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1 Introduction

Bell’s theorem reveals that quantum theory is in tension with classical causal reasoning [1, 2|. Local causality
can be defined with respect to a Bayesian network [3], where the nodes of the directed acyclic graph (DAG)
represent either the experimental (observed) variables or the hidden (latent) variable, as depicted in Fig. 1.
Given this DAG one can derive inequality constraints: the Bell inequalities. What is particularly appealing
about this presentation is that it permits a general framework for the study of quantum correlations. That is,
we can ask about quantum and classical correlations in different DAGs with observed and latent nodes. This
has resulted in a rich literature at the intersection of quantum theory and classical causal inference [4, 5, 6]. One
aspect of this is to derive (inequality) constraints for classical models, and another to find quantum violations
of these constraints. There are now good techniques for both the former such as the inflation technique [7] and
the quantum inflation technique for the latter [8].

It is well established that quantum theory is just one example of a class of generalised probabilistic theories
(GPTs) [9]. These GPTs permit violations of Bell inequalities that exceed those permitted by quantum theory;
the Popescu-Rohrlich (PR) box is a notable example [10]. Given this observation, Henson, Lal and Pusey in
[11] considered a theory-independent approach to studying correlations in Bayesian networks. In this work,
they presented a generalisation of Bayesian networks (with latents) that allow one to incorporate elements from
any (causal) GPT. That is, latent variables could be replaced by preparations of systems in some (possibly
post-quantum) theory. Not only is this of foundational interest, it also led to new methods for finding new
scenarios where one could see quantum systems producing non-classical correlations; these are called interesting
DAGs. Within [11] a condition was proposed for identifying such DAGs and there has been recent progress on
determining if it captures all interesting DAGs [12].

Within the field of classical causal inference itself, the study of marginal probability distributions for DAGs
with latent variables has seen much progress [6, 13, 14]. Motivated by the d-separation criterion, one can
describe a couple of outer approximations to the set of classical correlations. These are the nested Markov and
ordinary Markov models, with the former contained in the latter. In [14], it was shown that the set of classical
correlations is “algebraically equivalent" to the nested Markov model. Furthermore, the set of distributions
in the nested Markov model contains all distributions that can be produced by GPT systems. For the Bell
scenario, the nested Markov and ordinary Markov sets coincide with the set of all non-signalling correlations.

Within the study of Bell’s theorem and GPTs, there has been some study of quasiprobabilities. That is, if one
replaces the distribution over hidden variables (and the conditional probabilities for outcomes) with signed real
numbers, one can again get correlations beyond quantum. That is, the probabilities over latent variables can
become “negative probabilities". It has been established many times independently that such generalisations
of local hidden variable models can maximally violate any Bell inequality and even simulate any non-signalling
probability distribution [15, 16, 17, 18, 19]. This naturally begs the question of whether this is true for other
DAGs. This work addresses the role of quasiprobabilities for Bayesian networks, and what is their relationship
to the aforementioned sets of correlations.

For some brief notation, given a DAG G let C(G), Q(G), G(G) and W(G) be the sets of classical, quantum,
GPT! and quasiprobabilistic correlations. It should be clear that C'(G) C Q(G) C G(G) Furthermore, define
N(G) to be the nested Markov set for G. Henson, Lal and Pusey showed (implicitly) that G(G) is strictly
contained in N(G) for certain DAGs G. We can ask the following questions:

o Is G(G) C W(G)?
o Is W(G) C N(G)?
o Is N(G) C W(G)?

IThe union of set of correlations over all GPTs.



Figure 1: The bipartite Bell Scenario.

Figure 2: The 4-on-line Scenario.

It is relatively straightforward to prove that the answer to the first question is yes following work such as [9].
We can also prove that the second question has a positive response. Finally, we conjecture that the answer to
the third question is also yes. Our work makes partial progress on resolving this conjecture for a broad family
of DAGs.

2 Contributions

In our work we give a definition of the set of correlations from quasiprobabilistic models W (G), we also call
this set the quasi set. In full generality, one could all “non-observed" probability distributions to become
quasiprobabilistic. That is, the distribution over latent variables can become quasiprobabilistic, as well as the
conditional probabilities of the form p(A|B, A), where A and B are observed variables and X is latent.

In addition to proving that the set W(G) is contained in the Nested Markov model, we prove the following;:

e In the context of any DAG, it doesn’t matter if one allows negative probabilities for the latent variables,
or negative probabilities for the response functions (or both), the resulting set of correlations is the same,
ie. still W(G);

e In the context of correlation scenarios [4] such that the latent projection has no cycles when viewed as an
undirected graph?, the quasi set coincides with the nested Markov set. We call such graphs tree-structured
correlation scenarios.

While we do not completely resolve our conjecture, the set of tree-structured correlation scenarios is non-trivial.
In [4], the 4-on-line scenario (Fig. 2) also exhibits the Clauser-Horne-Shimony-Holt (CHSH) inequalities, thus
the setting has non-trivial inequalities that can be violated. Furthermore, there are scenarios related to well
studied networks, such as the star network [20], for instance.

In the proof of the second result, we make use of an interesting link between tensor network decompositions
[21] and the factorisation criterion used in graphical models. Tensor network decompositions are generally used
in the context of efficiently storing tensors, such as in machine learning or classical simulation of quantum
circuits, but also multi-body quantum physics, and have even been related to undirected graphical models [22].
In our proof, we show they are linked to directed graphical models too, at least in the context of tree-structured
correlation scenarios. For example, in the 4-on-line scenario, a distribution in the nested Markov set has a
quasiprobabilistic latent variable construction of given size if and only if the same distribution viewed as a
tensor has a network decomposition with respect to the graph in Fig. 3 of the same size. This connection
between tensor network decompositions and causal networks could be of independent interest.

3 Summary and Future Work

In conclusion, we have studied the behaviour of quasiprobabilities in Bayesian networks. We have introduced the
quasi set and showed that it coincides with the nested Markov set for all tree-structured correlation scenarios.
As mentioned, we conjecture that for general DAGs, the quasi set coincides with the nested Markov model.
Clearly, this general case remains open. We can show that, by an explicit construction, that for the triangle
scenario [4], again the quasi set and the nested Markov model coincide. This triangle scenario is not tree-
structured; the triangle gives a cycle. The triangle scenario is interesting because, for this DAG, G(G) is strictly
contained in the nested Markov set, thus we have a separation between G(G) and W (G) here as well.

2Note that this condition implies that any latent variable has at most two children. Otherwise, latent projection introduces
(bidirected) edges between each pair of children, and hence cycles will exist.
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Figure 3: The tensor network G! corresponding to the 4-on-line Scenario.

An obvious direction for future work would be to prove the conjecture result for all DAGs. A first step
would be to consider scenarios that reduce to a tree-structured correlation scenario, similarly to the 4-on-line
scenario. The unpacking technique [23] can also relate general networks to correlation scenarios. Along these
lines, it would be interesting to see how tools such as the inflation technique [7] can be amended to accommodate
quasiprobabilities and whether this gives something non-trivial.

There is also an interesting connection between quasiprobabilities and GPTs, first discussed in [24], where
the notion of a non-free GPT was introduced: a GPT that is, in some sense, not completely closed under
composition. It was shown that there exists a non-free theory that can simulate quantum computation and
solve certain problems thought to be hard for quantum computers, but does not have ridiculous computational
power. The construction of the non-free theory came from constructing a quasiprobabilistic Turing Machine:
a Turing Machine where transitions occur with a possibly negative probability. The separation between G(G)
and W(G) could be interpreted as the quasiprobabilistic models being related to non-free GPTs, and as soon as
we restrict to free GPTs, we restrict the set of possible correlations.
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Bounding Classical and Quantum Correlations in
Bayesian Networks with Quasiprobabilities

Paul Becsi and Matty J. Hoban
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It is known that negative probability distributions can generate any cor-
relation in the non-signaling set of the Bell Scenario. Motivated by this, we
formalise a graphical model framework in which probabilities are allowed to live
in the entirety of R. We conjecture that a generalisation of the aforementioned
result holds for arbitrary directed acyclic graphs, and present some initial work
towards a proof using tensor network decompositions.

1 Introduction

Directed graphical models are a tool used frequently in all fields related to statistical and
causal modeling, such as medicine [1], psychology [2]|, economics [3], social studies, and
machine learning [4]. Under a causal interpretation, they provide an attractive, intuitive
formalism for cause-effect experiments. Going back as far as the 1920s with some work
carried out by Wright (see for example [5]), they are now a central concept in the field
of Causality (see [6], [7]), and extensive research has been carried out to understand their
behaviour.

A Directed Acyclic Graph (DAG) consists of a set of vertices V' and a set of directed
edges F C V x V. In DAG modeling, each vertex v € V is associated with a random
variable X, from a sample space X,. We call a Causal Structure the tuple consisting of
the graph G together with the sample spaces of the vertices. An edge between two vertices
can be interpreted as a direct causal influence between the two corresponding variables,
following the direction of the edge. Intuitively, this might imply a temporal ordering on
the two variables, hence the acyclicity condition: it is less intuitive what it means for
a variable to be an (indirect) cause of itself (although such scenarios are the object of
current research, see [8], [9] for example). Alternatively, one can interpret the lack of an
edge between two variables as the absence of a channel between them. The questions of
interest are "Given a distribution, what are the causal structures it is consistent with?"
and "Given a causal structure, what is the set of distributions consistent with it?". Of
course, one needs to define mathematically what "consistency" means in this context.

In the simplest setting where all variables are observed, consistency is given by the
three equivalent Markov properties: the factorisation criterion, the local Markov property,
and the global Markov property. If latent variables are present, classically one is interested
in the set of observed distributions that can be extended to a full distribution Markov with
respect to the graph. For a given graph G, characterising this marginal model, which we
will call the classical set and denote C(G), turns out to be much more difficult and has
been the focus of extensive study.

A distribution consistent with a latent variable DAG must satisfy some independence
constraints, but these are not sufficient. In general, some other polynomial equality and
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Figure 1: The bipartite Bell Scenario.

inequality constraints must be satisfied as well. The former, known as Verma constraints,
were first mentioned in 1990 in [10] and then were also studied by Spirtes in [11]|. In 2002
Tian and Pearl [12| proposed an algorithm that finds such constraints, which is now known
to be complete by the results in [13].

Inequality constraints however are quite difficult to characterise in general. Therefore,
for practical applications they are sometimes omitted and one simply looks at the set of
distributions satisfying either the fully observed independence constraints following from
d-separation [14] (called the ordinary Markov model) or more strongly all equality con-
straints [15], [16] (called the nested Markov model). The latter is a subset of the former,
since independence constraints are a subset of all equality constraints. In fact, the actual
definition of the nested Markov model in [15] is more involved, but the main result in
[13] allows us to use this simpler one. They are used in practice as approximations to the
classical set, given their nicer properties. Parameterisations exist for the ordinary Markov
model [17] and the nested Markov model [18], which makes them convenient to use for
model fitting [19].

In parallel, Quantum Theory has developed tremendously in the last century, scientists
now generally believing it to be the correct theory to describe Nature, as recognised by the
Nobel Prize in Physics in 2022. One central concept in the theory and perhaps one of its
most surprising facets is the phenomenon of nonlocality: two spacelike separated systems
should intuitively not be able to interact, but there are quantum effects which cannot be
explained under this assumption. Having its roots in the EPR paradox [20] published in
1935, Bell inequalities [21] play a crucial role in understanding nonlocality, asserting that
quantum correlations cannot be explained via hidden variables. Formalised in a testable
way by Clauser, Horne, Shimony, and Holt in 1969, violations of Bell inequalities have
been repeatedly confirmed experimentally (see [22| and [23] for example). The conclusion
is that indeed quantum predictions seem to model the behaviour of Nature accurately,
and hence that reality is nonlocal. These discussions led to other discoveries in Quantum
Theory, such as quantum steering [24], the CHSH game, and the GHZ game [25], [26], the
physical basis of the latter having been first implemented in [27] and then used in another
nonlocality test in [28].

Recently, researchers noticed graphical models are useful in the study of nonlocality.
The idea to use graphical reasoning dates back to papers such as [29] and [30], the latter
explicitly using algorithms in (classical) Causality literature for the purposes of Quantum
research. Multiple mathematical formalisms trying to describe what "Quantum Causality"
should look like were proposed, but there is no clear consensus on one as of yet: The
Hansen-Lal-Pusey formalism [31] is one of the more popular ones, Fritz [32] developed
some theory for correlation scenarios (essentially graphs with no edges between observed
variables) and subsequently extended them in [33], and some more inherently-quantum ones
are [34], [35], [36]. Conversely, (classical) Causality has seen some progress coming from
the Quantum side, some examples including [21], [32], [37], and the general full asymptotic




characterisation of the classical set via the inflation technique in [38], [39]'.

As a concrete example of nonlocality formulated using graphical models, see the Bi-
partite Bell Scenario in Fig. 1, graph which we will call By. A distribution? p(ablzy) is in
the classical set C(Ba) if it satisfies the factorisation condition

plablzy) = p(A) - plala, N)- (bly, ), (1)
AEX)

for some sample space X and (conditional) distributions p(a|z, A), p(bly, \), and p(A).
Any distribution in the classical set must satisfy the CHSH inequality [41]:

p(00]00)+p(11]00) +p(00]01) +p(11]01) +p(00|10) +p(11]10) +p(01|11) +p(10[11) < 3 (2)

Indeed, there are distributions in the quantum set defined in [31] that violate this inequality,
which in the interpretation of the CHSH game attests nonlocality.

One of the problems of interest in Quantum Causality is the task of characterising the
quantum set, with applications in communication complexity problems [42] and device-
independent key distribution [43]. This turns out to be much more difficult than its classical
counterpart, mainly because of the unorderly structure of the quantum set: even in the
Bell Scenario, whose classical set has been fully characterised as a finite polytope [44], the
quantum set is not a finite polytope [45], and in fact not even closed® [47].

Given the difficulty of studying the quantum set exactly, it might be worth studying
relaxations of it. It is known in any Bell Scenario (i.e. one latent variable and any number
of observed variables with separate inputs) that if the latent variable is allowed to follow a
quasiprobability distribution (a distribution with possibly negative probabilities), all non-
signaling correlations can be achieved [48], [49]. In particular, quantum correlations are
therefore special cases of these quasiprobabilistic correlations. Using the framework in [50],
we believe this inclusion can be extended to all graphs (although we won’t do so this in
this paper), in which case we could upper bound the quantum set by this new quasi set.

It is hence worth studying what the set of quasicorrelations is in general. It is a folk-
lore belief that quasicorrelations do not have to obey inequality constraints (except for the
trivial ones stating the observed distribution is nonnegative). Formally, this is equivalent
to the quasi set coinciding with the nested Markov model for any given graph, statement
for which there aren’t any published proofs as of yet to the best of our knowledge. Validity
of this conjecture would imply the quasi set has a very orderly structure (given that the
nested Markov model is quite well-understood), and would also give another interpretation
to inequality constraints on the classical and quantum sets: inequality constraints come
from non-negativity conditions on the former, and from restrictions on which negative dis-
tributions can be formulated as quantum states for the latter. In particular, no inequality
constraints are inherited from simply using a subtheory of quasiprobability theory.

Tt is worth mentioning that a quantum counterpart to the inflation technique was introduced in [40].
However, unlike the classical version, the quantum version is not known to be complete.

2When discussing Bell Scenarios, it is customary to consider the observed distributions to be conditional
over some observed "inputs', in our case X and Y. In the formalism of [15], this is the same as considering
the Bell Scenario to be a CDAG with fixed variables X and Y and reasoning about the probability kernels
p(ablzy) consistent with it. In said paper, fixed variables are drawn as squares, convention which we kept
in Fig. 1.

3In defining the quantum set, there is some subtlety arising from the need to decide whether infinite-
dimensional shared quantum states are allowed. If only finite-dimensional resources are allowed, the set
is often called Cy, whereas if infinite-dimensional resources are allowed, it is called Cys. It turns out this
subtlety makes a difference, as Cyq # Cqs. In fact, neither of the two sets is closed. We point the reader to
section 1.3 of [46] for a more detailed discussion of the history of this issue and references.




It is certainly not the first time negative probabilities have been mentioned in science,
especially not in the context of Quantum Theory. One of the most famous examples dates
back to 1932, with Wigner proposing the phase-state representation of quantum states [51],
which has seen extensive use in the study of Quantum Mechanics. Feynman also famously
vouched for the use of negative probabilities in Physics [52|. In computer science they can
be found in the context of affine finite automata [53| and affine Turing machines [54]. We
also mention negative probabilities are used in the proof of a classical Causality result in
[55].

1.1 Contributions

The main contributions of this paper are generalisations of the results in [48]. In that
paper, the authors show that any non-signaling distribution in the Bell Scenario (including
non-classical ones) can be written in the form described in (1) if we allow either p(\) or
the response functions p(a|z, \) and p(bly, \) to be negative. Firstly, we will prove that
for any graph, it doesn’t matter whether we allow latent variables or response functions to
be negative; the set of nonnegative observed distributions is the same in both cases. We
will define the quasi set as the set of distributions which can be written in either of these
two equivalent forms. Secondly, we will study whether this quasi set contains the set of
all non-signaling distributions in general, i.e. whether it coincides with the nested Markov
model for any given graph. We will conjecture that this is indeed true for any DAG and
will provide a proof of this result for correlation scenarios with no undirected cycles.

1.2 Paper Structure

We start by introducing graphical models and some results in literature (mainly classical
causality results) in Section 2. The next two sections then contain our main results: in
Section 3 we talk about defining the quasi set and show that all definitions we mention are
equivalent. In Section 4 we conjecture that the quasi set coincides with the nested Markov
model for all DAGs. We also introduce Tensor Network Decompositions and show how
they are related to directed graphical models in the context of correlation scenarios, and
prove the conjecture for tree-structured correlation scenarios. Finally, Section 5 contains
some conclusions and future work. Most of the results in the main text are stated without
proof, with the proofs deferred to the Appendix.

2 Directed Graphical Models

A directed graph G consists of a set of vertices V' together with a set of edges E CV x V,
where edges from a vertex to itself are not allowed. We follow the convention of using
small letters for vertices and big letters for sets of vertices and will denote the edge (v, w)
by v — w. A directed path consists of a sequence of edges v1 — v2, V9 = U3, ..., Un—1 —> Up.
A directed cycle is a directed path together with an additional edge v, — v1. A directed
acyclic graph (DAG) is a directed graph that has no directed cycles. Often we will write
the set of vertices of G as VUL, to make clear the graph has a set of observed nodes V' and
a set of latent nodes L.

As usual, given a vertex v, we denote by pag(v) = {w € V : w — v € E} and
chg(v) ={w € V : v — w € E} the sets of parents and children of v. We also define the
sets

ang(v) = deg(v) = {v},




ang“(v) ={weV:I cang(v).w - € E},
degH(U) ={weV:I edej(v).v = we E}

and finally the sets of ancestors, descendants, and nondescendants of v as ang(v) =

me—pang(v), deg(v) = UpZgdeg(v), and ndg(v) = V \ deg(v). We define all of the
above sets for sets of vertices disjunctively, i.e. pag(A) = U,c4 Pag(v). Often we will drop
the subscript if the graph is clear from context.

When talking about random variables, X,, will denote the random variable correspond-
ing to vertex v, whereas x, will denote a value in its sample space X,. Similarly, X 4 and
x 4 will denote vectors of these quantities indexed by the elements of set A, while X4 will
denote the product space [[,c4 &y. For a distribution p over Xy we will write p(zy ) for
the probability of Xy taking value xy under p, and will write X4 1l Xp| X¢c [p] to mean
the variables X4 and Xpg are independent given X in p. Sometimes if we want to make
explicit that p is defined on some vertex set V', we might refer to the distribution by p(zv);
whether this notation refers to a number denoting an entry of p or the whole distribution
itself should hopefully be clear from context.

A DAG G, some sample spaces for its observed vertices {X},},cv, and a consistency
condition generate a graphical model: a set of probability distributions which are said to
be "consistent with the graph", or "explained by the graph", or "generated by the graph".
Customarily, the model will contain distributions defined over the set of observed nodes
only. If no distinction between observed or latent nodes is made, the convention is the
entire graph is observed. Often we will just assume the sample spaces of the observed
variables are implicit, so we might omit them when defining models. Also, we will mostly
work with finite observed variables, and all product spaces are assumed by default.

The most common consistency condition found in literature is the factorisation crite-
rion. We say a distribution p factorises with respect to DAG G with vertices VUL if the
following equation holds

p('rV) :/ H p("rv‘mpa(v))7 Vry € Xy, (3)
L yeVUL

for some sample spaces {X}};ec;, and (conditional) distributions {p(zy|%pa)) fvevur-

We will call the graphical model given by the factorisation criterion the classical set
(sometimes found in literature as the marginal model) and will denote it by C(G). The
classical set is well-studied and fairly well-understood, although not very well-behaved
in general. In the case the graph G is fully observed, the classical set consists of the
distributions which are Markov with respect to G, namely the distributions satisfying the
three equivalent Markov properties. See Chapter 3.2.2 in 7] for details.

A few results in literature allow us to follow some simplifying assumptions in the context
of the classical set. Results in [56] (namely lemmas 3.7, 3.8, and 3.9) state that any DAG
G with latent variables has the same classical set as the DAG G’ obtained by:

e exogenising all latent variables, i.e. removing all edges that have arrowheads at that
variable and replacing them with arrows going from each parent of the latent to each
child of the latent;

e climinating any latent variables whose children are a subset of the children of another
latent;




e climinating any latent variables that have at most one child.

Additionally, the main result in [37] states that p factorises with respect to a DAG G if and
only if there is a factorisation of p which has finite sample spaces for the latent variables.
Using these results, we can assume WLOG that any latent in a DAG @ is finite discrete, has
no parents and at least two children, and its set of children is not a subset of the children
of another latent. For such a graph, which we will call a reduced graph, the factorisation

criterion becomes
p(xV) = Z H p(xv|xpa(v)) Hp(xl)v (4)
T veV leL

for some finite discrete sample spaces { X} }ie1, (conditional) distributions {p(zy|Tpa(w)) fvev
and distributions {p(z;)}ier. We will sometimes refer to the conditional distributions
{p(@|Tpa(w)) boev as response functions (although we are not assuming they are determin-
istic).

By results in [37], the classical set is known to be semialgebraic in the context of finite
observed variables: a union of sets, each constrained by some polynomial equalities and
inequalities. By relaxing the inequality constraints we obtain the two models we mentioned
before: the ordinary Markov model M(G)* [57] and the nested Markov model [16], [15],
which we will denote N (G). It is shown in [15] (and also in [13] more succintly) that
C(G) C N(G). Tt is worth mentioning that when we talk about N (G), we are actually
referring to the nested Markov model of the latent projection of G. We are not putting too
much emphasis on this distinction to avoid going into too many details not relevant to the
discussion in this paper.

Another example of a graphical model is the one given in [31], corresponding to the set
of distributions which can be obtained from a graph under a certain GPT. For example, the
quantum set Q(G) is the set of distributions p which are generalised Markov with respect
to G for quantum theory (see [31] for precise definition). The quantum set will contain the
classical set for any graph (simply use separable quantum states to simulate the classical
latent variables). In [31], the authors also define the model consisting of all distributions p
which are generalised Markov for some GPT with respect to a graph, which we will denote
GPT(G) (originally called G, which we changed to avoid conflict with our notation of a
DAG). This model will contain the quantum set by definition, and is shown in [58] to be
contained in the nested Markov model.

In short, some models often found in literature are:

e C(G): the classical set; note this is sometimes called the marginal model and denoted
differently in Statistics literature (commonly M(G) or a variation, conflicting with
our notation of the ordinary Markov model);

e O(G): the quantum set in [31];
e GPT(G): the GPT set, or the set denoted G in [31];

e N(G): the nested Markov model [15], [13] consisting of distributions satisfying all
polynomial equalities;

*This model is denoted by Z in [31]




e M(G): the ordinary Markov model consisting of all distributions satisfying the d-
separation independences, or the set Z in [31].

The inclusion relationships which hold for any DAG G are

C(9) € Q(9) C GPT(9) S N(G) € M(G). ()

3 Quasiprobability in Causality

In this section, we will define the quasimarginal model or the quasi set. We will give three
definitions of the model and prove they are all equivalent. We want to compare this set
with the other models we defined, so we will also assume that observed distributions, even
if they are obtained quasiprobabilistically, have entries in [0, 1].

Remark. We could potentially work with even more general spaces than just R. However,
given that we expect real probabilities to have maximum possible expressivity, it seems
generalising too far wouldn’t provide any new interesting insights. Nonetheless, perhaps
treating the case of complex numbers would help with some algebraic geometry arguments,
given the algebraic closure of C. Although we don’t prove this in this paper, all of our
results should generalise to extensions of R as well.

We define a quasiprobability distribution to be simply a probability distribution with
the relaxation that it can take any values in R instead of being limited to [0, 1]. Conditional
probability and independence are defined similarly. This will suffice for our purposes, but
a more detailed treatment is included in Appendix A. We will only work with the case
of finite discrete quasiprobabilistic random variables. Indeed, as we mentioned before, we
assume observed variables to be finite, and by extending the result in [37], we can assume
latents to be finite even when discussing quasiprobabilistic random variables. The proof
of this can be found in Appendix B.1.

Our quasimarginal model will consist of the nonnegative observed distributions which
are marginals of a full quasidistribution that factorises with respect to the graph. We
distinguish two particular types of such full quasidistributions.

Definition 1 (Distributions with Quasilatents and Quasiresponses). Consider a DAG G
with vertices VUL and quasidistribution p over all its vertices. We say p has quasilatents
if p can be written as
p(zvur) = H p(xv|xpag(v))a
veVUL

for some nonnegative distributions p(xv|1:pag(v)) for all v € V and quasidistributions
p(ml\xpag(l)) for all l € L. We say p has quasiresponses if p can be written in the same
form, but this time with p(x,|z being general quasidistributions, and p(azl|xpag(l))
being nonnegative.

pag(v))

The first definition makes sense from a historical point of view, given that this is
the definition often used when analysing negative probabilities in the context of the Bell
Scenario. The second one is motivated by the results in [48]. We will show these two
definitions are equivalent from the point of view of their marginals over V', meaning there
is a sort of duality between latent variables and response functions.

It is worth mentioning that the first definition seemingly follows the same idea as the
HLP formalism [31], namely that only latents are non-classical. One might argue however
that even in the HLP framework, quantum measurements are inherently a part of Quantum




(a) Triangle Scenario as a DAG with latent variables. (b) Triangle Scenario with noise variables.

Theory, so if we were to extend the HLP intuition to quasiprobability, we should therefore
allow both latents and response functions to be negative. This will turn out to give another
model identical to the first two, and we will indeed opt for this HLP-esque definition in
the Section 4 discussion.

We define a third model below, which will be useful in proofs.

Definition 2 (Distributions with Quasinoise). Consider a DAG G with vertices VUL and
quasidistribution p over all its vertices. Then we say p has quasinoise if there exist random
variables N, for each v € V (independent of everything in the graph except X,), called
noise variables, such that p can be written as:

p(xVUL) = Z H p(xv‘xpag(v)vnv) Hp(xl‘xpag(l)) H p(nﬂ)a

Ny veV leL veV

for some deterministic distributions p(zy|pa, (v), 7w), nonnegative distributions p(i| 2 pag (1))
and quasidistributions p(n,).

Intuitively, noise variables simply isolate away the internal randomness of the observed
nodes. See Figure 2b for an example. They can be considered finite discrete in the case of
finite discrete observed variables. To see this, note that one can regard noise variables as
simply some additional latent variables. Since the construction in Appendix B.1 does not
change the response distributions of the observed variables when creating the finite model,
one can replace the noise variables with some finite counterparts.

We are now ready to define the quasimarginal set. We will give three different definitions
in terms of the type of full quasidistribution we consider.

Definition 3 (The Three k-Quasimarginal Sets). Consider DAG G, and nonnegative
distribution p over its observed vertices. Then we define the sets

e Wi(G) to be the set of distributions p, such that p is the marginal of a quasidistribu-
tion with quasilatents that factorises with respect to G;

e W,.(G) to be the set of distributions p, such that p is the marginal of a quasidistri-
bution with quasiresponses that factorises with respect to G;

e W,(G) to be the set of distributions p, such that p is the marginal of a quasidistri-
bution with quasinoise that factorises with respect to G.




The definition above can be extended in the natural way to CADMGs. Also, we
can assume the DAG G is reduced, since the results in [56] extend for quasiprobability
distributions as well, which we have shown in Appendix B.2. In the following result we
will prove these sets coincide for any DAG G, and hence we can define the quasimarginal
set as any of them.

Theorem 4 (Equivalence of Quasimarginal Sets). For any DAG G, the following holds:

We give a full proof of this result in Appendix C. The proof involves showing W,, = W,
and W, = W,. The former is fairly simple. For the latter, the W, C W, direction
involves just encapsulating any noise variable into a latent parent of its observed child.
The W; C W, direction is the more involved step of the proof, and involves a lemma that
shows a quasiprobabilistic latent parent can be replaced by a classical latent parent and
quasiprobabilistic noise variables for its children. This process is then applied for each
latent.

We mention without proof that Theorem 4 can be extended to also include the set of
distributions which are marginals of some general factorising quasidistribution (i.e. full
quasidistributions where neither observed nor latent response functions are restricted to
[0,1]). Indeed, to see this, one can follow the proof of W, = W, to show the set is the
same as the set of marginals of quasidistributions with both quasiprobabilistic noise and
latent variables, which can then be shown to be the same as W, by encapsulating the noise
variables into the latent variables, i.e. by using the proof of W, = W,.

We can therefore define the quasi-marginal set as follows:

Definition 5 (The Quasimarginal Set). Given reduced DAG G, we define the quasi-
marginal set W(G) to be any of the sets Wi(G), Wr(G), Wh(G). Equivalently, it is the set

of observed distributions p which can be written as

plev) =Y 11 plol@pagw) [T pla),

rL veV leL

for some (conditional) quasidistributions p(xy|T ) and p(wy).

4 Quasiprobability and the Nested Markov Model

We will now discuss the relationship between the set in Definition 5 and the nested Markov
model.

Proposition 6. For any DAG G,
W(G) CN(G).

Proof. Follows from the fact that the nested Markov model is defined entirely in terms of
the factorisation criterion, which is obeyed by distributions in the quasi set (albeit with
quasiprobabilistic factors). Indeed, the treatment in [15] is purely symbolic and does not
rely on positivity (nor realness, in fact) of the distributions. We include a more detailed
discussion in Appendix D. |

We conjecture that, even more strongly, equality holds for any graph.




Conjecture 1. For any DAG G,

We will now study the conjecture in the context of correlation scenarios [32] with a tree
structure.

Definition 7 (Correlation Scenario). A DAG G is a correlation scenario if it is reduced
and observed variables have no children.

Therefore, a correlation scenario G can be seen as a directed bipartite graph. It has a
layer of latent variables and a layer of observed variables, and all edges are from some latent
variable to some observed one. We will also assume the graphs we are working with are
connected graphs (otherwise just separate the problem into each connected component).
The Markov model and the nested Markov model have particularly simple forms in the
context of correlation scenarios.

Proposition 8. Let G be a correlation scenario. Then a distribution p is in the Markov
model of G iff it satisfies A L B [p] whenever A and B are two subsets of V' such that no
latent variable has children in both sets. Additionally, N (G) = M(G).

For the first claim, see for example [57] (Theorem 3) for a proof in the case of graphs
with only binary latents, which directly generalises. The second claim follows from the
definition of the nested Markov property in [13] and an inductive argument.

We will assume from now on that all correlation scenarios we are working with only
have latent variables with exactly two children. Less than that would make the latent
variable redundant, whereas three children or more can be reduced to the simpler case via
the following proposition.

Proposition 9. Let G be a correlation scenario with a latent A with k > 3 children. Con-
sider now the correlation scenario G' which replaces A with (g) latents with two children,
one for each pair of children of A, having that pair as children. Then M(G') = M(G) and
W(G') € W(G).

The first result follows the fact that the two graphs have the same latent projection,
which encodes all observed independences. For the second result, if p can be obtained by a
latent assignment in G’, then simply make A jointly simulate all of its corresponding latent
variables in G’, and make its children just pick out the information they have access to in
G’ from it. This shows p has a latent model in G as well.

Corollary 9.1. It is enough to prove Conjecture 1 for correlation scenarios where all
latent variables have exactly two children.

Proof. Assume we have proven Conjecture 1 for correlation scenarios where all latent
variables have exactly 2 children and let G be an arbitrary correlation scenario. Since G
is reduced, every latent in G has at least 2 children. Consider the graph G’ defined in
Proposition 9. Then by Propositions 6 and 9 we have

M(G) 2 W(G) 2W(G') = M(G) = M(G).

Now, we will discuss a certain subclass of these correlation scenarios.

10



Definition 10. Let G be a correlation scenario. Consider the undirected graph Gt that has
set of vertices V' (i.e. the observed vertices of G), and an edge between two vertices if they
have a common latent parent in G. We say G is a Tree-structured Correlation Scenario

(TCS) if Gt is a tree.

Note that if G is a TCS, then every latent variable must have exactly 2 children: if
A has at least 3 children, then any two of them will be connected in G?, introducing a
cycle. As we mentioned before, we will prove Conjecture 1 in the context of TCSs. One
important feature that allows this is the very simple structure of the Markov model (and
hence the nested Markov model too) of TCSs.

Proposition 11. Let G be a TCS. For each vertex v, note that removing v from the graph
separates it into a bunch of connected components. We will call the set of such components
By, meaning

B, ={B CV \ {v}: B is a mazimal connected component of the graph G\ {v}}.
Then p € M(G) iff for any vertex v and B € B, we have

B LV (BU{v}) [p,

or equivalently,
plngy) = [] pls).
BeB,
In other words, all the (nested) Markov model requires is that after eliminating a vertex
v, the distribution with x, summed out factorises with respect to the branches left.
Next, we introduce Tensor Network Decompositions and then we will provide a proof
for Conjecture 1 for TCSs.

4.1 Tensor Network Decompositions

Tensor Network Decompositions are tools that allow storing the information of a ten-
sor more compactly. They are used in machine learning, and studying structures of en-
tanglement in multipartite Quantum states, but it was noted they are also related to
graphical models [59]. They involve decomposing a tensor into an expression consisting
of tensor products and contractions following the structure of a graph, where each ver-
tex is assigned a separate tensor, and edges represent contraction of the neighbouring
components over an index of fixed size, called a bond dimension. For now we assume
the entries of the tensors come from an arbitrary field k£, and will replace £ := R later
when we get back to graphical models. For an undirected graph G, we will denote by
incg(v) := {(vi,v2) € E : v1 = v or va = v} the set of incident edges of vertex v, and will
drop the index when the graph is clear from context.

Definition 12 (Tensor Network Decomposition). Let G be an undirected graph. Assign
to each vertex v € V a finite-dimensional k-vector space V, and each edge e € E a
bond dimension r. € Z% . We say a tensor T € [[,cy V. decomposes with respect to
G with bond dimensions {r.}.cp if there exist k-vector spaces {E¢}ecr of corresponding

dimensions {re}tecr and tensors {T(”) eV, ® (®eemc(v) Ee>} oy such that

Tav)= Y TI7Y (20 {ickeemaw)) (6)

{1<ic<re}ecp veEV

11
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(a) A tree T. Each edge is labeled with the index oper-
ating on it.

(b) The corresponding TCS TP4C of T. Edges become latent variables with the same domain size
as the corresponding index.

Figure 3: The correspondence between the 4-on-line Scenario and its underlying undirected graph.

From now on, when referring to entries of T(*), we will move the indices 4. of the edges
incident to v to the subscript, so equation (6) becomes:

T(xv) = Z H {Ze}eemc(v) Ty). (7)

{1<ie<re}ecp vEV

Example 13. Let’s look at the undirected graph T in Figure 3a, and the TCS TPAC in 3b
that we obtain by replacing every edge in T by a latent variable, which we will call the 4-
on-line Scenario. We associate with T tensors T in the vector space R4 @RIBl@RICI @RI
for some fized finite sets A, B, C, D, i.e. for (a,b,c,d) € AxBxC xD the tensor T gives
an entry T(a,b,c,d) € R. We say such a tensor T' decomposes with respect to T and bond
dimensions (I,J, K) € R? if there exist tensors
AceRM @RI, BeRBlgR @R/, CeRC g R @ RE,
D eRPl @ R¥

such that

(a,b,c,d) =Y Ai(a Cjr(c) D (d). (8)

1,9,k

Now assume we have a distribution p(a,b,c,d) € W (TDAG), where the random vari-

ables X4, Xp, Xco, Xp take values in the sets A, B, C, D. In other words, there exist
latent variables Aag, Ao, Acp, such that

pla,be,d)= > plalAap) - p(blAas, Asc) - p(clAse; Acp)

AAB,ABC,ACD
p(d|Aep) - p(AaB) - p(ABC) - P(AcD),

for some value assignments to the (conditional) quasidistributions in the expression. How-
ever, given this expression, we can equivalently write

pla,bye,d)= > pla,AaB) - p(blAap, Apc) - ple, ApelAep) - p(d, Acp),
AABABC,ACD
by simply grouping factors, for example p(a|AaB) - p(Aap) = p(a,Aap). Therefore, if we
now define
Ax,p(a) :=pla,AaB), Bi,pape(b) =p(b|Aap, Asc),
Crpenep(€) :=p(c, Apc|Aep),  Digp(d) = p(d, A\ep),

12



and view p(a,b,c,d) as an order-4 tensor, we actually recover equation (8), where the
indices now range over the values of the latent wvariables. Note that we could’ve in-
stead grouped p(Aap) into the factor corresponding to b via p(b|Aap, Apc) - p(Aap) =
p(b, \ap|ABc) to obtain a different Tensor Network Decomposition. This shows the pro-
cess we applied is not unique.

In general, given a latent variable representation of a distribution with respect to a
correlation scenario G, we can always construct a Tensor Network Decomposition with
respect to the corresponding undirected graph G' by following the same process, where the
bond dimensions are the sizes of the latents. Our proof of Conjecture 1 will explore going
in the opposite direction.

A pretty common result in the literature of Tensor Network States is that every tensor
can be decomposed with respect to a graph G as long as we allow the bond dimensions to
be large enough (the result is more common for trees [60], [61]; it is proven in the general
case in [62]). It is also known that in the case of a tree graph, a minimal decomposition
exists for every tensor [62], [60].

We now have all the ingredients we need for our proof of Conjecture 1 in the case of
TCSs.

Theorem 14. For any Tree-structured Correlation Scenario G, a distribution is in the
quasimarginal model if and only if it satisfies the observed independence constraints en-
forced by the graph. In other words,

Proof. Tt follows from Propositions 6 and 8 that W(G) C N(G) = M(G). For the opposite
inclusion, consider an arbitrary element of the ordinary Markov model p € M(G). We will
build an quasiprobabilistic latent variable representation of p.

We will view p(xy) as a tensor: it has order |V|, one mode for each vertex of the
graph (or equivalently observed variable). Now consider the undirected graph G' which
has as vertices the observed vertices of G and an edge between v and w iff v and w have a
common (latent) parent. By the results in [62] (more precisely Theorem 8.3), there exist
minimal bond dimensions (r1,...,7g¢|) such that p(zy) decomposes with respect to Gt
(namely the G'-rank of p(xy)). We will transform this minimal decomposition of p(xy ) to
show that p(zv) € W(G). We will illustrate the proof for the case of the 4-on-line Scenario
in Fig. 3b and direct the reader to Appendix E for the general case.

In the case of the 4-on-line Scenario, the minimal tensor decomposition corresponds to
minimal I, J, K € R such that there exist tensors

AceRM @RI, BeRBl g Rl R/, CeRC g R @R,

D eRPl @ R¥
that satisfy the equation
pa,b,c,d) =" Ai(a)Bij(b)Cji(c) Dy(d). (9)
ivj ke
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The first step is to note that WLOG the following inequations hold:
Y Ai(a) #0
> Bij(b) #0
b
> Cjkle) #0
> Di(d) #0
d

for all values 1 < 4,5,k < I,J, K. If the decomposition we are given doesn’t satisfy this,
i.e. there exists i such that >, 4;(a) = 0 for example, then we can at least say there exists
one ¢ for which Y, A;(a) # 0 does hold: if, for the sake of contradiction, the value is 0 for
all ¢, then by summing equation (9) over all a, b, ¢, d, we obtain

5 oo () () (o) ().

a,b,c,d 4,5,k a

but the RHS of this equation is 0, which contradicts the fact that p is a probability
distribution. If }~, A,(a) # 0 holds for some 1 < g < I, then we can construct a different
tensor decomposition of p with the same I, J, K by replacing A;(_) by A;(_)+a; - Ag(_)
for some «; € R* for any ¢ where this is necessary, and then applying the inverse operation
to tensor B to maintain the decomposition. If the value of each «; is chosen carefully, we
can make sure >, A;j(a) # 0 (as well as > B;;(b) # 0) holds for all i. See Appendix E.3
for more details and a formal proof of this.
Next, notice that we can write:

pla,b,c,d) =" Ai(a Cjx(c)Dy(d)
4,5,k

-y Bij(b)  Cilc)  Dg(d)
Z A (a) Y Bij(0) Y. Ciilc) YqDi(d)

4,5,k

(gm) () () ().

and we have ), ZAi‘SI_)( = 1, Vi, meaning we can consider ZA*;) to be p(alAap = 1),

and the same for the other observed nodes. What we need now is for the factor at the end
of the expression to decompose as

(Z Ai(@) (Z Bij(b)> <Z Cjk(c)> <Z Dk(d)> = ¢(i) - ¥(j) - 0(k).
a b c d

14



Indeed, if this holds then we can write

1: Zp(a7b7c7d)

a,b,c,d
@) _Bi®) | [y~ _Girlo) [y~ _Prld)
_%;c(ZZ Ai(a )> (zb: ZbBij(b)> <zc: Zchk(C)) (%: Zde(d)>

() () (o) )

= 37111190 - v () - (k)

i7j7k“

=> (i) > () - > 0(k)
i j k

and hence
p(a,b,c,d) ZA Cjr(c)Dy(d)
.5,k
-y Ai(a) Bij(b)  Cilc)  Dg(d)
57 20 Ail (a) YpBij(b) Y.Chielc) T4Dr(d)
o) vG) k)
000 L 00) Lr6(k)
Now we have ), Z ¢>( = 1 and the same for 5 and k, so we can define
_ o)
POE =1 = 5 i)
oy Y0)
p(Apc =j) = S 00G)
_ 0k
p(Acp = k) S 0(k)’

and we are done.

It is therefore enough to show that Y, B;;(b) and . Cji(c) factorise into components
only depending on ¢ and j, and j and k respectively. This is where we will use the
independence constraints of the ordinary Markov model. We will prove that 3", B;;(b)
decomposes and the same will follow for C' as well. Our proof will mainly reason about
matrices, which will hopefully be clearer to readers unfamiliar with tensor algebra. The
full proof in Appendix E is a tensor generalisation of this argument.

We start by summing (9) over b:

p(a,c,d) ZA (ZBM ) k(¢) - Di(d). (10)

(N

We now rearrange the expression to act on order-two objects, i.e. matrices. The LHS
p(a,c,d) is an order-3 tensor, but we can rewrite its entries into a |A| x (|C| - |D|) matrix
with one rows corresponding to a, and columns corresponding to (¢,d). We will denote
this matrix by p(a; (¢, d)). Similarly, the tensor ), Cjr(c) - Di(d) has three dimensions: j,
¢, and d, but we can rewrite it as a matrix with dimensions corresponding to j and (¢, d),
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matrix which we will denote by M. Hence if we write A as a | A| x I matrix, >, B;;(b) as
a I x J matrix, and M is a J x (|C| - |D|) matrix, then equation (10) becomes:

p(a;(c,d)) = A (Z Bij(b)> M. (11)
b

The idea now is to note that A and M have inverses on one side each. Indeed, we
claim that the columns of the |A| x I matrix A are linearly independent. Assume for the
sake of contradiction that there exists 1 < ¢ < I such that

a) = Z a;Ai(a)

i#£q

for some {a; € R};,. Then going back to (9), we get:

p(a, b, c, d) = ZA ( )Dk’(d)

i,5,k

= > Ai(a)Bi;(b)Ci +ZA Cjk(c)Dy(d)
i#£q,5,k

= > Aia)Bis(0)Cin(e) Di(d) + Z 0iAi(a)) By; (b)Cii(¢) Di(d)
i#q,5,k 1#q,7,k

= > Ai(a) - (By(b) + ciBy;(h)) - Cjx(c) Dy (d),
i#q,5,k

which is a tensor decomposition of p with bond dimensions (I — 1,J, K), contradicting
the fact that our initial bond dimensions were minimal. Therefore, the columns or A are
linearly independent, meaning A has a left inverse A” such that AYA = Z;, where Zj is
the I x I identity matrix. Similarly (but perhaps less obvious; see Appendix E for details),
the matrix M has a right inverse M such that MMPE = Z;. Multiplying to the left by
A" and to the right by M in equation (11) we get:

AV p(a; (e, d)) - MP =" B;;(b)
b

But p € M(G), meaning p(a,c,d) = p(a)p(c,d), or equivalently p(a;(c,d)) = p(a) -
p(c,d)”, where we consider p(a) and p(c,d) to be column vectors (and hence we write
them in bold). Therefore, we get

(4% p(@)) (p(c,d)" - M7) = > By0)

Finally, if we look at the types in the LHS, A is a I x |.A| matrix, meaning A”-p(a)7 is

a column vector of size I, and similarly p(c,d)” - M is a row vector of size .J. Therefore,

>y Bij(b) indeed factorises into an ¢ component and a j component. The conclusion
follows.

|

Corollary 14.1. Let G be a TCS. Then for any distribution p € M(G), p has a tensor
network decomposition with respect to Gt and bond dimensions {re}ecp: if and only if it
has a quasiprobabilistic latent variable construction where the latent corresponding to edge
e in G' has domain size equal to ..
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Proof. Let {r*}.cpt be the G'-rank of p. Then we know by [62] that p has a decomposition
with bond dimensions {r.}.cpt if and only if r. > r* for all e.

Now assume p has a tensor network decomposition with bond dimensions {r}.cp:.
Then 7, > r} for all e and p has a tensor decomposition with bond dimensions {r}}.cpt.
By the discussion in Appendix E, it has a latent variable construction with sizes {7} }.cp:.
Since 1, > 7} for all e, this implies the same must be true for latent variable sizes {r¢}ecpt.

Conversely, if p has a latent variable construction with sizes {r¢}.cgt, then it has a
tensor network decomposition with bond dimensions {r.}.cgt by the construction we have
given in the Example 13. |

Corollary 14.1 therefore illustrates a sort of equivalence between tensor network decom-
positions and quasiprobabilistic latent variable constructions in the case of non-signaling
distributions and TCSs.

5 Conclusions

In this work, we have formalised the set of quasidistributions consistent with a graph,
generalising some folklore results about the Bipartite Bell Scenario. We have shown there
is a sort of duality between latent variables and response functions from the point of view
of generalised probabilities. Finally, we proved the quasi set is the same as the nested
Markov model for any correlation scenario with a tree structure.

A proof of Conjecture 1 would provide an affirmative answer to Proposition 3.4 of [32]:
it is known that GPTs are not expressive enough to generate all distributions in the nested
Markov model, not even for correlation scenarios, as the perfect correlation in the Triangle
Scenario is not in GPT [31]; however, the theory allowing latents (or equivalently response
functions or both) to take all real-valued probabilities is. This theory can be seen as an
example of a non-free generalised probabilistic theory |63], [54], so it appears dropping the
no-restriction assumption that GPTs are often studied under is enough to give them the
expressivity to achieve all nested Markov model correlations.

In terms of directions for future work, studying Conjecture 1 is a natural direction. We
know it is true for tree-structured correlation scenarios, and Appendix F contains a proof
for the Triangle Scenario often found in literature, meaning the conjecture might hold in
cyclic correlation scenarios as well. What about general DAGs, where the nested Markov
model becomes more complex? In lack of a full proof, showing at least that the quasi set
contains the GPT set would confirm our intuition. In parallel, it would be interesting to
see what makes the quasi set special, and why it is so much more expressive than other
physically motivated theories. One avenue we see towards this is the Inflation Technique
[39]: we are aware that the Marginal Problem becomes much simpler in the context of
quasiprobability®, but the completeness proof in [39] requires a version of the de Finetti
Theorem, and we are not aware of a quasiprobabilistic version of this theorem that proves
completeness of inflation for the quasi set as well.

Acknowledgements: We would like to thank Jonathan Barrett, Robin Evans, Tein van
der Lugt, Marina Maciel Ansanelli, Maté Weisz, and Ruiwen Dong for the useful discussions
that helped build the results in this paper, as well as Christopher Chang for proofreading.

5In fact, we believe we have a proof for the following statement: for any n > 2 and correlation scenario
G, an observed distribution p has a quasiprobabilistic n-th order inflation (defined in [39]) if and only if
p € N(G) = M(G).
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A Quasiprobability Definitions

Definition 15 (Quasiprobability Distribution). Given a sample space 2 and o-algebra F,
a quasiprobability measure or quasimeasure is a function p : F — R satisfying countable
disjoint additivity and that p(QY) = 1. The triple (Q, F,p) is a quasiprobability space. If
the space € is finite or countable, we call p a quasiprobability distribution or quasidistri-
bution instead.

Definition 16 (Conditional Quasidistribution and Independence). Given quasidistribu-
tion p and event B such that p(B) # 0, we define the conditional distribution p(A|B)

as
p(A, B)

p(B)
We say events A and B are independent given C with p(C) # 0 if

p(A|B) =

p(4, B|C) = p(A[C) - p(B|C).

Definition 17 (Quasiprobabilistic Random Variable). Given quasiprobability space (0, F,p),
a random variable is a function X : Q0 — E, where E is a measurable space.

B Extensions of Classical Results for Quasiprobability

B.1 Sufficiency of Finite Discrete Latent Variables

In this section we will extend one of the main results in 37| for Quasiprobability. We will
use the same measure theoretic notation as the cited paper.

Proposition 18 (Finiteness of Quasilatents). Given DAG G with vertices VUL, a distri-
bution p(xy) over finite discrete variables Xy can be written as

p(ry) = /QL 11 p(zol@paw) TT doi(a),

veV leL

for (quasi or not) distributions p(xy|Tpe(y)) for v € V' and quasiprobability measures py(x;)
over sets §y, if and only if it can be written in the same form, but with all latents finite
discrete.

Proof. Our proof will follow the one in [37]. We will replace each latent, in turn, with a
finite discrete variable over the same space (or equivalently a finite subset of it, i.e. the
image of the finite variable), keeping the observed response distributions the same.

Pick a latent variable [ € L. We will perform the following experiment: Pick an
arbitrary value z; € €, fix X; to deterministically take value xj and then construct p
using the factorisation formula as before. The behaviour of the resulting model is:

Dz (:CV) = |: H p(xlepa(v)) H dpl’(xl’)

QL) pev reL\{l} -

By the square brackets around the right-hand side we mean every occurence of x; in
the expression is replaced by the value xj. Now the vector p_z;‘} is a random variable that
depends on x; with average

Elprf) = [ et doi(ai) = plav).
l
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Note that p € RY, where d = |A}/|. We can look at the subset U = {purla] € U} of
R? consisting of the observed distributions resulting from the experiment over the entire
range of possible deterministic choices for 7 € ;. By construction, point p(zy) is an
affine mixture with weights in R of points in U. Then by Lemma 19, p(zy) is a finite
affine combination with weights in R of points in U, i.e. we can write

plzv) =) 11 p(@olzpaew) TI doi(z).
Q

LN} veV leL\{l}
Applying this process to the rest of the latent variables then gives the desired result. W

Lemma 19. Given subset U C R% and 7* € R? a (possibly continuous) affine mixture of
points in U, then Z* is a finite affine combination of points in U with weights in R.

Proof. Consider p to be a quasiprobability measure on (the Borel subsets of) R? with
the support set of the mass function being a subset of U. We need to prove that T =
T 7 dp(@) is in the affine hull aff(U). Note that aff(U) = @ + span(U — ), where we
fix some U € U.

Now span(U —7) consists of the solutions to a homogeneous linear system of equations.
Consider @ - 7 = a1x1 + ...aqxg = 0 to be one such equation, where x1,...x, are the
entries of an arbitrary vector 7 e R% Then, substituting Z* — W in the above we get:

d (T =) =ar(xt — ) + -+ ag(al — ug)
= (a1x] + -+ agz)) — (aur + - - - + aquq)

= <CL1 /le dp(T) + -+ +ag /de dp(?))

— (a1u1 + -+ adud)

= /U(a1331 + -+ aqzaq) dp(7) — (a1ur + - - + aquq)

= (aquy + -+ adud)/ 1dp(Z') — (arur + -+ + aquaq)
U

where the second-to-last equality comes from the fact that
a1x] + -+ agrqg = auy + - - - + aqgxy,

because @ — U € span(U), and the last equality follows from the fact that p is an affine
mixture. Indeed, all these calculations will hold for all linear equations in the system,
hence 7'* — W is a solution to the system, so 7 * € aff(U). [

B.2 Soundness of Reducing a Graph

In this section we will show the results in [56] hold for our quasiprobabilistic models as well.
However, we cannot assume yet that the three definitions of the quasiset are equivalent
(and indeed, we want to use the results in this section to prove the equivalence). Therefore,
we would in theory need to prove the three results in [56] for each of the three definitions.
For the sake of brevity we will omit the measure theoretic approach in the original paper. If
full rigourosity is desired, these proofs could be rewritten in a more formal way by following
the original measure theoretical arguments more closely.
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Definition 20 (Exogenisation). Consider a DAG G and a vertex u. Then the exogenised
graph v(G,u) is defined as follows: take the parents of u in G and draw an arrow from
each of them to each child of u, and erase the arrows pointing to u.

Proposition 21 (Quasilatents Exogenisation - Lemma 3.7 in [56]). Consider DAG G
with vertices VU{u}. Then p(xy) is the marginal of a quasidistribution with quasila-
tents/quasiresponses/quasinoise Markov wrt G iff the same is true for v(G,u).

Proof. For the ’if’ direction, assume p(zy) is the marginal of a quasidistribution with
quasilatents/quasiresponses/quasinoise Markov wrt v(G,u). Then one can create a qua-
sidistribution of the same type consistent with G that marginalises to p by simply setting
unew|xpag(u) = (u,xpag(u)), i.e. make the new u simply behave the same as before, but
also send down the values of its parents. If only latents/responses/local noise variables
were quasiprobabilistic before, the same is true for the new construction.

For the ’only if’ direction, assume p(xy ) is the marginal of a quasidistribution with
quasilatents/quasiresponses/quasinoise Markov wrt G. Extract the intrinsic randomness
of the variable corresponding to w into a noise variable e, i.e. assume u = fy (e, ;Upa(u))
for some deterministic function f,. Then, we can create a quasidistribution consistent
with ©(G,u) that marginalises to p as follows: make ey, = €, and make each child
of u apply the function f, to simulate the value of u. Each such variable has all the
ingredients to do so: it is now a child of all the original parents of u, as well as its
noise variable. Once again, this constructs the same type of quasidistribution (i.e. with
quasilatents/quasiresponses/quasinoise) as before. |

Proposition 22 (Elimination of Redundant Quasilatents 1 - Lemma 3.8). Let G be a
DAG with vertices VU{u,w} such that pa(u) = pa(w) = 0 and ch(w) C ch(u). Then
p(xy) is the marginal of a quasidistribution with quasilatents/quasiresponses/quasinoise
Markov wrt G iff the same is true for the graph G_,, obtained by removing w.

Proof. The ’if’ direction is trivial. For the ’only if’ direction, make ¢, simulate both
u and w independently and delete w. All nodes in ch(u) \ ch(w) can simply ignore the
w-component of uye,,. Trivially, the marginal of this construction over V is the same, and
the obtained quasidistribution is of the same type. |

Proposition 23 (Elimination of Latent Variables with One Child - Lemma 3.9). Let G be
a DAG with vertices VU{u} such that u has no parents and at most one child. Then p(zy)
is the marginal of a quasidistribution with quasilatents/quasireponses/quasinoise Markov
with respect to G iff the same is true for G_,,.

Proof. The ’if” direction is trivial. For the ’only if’ direction, we can assume WLOG that
u has a child v (otherwise the case is trivial). We can also assume WLOG that v has no
other unobserved parents. Otherwise simply apply the proposition just above to eliminate
u as a redundant quasilatent. If w is nonnegative, then it can be eliminated using the
original version of this result in [56] (alternatively, see the proof of W,, C W, in Appendix
C). If u is quasiprobabilistic, we can actually replace u with a nonnegative variable and
keep the same marginal over V' (see the beginning of the case W, C W, in Appendix C),
then eliminate it. In any case, the same type of quasidistribution is obtained. [

C Proof of Theorem 4

We assume G is reduced. Before the proof, we start with a few useful definitions.
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Definition 24 (Assignments). Given a DAG G, an assignment is a set of fired qua-
sidistributions p(wv]wpag(v)), one for each vertex v € VUL of G (as well as the necessary
probability spaces for the latents). We say the assignment achieves distribution p(xy) over

the vertices of G if
= Z H p(xv|xpag(v))'

rr veVUL
Furthermore, we say the assignment:

e witnesses p € W, if it achieves p, and p(z,|x €[0,1] forallveV.

pag ( v))
e witnesses p € W, if it achieves p and p(x;) € [0,1] for alll € L.

Definition 25 (Noisy Assignments). Given a DAG G, a noisy assignment is a set of
random variables N, (whose values we will denote by n, as opposed to xn;, ) for eachv € V,
together with deterministic distributions p(xv\xpag (v)> ) for all v € V', quasiprobabilistic
distributions p(x;) for each latent 1 € L of G, and quasiprobabilistic distributions p(n,) for
each v € V.. We say this noisy assignment achieves p(zy) if

> I p@olwpagwy, no) [T o) TT p(no)-

T,y veV leL veV
Furthermore, we say the noisy assignment witnesses p € W, if p(z;) € [0,1] for alll € L.

Note the use of sums instead of integrals. By Appendix B.1 we can assume finiteness of
quasiprobabilistic latent variables (which covers the quasinoise and the quasilatents cases)
and by [37] we can assume finiteness of nonnegative latent variables (which covers the
quasiresponses case).

We are now ready to prove the quasimarginal set definition equivalence.

Theorem (Equivalence of Quasimarginal Sets). For any DAG G, the following holds:
Wi(G) = Wr(G) = Wi(G).

Proof. Fix a DAG G. Start by noting that for any noisy assignment, there exist functions

fo: Xpag( ) X Xn, — &y, one for each v € V, defined as folz Tpag(v)» ,My) = x, where x}; € X,

is the only value such that p(z7|2pa, (v), 7o) # 0, or equivalently p(z}|zpa, (1), 700) = 1 (since

for noisy assignments, these condltlonals are deterministic). Therefore, a noisy assignment

achieves p(xy) iff the following holds:

p(ry) = > Hp z) [ p(no).

TL,nv veV
fo (xpa(v) My ) =Ty V ’UEV

The rest of the proof consists of showing that W, = W,, and W, = W,,.
e W, CW, : Assume p(zy) is in W,, and consider a noisy assignment p* that witnesses

this. Then,
plry) = Z H p*(xv’xpag(v)a ny) Hp*(xl) H p*(nv)

L,y veV leL veV
= Z H p*($v7nv|mpag(v)> Hp*(xl)
L,y veV leL
Y1 (zp S ) 17 )
T veV leL
= > I »*(@olpagw)) T 2" (20),
L veV leL
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and hence p* can be used to construct an assignment that achieves p. Additionally, since
we assumed that p* witnesses p € W, we must have p*(z;) € [0, 1] for all [ € L, therefore
we can indeed say the newly constructed assignment witnesses p € Wi,..

e W, C W, : Consider p € W, and an assignment p* that witnesses this. The goal is to
create a noise variable for X, that simulates its distribution conditioned on its parents.
This will lead to a noisy assignment witnessing p € W,

As such, consider for each X, the variable N, given by tuple of independent variables

Ny = (N, N, NG

{c1,...,¢5} = Xpag(x), i.e. the ¢’s are the possible values of the parents of v in the
assignment p*. Note that we can assume WLOG that |}, g(x)\ is a finite quantity by
Appendix B.1. We choose

N1§CZ) ~ p*<xv’xpa(:cv) = Ci)'

Finally, we define the functions f, of our noisy assignment as:
Jo ($pa(v),nv = (nS;CI)’ . ngcs)>) — nl()xpa(v))‘

Therefore, ngci) dictates the behaviour of X, for one value of its parents. If we consider the
noisy assignment p** that has p**(z;) = p*(z;) for all [ € L and noise variables described
above, then we have the following for every observed node v € V:

Zp** ($v|xpag(v)7 nv)p**(nv) = Z p** (nv)

Uz
fo (Ipa<,u> ) ):x'u

= Z p** (nv = (ngcl), - ,nffs)»

ng,cl) ,...,ng)cS)

Fo(@pntoyma=(n5h o)) =2
= Z p** (nq()q)) B .p** (nq()cs))
(n5)61)7'--7n1€cs)>

(*pa(e)) _

Ty =Ty

— p** (ngxpaq)) — xv)

= p* (J:U |Ipa(v))'

Finally, this implies that:

> I 7 olzpagwy:mo) TT o™ (@) TT 7 (n0)

zL,mv veV leL veV
= Z H Zp**(xv‘xpag(v)anv)p**(nv) Hp**(xl>
L veV Ny leL
= Z H p*(mlepag(v)) Hp*(xl)
T veV leL
= p(zv),

so indeed p** achieves p(xy). Since we haven’t changed the latent variables, they are
still nonnegative, and the response functions are deterministic, so p** is indeed a noisy
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assignment witnessing p € W,.

Therefore, we have shown that W, = W,,. We move on to W; = W,, next.

e W, CW;: Consider p € W, and let p* be a noisy assignment witnessing that. Note
that if an observed vertex a has no latent parents in G, then its noise variable can be
assumed nonnegative WLOG. To see this, assume N, is not nonnegative. Then one can
do the construction we used to prove W,, C W, to create an assignment p] witnessing
p € W,, and then use the construction from W, C W,, to create another noisy assignment
p5 witnessing p € W,,. However, this new noisy assignment has

a a

N, = (]\7(61)7 o 7N(cs)) 7

where p} (n((fi)) = Pi(%a|Tpag(a))- But since a has no latent parents, the fact that pj
achieves p(xy ) implies by Lemma 27 that

P1 (xv‘xpag )) (mv‘xpag )) (12)

Therefore, each of the Néei)’s has nonnegative distributions, so N, is nonnegative as well.
We will now iteratively eliminate noise variables from the noisy assignment and have
them be simulated by latent variables where possible, or by response variables where no
latent parents are present.
More precisely, for each observed variable a € V with no latent parents, make N, a
trivial deterministic variable with a single value 1, and set

p;ew(xampag (a)» ) = Zp*(xa‘xpag(a)vna)p*(na)‘

Na

Otherwise, p?.,, behaves exactly the same as p*.

Therefore, p;.,, achieves p(zy) as well:

p(l‘v) = Z H p*($v|$pag(v)7nv) Hp*(l'l) H p*(nv)

zp,ny veV leL veV

:Z<Zp xa|xpag Na)p (na)>'
Z H p*(mv‘l'pag(v)anv)np*(xl) H p*(nw)

ny\{a} veV\{a} leL veV\{a}
= Zp:ww(ma’xpag(a)7 1a)'
zL
Z H p;:,ew (xv|xpag (v)» nv) H p;;ew (xl) H p:ew (nU)
nv\{a} vEV\{a} leL veV\{a}
= Z H pnew xv|xpag(v new Hpnew l‘l H pnew Zew ’
zp,ny" veV leL veV

and the new response function pj.,,(Ta|Tpa(e)) We gave a is real nonnegative, as a result
of (12). Next, replace p* by p.,, and repeat the process until we trivialise all of the noise
variables associated with variables with no latent parents.

We then apply a similar process for the rest of the observed variables. For these, the
noise variables can be from all of R, so we hide them inside a latent parent.
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More precisely, for each observed variable a that has at least one latent variable [,
make N, be trivial with a single value 1,, replace [, by ¥ = (I,, N,), and set

Prew (ma’xpag a\{la}s Llgew = (21,5 M), 1a) = p*(xa’xpag(a)\{la}vxlwna)-

Otherwise, make p; ., behave the same as p*. In particular, for any other observed child
b of I, set

Prew ('rb’xpag (B)\{la}s Tlpew = ($laana)7nb) 1= P (Tb|Tpag (b)\{la} s Tlas> M)

so given that zjnew = (17,,7n4), we have that
p:ew (xb’xpag (b)» nb) = p*(xb‘xpag(b%nb)'
Then, once again, p.,, achieves p(zy) as well:

plry) = Z H p*(xv’xpag(v)a ny) Hp*(ﬂfz) H p*(nv)

rL,ny veV leL veV

= > Y (" (na)p*(w1,)) - P (TalTpag @)\ {1a}s Tla» Ma)-

TL\{la}> "V \{a} Ma:Tlq

( I »@lrpageyn) T pi@) 1] p*(nv))

veV\{a} leL\{la} veV\{a}
= Z Z p:;ew(xlr;ew) p;kzew <xa’wpag a)\{la}s Ligew, 1a>

TLN{la} MV \{a} 2]Y=(na,71,)

( H p:zew(mv|xpag(v)anv) H p;ew(‘rl) H prww(nv))

veV\{a} leL\{la} veV\{a}

— new * new

- Z H pnew $U|$pag Ty ) Hpnew H pnew
e nyptY veV leL veV

Note that the response distribution of a is still deterministic and hence real nonnegative
in py.,- Set p* := p}.,, and keep repeating the process until all noise variables have been
trivialised.

At the end of this process, every noise variable in the model is trivial, so we can ignore
them and obtain an assignment that achieves p(zy). Additionally, each observed variable
has a response distribution that is either deterministic (if it has latent parents), or in any
case real nonnegative (if it has no latent parents). Therefore, the constructed assignment
witnesses p € W,.

e W, C W, : Given any quasiprobabilistic finite discrete variable A, we can split its
domain D, into Dy = D{UDj as follows:

Dy ={X€ Dy : p(\) >0} Dy ={Xe Dy : p(\) <0}.

Now let pj{ = ZAEDX p(A), p) = Z)\er p(A). These are finite quantities satisfying

pj( +p, =1, pj{ > 1, p, <0, with p, = 0 iff A is nonnegative.
We can construct the following variables:

e Ap having Dy, = {+,—}, with P(Ap = +) :pX, P(Ap = —) = py;
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o A* having Dy+ = D}, P(A+ = A\F) = P(;f);
A

—

e A” having Dy- = D, P(A~ = ") p(p)‘: :
A
Then one can see that sampling A is the same as sampling Ag and then sampling A"
if the result was + and A~ if the result was —.

Definition 26 (Ensemble of Components). We call the random variable (Ag, AT, A7) the
ensemble of components of quasiprobabilistic finite discrete random variable A.

Now consider p € W, and an assignment witnessing this. Lemma 28 shows that there
exists an assignment witnessing p € G; that replaces all latent variables A in the previous
one by (Ag, AT, 7). We will use this latter assignment (which we denote p*) to prove
that p € W,.

The crucial step of the proof is to show that a binary quasiprobabilistic latent can be
simulated by its children if they have access to quasiprobabilistic noise and a nonnegative
shared latent variable. We will replace each quasiprobabilistic latent variable in p* by a
nonnegative one and will add noise variables to its children which will simulate its original
behaviour. After we have done this for each latent, p* will become a noisy assignment
witnessing p € W,,.

We start with the assignment p* above, which has each latent variable replaced by its
ensemble of components. We can also consider this p* to have a trivial 'noise variable’ for
each observed vertex, i.e. each vertex v € V has a 'noise variable’ N, that can take only
one value 1, with probability 1. Therefore, we can define

P (xv|xpag(v)a 111) =p" (‘TU|‘Tpag(’U))‘

It is worth mentioning that these are not proper noise variables, and we cannot yet view
p* as a noisy assignment, because the response distributions defined above are not deter-
ministic.

We also have:

plav)= > [l P @lzpagw,ne) [T 0" @) I 2" (n0), (13)

rL,ny veV leL veV

with the reminder that the sum over each n, is trivial.

Now we will describe a process to replace a latent variable by a nonnegative one while
preserving the equality (13). Pick a latent node | = (Ig,I*,i7) € L, with |[ch(l)| = m.
Now, apply Lemma 29 for n := m and (p*,p~) := (p* (lp=+4), p*(lp = —)), and consider
p(l) to be a noisy assignment witnessing pa, .4, € Wn(Comy,). Note that the lemma
uses W, instead, but we have already shown that W, = W,.

Note that assignment p() has only one latent variable, which we will call A®). We will
also assign one of the variables Ay, ..., Ay, to each child of [; the one assigned to v € ch(l)
will be called A,. The noise variable associated with A4, in p(l) will be called ngl). The
deterministic value of A, given A() and ng) is fo(AD, ng)).

Now replace in p* the variable Ig by variable A®), and for each v € ch(l) replace N,
by (Nv,NqSl)). Also, set

*
pnew (:L‘v

=" (olzpagn gy (oD ), 2% 27),n, )

Tpag (v)\{i}s ()‘(l)7 ler’ :L‘;), (nva nq(;l)))
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Now, note that for all [ € L, xy, :EZJ“, x; ,ny, the following holds:

> optay) ] P (o] Tpag w1} (1 25 27 ), 1)

Tip vech(l)
) PAay (TAc)) I1 P (@0l Tpag (1 (@, 2 27 ), 10)
TAch() vech(l)
=y ( S Y0 T o xAU)\z,nq(f))P(l)(m(f))> I P @olzpagngys (@a,, = 2),m0)
TAm@y AW nil)(l) vech ) vech(l)
= > 0O I] pY0D) 11 2" @olzpagengy (FoAD, 0D, 2 27),ny)
AW D vech(l) vech(l)
ch(l)
= Z )\(l H p(l) n l)) H p;kzew (;Ev :Epag(v)\{l}’ (A(l)7x;r’x;), (nv,ngl))) ,
NGIG vech(l) vech(l)
ch(l)
(14)
where the first equality comes from the fact that pACh(l)(l’ Aa(1)) 18 equal to 0 whenever
() €{(+,...,+),(—,...,—)}. As a consequence of these calculations we have:
zv)= > ] P @ltpag),mo) [T " @) I] p*(no)
Trr,ny veV I'eL veV
= Z H p*($v‘xpag(v)anv) H p*(l'[/) H p*(nv)
TL\{1}>"V\ch(l) vEV\ch(l) UeL\{l} veV\ch(l)
Z p*(fL‘lB)p*(ﬂjf)p*(x;) H p*($U|$pag(v)\{l}7 (ﬁlB’lervx;)vnv)p*(nv)
xlevavanch(l) vech(l)

(4 Z H p*($v|$pag(v)7nv) H p*(ar) H P (1)

TL\{1} MV \ch(l) vEV\ch(l) U'eL\{l} veV\ch(l)

3 PO ND)p* (& )p* (27)

A®) 7337— 7731_ sTch(l) 7n(l)

ch(l)
3k
H Prew (ZL‘U

Zpagongip A, 2, 27), (nw, m(f))) p*(n)p (n)

vech(l)
= Z H p;kzew (xv,xpag(v)a nﬁew) H p:;ew new H pnew Zew
Znew pnew yey leL veV

Hence, p;,.,, also achieves p, but has a nonnegative distribution for /. Replace p* by
Dr e and repeat the process for all latents. At the end, we have an almost-noisy-assignment
achieving p. The only issue is the response functions are not deterministic, but this can
be fixed by extending the noise variables to also contain the response distributions of the
observed variables (following the construction we used to prove W, C W,). Finally, this
gives a noisy assignment that achieves p, and hence witnesses p € W,,.

Therefore, W, = W,, and our proof is done. [

Lemma 27. Given DAG G with vertices VUL, and p a distribution that can be written

in the form
wv) =Y [ pr@ol@payw) [T 2(0), (15)

Tr veV leL
for quasidistributions p1(zy|2pe, ) and pi(zi), then for any vertexr a € V' that has no
latent parents,
P (ma‘xpag )) (xa’xpag ))
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Proof. We can assume WLOG that a has no children. Otherwise, simply sum out all its
descendants (except a) in (15) to obtain that the remaining distribution factorises with
respect to the new (ancestral) graph.

Now, denote by A :=V \ (pag(a)U {a}). Then,

p(xav pag a) Z H Y41 xv’l‘pag (v) le xl

TL,xA veEV lelL
:p1($a|$pag( ) Z H p1 l‘v|96pag Hp1 7).
TL,xAveEV leL
v#a
As a result,
pag Zp xaa pag(a
Z H P xv|xpag le lil
ZL,TA vEV leL
v#£a

Dividing the above two expressions, we obtain

p(ma, xpag(a))
p(xpag(a))

=D (xa’xpag(a))'

({I;a‘mpag a))

Lemma 28. Given DAG G and assignment p* witnessing p € W(G) for a distribution
p(xy) over G’s vertices. Then there exists assignment p** that also witnesses that, which
replaces every latent A in p* by its ensemble of components (Ag, AT, A™).

Proof. We will iteratively replace each latent by its ensemble of components. Pick a latent
| € L, replace X; by its ensemble of components (X;,, X;", X; ) and set

o omy PR pr(ap)
p:;ew(xls7ml+7xl ) =D B +l : ,l y
i b

pl+, it v, =+

— T
where pl+ = le;p*(xl)zop*(m)a b = le;p*(xlkop*(xl)’ and p ® = {p_ if 7, =
) B —

For each observed child v € ch(l) of [, set

Prew(To|Tpag o)\ {1y T T 5 27 ) 7= D° ($v|$pag(v)\{z},$z = $lxlB) :
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Figure 4: Graph Com,,.

Set everything else in p}.,, to behave the same as in p*. Then p}.,, also achieves p(zy):

xV):Z H p*(xv|xpag(v))

rrL veVUL

= Z H p* (wl’) H p (xv|$pag(v) Zp l’l H P (xv|xpag(v))
Ty VEL\ {1} veV\ch(l) veeh(l)

- Z H p;ew@:l') H p;klew(xv’xpag(v)>
TN{1} Ve L\{l} veV\ch(l)

Zp le H p xv|xpag {l}?x?_)—i_zp*(xl_) H p*(xv|xpag(v)\{l}7xl_)

vech(l) z, vech(l)
Z H pnew (xl’) H p:;ew (.Z‘U |xpag (v))
TN} l/eL\{l} veV\ch(l)
p(z)
( +Z VT 0 Gl i) - 3 D
l vech(l) x; Py

* (et
P % _ p(x
> DL b))
] vech(l) .

z
Z H pnew 1‘[/ H pnew xv|xpag )

Tr\{iy Ve L\{l} V\ch(l)

Z pZew(x137$;r7x;) H pZew(Iv|xpag(v)\{l}’xlByxfy-T;)

xlB@lJr’xf vech(l)

Z H pnew $v|xggguv )

e veVulL

and the response distributions of the observed variables are still real nonnegative, therefore
Drew Witnesses p € W,. Replace p* by p;.,, and repeat the process for the next latent
variable, until none are left. We define p** to be the final assignment we obtain, and we

are done. |
Lemma 29. Consider binary random variables Ay, ..., Ay, taking values in {+,—}. We
denote lay,...,a,] to mean the deterministic distribution assigning values ai,...,ay to

the variables. Then the distribution
Py, hy =D [ pT [ =]

is in the set W, of the graph Com,, (which stands for ‘common ancestor’) in Figure 4 for
any pT,p~ € R such thatpt +p~ =1,p" >1,p" <0.
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Proof. We will prove via induction over n that there exists an assignment p* witnessing
DA,,...,A, € W, that uses a latent variable A that is uniform over 27~ possible outcomes.
Let Dy = {1,...,2" !} and
N 1

Denote also

* A * A
pr(ai = +|X) = 2V pr(ai = —|2) =y,

where =V + y(’\) =1 for all 7 and A.

i i
Therefore, the condition

n

PAsA(ats - an) = Y pr(A) [ p*(aslN)

AeDy i=1

is equivalent to the following system:

2npt =l f’fz(/\)

0 = cor 2V [Leg- y™VSTUS— = {1 St £0,57 #0

_ZAHZESJF‘Tz‘ HzeS*yi ) _{ ,...,TL}, 7é ) 7&
2t oty = ST Y
(16)

The first equation comes from pa, . ay(+,...,+) = p*, the last one comes from pa, 4, (—,...,—) =
p~, and the ones in the middle make sure that pAh._,,An(al, ..., an) = 0 whenever the a;s
are not all equal. Note the important condition ST # 0 and S~ # 0 in the second row.
This ensures these equations do not overlap with the + +---4+ and — — - - - — cases.

It is therefore sufficient to prove that system (16) has solutions :L‘Z(’\),yg)‘) over reals.

We can slightly alter the system to bring it to a neater form.
To see this, if we consider S~ := {j}, the corresponding equation is

2 (-

i#£j

-y (ﬁxw) (1-22) =0
i#]

A

— Z H a:l(-)‘) =onlpt
A eSSt

where the last equality comes from using the first equation of the system. Therefore, be-
cause we are dealing with a linear system of equations, it is sound to replace the equations

that have |ST| =n — 1 with
ST o =2
A ieSTt
However, we can now proceed inductively to prove that these equations being true for
all ST # () is enough to conclude we have solved the initial system. To see this, assume we

proved it for all |ST| > k > 1. Pick S such that |ST| = k — 1. Then the corresponding
equation is:
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A
1 2 .o 2 on=2 4 . 2ntd
(/\) Q@ Q@ Q I} 15}
(>\)
Tp-1
solution for n — 1 solution for n — 1
variables and p} variables and pg
(N
!

Table 1: A table showing the inductive construction of the system solution.

S eV I uw” =0
A S+ €S

= S I (1-9) =0
A

icSt+ €S

.
m
m

m
n

S)Z(Hxlw—z H xEA)—F Z H $§A)—...>:0

ieSt jesS—ieStu{j} j.keS— ieStu{jk}

But by induction hypothesis, all of the products in the bracket except the first are equal
to 2"~ !pt. By the fact that the number of even subsets of a non-empty set is equal to the
number of odd subsets, all but one of the products end up cancelling each other, leaving

as desired the equation
S A =2ty

A eSSt

Therefore, we can replace our system by the equivalent system:

Z)\HZES""w =21 + 7vs+g{17"'7n}75+#0

Yo llis (1 - :c?)) = on—1 _ gn—1p+

In fact, we can completely drop the last equation, since it is a consequence of the other
equations and the fact that our conditional distributions are normalised. Therefore, the

(N

actual system we will solve over reals x;

STl =2 vSC{l...,n},S #0. (17)

A €S

is

As mentioned before, we will prove this system has solutions over R for any p* > 1
using induction over n. For the base case, if n = 1 the system is simply :L‘gl) =pt.
For the induction step, assume the system has solutions for any p™ > 1 for n — 1

variables and we will prove this is the case for n as well. Now pick {mz(’)\)}i:m N =1

to be a solution for the system with n — 1 variables with some value pf > 1 and similarly
{:El(-)‘)}i:m A=(@ =Tyt A solution for the system with n — 1 variables and another

value p; > 1; we will pick values for pl+ and ]92+ later.

if A <272
We also pick :c( ) = {g’ ' th - . Once again, we leave o and 8 unfixed for now
, otherwise

and will choose convenient values later. See Table 1 for a visualisation of the construction.
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Now for any ) # S C {1,...,n— 1},

2n—1 2n—2 2n—1
Y=Y+ > I«
A €S A=1ieS A=2n—241 €S

::2n72pT-+_2n72p;‘

The last equality holds because of the induction hypothesis. Therefore, when () # S C

{1,...,n—1},

2n1

Z Hm =2"" 1t — Ipf 4 pg =2p"
€S

If S contains n, then we need to consider two cases. If S\ {n} # 0, we get:

n—1 on— 1
T =S e I o
A=11ieS A=1 i€S\{n}
2n—2 2n 1
Yo I X T
A=1 ieS\{n} A=2n—241  ieS\{n}

n2++ﬁ 2n2p2

Q

The last equality holds because of the induction hypothesis and the fact that S\ {n} # 0.
Therefore, when {n} C S,

A
an() gn=lyt apt + Bpi = 2p*

If S ={n}, we get:

2n—1
S e =2 a4 228 =2t = o+ B=2pT
A=1

Therefore, if we find pf, p; > 1 and «, 5 € R that satisfy the system

pi +p3 =2p"
apf + Bps =2pT
a+p=2p"

we are done. This is actually the system for n = 2, and indeed has solution pj = 1,p3 =
2pT —1>1and a=2p",3=0.

Building the solution as described above therefore attests that the system has solutions
for n as well and our induction is complete. Therefore, the system has solutions for any
natural number n, which means we can always solve it to construct an assignment that
achieves pa, . a,. Note that if & = 2p™ > 1, then this will mean that y( ) will be negative
for some values Of A, which will translate to some negative response distributions. However,
we set the variable A to be uniform, and therefore positive, so the assignment we obtain
at the end will indeed witness pa, .. a, € Wir. |
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D Proof of Proposition 6:

In this section we will prove that W(G) C N (G) by following some arguments in [15]. We
will not define all the notions used in the proof and direct the reader to the cited paper
for more details.

To start off, one can generalise the notion of a kernel to the notion of quasikernel in the
natural way. We will assume soundness of semigraphoid axioms for quasikernels, given that
the proof of this in [15] uses only symbolic manipulations. Similarly, one can extend the
(polynomial) fixing operation ¢w( ;G) to be defined on quasikernels by simply following
the same formula as the one used for kernels.

The nested Markov model of a CADMG G with observed vertices V' and fixed vertices
W is defined as the set of kernels gy (zv|zw) with the property that for any fixing
sequence w, the kernel ¢w(q; G) satisfies the 4 equivalent Markov properties with respect
to the fixed graph ¢w(G), including the local Markov property. The local Markov property
enforces some equality conditions on the fixed kernel, which is a polynomial function of
the initial kernel, so the set of polynomial equalities enforced by the nested Markov model
can be seen as the set of conditions that are obtained by replacing in the local Markov
property constraints every occurence of ¢w(q; G) with the corresponding expression in g.

Now note that the proof of Theorem B.5 in [15] uses only factorisation and the chain
rule of probabilities, so it is sound for quasikernels as well, meaning that

PG, =) = P§9),

where we read P (G, <) to be the set of quasikernels which satisfy the local Markov property
with respect to CADMG ¢w(G), and P§(G) to be the set of quasikernels which Tian
factorise with respect to ¢w(G), with the caveat that now the factors are allowed to be
quasiprobabilistic.

Finally, one can see that all quasikernels that can be obtained from some quasidis-
tribution in W(G) by applying a fixing sequence must Tian factorise (which can be seen
by grouping terms in the original factorisation), meaning they satisfy the local Markov
property. Translating these into constraints on the initial quasidistribution, we get that
all nested Markov constraints are satisfied.

E Conjecture 1 for Tree-Structured Correlation Scenarios

E.1 Tensor Multilinear Products

In this section of the appendix, we include an introduction to the tensor operations we will
be using.

Let k be a field of characteristic 0. A ny X --- X ng tensor 7 with entries in k is called
simple or elementary if it is the tensor product of a bunch of vectors, i.e. there exist vectors
v1,...,0q such that

T=v1Q000 - ®,.

Let 7 be an arbitrary n; x - -- x n, tensor with entries in k. Then 7 has a tensor rank,
which is a minimal positive integer r such that

T Zvli) ®’U§i) Q- ®Uéi),
=1

for some k-valued vectors {Uj(-i)}lgigmgqu, i.e. r is the minimal number of simple tensors
that sum to 7.
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Note the correspondence between the rank of a tensor and the rank of a matrix. Indeed,
the rank of a matrix is a particular case of a tensor rank, where the tensor has order 2.
Note that in the case of tensors however, the rank can’t be computed from the dimension
of the fibre vector spaces in the same way as in the case of a matrix (the fibre is the
generalisation of the concepts of rows and columns of a matrix). In fact these dimensions
need not be equal for tensors for every type of fibre we choose, whereas it is well-known
the row rank and column rank are equal for every matrix. Computing the rank over the
reals of an arbitrary tensor even as small as order 3 is in fact NP-hard [64].

Given an arbitrary tensor 7 as before and its tensor rank representation, we can apply
a linear transformation A : k™ — k™i to its ith component. This map sends v; € k™ to
Avi e k™ and 11 @ - QU Q@+  Qug to v1 ® -+ - ® (Av;) ® - -+ @ vy, and so by linearity
we can define its application on the arbitrary tensor 7 denoted using the symbol " -;" as:

AT=> e o) o ).
j=1

This holds even if the representation is not a tensor rank representation, i.e. even if the
value 7 is not optimal.

It is not too difficult to see that two such linear transformations acting on different
components A; : k" — k™ and A; : k™ — k™ commute, i.e.

Aii (A5 T) =455 (A= T).

In fact, if we have ¢ of these transformations, {A; : k™ — k™i}1<i<4, we can define the
multilinear multiplication operator A = (A1,...,4y) k" ®@ - - @ k™ = k™M ®@--- ® k™«
as

A-T = i (Alvgi)) & (AQ’US)) Q- ® (Aqvéi)) )
i=1

Additionally, it’s easy to check that if A; has a left-inverse AZ for all 4, then there is a
left-inverse multilinear multiplication operator A% = (AF, ... ,Ag ) such that

AL AT =T.

The right-inverse multilinear multiplication operator and the inverse multilinear multipli-
cation operator are defined similarly in the way one would expect.

E.2 Gauge Freedom of Tensor Network Decompositions

Definition 30 (Gauge Transformations). Let G be a tensor network with spaces {Xy bvey
for its nodes and bond dimensions {r}ecp and T € Qyey k%! a tensor that decom-
poses with respect to this construction. Let such a decomposition be given by tensors
{T(”) €kt (®eemc(v) k”>} . Now pick an edge e* = (a,b) € E and an res X re-
invertible matriz X. Then a gau%ee transformation of the decomposition consists of replac-
ing T by X x;.. T and TO by (X7) " ;.. T,

Proposition 31 (Gauge Freedom). Consider the tensor network G with bond dimensions
{re}ecr as before, and a decomposition of T with respect to G and {rc}tecr. Then the
resulting set of tensors {T(”)}vev after applying a gauge transformation is still a tensor
decomposition of the same tensor T.
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Proof. Let

T(@) — za: wla) @ ( ® ugj“)) , (18)
a)

Ja=1 e€inc(

Cp
= Z w) @ ( ® w((ajb)) 7 (19)
b)

Jp=1 e€inc(

be rank decompositions of T(® and T®). The idea is to show that the RHS of the tensor
network decomposition formula, namely

Z H {le}eemc(u) o),

{1<’Le<7’e}eeE veV

only depends on the u.« and we+ vectors via the dot products (ue+)? - we, which remain
unchanged after the gauge transformation.
More precisely, if we write the explicit forms of equations (18) and (19) we obtain:

7@ R

Cp
b
T{(ie)}EEinc(b) (.'Ijb) - Z Jb) xb ( H We Jb) )

ecinc(b)

Now we have

ST e @) T @)= > D ul (@) - wl ()

Ja=1,Jp=1 icx

. < H ugja) ) ( H w(]b Ze)
e€inc(a) e€inc(b)

Ca,,Cp

= Z w9 (z4) - w) () - ( H ugja)(ie)) . ( w(]b)(le))
Ja=1,p=1 e€inc(a)\{e*} e€inc(b)\{e*}
Z (u(ja)(ze ) - w(Jb)(Ze ))

Dok

Ca;Ch

— Z w9 (z4) - w) () - ( H ugja)(ie)) . ( ngb)(ie))
Ja=1,jp=1 e€inc(a)\{e*} e€inc(b)\{e*}

where we wrote the vectors at the end of the last expression in bold to emphasise that
they are vectors, and part of a dot product.

Applying the gauge transformation only acts on the wuex and we+ components, so
the only change in the value of this expression will be that the last bracket becomes
((Xugj*"))T : ((XT)_lwgf))), but this doesn’t change its value. Therefore,

(a) (b)
Z T{ifi}eeinc(a) (xa) ' T{ie}eeinc(b) (xb)
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doesn’t change its value, and so

Z HT{(:E)}eEinc(v)(ajv) - Z H T(Z)e)}eeinc(v)(xv)

{ic}eer VEV {ie}eer\fer) vEV\{a,b}
. (a) ()
(Z T{iE}eeinc(a) (.'Ifa) T{ie}eeinc(b) (.'Ifb))
TLe*
remains unchanged as well, so it will equal 7 (zy) after the gauge transformation. |

E.3 Proof of Nonzero Sum Assumption

In this section we will prove the Nonzero Sums Lemma which will be used in the proof of
Theorem 14 in the next section of this appendix. The proof makes use of gauge transfor-
mations to modify each component tensor in a way that makes these sums nonzero. We
start with another result which will be used in the proof of the lemma.

Definition 32 (3¥-Partitions). Let A € R/® (®.cp, R') and B € RN @ (®,cp, R™ )
be two tensors with exactly one common mode e* = E, N Ey. If we are given partition
E, = EJUEY for E,, then we say (E;, EY) is a 3V-partition for A if the following property
holds:

H1 <ie < refecpa such that V{1 < ic <retecpy,

> Afiyeer, (@) # 0.

If we are given partitions E, = EJUEY and Ey = E;UEZY for E, and Ey, then we say
the pair of partitions (E2, EY; E7, EY) is a IV-partition pair if (E3, EY) is a 3V-partition
for A and (E3, EY) is a IV-partition for B.

Lemma 33. Let A € Rl @ (Q.cp5 R™) and B € R @ <®€€Eb R’”e) be two tensors
with exactly one common mode e* = E, N Fy and o 3V-partition pair (EE,EZ,EE,EX)
Then there exists invertible rex X rex matriz X with real entries such that

(B2 \A{e"}, B U{e" ) B, B)
is a V-partition pair for tensors X -« A and (XT)™1..x B.

Proof. If e* € EY then we are done. Assume therefore that e* € EZ. Let {1 <, < Te}eck?
be an assignment to the indices of A in EZ such that

V{1 <ie < Te}eeE){v ZA{ie}eeEa (za) # 0.

La

Denote by ¢ the value of i« in this assignment.
We define X to have the following structure:

10 ...0 0 ... ar ... 0
01 ...0 0 s 0

X = , + . :
00 1 0 ... ap. 0
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i.e. it has 1s on the main diagonal and some real coefficients a which we will set later
on column ¢. The only coefficient we set for now is ay := 0, so the row corresponding to
ie+ = q only contains a single 1 and no additional « entry.

Then one can check that by calculating X ..« A we get

Ay, (xaq) ifiex =¢q
{ictecE a ) e
X er A i Lg) = ¢ o
( >{ e}tecEq ( ) {A{ie}eeEa (.’L‘a) + oy, [A{ie}eeEa (xa)L mg if G 7§ q,
where by {A{ie}e - (xa)} we denote the expression inside the square brackets with

lex=4q
every occurrence of i.« replaced by the value q.

Therefore, if we fix {1 <ie < 7Te}ecpay(ex) to have the values we considered before, the
condition

V{1 <ie < r€}e€EZU{e*}7 Z (X e A){ie}eeEa (za) #0

Ta

is equivalent to

V{1l <ic < Te}eeE}ju{e*}: Z Afic}een, (Ta) + v

Za

Y Aliyecs, (ma)] £ 0.

ie* =q

Note that since oy = 0, this statement does take into consideration the case i, = ¢ as
well.
Now since we know that

S| 20

-e* =q

must hold because of the way {ie}.c E3\{e+} and g were chosen, we can rewrite the above
condition in the equivalent form

Z33(1 A{iE}EEEa (ﬂfa)
Dta Aicheen, (xa)L

V{l <ie < Te}eéEZU{e*}) O 7& - { ) (20)

e* =4
so these are the constraints that the o coefficients need to satisfy in order for E7 \ {e*}

and EY U {e*} to form a IV-partition for X o+ A.
Now let’s look at (XT)~! ..« B. We have that

1 0 0
0 1 0
T\-1
(X7)™ = -~ —ary ... 1 -y,
0 0 1

Then one can calculate that

((XT)_1 er B){~ oy, (@)= {B{ie}GEEb R [B{ie}eeEb (x”)] e
lefecEy,

Biiyocs, (#1) e £ g
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Now pick some values {1 < i, < 7} ¢ o such that
v{l S 1:5 S TG}eGE:’ Z B{ie}eeEb (ﬂ?b) ;é 07
Tp

and distinguish two cases.
e Case 1: e* € EE. If there exists i« = ¢/ # ¢ such that

V{1 <ie <7e}ecpys [Z Bli}een, (Uﬁb)] # 0,
Ty

’ie* :q/

then the same is true for (X7)~! ..« B for any values for the coefficients . Pick these
coefficients to satisfy (20) and the matrix X obtained in this way is exactly what we need.
Otherwise, i+ = ¢ is the only value for which

V{1 <ie <7e}ecpys [Z B{ie}eeEb(xb)] #0
Tp

ie* :q

holds. In this case, the condition

V{1 <ie < redeepys [Z (X" B) (xb)] #0
z {Ze}eEEB ix—=q
is equivalent to
VL <ie <redeenys [Blidue, ()], _ = D @i [Blier, ()], #0. (21)
e* — =1 e* —

We view these as inequations in the « coefficients. Now we know that

[B{ig}egEb (fEb)} #0

7"5* =q

holds in all of these equations because of the way {i.},. E3\{e} and g were chosen. There-

fore, for each inequation in (20) and (21), the set of as which do not satisfy said inequation
is a hyperplane in the space of the vectors a. As a consequence, the set of vectors a which
satisfy all of these inequations is nonempty (and in fact infinite). We now pick any of
these solutions to construct our matrix X and we are done.

e Case 2: ¢* € El\f. For any i.» = q # ¢, the condition

V{l <. < Te}egEgv [Z B{ie}eeEB (xb)] 7£ 0

Tb jex =(q

remains true after applying (X7)~! as well, since the values of these sums do not change.
We just need to pick the o vector in such a way that

1 <ie Sredeempey | Blikeer,@)], -

- TZ Qg [B{ie}eeEb (xb)} #0
q'=1

holds. However, these equations are the same as (21), so by applying the same reasoning
as in Case 1, we can again find a matrix X that satisfies our requirements. |
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Corollary 33.1. Let A € Rl @ (®,cp R™) and B € R%|® (®eeEb Rre) be two tensors

with exactly one common mode ¢* = E, N Ey and a 3V-partition pair (B, EY: Eb,Eb)
Then there exists invertible ro« X Tox matriz X with real entries such that

(Ba\{e'}, Bq u{e' By \ {e'}, By u{e})
is a AV-partition pair for tensors X -« A and (XT)™! .o« B.
Proof. Apply Lemma 33 to find a matrix Y such that

(B \{e"} Bf U {e"}; By EBy)

is a JV-partition pair for tensors Y -+ A and (Y7)~! ..« B. Now apply Lemma 33 again
for (A; B) := ((YT)_1 cex By Y ex A) to find Z such that

(Ba\{e'}, Bq U{e" By \ {e'}, By U{e})
is a JV-partition pair for tensors Z -« (Y o+ A) and (Z7)7! - ((YT)_1 ‘e B). But Z .-
(Y oer 4) = (2Y) e Aand (7)o (¥T) " oer B) = ((Z2Y)7) 7! wex B, s0 the matrix
X := ZY satisfies our requirements. |

We are now ready to prove the Nonzero Sums Lemma.

Lemma 34 (The Nonzero Sums Lemma). Let G be a tensor network with vector spaces
for its nodes {R‘Xd}vev and bond dimensions {re¢}eck, and let T € [ ey R pe q tensor
which decomposes with respect to the above construction. Assume >, T(vy) # 0. Then

there exists a decomposition for T given by tensors {T(“) c R%l @ (®e€inc(v) R’”‘f)} -
v
with the property that

(v)
.Z’Z T{ie}eeinc(v) («TU) # O

holds for any v € V' and any values {1 < i, < Te}eemc(v) for its adjacent indices.

Proof. Let {T(”) e R*%l @ ((X)eemc(y) ]Rre)} - be an arbitrary decomposition of 7 with
v
respect to G and the given bond dimensions. In other words, we have the following

T(l‘v) = Z H T le}eemc mv).

{1<ie<re}ecr VEV

equation:

Summing over xy, we get:

Y7 2 ()

{1<ie<re}ecp VEV

Since >_, . T (zv) # 0 by hypothesis, we can conclude that for any vertex v € V, there
exist {1 < e < 7e}ecine(v) Values for its adjacent indices such that

7
{ILE}EGIDC<U)( U) # 0
Ty
That is to say, (inc(v), #) is a Iv-partition for T) for any vertex v.
Finally our proof of this lemma involves an inductive approach. Start with our tensor

decomposition for 7 and with the initial 3V-partition for every T() given by (inc(v), 0).
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Now pick any edge e € E and apply Corollary 33.1 to find a gauge transformation which
makes it so that e will be in the V-component of both of its adjacent T*) tensors after-
wards. We apply this gauge transformation, replace our decomposition with the resulting
decomposition, and modify the dV-partitions of the vertices adjacent to e so that e is in
their V-components. We repeatedly apply this process until every edge in the graph is in
the V-component of their adjacent tensors. At the end, each T will have 3V-partition
(0,inc(v)), and this means exactly that
Vo € VL Sie S tedeeinewys D0 T{iY ey @0) 7 0

{7’5}6€1nc(v)
Ty

E.4 Proof of Theorem 14

Theorem. For any Tree-structured Correlation Scenario G, a distribution is in the quasi-
marginal model if and only if it satisfies the observed independence constraints enforced by
the graph. In other words,

W(G) = M(G) = N(G).
Proof. We recommend the reader familiarises themselves with the simpler proof in the
main text first. We will prove the inclusion M(G) C W(G), since the rest follows from
Propositions 6 and 8.
As before, consider a minimal tensor decomposition of p € M(G) with respect to G'.
Let 7. be the bond dimension of edge e € E! of this decomposition. Recall that the tensor
decomposition of p implies the existence of {T ®) ¢ RI*%| @ (®eemc(v) R”) }UGV such that

plavi= Y TIT . @) (22)

{1<ie<re}ecp vEV

We can assume by Lemma 34 in Appendix E.3 that
T (2) #0

{ZE}GEinc(U)
v

holds for all v € V' and values for indices {7 }ccinc(v)-
We can therefore write

7@
{7/5}6 inc(v ( U)
po= Y e T (S )
{1<ie<re}ecp vEV va {Ze}eemc(v)( U) veV \ Ty
T oot (50)
Since ), (f,)e”‘c(” = 1, we can create for each edge e of the graph G the

" Yoay Tie (@)
Tu  esegine(v)
corresponding latent variable [, in G with size r. and the response functions of the observed
variables to be

(v)
T ()
. {Ze}e inc(v ’U
p (xv’{wle - Ze}eeinc(v)) = (5 = .
va {ie}eEinc(v) (:BU)

We just need to set p(z;, = i.) for each edge e € Et and 1 <i, <7re.. To do so, we

(v)

will prove that for each vertex v € V, the quantity >_, {Ze} et

() decomposes into

factors depending on only one index as

7)
Z {1e}eemc(v) U H (b

To e€inc(v)
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for some functions {¢£U)}vev7eeinc(v).
Let a € V be an arbitrary vertex of G!'. We sum over z, in equation (22):

— 7@ 7(a)
p(xv\{a}) o Z H {Ze}eelnc(v) v (Z {le}eelnc(a) a)> ’ <24)
{1<ie<re}eem veV\{a}

As before, we denote the branches left after eliminating a from the graph by
B, ={B C V\{a}: B is a maximal connected component of the graph G \ {a}}.

We now redistribute the entries of the order [V|—1 tensor p(zy,(4}) to obtain another
tensor with fewer modes, in particular one mode for each branch of B,. We do this
in the same way we did in the simpler proof in the main text: for each branch B €

B,, group the modes corresponding to vertices v; in B = {v1,...,vs} into a single one
corresponding to the tuple (v1,...,vs). In other words, we replace the modes x,,, . . ., Z, of
sizes | Xy, |, - .., | Xy, | by a single mode zp of size [[;_; |X,,|. If we write B, = {Bi, ..., B},
then we will denote the tensor described above by p(zp,;xB,;...;2B,).
We also do some regrouping in the RHS of equation (24). For each branch B =
{v1,...,vs} € By, we group the factors T{(Zjlieemc@ )(:cvi) together. As such, denote
M’(Ei)(xB) Z H T{(;:})'eeinc(vi)(mvi),

{lgieg"‘e}eeinc(B)\{eB} v;E€B

where ep € F is the edge that links the eliminated vertex a and some vertex in the branch
B. Now we can rewrite (24) as

pEve) = > (H Mfi’<x3>>-(ZTf?j}eam(a><xa>). (25)

{lgieBSTeB}Bega BeB,

Let us look at what the object M(P) is in detail for a given branch B. One can see
it as a tensor with |B| 4+ 1 modes: one mode for each v; € B and an additional mode
corresponding to the value of the index i.,. However, similar to the proof in the main
text, we choose to flatten it by grouping the modes corresponding to x,, into a single mode
corresponding to the value of the tuple zp. The resulting tensor is a |Xp| X 7, matrix
having rows indexed by values of the tuple xp and columns indexed by i.,. For brevity
we will keep the same notation M), but keep in mind this refers to a matrix from now
on.

Now if we view the expression }_,

7(@)
{Ze}eelnc(a) (

iep for each branch B € B,, then we can rewrite (25) as:

o) as an order |B,| tensor with a mode

p(xBl; e ; th) - (M(Bl), M(B2)’ e M(Bt)) ( T{(,Z)}EEU’]C(G)( a)> ’ (26)
where (M (B pB2) M (Bt)) is the multilinear transformation operator defined in

Appendix E.1.

Recall that M(5) has rows indexed by zp and columns indexed by ley. We now claim
that M (P) has linearly independent columns for any B € B,. Indeed, assume the contrary
holds for some B* € B,. The there exists some 1 < g < r,,, and real numbers Qi ., such
that -

MP ) ap) = 3 ai,, - MP ) (@p)

TPB*
ZEB* #q
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for all zg« € Xp~.
We can replace this in equation (22) to obtain:

play) = Z H T{(Z)e)}eeinc(v) (zv)

{1<ie<re}ecp vEV

- Z ( H T{(:e)}eeinc(v) (mv))
veV\

{1Si6§Te}eeE\inc(B*) (B*U{a})

Z T{(Ze)}EGinc(a) (za) - Z ]._.[ T{(Z':])’eeinc(vi) (zv,)

1§’ieB* STeB* {1Si€gr€}eeinc(3*)\{e3*}} v;EB*

B Z ( H T{(:e)}eeinc(v) (mv))
veV\

{1Si6§Te}eeE\inc(B*) (B*U{a})

B*
. Z T{(Z)}Eeinc(a) (wa) ’ Mi(eB*) (xB*)
ISZeB* STeB*

However, if we look at the expression on the last line, one can see that for all values
of {ie}ecp\inc(B*):

> oo (2a) - M) (20

) {ie}eeinc(a) ieB*
1S'leB* SreB*

— (a) (B*) (a) B
- : Z?’é T{ie}EEinc(a) (':UCL) ’ MieB* (:UB*) + I:T{ie}eeinc(a) (xa):| ieB* =q ' Mq( )(.TB*)
fe gy 74
= ! ) (@) (B°)
o . Z T{ie}eeiﬂc(a) (ma) ’ MiéB* (J:B*) + [T{ie}eeinc(a) (xa):| ie * —q . . Z aiEB* ’ MieB* (:BB*)
lepgx 5’&(1 B e ;éq
— (a) . . (a) ) ,(B*) )
- J qu <T{ie}eeinc(“> (ma) T aZeB* [T{ie}eeinc(a) (xa):| ieB* :q) M’LEB* (f]}'B )
'LeB*

Replacing this in the expression for p(xy) we obtain:

play) = > > ( 11 T{(Z)}eemc(v)(zv))
{1§7;6§T6}66E\{63*} lgi‘EB* STeB* vEV\{a}
tepgx 74

(a) L [p(e)
' (T{ie}eeinc(a) (l’a) + Oé’LEB* [T{ie}eeinc(a) (:Ea):| ieB* q) ’

Therefore, we obtain a strictly smaller decomposition for 7: by removing the value

ieye = ¢ and replacing the tensor TEZ)} cinel )(ma) by the new tensor 7" e Rl @

Rres 1 ® (®eeim(a)\{63*} R“) defined as

7'(@) (z) := 7@ (za) + 0, . - [T(a) (l'a)} ’

{ie}EEil’)C(CL) - {ie}eeinc(a) {iE}EGinc(a) ieB* =q

we obtain a tensor network decomposition for p(xy) which has bond dimension for ep-
equal to 7., — 1, contradicting the minimality of the bond dimensions we have picked.
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Therefore, indeed the columns of M ") must be linearly independent. As a result, for
any B € By, M) must have a left inverse N(B) such that
NB B — T

TeB'

Recall equation (26):

. . _ B B
p(xBl’ T :CBt) o (M( 1)7 M( 2)’ T ) (Z {ZC}EGmC(G«) a)> '
Applying (N(Bl), N(B2) ,N(Bf)> to the left of each side of the equation, we get:

(NP N NP gy sag) = YT ().

Ta

However, by p(zv) € M(G) and Proposition 11 we get

xV\{a} H p $B
BeB,

which we can rewrite in terms of tensor products as:
p(ﬂjBl; ce th) = p(XBl) - ® p(XBt)7

where we write the factors in the RHS in bold to emphasise they are vectors.
Therefore,

ZT{(;)}  (za) = (N(Bl),N(Bg), . ,N(Bt)> - (p(xB,) ® - @ p(xs,))
p efe€inc(a)
= (N(Bl)p(XBl)) Q- Q (N(Bt)p(XBt)> :

Note that NB) is a 7., x |Xp| matrix, meaning NB)p(xg) is a vector of size 7,
which is what we would expect. Therefore, by setting

¢l = Ni(i)p(XB)a

we obtain that indeed

7®)
{ZG}EGmC(v) 29 H d)

Ty eElnC( )

To recap, by equation (23), we have:

7@
{zﬁ}e mc(v)( U)
p(.’L'V) Z H > H Z {ZE}eGmC(v U)
{1<ie<re}ecr VEV va {1e}eemc(u)( v) veV
If we let )
T )
: {Ze}e inc(v v
b <$v|{$le = 'Le}eeinc(v)) = T(S w
va {ie}eeinc(v) (xv)

as before and define




for any edge e = (v1,v2), then we obtain:

(U) ( v)

p(l‘v) Z H {Ze}eEmC(v) . H (Z T{(Z)}eemc(v) (l’v)>

{1<ie<re}ecr VEV Zmﬂ {,e}eem(v) (HTU) veV

= Y IIr(wlen =icdemw)  IT TI 692G
{1<ic<re}ecp vEV veV e€inc(v)

= Z H p (mUHfElE = ie}eEinc(’u)) ’ H QZ)gm)(ie) ’ d)gUZ)(ie)
{1<ie<re}ecr VEV e=(v1,v2)EE

- Z H p <$U|{xle = Z'6}66111(:(1) ) H Ye(ic).
S

{1§ie§re}eeE veV

By summing this equation over zy we obtain

1= Z H 1/Je(ie) = H Z 1/’6(%)‘

{lgieST‘e}eeE ecFE ecFE 1<ic<re
Therefore,
. Ve (ic)
pizv)=" Y. Jlr (mv\{xze = Ze}eEinc(v)) 11 > AR (27)
{1<ic<re}eep vEV ecly SlStesre TELTE

Finally, we go back to the original correlation scenario G. Define the latent variable [,
corresponding to edge e in the graph G' to have domain {1,...,r.} and quasiprobability
distribution

Ye(ie)
D 1<ic<re Velie)

Define the response function of node v € V' as

p('fclE = 7/6) .

{Ze =T }eeincgt (v)

va T(y)— ) (xv)’

{Ze—zle }eEmcgt (v)

p(xv ‘xpag(v)) =

where [, is the latent node corresponding to edge e in G'. Then for all nodes we have
>z, P(@.) =1 and 3o, p(zo|Tpag,,) =1 as expected, and equation (27) tells us that

Z H p $v|$pag Hp 7).
T veV leL

Therefore, p(zy) is in the quasi set W(G), so M(G) C W(G), and so

F Conjecture 1 in the Triangle Scenario

We prove that Conjecture 1 is true for the Triangle Scenario in Fig. 5. We start under
the assumption that the observed variables are binary, and we will give two constructions
of the perfect correlation p = £([000] + [111]), where [abc] represents the deterministic
distribution with A = a, B = b, and C = ¢. The first one uses quasiprobabilistic latent
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Figure 5: The Triangle Scenario.

variables, and the second one is a symmetric construction using quasiprobabilistic response
distributions. In the language of this paper, they are a quasilatents construction and a
quasiresponses one.

The quasilatents construction has A, B, and C deterministic given their latent parents.

We will write the distributions of the latents as vectors, i.e. the distribution p, ., below

has pABC(O) = pABC(l) = %:

i QABC = {07 1}7 Prxpc = (%7 %)T

Qe = {1,2,3,4,5,6,7}, pa,e = (0.1,0.9,0.1,0.3, 0.4, —0.1,0.1)T

Qa,p = 1{1,2,3,4,5}, pa,, = (1,1,-1,1,-1)T

e A=0 < (Aac,AaB) €{(3,1),(6,1),(1,2),(4,2),(7,2),(1,5),(3,4),(6,4),(7,4)}
e B=0 <= (Apc=0AAs€{1,2,3})V(Aa=1AAc €{2,3,4,5})

¢ C=0<+= (Agc=0AAsc€{1,2,3,4,5}))V(Aa=1AAp € {3,4,5,6,7}).

The quasiresponses construction has all latents behaving as unbiased coinflips and the
following response for each observed variable:

% if )\1 = )\2 = V;
pWA, A2) = ¢ =5 if A= X # v
% if )\1 7é )\27

where v is a placeholder for a, b, ¢, with parents A\; and As.

Now that the perfect correlation is in W, we can extend the latent variables in the
original scenario with a copy of this construction (more precisely, replace each latent A by
(A, A"), where A’ is a copy of its corresponding latent variable in the perfect correlation
construction). This results in the observed variables also sharing an unbiased coinflip U
(see Fig. 6).

Now simply note there is no reason to stop at one copy of U. Since the latents are
allowed to be continuous, we can instead make them generate an infinite sequence of i.i.d.
copies of U. Since any finite random variable can be simulated via an infinite number of
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Figure 6: The Triangle Scenario after extending the latents with a copy of the perfect correlation

construction.

Figure 7: The Common Ancestor Scenario.

coinflips, we conclude that using negative probabilities, the Triangle Scenario can simulate
the Common Ancestor Scenario in Fig. 7. It is obvious any distribution on three variables
is in the Common Ancestor Scenario, so we are done.
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