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IF USING THIS IN THE FUTURE, fix thexe thigns:

Slide 5: Explain the bloch conditions better
-3 vs 4 element vectors in the Bloch ball
-two slices of effect space. Maybe just get the whole Bloch ball slides from another talk?
Slide 6: explain how the expectation values of X = s0, etc
-explain ambiguity of mixtures

-add spekkens toy theory

Table of postulates and theories



If you want me to email you a 
copy, message me at
dschmid1@perimeterinstitute.ca

Textbook coming in ~1 month!



3

Background: the Bloch ball

(a representation of the qubit as real-valued vectors)



-density operators/POVM elements are Hermitian operators
-Hermitian operators form a real Euclidean vector space
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A = A†

aA + bB is Hermitian
B = B†

Inner product = Tr[AB]ON basis: =
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normalized 
states

subnormalized 
states

rank-1
effects

also other
effects



-all the probabilities
-uncertainty relations
-number of pure states
-possibility of continuous reversible transformations
-ambiguity of mixtures
-tomographic completeness of Pauli measurements

Many operational features of QT are encoded in the geometry
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the fact that you can't make the X Y and Z 
measurements perfectly predictable all at the same time; 
well, this is just the equation of the surfact of a sphere.



talk about uncertainty relations
talk about transformations
ambiguity of mixtures

For example, in the cubic theory, one can jointly assign probability 1 
to effects in the X, Y, and Z axis all at the same time. In contrast, the 
shape of the Bloch sphere prevents this, and in so doing encodes an 
uncertainty relation between these three measurements.
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Spekkens 
toy theory

Classical
theory
(d=4)

Changing the geometry changes 
all of these operational features 

of a theory!

Qubit

Boxworld 



Generalized Probabilistic 
Theories
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Methodology of foil theories:
“understanding quantum theory by contrast to other (hypothetical) theories”

-what features do all theories share
-what features are quantum-specific
-what features of a given theory logically imply what other features
-reducing the number of postulates
-finding axioms that refer to operational facts 
 (rather than mathematics or ontology)
-laying out possibilities for postquantum theories
-what parts of a given theory are classically explainable
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return to each of these?
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a GPT = an informational/predictive/operational 
description of a possible world/theory.

Very few metaphysical and ontological commitments.
-although some such commitments are unavoidable: 
 -carving up the world into systems
 -scope of possible prepns/mmts
 -etc

-electron spin and photon polarization will look identical
-no claim about how to associate GPT states to properties
-etc



collection of systems
collection of processes

Generalized Probabilistic Theories

state

transformation

measurement 
effect

composition rule

⇒ observable probabilities

=    prob(effect|transformed state)
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Can generate arbitrary 
circuits/experiments by 
composition:
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column vector

linear map

row vector

(But we will focus mostly 
on states and effects, and 

their geometry)



qubit

Boxworld 

Spekkens 
toy theory

classical 
theory

Different GPTs are defined by their:

1. Convex geometry 2. Compositional structure

-multipartite states
-multipartite effects
-allowed transformations
-probabilities = inner product
-etc
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properties of a GPT that can be read off of the geometry of the state and effect space:
-the uncertainty relations follow immediately from the fact that the sphere is the set of points 
satisfying X^2 + … <=1
-the ambiguity of mixtures, e.g. the fact that 0/1 mix to same as +/-
-the fact that there are multiple incompatible measurements
-the fact that there are at most two perfectly discriminable states



Quantum theory as a GPT

Linear operators 
on Hilbert space
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this is matrix multiplication

=



systems are sets

processes are (sub)stochastic maps
—processes with no inputs are probability distributions
—processes with no outputs are response functions

The classical theory as a GPT

=

This is just classical probability theory on some classical state space

probability 
distribution

stochastic 
map

response 
function

Sets 
(random 
variables)
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this is classical theory thought of as an operational framework 
for making predictions about the probabilities of outcomes



s can be any probability distribution

e can be any vector of conditional probabilities (a vector with elements in [0,1])

(0,1)

(1,0)

18

consider a sample space with two values, call them 1 and 2

unit effect is (1,1) now, not (1,0,0) as in QT and boxworld

(0,1)

(1,0)

(1,1)
d=2

(0,0)



(1,0,0)

(0,1,0)

(0,0,1)(0,0,0)
d=3

(1,1,1)

(0,0,1)

(1,0,0)
(0,1,0)

(0,1,1)

(1,1,0)

(1,0,1)

(0,0,0)

state space: simplex effect space: dual of simplex
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(1,0,0)

(0,1,0)

(0,0,1)d=3 (1/2,1/2,0)

(1/3,1/3,1/3)

(1,1,1)

(0,0,1)

(1,0,0)
(0,1,0)

(0,1,1)

(1,1,0)

(1,0,1)

(0,0,0)

normalized states effects

Classical statistical theory: probability distributions over a set of classical states

like Louivillian mechanics
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(1,0,0)

(0,1,0)

(0,0,1)d=3 (1/2,1/2,0)

(1/3,1/3,1/3)

(1,1,1)

(0,0,1)

(1,0,0)
(0,1,0)

(0,1,1)

(1,1,0)

(1,0,1)

(0,0,0)

normalized states effects

Every mixed state decomposes into pure states in a unique way
⇒ One can always imagine that there is a true state of the system, and any 
mixed state can be uniquely interpreted as uncertainty about the true state.
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(1,0,0)

(0,1,0)

(0,0,1)d=3 (1/2,1/2,0)

(1/3,1/3,1/3)

(1,1,1)

(0,0,1)

(1,0,0)
(0,1,0)

(0,1,1)

(1,1,0)

(1,0,1)

(0,0,0)

normalized states effects

unit effect
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zero effect



d=3

One can determine the exact state of the system in a single measurement.
All other measurements can be obtained by post-processing this measurement.
⇒ All measurements are compatible.
All logically possible effects are physically allowed.

(1,0,0)

(0,1,0)

(0,0,1)
(1/2,1/2,0)

(1/3,1/3,1/3)

(1,1,1)

(0,0,1)

(1,0,0)
(0,1,0)

(0,1,1)

(1,1,0)

(1,0,1)

(0,0,0)

normalized states effects
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{(1,0,0),(0,1,0),(0,0,1)}



24(Hilbert space dimension 3+ required)

d = 3

note: every simplicial system embeds inside quantum theory

states

d = 2

effects



Real quantum theory
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states and effects are real-valued 
positive operators
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Like quantum theory, but defined over a real Hilbert space 
(rather than a complex Hilbert space)

self-adjoint = symmetric

aka

(real-amplitude “bit”)

rebit:
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This theory looks a lot like quantum theory at 
first glance. But it has some striking differences!
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state space of a pair of qubits:
each has dimension 4-1. composite has dimension 16-1

state space for a pair of rebits:
each has dimension 3-1. composite has dimension 9-1+1!

since is real and symmetric
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Tomography for a qubit Tomography for a rebit

Z

X



42 -1 = 15 parameters

We obtain 42 -1 = 15 parameters

Source of 
qubit pairs

The state of two qubits can be determined from local measurements!

X

Y

Z

I

X

Y

Z

I

30

Tomography for two qubits

“Tomographic Locality”



4(4+1)/2 - 1 = 9 parameters

We obtain 32 -1 = 8 parameters

Source of 
pairs

cannot be determined by local measurements!

The state of two real-amplitude qubits 
cannot be determined from local measurements  -- a kind of holism

X

Z

I

X

Z

I

Y ⨂ Y

31

Tomography for two rebits 9 parameters



Boxworld

32
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Imagine a theory with two extremal, incompatible binary 
outcome mmts, labeled x=0,1, with outcomes a=0,1

any preparation of the system is completely summarized by 
the probabilities 𝑝 𝑎 ∣ 𝑥  for these two choices.

Since there are only two outcomes for each mmt, it is elegant 
to work with the bias     for each mmt



Imagine that in this theory, all logical 
possibilities are physically allowed

state space:

Joint biases allowed by QT.
Here we have “more states”

if the mmts are interpreted as X and Z, e.g.

No uncertainty principle!
-extremal states make both extremal 
measurements perfectly predictable



effect space:

Imagine that in this theory, all logical 
possibilities are physically allowed

effect = linear functional 
taking states to p ∈ [0,1]

state space:

unit effect
       (1,0,0)

zero effect
(0,0,0)



state space: effect space:

Imagine that in this theory, all logical 
possibilities are physically allowed

effect = linear functional 
taking states to p ∈ [0,1]
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state space: effect space:
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Has incompatible measurements.
(the two extremal mmts)
no measurement contains both 

as they sum to (1, 1/2, 1/2)
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Operational Principles/Axioms
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Any two distinct processes in the theory 
can be differentiated by the statistics they 
give on some localized states/effects

Quantum Theory

Real Quantum Theory

Classical Theory

Boxworld

The principle of Tomographic Locality

two ways this could fail: 
1) need correlated states/effects
2) need side channel

⇔

∃
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every nonextremal process in the GPT can be obtained from ignorance 
about an extremal process in the GPT on some larger systems

for states:

(a unique process, up to 
reversible transformations)

=
exists  ψ  s.t.

Quantum Theory

Real Quantum Theory

Classical Theory

Boxworld

The Purification principle

non-extremal

…

…

∃ extremal T s.t. 

= extremal T

…

…

fixed
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there is a continuous reversible transformation between any two pure states

Quantum Theory

Real Quantum Theory

Classical Theory

Boxworld

Continuous Transitivity
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A GPT satisfies the No-Restriction Hypothesis for effects iff the set of 
physical effects is as large as is logically possible, given the state space.

A GPT satisfies the No-Restriction Hypothesis for states iff the set of 
physical states is as large as is logically possible, given the effect space.

(similarly for measurements, transformations, etc)

logically possible process ⇒ physical possible process

The no-restriction hypothesis
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Classical theory satisfies the NRH 

for states and for effects it is clear already. also true for all processes.
basically we allow all stochastic maps
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in QT, the set of states = the set of density matrices

Riesz representation theorem: any linear functional on a vector space 
can be written as an inner product with some fixed vector in the space.

Any logically possible effect is a map from the state space to R.

Quantum theory satisfies the NRH

f must be linear (to respect classical uncertainty)

⇒
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If you assume states are density operators, then
the set of logically possible effects is exactly the set of POVMs.

Moreover, these E operators must be POVM elements, since:

⇒ NRH for effects
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The no-restriction hypothesis

Spekkens Toy TheoryQuantum Theory

Real Quantum Theory

Classical Theory

Boxworld



Finding better postulates for 
quantum theory

48



Every preparation P is associated with a density operator 

2. Every measurement is a POVM, and the 
probability of getting outcome k is

But given Postulate 1, we showed that an assumption that logically 
possible measurements are all physically possible implies Postulate 2!

49

1. Preparations are density operators.

Recall these postulates:



Every preparation P is associated with a density operator 

2. Every measurement is a POVM, and the 
probability of getting outcome k is

But given Postulate 1, we showed that an assumption that logically 
possible measurements are all physically possible implies Postulate 2!
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1. Preparations are density operators.

Recall these postulates:

---------------------------------------
---------------------------------------

2. No-restriction hypothesis
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1. All logically possible measurements are physically possible
2. States can be identified through local measurements
3. Evolution is continuous, reversible, and connects every pair of extremal states
4. Subsystems of higher-level systems are simply lower-level systems

The following set of postulates that implies quantum theory:

No-restriction hypothesis
Tomographic locality
Continuous reversibility
Subspace axiom

Every preparation P is associated with a trace-one Hermitian operator.
Every measurement M is associated with a positive operator-valued 
measure {Ek}.  The probability of M yielding outcome k given a 
preparation P is

Every measurement outcome k is associated with a completely-positive 
trace-nonincreasing linear map Tk  such that

Every transformation is associated with a trace-preserving completely-
positive linear map

Compare this to: 

There are other similar sets of axioms. most of these have a 
similar kind of operational and informational flavor.
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1. All logically possible measurements are physically possible
2. States can be identified through local measurements
3. Evolution is continuous, reversible, and connects every pair of extremal states
4. Subsystems of higher-level systems are simply lower-level systems

The following set of postulates that implies quantum theory:

Many other axiomatizations of quantum theory are known.

Typically, these have a similar operational and informational flavor.

These axioms still don’t constitute a realist theory, and they still refer 
to approximate/emergent concepts like measurements. But surely 
this is progress relative to the usual axioms! 
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Compositional structure
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Quantum and classical theory satisfy the 
no-restriction hypothesis for transformations.

But in general, a theory must specify 
exactly which transformations are possible.

Theories with larger state spaces must have smaller effect spaces, 
and often smaller transformation spaces.
-E.g., boxworld has more states than a qubit, as we saw, but fewer 
effects, and nontrivial reversible interactions between pairs of such 
systems are logically impossible.

A full definition of a theory should specify all 
possible transformations on all system types.

(only the swap, or product transformations)
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Bipartite state and effect spaces

The state space of a composite system is not fully 
specified by the state space of the components.

Min tensor product (for state spaces):
Allow only product states and mixtures of them.

Max tensor product (for state spaces):
Allow all states that give valid 
probabilities on product effects.

Min and max tensor product for 
effect spaces are defined analogously

(separable only)

(typically includes 
entangled states)

-Max tensor product for one of these implies min tensor product for the other. 
Intuitively: allowing more states/effects restricts the possibilities for the other.
-Classical theory is min = max tensor product for both. 
-Quantum theory is between the two extremes.

roughly: if you add any effects outside the separable 
set, then you expand the convex set in question. 

note that in classical theory, max and min tensor product actually coincide! 

mention that there are two kinds of ”product” here. one is the vector space; the other is the convex sets

note: entanglement is defined the same way in any GPT as in quantum theory

As a special case of the previous slide
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If bipartite states can have holism, then there can be even larger state spaces.

e.g., recall rebit states:

Products of real-valued effects live in a 9-dimensional space, with no Y⊗Y term. 
So states could have arbitrarily large component in that axis, without contributing 
to the probabilities!

The concepts of min and max tensor product implicitly assume that all bipartite 
states and effects are in the linear span of the local states and effects.

this is equivalent to local tomography
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Tomographic locality: 
Any two distinct processes in the theory can be differentiated 
by the statistics they give on some localized states/effects

In a TL theory, a transformation =  a linear map

⇔
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=

Every GPT is closed under arbitrary 
(type-matched) compositions

(only the swap, or product transformations)

=

=

When constructing a theory, this is a key condition to check.



Defining and witnessing 
nonclassicality

61
Maybe say something about other kinds of nonclassicality?
-e.g. compare to entanglement, coherence, negativity, nonlocality, causal 
compatibility



rigorously, what does that mean?

We all believe that quantum theory is weird and 
can’t be explained “classically”.
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Entanglement?

Quantum interference?

No-cloning?

Teleportation?

Wave-particle duality?
Remote steering?

Coherent superposition?

Uncertainty relations?

Nonlocality?

but in most of these cases, there was no rigorous argument backing up that claim

etc…

Contextuality

63

X

But most of these are consistent with simple realist explanations! 
(e.g. Spekkens toy theory)



Entanglement?

Quantum interference?

No-cloning?

Teleportation?

Wave-particle duality?
Remote steering?

Coherent superposition?

Uncertainty relations?

Nonlocality?

but in most of these cases, there was no rigorous argument backing up that claim

etc…

Contextuality?

64

X ----------------------------------

---------------------
----------------

-----------------------
---------------------

-----------------------------

But most of these are consistent with simple realist explanations! 
(e.g. Spekkens toy theory)



We need a principled way of dividing phenomena into 
those which can be “explained classically”, and 

those which are rigorous proofs of nonclassicality.
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Why bother?

quantum gravity?
quantum causal modeling?
quantum machine learning?
quantum thermodynamics?

Influencing how we interpret 
and extend quantum theory

Resources and 
benchmarks for QIP
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Intrinsic interest

settling century-old debates about 
if and when quantum phenomena 
force us to reject various physical 
principles

focusing on the parts of quantum theory that are 
genuinely mysterious is essential to make progress. 
you have to focus your energies on the right questions. 
a huge amount of energy has been wasted on hyping 
up the mysteriousness of things like interference that 
aren’t actually that hard to explain.



The things that we want to explain are 
phenomena/experiments/theories

(not, e.g., quantum states)

we’ll start with the theory problem, as it actually isn’t any harder



GPT fragmentGPT

all possible systems, 
processes, and circuits

subset of systems, 
processes, and circuits

describing an experimentdescribing a theory:

When is a GPT classically explainable?



Classical explainability
(prepare-measure)
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effectsstates

d = 2

classical systems are consistent with (explainable by) quantum theory:



states

d = 2

classical systems

effects

classical systems are consistent with (explainable by) quantum theory:



Similarly, any theory/fragment that embeds into 
the classical GPT is classically explainable

72

Not in the 
theory/experiment



Formal definition

A prepare-measure GPT (fragment) is 
classically explainable iff there exists 

1) a linear map taking its states into 
a simplex, and
2) a linear map taking its effects into 
the dual to that simplex, such that
3) probabilities are preserved

73

this is just the definition of classical explainability specified to a prepare-measure scenario

diagram-preservation:
states ↦ states 
effects ↦ effects

Linear Linear

“simplex embedding”



d=3

Linear
Linear

Any such mapping gives an ontological model for the GPT!



Beyond prepare-measure
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GPT processes

GPT systems random variables

(sub)stochastic processes

linear 
map

one could think of this as just the statement that positive qrepns are the same as NCOMs, but there are subtleties; linearity and DP, 
together with the quotienting difference, the fact we defined things for GPTs and not just quantum theory, and the fact that we range 
over all Qrepns and not just specific known ones like Wigner/Q/P

This defines classical-explainability for a GPT/fragment.

the assumption of DP implies that we can represent each process independently, and then wire them together appropriately
(next time, add figure for that?)

If no such mapping exists, the GPT/frag is not classically explainable.



Ontological model of a GPT: 

Maps systems AND processes
to recover the cases of Ps and Ms, just take input to be trivial or output to be classical or trivial

1) preserves the predictions
2) is linear
3) is diagram-preserving

which:

77

More formally:

ξ : GPT →  Classical GPT

GPT 
transformation

(sub)stochastic 
map

(sub)stochastic 
map



be clear that it is linearity on the space of processes of a given type

Linearity

preservation of
convex geometry

Diagram-preservation

preservation of 
compositional structure

’



Recall that these are the two basic structures of a GPT!

1. Convex geometry 2. Compositional structure

-multipartite states
-multipartite effects
-allowed transformations
-probabilities = inner product
-etc

qubit

Boxworld 
(3d)

Spekkens 
toy theory

random 
GPT
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compare to the Wigner function:

We simply generalize this to 
arbitrary linear functions over 
arbitrary classical variables

and to channels/mmts/circuits 
instead of just states

linear map from density matrices 
to real-valued vectors

Then we ask whether any such mapping 
exists that is everywhere positive.



This is exactly equivalent to 
noncontextuality!



Consider an unquotiented operational theory and the GPT associated to 
it (by quotienting with respect to operational equivalences).

The operational theory is classically-explainable if and only if
1. it admits of a noncontextual ontological model
2. its GPT admits of any ontological model
2’.  its GPT admits of any simplex-embedding
2’’. its GPT admits of any positive quasiprobability representation

These are equivalent notions of classicality!

classical realist perspective
classical realist perspective
geometric GPT perspective
quantum optics perspective

82



If you want me to email you a 
copy, message me at
dschmid1@perimeterinstitute.ca

Coming this month!
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