41). Since £y, is horizontal w.r.t. s, xx; 41 € pr(fx,) so by Fact
76 21,41 & cx(ly;) s0 q; # kj, hence k; < q;. Since g; is minimum, for each i € {k;,...,q; — 1},
Tiy1 & cx(¢;) and so by Fact 76, x;11 € pr(f;) and @11 € cr(fig1). Hence, s(f;) € cx(€;) X pr(£s)
for each i € {k; +1,...,¢; — 1}, and 24, € cx({g,). So, s({y,) € cx(lg,)?.

Since lk,,,, is horizontal w.r.t. s, k., +1 € Pr(lk,,,, ). So, since ¢; < k(j;1) there exists a
minimum index r; such that ¢; < r; and ., 41 € px(¢,,). Then, r; < k(;41). Since r; is minimum,
for each i € {q;,...,7; — 1}, ip1 ¢ px(¥;), so by Fact 76 x,41 € cx(4;) and z;41 € pr(biy1). So,
5(0;) € pr(l;) X cr(¢;) for each i € {gj +1,...,7; — 1}, and @, € px(r;). So, s({y,) € (px(r;))? ie.
¢, is horizontal w.r.t. s. Hence, since k; < rj, k(1) <75, $0 k(jy1) =15

For each i € {k; +1,...,q; — 1}, s(¢;) € cx(€;) X pr(£;), so by Fact 76 s(¢;) ¢ c(¢;)%. For each
ie{qg+1,..., k(41 — 1}, 8(4s) € px(ls) X cx(;), so by Fact 76 s(¢;) ¢ cx(£;)?, so the index g; is
unique. L]

Proposition 78. Let m be an ISOMIX proof-structure, let s be a switching function of w, let C' be
a cycle of G = (Wy,s(Ly)), let (£1,...,4,) be a link sequence of C and let k1, ko such that k1 < ks
and tr(lg,) = tz(lr,) = axiom and t,(¢;) # axiom for each i € {ki +1,... ko — 1}. Then, there
exists k3 € {k1 +1,...,ky — 1} such that L, is horizontal w.r.t. s and, denoting s(lx,) = x; — y;
for 1 < j <3, y1 is above x3 and x2 is above ys.

Proof. This is proven by using the fact that each node has total degree at most 2 in a switching
graph. O

5.4  Cycles with minimum number of horizontal links

Proposition 79. Let 7 be a proof-structure and let ((xo, ..., Tn), (l1,...,Ln)) and ((x(, ..., 20,), (01, ..., €0)

m
be downward sequences for some n and m such that x, = z!, and x,_1 # x!, . Then,

e foreachi€{0,...,n—1} and each j € {0,...,m — 1}, ; # 2/,
o foreachi€{l,...,n—1} and each j € {1,...,m — 1}, £; # {}.

Proof. For a contradiction, we assume that there exist ¢ € {0,...,n — 1} and j € {0,...,m — 1}
such that z; = x; W.lo.g. we assume that 7 is maximum such that such a j exists. If i <n—1and
j < m — 1, then by Proposition 22 z;; = x9+1 which contradicts that 7 is maximum. Otherwise
if 5 =m — 1, then by Proposition 22, ;11 =z, hence ;.1 = x,, which is absurd by Proposition
26 since i + 1 < n. Otherwise, ¢ = n — 1, hence since z,_1 # z,_;, j < m — 1, so by Proposition
22 xp = x4 s0 x4y =z, which is absurd by Proposition 26 since j +1 < m. O

Theorem 80. Let m be an ISOMIX proof-structure, let s be a switching function of 7, let C be
a cycle of G = (Wy,s(Ly)) such that the number of horizontal links of C' is minimum among all

cycles and switching functions of ©, let £,0' € Ly such that £ and ¢’ are horizontal w.r.t. s and
s(0) € C and s(¢') € C and let x € c;(¢) and ' € c,({').

o Ifx is above o', then x = x'.

o Let ((zoy..  xn),(l1,...,0n)) and ((xh,...,20,), (€1, .., €.)) be two downward sequences
such thatn >0, m >0, xg =z, x5 =, x, =z, and Tp—1 # x,,,_1. Then, t-(¢,) = par.

Proof. For a contradiction, assume that z is above ' and z # xz’. There exists a downward
sequence ((xg,...,Zn), ({1,...,£4,)) such that xg = = and x,, = 2/, and since ' # =, n > 0.
Since ((zq,...,xn),(¢1,...,4n)) is a downward sequence and 7 is an ISOMIX proof-structure,
tr(¢;) € {tensor,par} for each i € {1,...,n}, so s(¢;) is defined. We assume w.l.o.g. that n is
minimum given ¢ and z, hence for each i € {1,...,n—1}, ¢; is not horizontal w.r.t. s or s(¢;) ¢ C.

Since s(¢,,) € C and n > 1, there exist ¢ the minimum index such that ¢ > 1 and s(¢,;) € C.
Since ¢’ is horizontal, ¢, (¢') = tensor and there exists y1,y2 € p.(¢') such that s(¢') = y1 — yo.
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By Fact 68, y; # y2. Hence, since y1,y2 € pr(¢'), from Definition 4 p.(¢') = {y1,y2}. Since
¥ €c(¢) and 2’ € e (L), ¢ = ¥,. Since 21 € pr(ln), Tn_1 =y1 OF Tp_1 =yo. U 21 = y1,
then since s(¢,) € C there exists an arc z — 2,1 € C and hence by Fact 67 s({,—1) = 2 = Zpn_1,
50 $(¢n—1) € C. Otherwise x,_1 = ya, hence since s(£,) € C there exists an arc xz,_; — z and by
Fact 67 s({p—1) = xpn—1 — 2, 50 $({p—1) € C. In both cases s({,_1) € C so ¢ < n.

Since ¢ is minimum, for each i € {1,...,¢ — 1},s(¢;) ¢ C. Since n is minimum and s(¢,) € C
and ¢ < n, £, is not horizontal w.r.t. s. Since t,({,) € {par,tensor}, s({;) & c:(¢,)?. Hence, by
Fact 68 s(€,) € pr(€y) X cx(ly) or s(£y) € cx(€y) X pr(ly). We assume that s(¢,) € pr(y) X cx(€y).
This is without loss of generality since if s({;) € cz(¢y) X pr({y), we can consider the partial
function s°P instead of s, since s° is a switching function of 7 and s°P(¢;) € p(£y) X cx(44) and
G°P contains the cycle C°P and the number of horizontal links of C°P is the same as C.

We show by induction that for each i € {g+1,...,n — 1}, s(4;) € C and s(¢;) = ;1 — ;.
Let i € {¢g+1,...,n—1}. If i > ¢+ 1, then by the induction hypothesis s(¢;_1) = z;_o —
Zi—1 € pr(liz1) X {xi—1} and s(f;—1) € C. Otherwise i = ¢+ 1s0i—1=g¢, so s(¢;—1) € C and
since t(¢;—1) € {tensor,par}, c;(¢i—1) = {zi—1}, 50 s(€i—1) € px(li—1) X {xi—1}. In both cases,
s(li—1) € Cand s(€;—1) € pr(£i—1)x{x;—1}. Since s(¢;_1) € C there exists an arc x,_1 — y € C for
some y € Wy, and by Fact 67 s(¢;) = ;1 — y. So, s(¢;) € C and by Fact 68, y € p(¢;) U c ().
Since s(¢;) € C and ¢ < n and n is minimum, ¢; is not horizontal w.r.t. s. Hence since z;_1 € p.(¢;),
y € cr(¢;) and since t.(¢;) € {tensor,par}, ¢, (¢;) = {z;}, so s(¢;) = x;—1 — ;.

Since ¢ is horizontal, t,(¢) = tensor and there exist y3,ys € pr(f) such that s(¢) = y3 — ya.
Since t(¢) = tx(¢') = tensor, from Definition 4 ¢,(¢) = {z} and ¢, (¢') = {z'}. So, since x # 2/,
¢ ¢, and since s(¢) € C and s(¢') € C, by Corollary 73 s(¢) # s(¢').

Hence, C can be decomposed as a concatenation C = P;-s({)-Py-s({y)-. . .-s(£y) for some pathes
P, and P,. Let so be the partial function such that s(¢;) = ;-1 — x; for each i € {1,...,q} and
s2(¢) = y1 — x0 and sy coincides with s on all other links. Then, s is a switching function of .
Let Go = (Wr, s2(Ly)). Since for each i € {1,...,q—1}, s(¢;) ¢ C, s(¢;) ¢ Py. Since also s({) ¢ P,
and s({y) ¢ P1, P C so(Ly). Since P; starts at wire yo and ends at wire y3, G, contains the cycle
Co =Py -s9(f) - s2(f1) ... s2(¢y). Since £,£q,...,¢,_1 are not horizontal w.r.t. ss, each link of
C5 which is horizontal w.r.t. s is £, or a link of P;. Since s and s, coincide on these links, each
link of Cy which is horizontal w.r.t. s is also a link of C' which is horizontal w.r.t. s. However
¢ is horizontal w.r.t. s and s(¢) € C and ¢ is not horizontal w.r.t. ss. So, Cs contains strictly
less horizontal links than C' which contradicts our assumption that C' has minimum number of
horizontal links. So, z = 2.

For a contradiction, assume that ¢,(¢,) # par. For each i € {1,...,n}, ;o1 € pr(¢;) and
z; € ¢r(¢;), hence t(¢;) € {tensor,par}, so s is defined on ¢; and ¢, (¢, ) = tensor. Similarly, for
each j € {1,...,m}, t(¢;) € {tensor,par} and s is defined on ¢;. Since the number of horizontal
links of C' is minimum, by the previous argument, for each ¢ € {1,...,n}, s(¢;) ¢ C or ¢; is not
horizontal w.r.t. s. Similarly, for each j € {1,...,m}, s(¢;) ¢ C or ¢; is not horizontal w.r.t. s.

We show that for each ¢ € {1,...,n}, s(¢;) ¢ C. For a contradiction, assume that there
exists ¢ € {1,...,n} such that s(¢;) € C. Then, ¢; is not horizontal w.r.t. s. There exists a
link sequence (¢¢,...,¢%) of C such that ¢; = ¢¢. Since s(¢) € C and ¢ is horizontal w.r.t. s,
there exist k7 and ko the maximum and minimum indices such that k1 < 1 and k; > 1 and
Ekcl and ch; are horizontal w.r.t. s. Since ¢; is not horizontal w.r.t. s, k; < 1 and ks > 1 so
k1 < ko. Since k; is maximum and ks is minimum, for each j € {ky + 1,...,ky — 1}, EJC is not
horizontal w.r.t. s. So by Proposition 77, there exists a unique index ¢ € {k1 +1,...,ko — 1}
such that s(£5) € cx(¢5)? and for each j € {ky +1,...,q — 1},s({F) € cx(£§) x p(£§) and
for each j € {g+1,...,ky — 1},5((5) € pr(€§) x cx(£5). Hence, denoting s(¢¢) = x| — af

foreach i € {1,..., N}, ((xqcfl, . ,xkcl), (&?71, . 7E,CCI_H)) and ((a:qc, . ,xkcz_l), (EqCH, .. ,EkCQ_l))
form downward sequences. Since €kcl and ZkCQ are horizontal w.r.t. s, t; (Zgl) =t (chz) = tensor.

Hence, there exist y; € c,r(EkCl) and yo € Cﬂ-(fkc;), and hence xkcl is above y; and x%_l is above

Y. Since s(f;) € cq(£,)? and t,(¢¢) € {temsor,par}, ¢ # 1. If ¢ > 1, then k; < 1 < g,
so (§ € (EqCA, . ,Ekcl+1), hence x; is above y; which is absurd by our previous argument since
s(¢f)) € C and £f is horizontal w.r.t. s and y; € c-(¢5 ). Otherwise ¢ < 1, hence ¢ < 1 < kg, so
0§ € (€5, ..., Lf, _) hence x; is above y, which is also absurd. By the same argument, s(¢;) ¢ C
for each j € {1,...,m}.

21



Since ¢’ is horizontal, there exist y1,y2 € pr(¢') such that s(¢') = y; — y2 and since ¢ is hori-
zontal, there exist ys, ys € pr(¢) such that s(¢) = y3 — ys4. Hence, ((ys,2o,...,Zn), (€ l1,...,¢))
and ((y2,xq,...,20,), (¢, 04, ..., L)) form downward sequences. By Propositions 79 and 26, all
the links £,01,...,0n, 0", 0}, ..., ¢, _, are pairwise different. Since £ # ¢ and s({),s(¢') € C, by
Theorem 72 s(¢) # s(¢) hence C can be decomposed as a concatenation C = Py - s({) - Py - s(¢')
for some pathes P; and P», and P; starts at wire yo and ends at wire y3.

Let so be the partial function on 7 such that so(¢) = y3 — xo, s2(¢;) = x;—1 — x; for each
i€ {l,...,n—1}, sa9(ln) = Tp1 — 77,4, s2(f;) = 2% — 2, for each j € {1,...,m — 1},
s2(¢') = x{, = y2 and s coincides with s on all other links. Since ¢,(¢,) = tensor, sz is a
switching function of 7.

Since for each i € {1,...,n},s({;) ¢ C and for each j € {1,...,m —1},5({;) ¢ C and P, C C
and s(£),s(¢') ¢ P, and sy and s conincide on all other links, P; C so(Ly). So, Go = (W, s2(Ly))
contains the cycle Co = Py - s2(€) - s2(l1) - ...+ s2(bn—1) - S2(€y) - $2(Lhy_1) - - .. - s2(€)) - s2(¢'). Each
link of C's which is horizontal w.r.t. sy is £, or belongs to P;. Since s and s, coincide on the links
of Py, each link of P; which is horizontal w.r.t. s, is also horizontal w.r.t. s. The links ¢ and ¢
are horizontal w.r.t. s and s(¢),s(¢') € C. Hence, the number of links of C' which are horizontal
w.r.t. sis greater than the number of links of C5 which are horizontal w.r.t. so, which contradicts
the assumption that C' has minimum number of horizontal links. Hence, t(¢,) = par. O

6 Mapping FO-ISOMIX to ISOMIX

6.1 Bijection between ISOMIX and FO-ISOMIX proof-structures

We consider a bijective map HO : Vpo — V from the set of FO-ISOMIX variables to the set of
ISOMIX variables. We show that this map induces a bijection between the sets FO-ISOMIX and
ISOMIX formulas, and also between the sets of FO-ISOMIX and ISOMIX proof-structures.

Definition 81. Let HO : Vrpo >~V be a bijection; there exists such a bijection since V and Vgo
have the same cardinality.

Let F be an FO-ISOMIX formula. We define HO(F') by induction on F as:

Ya € Vro, HO(a*) = HO(a)* , (21)
HOI) =1, (22)

HO(F @ G) =HO(F) @ HO(F) , (23)
HOF B G)=HOF)BHOG) . (24)

Proposition 82. HO is a bijection between the set of FO-ISOMIX formulas and the set of ISOMIX
formulas.

Proof. This is proven by induction on s(F). O

Definition 83 (HO bijective transformation between proof-structures). Let w be an FO-ISOMIX
proof-structure. We define HO(w) as the following data:

e Wyoy = Wx (denoted W) and Lyo(x) = Ly (denoted L)
o foreachz € W, fyo(x)(x) =HO(fz()),

e for each l € L, if t(¢) = FO-axiom, tyo(r)(f) = axiom, otherwise tyo(x)(£) = tx({), the set
of premisses is pyo(x)(£) = px(€) (denoted p({)) and the set of conclusions is cyo(x)(€) =
cr(£) (denoted c(¥)).

Proposition 84. For any FO-ISOMIX proof-structure =, HO(x) is an ISOMIX proof-structure.
For any ISOMIX proof-structure 7', there exists a unique FO-ISOMIX proof-structure w such that
HO(n) = 7', and we write 7' = HO ™ (r).

Proof. By checking Definition 4. O
Proposition 85. Let m be an FO-ISOMIX proof-structure. GRAPHS(m) C GRAPHS(HO(7)).
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Proof. Let G € GRAPHS(7). There exists a switching function s : L — W x W of = whose image is
the set of arcs of G. We show that s is also a switching function of HO(r), which implies that G €
GRAPHS(HO(m)). Let ¢ € L. We show that s satisfies the condition in Definition 5 corresponding
to tyo) (). If tyoe (¢) = axiom, then by Definition 83 #,(f) = FO-axiom. Hence, denoting x
and y the left and right conclusions of £ respectively, s({) = y — z, so s({) € {z — y,y — z}.
If tyo(r) () € {unit,tensor,par}, by Definition 83 tyo(r)(f) = tx(£), hence as s is a switching
function of HO(7), s satisfies the condition corresponding to t3,0(x)(¢). O

Proposition 86. Let F' be an FO-ISOMIX formula. If - HO(F') then + F.

Proof. Since - HO(F) there exists a proof-net 7’ of HO(F). Denote m = HO™*(x'), which is
a proof structure of F. Since 7’ is a proof-net, all graphs in GRAPHS(7') are acyclic. Hence by
Proposition 85, all graphs in GRAPHS(7) C GRAPHS(7’) are acyclic, so 7 is a proof-net, hence
FF. O

The converse doesn’t hold, as there exist FO-ISOMIX formulas F' such that ¥ HO(F') and - F
(and there also exist FO-ISOMIX formulas such that i HO(F) and t/ F).

Example 87. Let a,b € Vpro and let F be the FO-ISOMIX formula (a ® b) % (a* @ b*). Then,
FF and i HO(F).

Proof. F is balanced and I isn’t a subformula of F. Let m be the canonical proof-structure of F.
Let s be a switching function of 7, and G be the switching graph of m whose set of arcs is the
image of s. We show that G is acyclic. For a contradiction, assume that G contains a cycle C.
By Proposition 66 there exists a link £ € L such that ¢({) € {axiom,FO-axiom} and C contains
the arc s(¢). From Definition 62 the links of m whose types are in {axiom, FO-axiom} are (a,a*)
with t((a,a*)) = FO-axiom and (b, b*) with #((b,b*)) = FO-axiom. First assume that C' contains
s((a,a*)). From Definition 62 (a,a*) doesn’t have any premisses and has left conclusion a and
right conclusion a*, and #((a,a*)) = FO-axiom. So from Definition 5, s((a,a*)) = a* — a.

From Definition 62 a is a conclusion of link (a*,a) and a premisse of (a ® b,a,b). Hence by
Proposition 64 the arc following a* — a in C'is s((a®b, a, b)). From Definition 62 the link (a®b, a, b)
has left premisse a, right premisse b and conclusion a ® b, and t((a ® b, a,b)) = tensor. So from
Definition 5 s((a ® b,a,b)) € {a > a®b,a®b— a,b>a®b,a®b— b,a— b,b— a}. Since the
source node of s((a ® b,a,b)) is a, either s((a ® b,a,b)) =a - a®bor s((a®b,a,b)) =a— 0.

First assume that s((a ® b,a,b)) = a — a ® b. From Definition 62, a ® b is the conclusion of
the link (@ ® b, a,b) and a premisse of the link ((a ® b) % (a* ® b*),a ® b,a* ® b*). By Proposition
64 the arc following s((a ® b,a,b)) is C is s((a @ b) ¥ (a* @ b*),a ® b,a* @ b*). From Definition
62 the link ((a ® b) ¥ (a* ® b*),a @ b,a* @ b*) has left premisse a ® b, right premisse a* ® b* and
conclusion (¢ ® b) % (a @ b*) and t(((a @ b) ¥ (a* ® b*),a ®b,a* @ b*)) = par. So from Definition
55(((a®@b)® (a* @b*),a®@b,a* @b*) € {a®b— (a®b) ¥ (a* ®b"),(a®b) ¥ (a* ®b*) —
a®ba* @b = (a®@b) B (a*@b*),(a®b) B (a* ®b*) = a* ®b*}. Since the source node of
s((a®@b) B (a*®@b%),a®@b,a*@b*))isa®b, s(a®@b) B (a*@b*),a®@b,a*@b*)) =a®@b—
(a®b) % (a* ® b*). From Definition 62, the wire (a ® b) ®¥ (a* ® b*) is the conclusion of link
((a®b) % (a* ®@b*),a ®b,a* ®b*) and isn’t a premisse of any link. So by Proposition 64 the arc
s(((a®b) B (a* @b*),a®@b,a* ®b*)) isn’t followed by any other arc in G, which is absurd as C
contains s(((a ® b) % (a* ® b*),a ® b,a* ® b*)).

Now assume that s((a ® b,a,b)) = a — b. From Definition 62, b is a conclusion of the link
(b,0*) and a premisse of the link (a®b, a,b). So, by Proposition 64 the arc following s((a®%b, a, b))
in C'is s((b,b*)). From Definition 62 (b,b*) doesn’t have any premisses, has left conclusion b and
has right conclusion b*, and ¢((b,b*)) = FO-axiom. So from Definition 5 s((b,b*)) = b* — b. This
is absurd since the source node of arc s((b,b*)) is b, since it follows the previous arc a — b in C.

So, C' doesn’t contain s((a,a*)). With the same proof technique we can show that C' also
doesn’t contain s((b, b*)), which is absurd. Hence, the graph G whose set of arcs is the image of s
is acyclic. This holds for any switching function s, so all switching graphs of 7 are acyclic, hence
7 is a proof-net of F and + F.

HO(F) is balanced and I isn’t a subformula of HO(F'). Let n’ be the canonical proof-structure
of HO(F). Let 8’ : Ly — Wy x Wy be the following function: s'(((a®b)% (a*®b*), a®b, a*®@b*)) =
(a0 (a* V") > a®b, s((A® B,A,B)) = A — B, §'((A* ® B*,A*, B*)) = B* — A*,
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s'((A,A*)) = A* — A and §'((B,B*)) = B — B*. ¢ satisfies the conditions of Definition 5
accoring to the type t(¢) of each link £ € L/ defined in Definition 62, so s’ is a switching function
of n’. Let G’ be the switching graph of 7’ whose set of arcs is the image of s’. G’ contains the cycle
A — B — B* - A* — A. Hence there exists a switching graph of 7’ which is cyclic so 7’ is not
a proof-net. Since HO(F) is balanced, so by Proposition 61 and Theorem 60, any proof-structure
of HO(F) is not a proof-net, so i HO(F). O

6.2 Switching functions of HO(-)-ed proof-structures

Fact 88. Let m be an FO-ISOMIX proof-structure and let s be a switching function of HO(r). s
is a switching function of 7 if and only if for each £ € Ly such that tyo)(¢) = axiom, £ is direct
w.r.t. s.

Proof. From Definitions 5 and 83. O

Notation 89. Let G = (V, E) be a directed graph. For e = x — y € E, we denote e°P the arc
y—x. For P = (ey,...,e,) a sequence of arcs we denote PP = (e, ... e") and for X C E, we
denote X°P = {e?,e € X}. We denote GP = (V, E°P).

Let m be a proof-structure and let s be a switching function of m. We denote s°P the partial
function such that s°P(£) = (s(£))°P for each £ such that s(€) is defined.

Proposition 90. Let m be an FO-ISOMIX proof-net, let s be a switching function of HO(w) and
let C be a cycle of G = Wy, s(Lyz)). Then, there exists £,¢' € L such that s(£) € C and s(¢') € C
and ty o) (£) = axiom and ty o) (') = axiom and £ is indirect w.r.t. s and ' is direct w.r.t s.

Proof. We first prove the existence of £ and then use it to prove the existence of £'.
Let

o LY —x  if tyor)(f) = axiom and s(¢) ¢ C, denoting c(f) =z -y
o2 s(0) (or undefined if s is undefined on ¢) otherwise '

From Definition 5, so is a switching function of HO(7) and C is a cycle of Go = (W, s2(Lr)). So,

since 7 is a proof-net so is not a switching function of m, hence by Fact 88 there exists ¢ € L,

such that ty,0(x)(¢) = axiom and £ is indirect w.r.t so. By definition of s;, for each ¢’ such that

tyo (¢') = axiom and s(¢') ¢ C, £’ is direct w.r.t. s, so s(£) € C. Since tyo(r)(f) = axiom, s is

defined on ¢ and hence s5(¢) = s(¢), so £ is indirect w.r.t s.

Since s is a switching function of HO(w) and HO(7w) is an ISOMIX proof-structure, from
Definition 5 s°? is a switching function of HO(w) and C°P is a cycle of G°P. So, by the previous
argument there exists £’ € Ly such that s({') € C°? and tyo(r) (') = axiom and ¢’ is indirect w.r.t
s°P. Hence, s(¢') € C and ¢’ is direct w.r.t s. O

Corollary 91. Let m be an FO-ISOMIX proof-net, let s be a switching function of HO(w), let
C = (e1,...,en) be a cycle of G = (Wr,s(Lz)) and let (¢1,...,4,) be the sequence of links such
that s(¢;) = e; for eachi € {1,...,n}. Then,

o there exist ki, ka such that k1 < ko and tyo(x) (lk,) = tyor) (br,) = axiom and Vi € {ky +
L. ko = 1} tyoem (6:) # axiom and Ly, is direct and Ly, is indirect w.r.t. s, and

e there exist k3, ky such that k3 < k4 and tyo(x)(lry) = tyor)(r,) = axiom and Vi € {k3 +
ks =1} tyo (4:) # axiom and Ly, is indirect and Ly, is direct w.r.t. s.

Proof. By Proposition 90, there exist indices 7,4’ such that tyo(x)(li) = tyo@x) (i) = axiom
and /; is direct and £ is indirect w.r.t s. Let ko be the minimum index such that ¢« < ks and
tq_[o(ﬁ)(&%) = axiom and fj, is indirect w.r.t. s. Let k1 be the maximum index such that k; < ks
and tyo(x)(lr,) = axiom. Then, tyo(¢;) # axiom for j € {k1 +1,...,ky — 1} by maximality of
k1. Since tyo(x) (fi) = axiom and i < kg, i < ky. If ¢ = ky then £, is direct w.r.t. s. Otherwise
i < k1 < kg, so since tyo(r)(lr,) = axiom, fy, is direct w.r.t. s by minimality of k5. We construct
ks, k4 the same way with ¢/ O
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Proposition 92. Let m be an FO-ISOMIX proof-net, let s be a switching function of HO(w) and
let C be a cycle of G = (Wy,s(Ly)). Then, there exist £,0' € L such that £ # ¢ and

e s(0) € C and ¢ is horizontal w.r.t. s and there exists x € cz(£) such that fz(z) is of the
form Hy ® Ha and there exist a,b € Vpo such that (a,b) is an opposed pair of subformulas

of fr(x), and

o s(¢') € C and l' is horizontal w.r.t. s and there exists ' € ¢, (¢') such that f(z') is of the
form K1 ® Ko and there exist ¢,d € Vpo such that (c¢*,d*) is an opposed pair of subformulas

of fﬂ(l‘/)-

Proof. Let us denote C = (ey,...,e,) and let (¢1,...,¢,) be the sequence of links such that
s(¢;) = e; for each i € {1,...,n}. By Corollary 91, there exist ki, ko, k3, k4, such that k1 < ko
and tyo () (Cr,) = tyo(r) (br,) = axiom and Vi € {ky +1,... ko — 1}, ty0(x) (£;) # axiom and £,
is direct and fy, is indirect w.r.t. s, and k3 < kg and tyo(x)(lrs) = tyo(r) (k) = axiom and
Vie {ks+1,... ks — 1}, ty0(x) (li) # axiom and £y, is indirect and £y, is direct w.r.t. s. So, by
Proposition 78 there exist ks € {k1 +1,...,ka —1} and kg € {ks+1,..., kg — 1} such that £, and
(ks are horizontal w.r.t. s and, denoting s(fy,) = x; — y; for j € {1,...,6}, y; is above x5 and x5
is above y5 and y3 is above xg and x4 is above ys.

Since £} is horizontal w.r.t. s and HO(r) is an ISOMIX proof-structure, t3 o) (f;) = tensor,
0 tr(lk,) = tensor, hence there exists z5 € ¢ (k) and Hy, Hy such that fr(z5) = H; ® Hy. By
Fact 68 x5 # ys, hence since x5,y5 € pr(lr.), (H1 = fr(x5) and He = fr(ys)) or (H1 = fx(y5)
and Hs = fr(xs5)). Since ¢, is direct and ¢, is indirect w.r.t. s, there exist A, B € V such
that fyom)(y1) = A and fyor)(72) = B. So, denoting a = HO Y (A) and b = HO!(B), from
Definition 83 f:(y1) = a and fr(x2) = b. Since y; is above x5 and 2 is above y5, by Fact 29 a is a
subformula of f;(z5) and b is a subformula of f,(ys). So, (a,b) is an opposed pair of subformulas
of f7r (ZS)

Since l, is indirect and ¢, is direct w.r.t. s, by the same argument we prove that there exists
26 € ¢x(lrg) and ¢, d € Vpo such that fr(zg) is of the form K; ® Ky and (¢*,d*) is an opposed
pair of subformulas of zg.

Since k1 and k3 are the maximum indices such that k1 < ks and k3 < ke and tyo(r) (lr,) =
tyo(r) (lry) = axiom. Since f, is direct and f, is indirect w.r.t. s, l, # fg, so k1 # ks, so
ks # ke hence since each link happens at most once in the link sequence of C, fi, # l,. O

6.3 Forbidden structure

Definition 93. Let F' be a formule of one of the forms Fy @ Fo, F1 % Fy and Fy < Fy and let G, H
be formulas. We say that (G, H) is an opposed pair of subformulas of F when (G is a subformula
of F1 and H is a subformula of Fy) or (H is a subformula of Fy and G is a subformula of Fs).

Definition 94 (Forbidden structure). Let F' be an FO-ISOMIX formula. We say that F' contains
a forbidden structure with formulas (G = G138 G2, H = Hy @ Hy, K = K1 ® K») and FO variables
(a,b,¢,d) when:

o G is a subformula of F,

o (H,K) is an opposed pair of subformulas of G,
e (a,b) is an opposed pair of subformulas of H,

o (c*,d*) is an opposed pair of subformulas of K.

Theorem 95. Let F be an FO-ISOMIX formula such that b F and t/ HO(F). Then, F contains
a forbidden structure.

Proof. Since - F, there exists an FO-ISOMIX proof-net 7 of F. Since ¥ HO(F), HO(r) is not
a proof-net, so there exists a switching function s of HO(x) and a cycle C of G = (W, s(Lxr)),
and we assume w.l.o.g. that the number of horizontal links of C' is minimum among all cycles and
switching functions of HO(w). By Proposition 92, there exist £, € L, x € ¢z ({), 2’ € ¢, (¢') and
a,b,c,d € Vpo such that £ # ¢/ and s(¢) € C and ¢ is horizontal w.r.t. s and fr(x) is of the form
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H = H; ® Hy and (a, b) is an opposed pair of subformulas of H and s(¢') € C' and ¢’ is horizontal
w.r.t. s and fr(2’) is of the form K = K; ® K3 and (c¢*,d*) is an opposed pair of subformulas of
K.

By Fact 27 there exist downward sequences ((xq, ..., Zn), (1,...,4,)) and ((zg, ..., 20,), (€1, ..., 2.))
such that zy = z and z, = 2’ and z,,2), € Op,, and since 7 is a proof-net of F, z,, = ], and
fr(zn) = F. By Proposition 31, there exist k; € {0,...,n}and k2 € {0,...,m} such that zy, =z},
and if ky > 0 and kg > 0, then xg, 1 # x}, ;. Since £ # ¢/, x # ', hence by Theorem 80,  is not
above 2’ and ' is not above x, so ks > 0 and k; > 0 and hence zy, 1 # xﬁvz_l. So, by Theorem
80 tyo(x) (Lr,) = par, hence from Definition 83 t,(fx,) = par. So, since xx, € cx(ly,), fr(2r,) is
of the form G = G1 & Gy, and since x, 1 # 3, 1 and xx, 1,2}, | € pr(lr,), (G1 = fr(Th,—1)
and Go = fr(x}, ;1)) or (G1 = fr(z},_ ;) and Ga = fr(wk,-1)). Since z is above xy, 1 and 2’ is
above x}, _, by Fact 29 H is a subformula of fr(xx,—1) and K is a subformula of fr(x}, ), so
(H, K) is a pair of opposed subformulas of G. Since zy, is above z,,, by Fact 29 G is a subformula
of F, therefore F' contains a forbidden structure. O

7 Tensors of FO maps

7.1 Definition of tensor of FO maps

Definition 96. A formula U is called a tensor of FO maps when it is of the form:
U=(@]%a)® b ® - Qc]®--- (25)

for some parenthesizing between the ® connectors and for some ay,as,...,b1,...,¢1,... € Vpo.

Notation 97. Given a formula F, we define F* by induction as:

VAeV, (A=A (A")"=A, (26)
Va € Vro, (a)* =a*,(a")* = a, (27)
I"=1, (28)
(FRG)" =F"%G", (29)
(FRG)"=F"®G", (30)
(F<G)"=F"<G". (31)
Given two formulas F,G, we define:
F—oG=F*"%G. (32)

Proposition 98. Let R be a formula and let U be a tensor of FO maps such that U — R contains
a forbidden structure. Then, R contains a forbidden structure.

Proof. Since U — R contains a forbidden structure there exist formulas G = G; ® G, H =
H; ® Hy and K = K1 ® K5 and variables a, b, c,d € Vro such that G is a subformula of U — R,
(H,K) is an opposed pair of subformulas of G, (a,b) is an opposed pair of subformulas of H
and (¢*,d*) is an opposed pair of subformulas of K. Since U is a tensor of FO maps there exist
ai,ag,...,b1,...,¢1,... € Vpo such that U = (a7 B a2) ® - @b ® - ® ¢] ® --- for some
parenthesizing between the ® connectors. Hence, U* = (a1 ®ab) % - - Bb; - - By B -+ -. Assume
that H is a subformula of U*. Since H = H; ® Ho, there exists some 4 such that H = a; ® aj, ;.
Since a and b are not subformulas of a} |, (a,b) is not an opposed pair of subformulas of a; ® a}, ,,
which contradicts H = a; ® aj,,. So, H is not a subformula of U*. Similarly, assume that K is
a subformula of U*. Since K = K; ® K3, there exists some 7 such that K = a; ® aj,,. Since c*
and d* aren’t subformulas of a;, (¢*,d*) isn’t an opposed pair of subformulas of a; ® aj,; which
contradicts K = a; ® aj,, so K is not a subformula of U*. Since G is a subformula of U — R,
G =U — R or G is a subformula of U* or GG is a subformula of R.

If G is a subformula of U*, then since (H, K) is an opposed pair of subformulas of G, H is a
subformula of U* which is absurd.

Otherwise if G = U — R then since (H, K) is an opposed pair of subformulas of G, H is a
subformula of U* or K is a subformula of U* and both cases are absurd.

So, G is a subformula of R, hence R contains a forbidden structure. O
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7.2 Formulas without repeated variables

Definition 99. Given a formula F', we say that F doesn’t have repeated variables when:
o for each A€V, At(F)(A) =0 or At(F)(A*) =0
o for each a € Vpo, At(F)(a) =0 or At(F)(a*) = 0.

7.3 The main theorem with tensors of FO maps

Theorem 100. Let R be an FO-ISOMIX formula, and let U be a tensor of FO maps such that
FU — R and tf HO(U — R). Then, R contains a forbidden structure.

Proof. Since - U — R and I/ HO(U — R), by Theorem 95 U —o R contains a forbidden structure.
Since U is a tensor of FO maps and U — R contains a forbidden structure, by Proposition 98 R
contains a forbidden structure. O

Fact 101. Let 7 be a proof-structure, let s be a switching function of m and let C be a cycle of
G = (Wx,8(Lx)). Then, there exists { € L, such that s(¢) € C' and s(£) € c.(£)2.

Proof. This is proven by taking a link in the link sequence of C' and using Facts 76 and 9. O

Proposition 102. Let R be an FO-ISOMIX formula without repeated variables, let formulas (G =
G1%8Gy,H=H,®Hs, K = K1 ® Ks) and FO variables (a,b,c,d) forming a forbidden structure of
R,andletU = (c*Ba)@(d*BD) @01 ®...Qc;®... for each by,...,ci,... € At(R) —[a, b, c*,d*],
with any parenthesizing. Then, U —o R.

Proof. U is a tensor of FO-maps, and At(R) = At(U), hence since R doesn’t have repeated
variables, U —o R is balanced. Since R and U are FO-ISOMIX formulas, U — R is an FO-ISOMIX
formula. Since U — R is balanced, let m be the canonical structure of U — R. For a contradiction,
assume that there exists a switching function s of m and a cycle C of the graph G = (W, s(Lx)).
There exists (¢{,...,¢5) a link sequence of C' and let us denote s((§) = z¢ — 2¥, ;. By Fact
101, there exists k1 € {1,...,n} such that ﬁkcl is horizontal w.r.t. s. Let ko be the index of
the horizontal link w.r.t. s following ékcl in C'. By Proposition 77, there exists a unique index
@1 such that k1 < q1 < kp and s(¢€5) € ¢, (¢5)% and ((2$,...,2§ 1), (€5 _1,... .05 1)) and
(@8 11,y a), (08 1y, L5, 1)) form downward sequences. Since 7 is an FO-ISOMIX proof-
structure, tﬂ(chl) = FO-axiom and hence chl is direct w.r.t. s, hence there exists a; € Vpo such
that a1 € At(U — R) and fr(z$ ) = a1 and fx(z{) = aj. For a contradiction, assume that
ay € {b1,...}. By definition of U, U = R=(c®@a*) B (d@b*)Bb; ... B c1 B ... R. Hence,
each subformula F’ of U — R such that aj is a subformula of F” is not of the form F] ® F}, hence
by Fact 32 there doesn’t exist a wire 2’ such that f(2') is of the form F] ® Fj and :cqcl is above 2.
Since t, (ﬂkcl) is horizontal w.r.t. s, t; (Ekcl) = FO-axiom and there exists =} € ¢, (chl) and fr(z]) is
of the form F| ® Fj. Since x(kjlﬂ € pﬂ(ékcl) and ] € cﬂ(ékcl) and :cqcl is above kalH, :chl is above
x}, which is absurd.

Similarly, for a contradiction let us assume that a; € {cy,...}. Then, by definition of U, each
subformula F’ of U —o R such that a; is a subformula of F” is not of the form F] ® F3. Hence, by
Fact 32 there does not exist a wire 2’ such that 5, is above 2" and fr(z') is of the form F{ ® Fy.
Since (f is horizontal w.r.t. s, t(£{ ) = tensor, hence there exists z € ¢, (ff,) and fr(z}) is of
the form F{ ® F3, and zf ,, is above x%, which is absurd. So, a1 € {a,b, ¢, d}.

Assume that a; = a. Let k3 be the index of the first link which is horizontal w.r.t. s appearing
after fg, in C. By Proposition 77 there exists a unique index g2 such that ks < g2 < k3 and
S(LS) € ex(lgy)? and (x5, ..., xf, 1), (05, 1, 05 (1)) and (28 1, .o @), (68 11, 05, 1))
form downward sequences. Since 7 is an FO-ISOMIX proof-structure, ¢, (Zq(’;) = FO-axiom hence fg;
is direct w.r.t. s so there exists az € Vpo such that f (xg’;) =ab and fr (:chﬁl) = ay. By the same
argument, that we used previously for a1, ay € {a,b,¢,d}. Since s(£f)) = = — zf | € p-(£5))?
by Fact 68 xk(’; =+ ;vk(f;H. So, since xq(’; is above xkcﬁl, ;vqc2 is not above xg’; and similarly since
ch1+1 is above xk(i;, acqcl is not above kaQH. Hence, a3 is a subformula of f,r(kaQH) and not of

fﬂ(acg?), and a; is a subformula of fﬁ(wkcz) and not of f,r(mkcﬁ_l). Since x%,xkcﬁl € pﬂ(fkcz)
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and ), € cﬁ(égz), fﬂ(:ckc;) and f,r(szZH) are direct subformulas of f;(z5). Assume that as = a.
Then, fr(z5) = U — R which is absurd since fr(x5) is of the form F]| ® F}, so az # a. By the
same argument, ag # b. Similarly, if as = ¢ or ag = d, then f(24) = G which is absurd since
G = G1 B Gy and fr(x4) is of the form F| ® Fj. Hence, as # ¢ and ay # d, which contradicts
as € {a,b,c,d}. So, a1 # a.

By the same argument we can show that a; # b. By a similar argument, where we introduce
ly, the first horizontal link w.r.t. s appearing before {5, in C instead of {j,, we can show that
a1 # ¢ and a1 # d, which contradicts a; € {a,b, ¢, d}. Hence, for each switching function s of 7, G
doesn’t contain a cycle, so 7 is a proof-net of U — R and hence - U — R. O]

Proposition 103. Let R be an FO-ISOMIX formula without repeated variables, let formulas (G =
G1®Gy,H=H ®Hs, K = K1 ®K>s) and FO variables (a,b, c,d) forming a forbidden structure of
R, andletU = (c*Ba)@(d*BD) @01 ®...Qc;®... for each by,...,ci,... € At(R) —[a, b, c*,d*],
with any parenthesizing. Then, tf HO(U — R).

Proof. U is a tensor of FO-maps, and At(R) = At(U), hence since R doesn’t have repeated
variables, U — R is balanced, so HO(U — R) is also balanced. Since R and U are FO-ISOMIX
formulas, HO(U — R) is an ISOMIX formula.

Let 7 be a proof-structure of U —o R. U —o R = (¢®a*) B (b@d*) B0 X ... 1 X ... B R. For
each formula F’ € (G,G1,Gs, H, Hy,Ho, K, K1, K5,a,b,c¢*,d*,a*,b*,¢,d,c®a*,b®d*), since F’ is
a subformula of U —o R there exists a wire s such that f;(xp/) = F’. Since U — R is balanced,
by Theorem 56 each zp is unique given F’, hence by Fact 32 for each F',G’, x s is above zg iff
F’ is a subformula of G'. Let us denote g such that g € ¢ (Lp/).

W.l.o.g. let us assume that a is a subformula of H; and b is a subformula of Hs, and that

*

c* is a subformula of K; and d* is a subformula of K5. Hence, there exist downward sequences
((Ia,. .. ,l‘Hl), ( .. ,EHl)), ((.Tb, ce 7$H2)7 ( .. ,EHQ)), ((l‘c*, ce ,CCKl), ( . ;EKl)) and ((l’d*,. . ,:ZTK2), ( . 7£K2))~
From the expression of U — R, all the links among these downward sequences, as well as the links
lir b, oy by, ley by, begar s Lagp, are pairwise different. So, there exist a partial function s such
that s maps the links ..., ¢, to arcs forming a path from z, to zg,, s(¢g) = g, = TH,, S
maps the links ..., ¢y, to form a path from xp, to zp, s(€p) = Tp — Tp=, S(Lage*) = Tpx — T,
s(ly) = xq — w4+, s maps the links ..., lg, to form a path from x4« to zk,, s(lkx) = xx, = Tk,,
s maps the links ..., g, to form a path from xg, t0 e+, $(€:) = Ter = Tey S(legar) = Te = Tox,
$(y) = T4+ — x4, and s maps all other links to any allowed arcs.

Since H = Hy ® Hy and K = K1 ® Ko, p-(¢y) = {zp,,zm} and p({x) = {2k, Tk, }
and ty o) (l) = tyor)(lx) = tensor. Since t(ly) = t(ly) = tr(€c) = tr(4) = FO-axiom,
tyo (la) = trom) () = tyo) (le) = tyo(r) (fa) = axiom. Hence, s is a switching function of
HO(7) and and G = (W, s(L,)) contains a cycle, so HO(7) is not a proof-net of HO(U — R).
Since this holds for any proof-structure = of HO(U — R), I/ HO(U — R). O

Theorem 104. Let R be an FO-ISOMIX formula without repeated variables. If R contains a
forbidden structure, then there exists a tensor of FO maps U such that At(U) = At(R) andt U —o
R and tf HO(U — R).

Proof. There exist subformulas (G = G; ¥ Gy, H = H; ® H3, K = K; ® K3) and FO variables
(a,b,c,d) forming a forbidden structure of R. Let U be the left-parenthesized formula U = (¢* %
a)R(d* V)0 ®...Qc; ... for each by,...,ct,... € At(R) —[a,b,c*,d*]. Then, by Proposition
102 U — R and by Proposition 103 i HO(U — R). O

Theorem 105. Let R be an FO-ISOMIX formula without repeated variables. R contains a for-
bidden structure if and only if there exists a tensor of FO maps U such that At(U) = At(R) and
FU — R and Y HO(U — R).

Proof. By Theorems 100 and 104. O
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8 Finding forbidden structures in FO-ISOMIX formulas

Definition 106. We define by induction on F the following predicates:

33
34
35
36

hasV(a) =1 (

hasV(a*) = hasV(I) =0 (

hasV(F @ G) = hasV (F % G) = hasV (F) V hasV (G) (

hasV Star(a*) =1 (
hasV Star(a) = hasV Star(I) =0 (37
hasV Star(F @ G) = hasV Star(F % G) = hasV Star(F) V hasV Star(G) (38
hasH (a) = hasH(a*) = hasH(I) =0 (39
hasH(F ® G) = hasH(F % G) = hasV (F) A hasV (G) (40
hasK(a) = hasK(a*) = hasK(I) =0 (41
hasK(F ® G) = hasK(F % G) = hasV Star(F) A hasV Star(G) (42
hasG(a) = hasG(a*) = hasG(I) =0 (43
hasG(F ® G) = hasG(F B G) = (hasH(F) AN hasK(G)) V (hasK(F) A hasH(QG)) (44

U e — D D DD

Theorem 107. Let F be an FO-ISOMIX formula. Then, F contains a forbidden structure if and
only if hasG(F) = 1.

Proof. We can prove this by induction on F' with Definition 94. O
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