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Higher order operations within quantum theory
feature processes that allow operations to take place
without a well-defined causal order [1, 2|. This fea-
ture, often referred to as indefinite causal order or
causal monseparability, has recently received much
attention, both in quantum foundations, in the un-
derstanding of causation, and in its ability to provide
leverage in information processing tasks over scenar-
ios where all operations occur in definite order. A
natural enquiry is to investigate how much quan-
tumness, or non-classicality is required for a process
to feature indefinite causal order. In this work, we
study this problem from the standpoint of

the number of systems that can be dephased
until a process becomes causally separable.

It is known from Ref. [2] that for bipartite pro-
cesses without global past (P) and future (F'), de-
phasing all systems makes any process causally sep-
arable. This result was generalized in [3], where it
was shown that it suffices to dephase the input sys-
tems of the two parties to imply causal separabil-
ity; while as soon as just one of the parties’ input
systems is coherent, one can construct causally non-
separable processes [2]. However, the question for
bipartite processes with global past (P) and future
(F) systems has so far remained open.

A paradigmatic, well-studied example of a causally
nonseparable bipartite process is the quantum
switch, which coherently superposes two fixed causal
orders. A quantum control system determines the
order in which a target system undergoes two oper-
ations A then B. The possibility to have the control
system in a quantum superposition indeed makes the
resulting process causally nonseparable. An observa-
tion following the results in [4] is that even if all the
input /output systems A;,o and By, of the two op-
erations A and B are dephased, then the resulting
process remains causally indefinite. Indeed, the au-
thors in [4] consider a scenario in which A and B
are measure-and-prepare operations in a fixed-basis,
which operationally amounts to a full dephasing of
the two slots of the switch. Despite this, the resulting
correlations still violate an appropriate inequality,
thereby certifying causal indefiniteness. Following
up on this observation, we investigate which slots ex-
actly can be dephased in general bipartite processes,
and find that

e if all systems are dephased, or if only F' is
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FIG. 1. Any bipartite process matrix in which the global
past P and both parties’ input and output systems are
fully dephased becomes causally separable, even if the
global future F' is left coherent. The red diamonds illus-
trate dephasing in a fixed basis, which makes their incom-
ing and outgoing systems effectively classical (double-
stroke wires).

left coherent, then any process matrix becomes
causally separable (see Fig. 1);

e if all but one systems are dephased, and the
single system that remains coherent is not F,
then there exists a process (which can be ob-
tained from the quantum switch) that remains
causally nonseparable (see Fig. 2).

Going beyond the bipartite case, it is known that
for N > 3, there exist classical causally nonsepa-
rable N-slot processes [5, 6], even without global
past and future. Hence in such cases all systems
can be dephased. One may however consider certain
subclasses of processes, such as the physically well-
motivated Quantum Circuits with Quantum Control
of causal order (QC-QCs) [7], and ask the same ques-
tion: how many systems can be dephased before any
N-partite QC-QC becomes causally separable? It
turns out that our previous bipartite result gener-
alizes: if all systems are dephased, or if only F is
left coherent, then any N-partite QC-QC becomes
causally separable. (And again if we dephase all but
one system other than F', then causal indefiniteness
can still survive, as the previous bipartite examples
can trivially be considered to be N-partite, by in-
troducing classical phantomatic parties that do not
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FIG. 2. Three explicit constructions derived from a standard quantum switch showing that causal indefiniteness can
survive when all but one systems are fully dephased — as long as the single remaining coherent system is not F'.

(Left) Only the past control system remains coherent: the past is decomposed as P = P. ® P, with the target state
fixed to |0)Pt while the control P. remains open; both internal parties’ input and output systems are dephased in the
computational (Z) basis (red diamonds), the future target F; is traced out, and the future control F. is dephased in
the X basis (yellow diamond). (Middle) Only one party’s input system A’ remains coherent: the past state is fixed
to |+, —|—)P‘ PC, the other parties’ systems Ao, Br, Bo are dephased in the Z basis, the future target is traced out, and
the future control is dephased in the X basis. (Right) Only one party’s output system Ao remains coherent: the past
state is fixed to |0, +)P‘ PC, the other parties’ systems Ay, Br, Bo are dephased in the Z basis, and both components
of the future system are dephased in the X basis. In each case, all but one systems are effectively classical, yet causal

nonseparability persists due to the coherence confined to the single untouched system.

take part to the processes.)

Overall our results show that causal nonseparabil-
ity can be quite robust to dephasing, i.e. to deco-
hering certain systems. The general N-partite result
in particular implies that one can construct causally

nonseparable QC-QCs which only act on classical op-
erations (with only classical open slots) — which one
may call Classical Circuits with Quantum Control of
causal order (CC-QCs) — as long as there remains a
coherent open past.
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This document provides the technical details and proofs for our claims in the extended abstract.

I. PRELIMINARIES

A. The Process Matrix Framework

The process matrix framework [1] provides the most general description of higher-order quantum trans-
formations — or “supermaps” [2], i.e. maps that take local quantum operations as inputs and return new
quantum operations (or probabilities) — without presupposing a fixed causal order.

We consider N quantum operations' Ay : L(HAT) — L(HA0), for k € N == {1,...,N}, from some
input Hilbert spaces HAT to some output Hilbert spaces HAS . A supermap W transforms these into a new
quantum operation M = W(Ay,..., Ax) : L(HF) — L(HT) from some “global past” Hilbert space HE to
some “global future” Hilbert space H. The process matrix W describing this supermap is an operator in
E(’HPA%F) that relates the Choi representations [3] Ay, of the input operations A, € L£(HA70) to the Choi
representation M € L(HFF) of the output operation M, through [4]

M:TTA%[(A1®"'®AN)T®I[PF'W]- (1)

We will talk indifferently about the operations and their Choi representation, and about the supermap W or
its process matrix representation W (which we may also simply call a process).

A process matrix is required to transform completely positive (CP) maps into a CP map, and trace-
preserving (TP) maps into a TP map — even when the input operations are in fact extended to other
systems, and the process only acts locally on part of the operations.? This imposes some constraints on
process matrices: a process matrix W must be positive semidefinite (PSD) and must satisfy certain affine-
linear constraints. In the case of 2 input operations — the “bipartite case”, where we rename the operations
Ay, As as A, B — these affine-linear constraints write [1, 4-6]

[1-Aoli-Bo] TTFW =0,
1-a0] B W =0, - Tra,,rW =0,
1-pPTra,0B,0FW =0,
TtW =dpda, dB,,
where we used the “trace-and-replace” notation:

]]_X
XW = (TI‘XW)@E, [1—X]W :W*XW (6)

I Notations: £(HX) denotes the space of linear operators on a given Hilbert space HX, referred to as “system X”. We only
consider finite-dimensional Hilbert spaces, and denote by dx the dimension of system X (i.e. of the Hilbert space HX). For
two Hilbert spaces HX and HY, we simply denote by HXY their tensor product HX @ HY (whose order is irrelevant, as long
as we keep track of which subsystem lives in which space). We use the shorthand notations HAI;O = HA);AI(C) and, for any
K k
subset K of N, HATo = ®k€,C HATo. 1X denotes the identity operator in H¥X, Trx denotes the partial trace over system
X, Tr with no subscript denotes the full trace, 7 denotes transposition. In general, superscripts on operators indicate the
N N

Hilbert spaces in which these act (e.g. we may write WFATOF to indicate that W € L£L(HFAToT)), although these may be
dropped when this is clear from the context.

Note that in the original formulation [1], there were no global past and future spaces and process matrices were returning
scalar values; they were required to return values between 0 and 1 (valid probabilities) when acting on CP, trace-non-increasing
input operations, and the value 1 when acting on CPTP operations. That original formulation is recovered here by taking P
and F to be trivial (1-dimensional) systems.

[V



In the general case of N input operations — the “ N-partite” case — the affine-linear validity conditions write

V]CQN,K#@, erK[l_Alé]TI"AJI\g\;cFW:O, (7)
n-pTran pW =0, (8)
TW =dp [] das, (9)

keN

As mentioned above, the process matrix framework does not presuppose that the input operations are
combined in any particular causal order. One can in fact identify different classes of processes, whether
these are compatible with a fixed order between the input operations, compatible with a definite (possibly
probabilistic and dynamical) causal order — in which case the processes are said to be causally separable — or
incompatible with any definite causal order — so-called causally nonseparable processes.

Causally separable processes can typically be understood as quantum circuits with classical control of
causal order (QC-CCs) [7, 8].> Among causally nonseparable processes, some can be understood as quantum
circuits with quantum control of causal order (QC-QCs) [8]. More general processes also exist, whose physical
interpretation remains unclear [1].

In this work we focus on the two classes of QC-QCs and QC-CCs. As shown in [8], these can be characterised
in terms of linear and positive-semidefinite constraints, which we detail below.

B. Quantum circuits with quantum control of causal order
1. Bipartite case

A matrix W € L(HPAr0B10F) is the process matrix of a bipartite QC-QC (with N = 2 input operations
A, B) if and only if W is PSD and there exist PSD matrices W4 gy € L(HFA10B1) Wi 4y € L(HPBroAr),
Wiay € L(HPAT), Wig) € L(HTPT) such that

TrrW = Wiap) ® 150 + W(p 4y ® 140, (10)
Trp, Wap = Wy @ 140, Tra,Wip a) = W) @ 170, (11)
TI‘AIW(A) + TTBIW(B) =17, (12)

The so-called “quantum switch” [9], which we present in more details in Sec. IV A, is a paradigmatic
example of a bipartite QC-QC.

2. N-partite case

A matrix W € E(HPA%F) is the process matrix of an N-partite QC-QC if and only if W is PSD and there

exist PSD matrices Wk, k,..) € E(HPA’I% THaS ), for all strict subsets* KC,, of A" and all k,,;1 € N'\K,, such

n+1
that

k

TrpW = Z W(N\{kN}ka) ® ]lAON7 (13)
kNeN
kn

VYOS K, SN, Z TI“Akn+1 Wik, knir) = Z Wi, \ (k) k) @ 140 , (14)

kni €N\, kn€Kn
> T Wik =17 (15)

ki1eEN

3 For N < 3, the class of QC-CCs coincides precisely with that of causally separable processes. For N > 4, clearly QC-CCs are
causally separable; however, whether all causally separable processes are QC-CCs remains an open question [6, §8].
4 The notation K, implicitly assumes that IKn| =n.



C. Quantum circuits with classical control of causal order
1. Bipartite case

A matrix W € L(HFA10B10F) ig the process matrix of a bipartite QC-CC if and only if W is PSD and
there exist PSD matrices Wy g gy € L(HTA10B10F) WB,a,F) € L(HPAr0Brol), Wa,By € L(HPAr0Br)
WB,a) € ﬁ('HPBIOAI), Way € C(HPAI), Wp € L(HFB1) such that

W =W r +Wnsar),
TrrWapr) = Wap @152, TrpWip ar = Wip,a @ 149,
Trp, Wia g = Wiy @ 140, Tra,Wig 4y = W) @ 170,
Tra, Wiay + Trp, Wip = 1°.

Note that this characterisation differs from that of bipartite QC-QCs, Eqs. (10)—(12), only by the first two
lines. Compared to a QC-QC, which only decomposes into 2 PSD matrices W4 gy and W, ) after tracing
out F', a QC-CC process matrix is required to also decompose into 2 PSD matrices W4 p ry and Wp a r)
before tracing out F; these must individually give W4 gy and W(p 4) (together with some identity operator)
after tracing out F', as in E. (17) above.

Notice also that if there is no F' (or if F is trivial, 1-dimensional) then the distinction between bipartite
QC-QCs and QC-CCs vanishes: any bipartite QC-QC with no F is in fact a QC-CC.

2.  N-partite case

A matrix W € £(HPA%F) is the process matrix of an N-partite QC-CC if and only if W is PSD and

{k1sr in—1} 4 kn
there exist PSD matrices Wy, iy, ) € E(HPA%F) and W, ko1 kn) € E(?‘-lPAHkD1 o al ), for all
n=1,...,N and all sequences® (ki,...,ky) of elements in A/, such that
W= > Wey.knr) (20)
(kl"“’kl\’)
k
V(k‘l,...,k’]\]), TrFW(kl,‘..,kN,F) :W(k1 .... kn) ®]1AON, (21)
kﬂ,
Vn=1,...,N—1, Y (ki,... k), Z T ks Wit kg ) = Wik k) © 140", (22)
knt+1EN\{k1,..., kn} !
> Tryn Wy =17 (23)
k1EN

D. Dephasing

In this work we consider the action of dephasing quantum systems — making them effectively classical —
and investigate how this affects the potential causal nonseparability of quantum processes.

Dephasing is defined with respect to a specific basis. For a given system S and a basis {|i)}; of H®, we
define the dephasing map Ag that acts on any W € L(H°T), for any complementary space H”, as

As(W) =3 (1° @) w (ll® @17) = S [i1% @ W, (24)

where we introduced the notation [i]* := |i)i|, and with W1 = ((z\s @ 1TYW ( iY° ® 17).

5 The notation (k1, ..., ky) implicitly assumes that all k;’s in the (ordered) sequence are different.



We note that the dephasing map is an idempotent CPTP map which is unital (it preserves the identity

operator) and commutes with the partial trace, in the sense that for any systems S,T, R and any W €
L(HSTR),

Trr[As(W)] = Ag\r(Trr W), (25)

where we allow the systems S and 7" to be composed of subsystems S;, T, and S\T denotes the set of S;’s
that are not among the T}’s (as the latter are traced out before dephasing, in the right-hand-side above). This
implies in particular® that if W is a valid process matrix, then so is Ag(W), for any system S; if W is a QC-
QC, then so is Ag(W); and if W is a QC-CC, then so is Ag(W). In the latter two cases, if W has a QC-QC or
QC-CC decomposition in terms of matrices Wk, k.. 1) OF Wik, . 1)/ Wik kn ), then Ag(W) has a similar
QC-QC or QC-CC decomposition in terms of matrices As(Wk,, k,41)) OF As(Wioy . k) / As(Wiky . ken )
respectively.

In the proofs below, rather than involving the dephasing map Ag explicitly, we will consider process
matrices W with “already dephased” system(s) S. By this, we mean that they are of the form

W =As(W) =) [i]° e Wf, (26)
i
as in Eq. (24): we say that they are diagonal in system S, in the basis {]i)};. According to the previous
remark, if a QC-QC or a QC-CC is diagonal in some given system and some given basis, then one can take all
matrices Wk, k,,,) Or Wik, o)/ Weker,... ke, ) i1 its QC-QC or QC-CC decomposition to also be diagonal
in the same system, in the same basis.

II. PROOF THAT ANY BIPARTITE PROCESS WITH DEPHASED P, A;,B; IS A QC-QC

In this appendix we prove that any bipartite process matrix W € L(HFAr0BroF) with dephased systems
P, Ay and By is a QC-QC.

Note that in the case with no future space HY', this implies that any such W matrix is a QC-CC —
hence, is causally separable. If, further, there is no past space H’, then we get that any process matrix
W e E(HAI oB1 ©) with dephased input systems A; and By is a convex mixture of fixed-order processes: in
that case we recover the result of Baumann and Brukner [10], which was a strengthening of Oreshkov et al.’s
original result that classical (i.e., fully dephased) bipartite processes are causally separable [1].

As a warm-up and in order to provide some intuition, we start by proving our claim above in the simpler
case where all systems (possibly except for F7) are dephased.

A. All systems (except for F') being dephased

Consider a bipartite process matrix W. The starting point is to note that the validity constraint
[1—Ao]1-Bo] TtFW = 0 of Eq. (2) implies that TrpW can be decomposed (in a non-unique manner) as®

TI'FW — SPAIBIAO ® ﬂBO + TPAIBIBO ® ]lA()7 (27)

for some (not necessarily PSD) matrices S,T. Furthermore, the validity constraints ;;_4,Trp,,rW = 0
and [1_p,)Tra,,rW = 0 of Eq. (3) imply that S and T satisfy 1_4,)Trp,S = 0 and 1_p,Tra, T = 0,
respectively, so that Trp, S = dA%TerBIS ® 140 and Tra, T = ﬁTrBoAzT ® 1B, Also, the last validity
constraint 1_p1Tra,,5,0rW = 0 of Eq. (4) together with the normalisation constraint TrV = d? d4o dBo
imply that ——7m=Tra,, 5, (S® 170 + T ® 140) =17,

d2o dBo

6 This can be seen by looking at the general validity constraints (7)-(9), the QC-QC constraints (13)—(15) or the QC-CC
constraints (20)—(23), respectively, which all simply involve taking partial traces and tensoring with identity operators.

7 The proofs below do not require one to assume that the future system F is dephased; of course the results also hold, a fortiori,
if F' is also dephased.

8 One way to see this is by noting that if one decomposes W onto a Hilbert-Schmidt basis for each subsystem, then Eq. (2)
requires all terms in such a decomposition to have an identity operator on either Ap or Bp (or on both) [1].
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Assume that systems P, Ay, By, Ao, Bo are dephased in the bases {\p)P}p, {\i)AI i, {|j>B1}j, {|k>AO}k,

{11}, respectively, so that TrzW is diagonal in these bases. S and T can then also be taken to be diagonal
in the same bases, so that one can write

PAIBrA . PAIBrA PAIBrB T PABB
SPAIBIAc = N s i i [poiy g, K| PA Ao mPABiBo = Ny L Tpyiy 3, 11 PAT B Be . (28)
Pyisjik LA

for some real coefficients sy, ; j 1, and t,; j, such that

TerW = ) (Spigik + tpaga) [p 6,4, k, ] 7ArPrAeBo. (29)

Py%,3,k,1

While the coefficients s, ; ;x and t,; ;; may be negative, their sums s, ; jr + tp, j; must be nonnegative
(as required by TrpW > 0). As it turns out, one can always find other coefficients sp” , and tpml
that are nonnegative and such that sp” e+ t’7 gl = Sp.ijk + tpijy for all p,i,5, k1. A possible choice
is indeed to 1ntr0duce for all p,i,j, s ‘= ming sp; jk, and then define s and

tp, ,]l +tP7 7Jl
With thls let us then define

Wap = Y shijixlpi g, KPP0 >0, Wigay= >t [pij, 1745 P >0, (30)

p,,3,k p,5,3,l

2p,i,J pz]k:: Spigk — —p,,]

such that

Wia,m) @170 4 Wip 4y @ 149 = 3~ (s} 55 + thi.50) [poi g, e, (P AT Prao o

D,1,7,k,l
= Y (Spijik + tpija) pi, g, k, []7APrA0Bo = Trpw, (31)
D,i,7,k,l
Furthermore,
TrBIW(A,B) = TI'BI (S - Z §p7i,j [[paivja k]]PAIBIA()) = W(A) ® ]le’
D655,k
TI"AIW(B,A) =Tryu, (T + Z Spij [[p, 1,7, l]]PAIBIBO> = W(B) ® 1580 (32)
D58,550
with
Wiay = TrAOB,S Y syl =0, Wigy = o TrBoA,T+ > 5,050 517P >0, (33)
J 2N pyisg
such that
1
TTA,W(A)-FTTB,W( B) = JAo TrA[AoBIS"F TrBIBoAIT
1
= o gBe WaoBio (S@ 170 + T 140) =17, (34)

All in all, we thus obtain a decomposition of W in terms of PSD matrices W4 g), W (B, 4), W(a) and W(p,
satisfying Eqs. (10)—(12), which shows that W is a QC-QC.

9 One indeed clearly has s’ >0,s p ik +t! = Spi,j,k Ttp,j,1; and by denoting k* the index such that Spi = Spiisik*

P15,k P45, T
tp,i,j,l = Sp,i,jk* T tp,ig0 2= 0.



B. With only systems P, A;, B being dephased

When only the systems P, A;, By are dephased, we can proceed in a similar way as above, except that we
start with matrices S and T that can be decomposed as

.. A ..
SraBrdo =3 " [p,i, jI" 4P @ Spi9,, TPAPIPe = 3 T p,i jlTA P @ T, (35)
Py6,J Py4,J
for some (not necessarily PSD) matrices S:ffj and Tfﬁj, such that
. A B A
TreW =Y [p,i, j174 P @ (S50, @ 170 + TP0, @ 149). (36)
D]

One can then proceed with the same arguments as above, after diagonalising each matrix Sp;; and T}, ; ;
independently (so that S;" 7 ® 150 and Tf i ® 140 above are diagonalised in the same basis — a generally
different basis for each value of p, 1, 7).

Alternatively (and more explicitly), one can note that while the matrices S, ; ; and T}, ; ; may be non-PSD,

their combination S;‘?j ®1Bo —i—Tfi(fj ®@14° must be PSD. In a similar way as above, one can always find other

matrices S/ 19 and 7,79 that are PSD and such that S19 @ 150 + T/ 70 @ 140 = 572 @150 4 TV @140
for all p,4,j. A possible choice here is to consider, for all p, i, j, the minimum eigenvalue s, ; ; of S} ; j, and

P
1Ao . qAo _ Ao 'Bo ._ Bo Bo 10
then define Sp,iyj = Sp,z‘,j Spij 179 and T, =5,,,;17° + T,

Pt 4 D,t,5°
Define now
Wap =Y _ Ip.i,j]"*P @519 > 0, W =Y Ipi "5 o1 >0, (37)
Psi,J Psi,J
such that
Wap) @150 + Wip 4y @170 = " [pi, 5174 P @ (5,49 @ 170 + T, 79 @ 149)
Pyi,J
= [pi, 1" P @ (Sple, @ 150 + TP, @ 140) = Tep W, (38)
PyiyJ
Furthermore,

Trp,Wia,p) = Trp, (S =Y sy, 17 ]lAO) = Way @ 179,

D1,

Tea, Wipa) = Tra, (T+ 3 5,0, .6 51745 @150) = W) @ 15, (39)

D1,

as in Eq. (32) above, with W4y and Wg) defined as in Eq. (33), satisfying Tra, W(a) + Trg, W) = 17 as
in Eq. (34). We thus again obtain a decomposition of W in terms of PSD matrices W4 gy, W(p, 4y, W(a) and
W gy satisfying Eqs. (10)-(12), which shows that W is a QC-QC.

III. PROOF THAT ANY FULLY-DEPHASED (EXCEPT FOR F) QC-QC IS A QC-CC

We prove here our claim that as soon as all systems except for F' (or including F', a fortiori) are dephased,
any QC-QC is in fact a QC-CC.

For simplicity we start with the bipartite case. Note that in that case, by recalling the previous result that
any fully dephased (except for F') bipartite process matrix is a QC-QC (see Sec IT A), the claim here can in
fact be strengthened: any bipartite fully dephased (except for F') bipartite process is a QC-CC.!!

10 One indeed clearly has S;AO >0, S;Jé(; ®1Bo + T;Jf? ® 140 = S’??j ®1Bo + Tffj ® 140, and denoting by [¢p*)*© the

yhJ =
eigenstate of SO with eigenvalue s then for any state |©)FO, (g T;ﬁ‘; [y = 5,44+ (@] Tffj lp) = (¢*| S:?,j [*) +

Py6,J P,1,]
(I T, o) = (. 0l (5,2, ® 150 + T,70, @ 140) [¢*, ) > 0, s0 that T, 79 > 0.
11 Note that the same cannot hold for more parties, as it is known that there exist classical tripartite processes with indefinite

causal order [11, 12].



A. Bipartite case

Consider a bipartite QC-QC W, with a decomposition in terms of PSD matrices W4 gy, W(p, 4y, W(4) and
W) satisfying Eqs. (10)~(12) — in particular, such that TrpW = W4 5y @ 150 + W5 4) ® 140,
Assuming that all systems (possibly except for F) are dephased, we can write

W= Z [[p7iaj7kal]]PAIBIAOBO ®WF

Dy%,5,k,0
Py%,5,k,1
Z . PA;BrAoB
TrFWZ Wy, i,5,k,1 [[p7la.7ak7lﬂ rereto 07
Py%,5,k,1
B Z . . PA;BrAoB
vV(A,B)(g]1 ° = W(A,B);p,i,j,k [[pvzvjakvl]] e 07
p,%,7,k,1
A .. PA;BrAoB
Wip,a @170 = E W(B,AYip,i,jl P54, 7,k I]7 1217070 (40)
P,%,7,k,1
for some PSD matrices Wfijkl, with wp; k1 = Tr WpFijkl, and for some nonnegative coefficients

_ : s 12
W(A,B)ip,i.jk> W(B,A)p,i,j,l SUch that wp i ; k1 = WA Byp,i,jk + W(B,A)p,i,5,- With this, let us define

Wasr = Y, YABYpigk 1, 5 i | PATBrA0Bo g T F

p,t,5,k,0 0
w P
Pyl p,ig,k,l
Z W(B,A);p,ijl o B D i
Hean = ———= p, i, gk TOPO @ W e - (41)
i\ Wp,i,5,k,1
p,1,5,k,1

We clearly have Wia g, py > 0, Wip ap) >0, Wa g+ War =W, TrpWia g ry = Wa,p © 159 and
TI‘FW(B7A7F) = W(B,A) & 140,

We thus obtain a decomposition for W in terms of PSD matrices W4 . ry, W(B,a,r); W(a,B), W(B,4), W(a)
and W gy satisfying Eqs. (16)-(19), which shows that W is a QC-CC.

B. N-partite case

Consider an N-partite QC-QC W, with a decomposition in terms of PSD matrices Wk, _, ,.) satisfying
Egs. (13)—(15), and assume that all systems except for F' are dephased (which implies that all these matrices
Wik, _1,k,) can be taken to be diagonal).

The proof proceeds by induction: we show that for any n = 0, ..., N, one can construct (diagonal) PSD ma-

trices W(klv---vknvkrwrl) SUCh that W(’Cnvkn+1) = Z(k17~--7kn)EKw, W(k’la-“vknvk/nJrl) and an+1 TrAI;”Jrl W(k17~~-7knakn+1) =
Wik, k) @ 146" (or such that Zkl TrAr;IW(kl) = 1% in the n = 0 case, or W = Z(kl’”__’kN) Wik, kn F)

and TreWe, kv ) = Wik, kn) @ ]IAZN in the n = N case, with W, rv.r) = W, ..., kN,kN+1))- These
will provide a decomposition for W that satisfies Egs. (20)—(23), thereby proving that W is indeed a QC-CC.

Base cases:

Clearly for n = 0 and n = 1 the induction hypothesis holds, as can be seen by defining W) = Wg,)
and W, k,) = W({k,}.k,) and by referring to Eqgs. (14)—(15).

For n = 2 the induction hypothesis can be proven in a similar way as in the bipartite proof of the previous
subsection (by mapping any (k1, ko, k3) to (A, B, F) or (B, A, F)). We do not write it explicitly, as this is in
fact encompassed in the general induction step below.

12 1f Wp,i,j,k,. = 0, then necessarily w4 BYp,i,5,k = W(B,A);p,i,5,0 = 0 as well, and we take the corresponding terms in W4 p r)
and W(g, 4,r) to also be 0.



Induction step:
Suppose that the induction hypothesis holds for some value n — 1 < N, so that one can construct
(diagonal) PSD matrices Wiy, . ,) satisfying the appropriate constraints — in particular, Wy, | x.) =

(kh n l)eKn 1 W(klx n lxk )
k
Let us denote by {|p)"'}, {\ZAI}-) }, {|iA15>AO} the various bases in which each system is dephased, and
define, for K,, = {k1,...,k,} and a multi-index ;Kn = (p, Ggk1sd gkt ghn s i 4kn ), the basis projector
I O I (o]

n

[, 17478 = [p]” @) (I 147" ® [ 41 149'). (42)

With this, we can write (for each Ky, kn+1 € Ky, and (k1,...,kn) € Ky; and for the case n = N, replacing
WN knsr) Dy W oand AI;N“ by F):

= qPAK
W(’Cn7kn+1) - Z [[ZK:n]] IO ® W(]C‘n7kn+l) 'L)Cn )

iKp
_ z  qPALy
TrA’;’L+1W(’C'rL7k7L+1) = Z WK kni1)sine,, lirc, 1770,
ZK’!L
Ag? = 1PASn
Wiy o) @ 170 Z Wik ,... kn),m”[[ K. e, (43)
l)Cn
I"+1 . A’;n+1
for some PSD matrices W(Kn,kn+1)?;<n’ with Wi, knaa)iie, = TrW(’kanH);fm and for some nonneg-
ative coeflicients Wi, )i, Eq. (14) together with the induction hypothesis that W, | k.
Z(kh kn—1)EK,—1 W(klr kn—1,kn) then lmply
szn? Z w(l(:n,kn+1);;)cn = Z w(klr--akn);ZKn = w’Cn;;‘Kn ’ (44)
knta (K1yeeeskn)
Let us then define!?
. (kl» n) Z)Cn PA A it
W(k11~~7k1L7kn+1) '_ Z wia [[ ]] 0@ W()C'n7k’n+1)7“€n =0 (45)
;)C'n. Knsic,
These satisfy
2k Wiky ... kn)six kg1
Z W(kly‘-.yknykn#»l) = Z w. - = [[ ﬂ Io ® W(Kwykn+1) T W(;kanJrl) (46)
(k1yeskn)EKR e, Kniix,
1
and
w s
(k ,...,kn)ﬂ}cn - PA)C Ak"
5T W ot = X0 M S Tl W,y 01, ()
n+1 ; ICnﬂICn kn+1
Kn

w)Cn, ;77,,Cn

as required: this shows that the induction hypothesis holds for the value n — and hence by further induction,
for any value n = 0,..., N, which completes the proof.

13 For the case n = N, the sums over kn41 below reduce to just one term, corresponding to kx4 = F.
14 As in Footnote 12, if Wi G = 0, then we take the corresponding terms in W(k17-~-7knvkn+1) to also be 0.



IV. EXAMPLES OF PARTIALLY-DEPHASED QUANTUM SWITCHES
THAT REMAIN CAUSALLY NONSEPARABLE

A. The quantum switch

The quantum switch [9] is a canonical example of a bipartite QC-QC, in which the order between the two
operations A and B applied to a target system is coherently controlled by the state of a control qubit: if that
state is |0), then the process applies A before B, while if that state is |1), the process applies B before A. If
the control qubit is prepared in a quantum superposition of |0) and |1), then one obtains a superposition of
the two orders.

The quantum switch (with a qubit target system) can be described as the following process matrix [5, 7, 8]:

. P Pt n\Ar |\ Ao |\ B B Fy |\ Fe
Was = [wgs )(was|  with  |wgs) = Y (|0> |2y 18y 1) 1) k)T k)T |0)
6.5,k=0,1 P.a\ Py A\Br|\Bo|\A A F F,
+1) D) DD TN R 1R L) ) (48)
(with implicit tensor products), where the global past and future spaces are composed of both a control and

a target component: HT = HPPt HF = HFeFr Tt can be verified that Waqs has a QC-QC decomposition
as in Egs. (10)—(12), with

W = >, O1FH7 [ 14 L2, W= Y OI7E" P 6170 LT,

4,j=0,1 4,j=0,1
W) = Z [0] 7 [i] ** [[i]]A’, Wip) = Z [L]7 [ F [i] B (49)
i=0.1 i=0,1

B. Partially-dephased quantum switches

The examples of QC-QCs presented in Fig. 2 of the extended abstract can formally be described as follows,
building on the quantum switch above. Two different bases will be considered for dephasing the various
(qubit) systems: the computational {|0/1)} basis (the eigenbasis of the Pauli Z operator), in which case we

denote the dephasing map on system S (as defined in Sec. ID) by Ag/ !. and the “diagonal” {|£)} basis (with
|£) = %(m) + |1)): the eigenbasis of the Pauli X operator), in which case we denote the corresponding

dephasing map by A?

e The first example (Fig. 2, left) is one where only P remains non-classical: it is obtained from the
quantum switch by inputting the target state |O>Pt (while just leaving P. = P “open”), dephasing
systems Ay, Ao, By, Bo in the computational basis, tracing out F;, and dephasing F. = F in the
diagonal basis.

Its process matrix description is obtained as

Wi = (A% 5,0 0 AF ) [Trr (017 Was 10)™)]
F. Fe

= [[[OHPC O] [140 1717 - 4 o™ [P e 2 | + XPefo) fol o o™ o] o 2
- (50)

(with implicit identity operators in the first line: (0]"* Wgg [0)™ = ( o @ 1PeAroBro Py g ( 0)"* @
ﬂPcAIOBIOF)).

e The second example (Fig. 2, middle) is one where only A; remains non-classical: it is obtained from
the quantum switch by inputting |+, —|—>PcP‘ (here the past gets fully closed), dephasing Ao, By, Bo in
the computational basis, tracing out F;, and dephasing F,. = F' in the diagonal basis.
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Its process matrix description is obtained as

Wa = (A?L\/OIBIO OAIi’c) [TrFt (<+a+|PCPt WQS |+7+>P0Pt>}
AT [P BO]IFC 181 p o4, Ao L7 Ar Ao 1By BOXF
1S [t remrre L 4 L e [1+3) " mren e
1=0,1
(51)

e The third example (Fig. 2, right) is one where only Ao remains non-classical: it is obtained from the

quantum switch by inputting |+, O)PCPt (here again the past gets fully closed), dephasing Ay, By, Bo
in the computational basis, and dephasing both F; and F, (FiF. = F) in the diagonal basis.

Its process matrix description is obtained as

Ws = (A%le o A, Ft) [<+a0|P°P‘ Was |+»0>P6Pt]

1 Z |: AI ]]Ao[[ ]]BI ]lBOFt ]ch ) ]lAOFt +XA()XFt ]ch

— =+ DI L

2 2
1=0,1
1 140Ft 4 ZAoqFe 4 xAo xFi xFe
+ 5 [0 [0 [o] 5 5 (52)

It can be verified via semidefinite programming that Wi, Wy, W3 are not QC-CCs (they don’t admit a
decomposition as in Egs. (16)—(19)) — hence (since causally separable processes coincide with QC-CCs for
N =2 [6, 8]), despite all the dephased systems, they are causally nonseparable.
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