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• Higher-order quantum theory

• Transforming quantum states: quantum channels

• Transforming a quantum channel: quantum superchannel

• Transforming multiple quantum channels: parallel, sequential and general superchannels

• The quantum switch

• Definite and indefinite causal order

• Transforming multiple quantum channels: QCCC, QCQC, and purifiable superchannels

• Advantages of indefinite causal order

• Simulation of indefinite causal order

• Implementation of indefinite causal order

Outline



⇢

eC

higher-order quantum
functions:
quantum processes

quantum data: 
quantum states

⇢ 2 L(Hin)

eC : L(Hin) ! L(Hout)
quantum functions:    
quantum channels

“functions of functions”

Formalism: Higher-order operations

= ⇢0⇢ eC:

<latexit sha1_base64="lqmjWv6qtKY+61xssdGax7qDwiA="></latexit>

˜̃
S : [L(Hin) → L(Hout)] → [L(Hin→) → L(Hout→)]

: eC 0eC =

<latexit sha1_base64="agMOoZlLHVZV14So3fK3t94RXg4=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCqJSHVZdOOyor1AG8pkctoOnUzCzEQpIbjxVdy4UMStT+HOt3HaZlFbfxj4+M85nDm/H3OmtOP8WEvLK6tr64WN4ubW9s6uvbffUFEiKdRpxCPZ8okCzgTUNdMcWrEEEvocmv7welxvPoBULBL3ehSDF5K+YD1GiTZW1z7sPLIANOMBpDN4l2Vdu+SUnYnwIrg5lFCuWtf+7gQRTUIQmnKiVNt1Yu2lRGpGOWTFTqIgJnRI+tA2KEgIyksnJ2T4xDgB7kXSPKHxxJ2dSEmo1Cj0TWdI9EDN18bmf7V2onuXXspEnGgQdLqol3CsIzzOAwdMAtV8ZIBQycxfMR0QSag2qRVNCO78yYvQOCu7lXLl9rxUvcrjKKAjdIxOkYsuUBXdoBqqI4qe0At6Q+/Ws/VqfVif09YlK585QH9kff0CdKeYIQ==</latexit>

˜̃
S

<latexit sha1_base64="agMOoZlLHVZV14So3fK3t94RXg4=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCqJSHVZdOOyor1AG8pkctoOnUzCzEQpIbjxVdy4UMStT+HOt3HaZlFbfxj4+M85nDm/H3OmtOP8WEvLK6tr64WN4ubW9s6uvbffUFEiKdRpxCPZ8okCzgTUNdMcWrEEEvocmv7welxvPoBULBL3ehSDF5K+YD1GiTZW1z7sPLIANOMBpDN4l2Vdu+SUnYnwIrg5lFCuWtf+7gQRTUIQmnKiVNt1Yu2lRGpGOWTFTqIgJnRI+tA2KEgIyksnJ2T4xDgB7kXSPKHxxJ2dSEmo1Cj0TWdI9EDN18bmf7V2onuXXspEnGgQdLqol3CsIzzOAwdMAtV8ZIBQycxfMR0QSag2qRVNCO78yYvQOCu7lXLl9rxUvcrjKKAjdIxOkYsuUBXdoBqqI4qe0At6Q+/Ws/VqfVif09YlK585QH9kff0CdKeYIQ==</latexit>

˜̃
S

<latexit sha1_base64="0dP1jxJh7T/Up5le1D8ONn8Uj+w=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxi3ZREpLoRit24rGAf0IQymdy0QycPZiZKCcWNv+LGhSJu/Qp3/o2TNgttPXAvh3PuZeYeN2ZUSNP81gpLyyura8X10sbm1vaOvrvXFlHCCbRIxCLedbEARkNoSSoZdGMOOHAZdNxRI/M798AFjcI7OY7BCfAgpD4lWCqprx/YD9QDSZkHaWNSsfkwOr3K+klfL5tVcwpjkVg5KaMczb7+ZXsRSQIIJWFYiJ5lxtJJMZeUMJiU7ERAjMkID6CnaIgDEE46PWFiHCvFM/yIqwqlMVV/b6Q4EGIcuGoywHIo5r1M/M/rJdK/dFIaxomEkMwe8hNmyMjI8jA8yoFINlYEE07VXw0yxBwTqVIrqRCs+ZMXSfusatWqtdvzcv06j6OIDtERqiALXaA6ukFN1EIEPaJn9IretCftRXvXPmajBS3f2Ud/oH3+ALm4lwE=</latexit>

C̃(ω) = ω→

<latexit sha1_base64="dtrWapo8EiiCrdoApcZY2f6jtIU=">AAACIHicbVDLSsNAFJ34rPUVdekmWMS6KYlI60YoduOyon1AG8pkctMOnTyYmSgl5FPc+CtuXCiiO/0ap20WfXhg4Nxz7uXOPU7EqJCm+aOtrK6tb2zmtvLbO7t7+/rBYVOEMSfQICELedvBAhgNoCGpZNCOOGDfYdByhrWx33oELmgYPMhRBLaP+wH1KMFSST290n2iLkjKXEhm6H2aFmfKWnp+PVee9fSCWTInMJaJlZECylDv6d9dNySxD4EkDAvRscxI2gnmkhIGab4bC4gwGeI+dBQNsA/CTiYHpsapUlzDC7l6gTQm6uxEgn0hRr6jOn0sB2LRG4v/eZ1Yeld2QoMolhCQ6SIvZoYMjXFahks5EMlGimDCqfqrQQaYYyJVpnkVgrV48jJpXpSscql8d1mo3mRx5NAxOkFFZKEKqqJbVEcNRNAzekXv6EN70d60T+1r2rqiZTNHaA7a7x/mC6Sm</latexit>

˜̃
S(C̃) = C̃ →



• Toward a general theory of quantum games 
Gutoski and Watrous, STOC (2007)

• Quantum circuit architecture 
Chiribella et al., PRL (2008)

• Transforming quantum operations:  
quantum supermaps 
Chiribella et al., EPL (2008)

Formalism: Higher-order operations

REVIEW & TUTORIAL: Taranto et al., Higher-order quantum operations, PRX Quantum (2026)

• Theoretical framework for quantum networks 
Chiribella et al., PRA (2009)

• Quantum correlations with no causal order 
Oreshkov et al., Nat. Commun. (2012)

• Quantum computation without definite  
causal structure 
Chiribella et al., PRA (2013)



transforming quantum states:

quantum channels



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum 
state, even when acting on part of a quantum state.



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum 
state, even when acting on part of a quantum state.

= ⇢0⇢
eC<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O <latexit sha1_base64="0krXqsZafrpEao9CoUDYDUjaGkc="></latexit>

→ ω
<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E
<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum 
state, even when acting on part of a quantum state.

quantum state (operator) quantum channel (map)

= ⇢0⇢
eC<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O <latexit sha1_base64="0krXqsZafrpEao9CoUDYDUjaGkc="></latexit>

→ ω
<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E
<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E

<latexit sha1_base64="jEcxtL16UDvlnVh8R89rEOhS+KI="></latexit>

ω → L(HI ↑HE)
<latexit sha1_base64="nUpMPk8HoQnfCscKIbxobmmgrVs="></latexit>

C̃ → 1̃(ω) = ω→ ↑ L(HO →HE)

<latexit sha1_base64="nbrhEKe5qkZsVNTngCSUUeZSa/A="></latexit>

C̃ : L(HI) → L(HO)



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum 
state, even when acting on part of a quantum state.

<latexit sha1_base64="OfT5EholMF6/lV21mqFd7dewryE=">AAACL3icbVDLTgJBEJz1ifgA9OhlIjHxRHaNQY8keuDAARNBI0vI7NDAxHmsM7Mastm/8Kr/4NcYL8arf+GAHBCtpJNKVXe6u6KYM2N9/91bWl5ZXVvPbeQ3t7Z3CsXSbtuoRFNoUcWVvomIAc4ktCyzHG5iDUREHK6ju/OJf/0A2jAlr+w4hq4gQ8kGjBLrpNtQj1Q4hHvs94plv+JPgf+SYEbKaIZmr+QVwr6iiQBpKSfGdAI/tt2UaMsohywfJgZiQu/IEDqOSiLAdNPpyRk+dEofD5R2JS2eqvMTKRHGjEXkOgWxI7PoTcT/vE5iB2fdlMk4sSDpz6JBwrFVePI/7jMN1PKxI4Rq5m7FdEQ0odallA81SHikSggi+2nYyNJwsoISnjaybNGuz9n1LHMRBouB/SXt40pQrVQvT8q1i1mYObSPDtARCtApqqE6aqIWokiiJ/SMXrxX78378D5/Wpe82cwe+gXv6xuoeanM</latexit>

ω → 0

quantum state (operator) quantum channel (map)

<latexit sha1_base64="b7I0n/qklrS8jEtvskSW4TuoYJA="></latexit>

C̃ → 1̃(ω) ↑ 0positive semidefinite (PSD) completely positive (CP)

= ⇢0⇢
eC<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O <latexit sha1_base64="0krXqsZafrpEao9CoUDYDUjaGkc="></latexit>

→ ω
<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E
<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E

<latexit sha1_base64="jEcxtL16UDvlnVh8R89rEOhS+KI="></latexit>

ω → L(HI ↑HE)
<latexit sha1_base64="nUpMPk8HoQnfCscKIbxobmmgrVs="></latexit>

C̃ → 1̃(ω) = ω→ ↑ L(HO →HE)

<latexit sha1_base64="nbrhEKe5qkZsVNTngCSUUeZSa/A="></latexit>

C̃ : L(HI) → L(HO)



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum 
state, even when acting on part of a quantum state.

<latexit sha1_base64="pG+3IxTKnF2ILgx+lOOEbXs4btg="></latexit>

tr(ω) = 1

<latexit sha1_base64="OfT5EholMF6/lV21mqFd7dewryE=">AAACL3icbVDLTgJBEJz1ifgA9OhlIjHxRHaNQY8keuDAARNBI0vI7NDAxHmsM7Mastm/8Kr/4NcYL8arf+GAHBCtpJNKVXe6u6KYM2N9/91bWl5ZXVvPbeQ3t7Z3CsXSbtuoRFNoUcWVvomIAc4ktCyzHG5iDUREHK6ju/OJf/0A2jAlr+w4hq4gQ8kGjBLrpNtQj1Q4hHvs94plv+JPgf+SYEbKaIZmr+QVwr6iiQBpKSfGdAI/tt2UaMsohywfJgZiQu/IEDqOSiLAdNPpyRk+dEofD5R2JS2eqvMTKRHGjEXkOgWxI7PoTcT/vE5iB2fdlMk4sSDpz6JBwrFVePI/7jMN1PKxI4Rq5m7FdEQ0odallA81SHikSggi+2nYyNJwsoISnjaybNGuz9n1LHMRBouB/SXt40pQrVQvT8q1i1mYObSPDtARCtApqqE6aqIWokiiJ/SMXrxX78378D5/Wpe82cwe+gXv6xuoeanM</latexit>

ω → 0

quantum state (operator) quantum channel (map)

<latexit sha1_base64="b7I0n/qklrS8jEtvskSW4TuoYJA="></latexit>

C̃ → 1̃(ω) ↑ 0

<latexit sha1_base64="vVVPL7dT2ptIvRy54irOe39FI/c="></latexit>

tr
[
C̃ → 1̃(ω)

]
= 1

positive semidefinite (PSD)

fixed trace

completely positive (CP)

completely trace  
preserving (CTP)

= ⇢0⇢
eC<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O <latexit sha1_base64="0krXqsZafrpEao9CoUDYDUjaGkc="></latexit>

→ ω
<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E
<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E

<latexit sha1_base64="jEcxtL16UDvlnVh8R89rEOhS+KI="></latexit>

ω → L(HI ↑HE)
<latexit sha1_base64="nUpMPk8HoQnfCscKIbxobmmgrVs="></latexit>

C̃ → 1̃(ω) = ω→ ↑ L(HO →HE)

<latexit sha1_base64="nbrhEKe5qkZsVNTngCSUUeZSa/A="></latexit>

C̃ : L(HI) → L(HO)



Quantum channels

completely positive trace-preserving (CPTP)  
linear maps

<latexit sha1_base64="nbrhEKe5qkZsVNTngCSUUeZSa/A="></latexit>

C̃ : L(HI) → L(HO)

quantum channels:

Channel: The most general linear transformation that maps every quantum state into a quantum 
state, even when acting on part of a quantum state.

<latexit sha1_base64="0krXqsZafrpEao9CoUDYDUjaGkc="></latexit>

→ ω= ⇢0⇢
eC<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O

<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E
<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E



Choi representation

Choi operator: Every linear map can be represented by a linear operator, acting on the joint input 
and output space of the map, defined as

<latexit sha1_base64="qyD+zEU7n53kwjX3Ln0/4nPi3WA="></latexit>

C :=
∑

ij

|i→↑j|↓ C̃(|i→↑j|) ↔ L(HI ↓HO)

<latexit sha1_base64="nbrhEKe5qkZsVNTngCSUUeZSa/A="></latexit>

C̃ : L(HI) → L(HO) linear map

linear operator



Choi representation

Choi operator: Every linear map can be represented by a linear operator, acting on the joint input 
and output space of the map, defined as

Choi inverse: Consequently, the output of a linear map can be expressed as function of the Choi 
operator of the map and its input according to

<latexit sha1_base64="qyD+zEU7n53kwjX3Ln0/4nPi3WA="></latexit>

C :=
∑

ij

|i→↑j|↓ C̃(|i→↑j|) ↔ L(HI ↓HO)

<latexit sha1_base64="nbrhEKe5qkZsVNTngCSUUeZSa/A="></latexit>

C̃ : L(HI) → L(HO)

<latexit sha1_base64="nuGxRMYZ5ioqGMfPWxXdAX1Gek8="></latexit>

C̃(ω) = ω→ = trI [C (ωT → 1O)] =: ω ↑ C

linear map

linear operator

“link product”
<latexit sha1_base64="o9x9vPzohwieQgQMutcXY1bpfGI="></latexit>

(Ã → B̃)[ω] = A ↑B ↑ ω



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum 
state, even when acting on part of a quantum state.

linear map
<latexit sha1_base64="2xHy9+zIaka34VhW7eoDR4uPSiQ="></latexit>

C̃ → 1̃(ω) = ω→ ↑ L(HO →Haux)

Choi operator
<latexit sha1_base64="b714VMz7v6XbbM8v3P3kQzTk4cc="></latexit>

C → ω = ω→

= ⇢0⇢
eC<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O

<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E
<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum 
state, even when acting on part of a quantum state.

linear map
<latexit sha1_base64="2xHy9+zIaka34VhW7eoDR4uPSiQ="></latexit>

C̃ → 1̃(ω) = ω→ ↑ L(HO →Haux)

<latexit sha1_base64="b7I0n/qklrS8jEtvskSW4TuoYJA="></latexit>

C̃ → 1̃(ω) ↑ 0 completely positive (CP)

Choi operator
<latexit sha1_base64="b714VMz7v6XbbM8v3P3kQzTk4cc="></latexit>

C → ω = ω→

<latexit sha1_base64="vDjO+fJVDt2bu3OWwSMwZEfY2yM="></latexit>

C → 0

= ⇢0⇢
eC<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O

<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E
<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum 
state, even when acting on part of a quantum state.

linear map
<latexit sha1_base64="2xHy9+zIaka34VhW7eoDR4uPSiQ="></latexit>

C̃ → 1̃(ω) = ω→ ↑ L(HO →Haux)

<latexit sha1_base64="b7I0n/qklrS8jEtvskSW4TuoYJA="></latexit>

C̃ → 1̃(ω) ↑ 0
<latexit sha1_base64="vVVPL7dT2ptIvRy54irOe39FI/c="></latexit>

tr
[
C̃ → 1̃(ω)

]
= 1

completely positive (CP)

completely trace  
preserving (CTP)

Choi operator
<latexit sha1_base64="b714VMz7v6XbbM8v3P3kQzTk4cc="></latexit>

C → ω = ω→

<latexit sha1_base64="vDjO+fJVDt2bu3OWwSMwZEfY2yM="></latexit>

C → 0

<latexit sha1_base64="PIicWZg/lyXqNEe5zD+ssxBbIXU="></latexit>

trO C = 1I

= ⇢0⇢
eC<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O

<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E
<latexit sha1_base64="BdDoWY5kVtqVuV7Ng6ckXW5qGF8="></latexit>

E



transforming quantum channels:

quantum superchannels



Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum 
channel into a quantum channel, even when acting on part of a quantum channel.



Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum 
channel into a quantum channel, even when acting on part of a quantum channel.

=
eC 0eC

<latexit sha1_base64="agMOoZlLHVZV14So3fK3t94RXg4=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCqJSHVZdOOyor1AG8pkctoOnUzCzEQpIbjxVdy4UMStT+HOt3HaZlFbfxj4+M85nDm/H3OmtOP8WEvLK6tr64WN4ubW9s6uvbffUFEiKdRpxCPZ8okCzgTUNdMcWrEEEvocmv7welxvPoBULBL3ehSDF5K+YD1GiTZW1z7sPLIANOMBpDN4l2Vdu+SUnYnwIrg5lFCuWtf+7gQRTUIQmnKiVNt1Yu2lRGpGOWTFTqIgJnRI+tA2KEgIyksnJ2T4xDgB7kXSPKHxxJ2dSEmo1Cj0TWdI9EDN18bmf7V2onuXXspEnGgQdLqol3CsIzzOAwdMAtV8ZIBQycxfMR0QSag2qRVNCO78yYvQOCu7lXLl9rxUvcrjKKAjdIxOkYsuUBXdoBqqI4qe0At6Q+/Ws/VqfVif09YlK585QH9kff0CdKeYIQ==</latexit>

˜̃
S

<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O

<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →

<latexit sha1_base64="HT6jieW6v1lF9N2mht0tkpUbgyE="></latexit>

→ C̃

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO



Quantum superchannels

quantum channel (map) quantum superchannel (HO map)

Superchannel: The most general linear higher-order transformation that maps every quantum 
channel into a quantum channel, even when acting on part of a quantum channel.

=
eC 0eC

<latexit sha1_base64="agMOoZlLHVZV14So3fK3t94RXg4=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCqJSHVZdOOyor1AG8pkctoOnUzCzEQpIbjxVdy4UMStT+HOt3HaZlFbfxj4+M85nDm/H3OmtOP8WEvLK6tr64WN4ubW9s6uvbffUFEiKdRpxCPZ8okCzgTUNdMcWrEEEvocmv7welxvPoBULBL3ehSDF5K+YD1GiTZW1z7sPLIANOMBpDN4l2Vdu+SUnYnwIrg5lFCuWtf+7gQRTUIQmnKiVNt1Yu2lRGpGOWTFTqIgJnRI+tA2KEgIyksnJ2T4xDgB7kXSPKHxxJ2dSEmo1Cj0TWdI9EDN18bmf7V2onuXXspEnGgQdLqol3CsIzzOAwdMAtV8ZIBQycxfMR0QSag2qRVNCO78yYvQOCu7lXLl9rxUvcrjKKAjdIxOkYsuUBXdoBqqI4qe0At6Q+/Ws/VqfVif09YlK585QH9kff0CdKeYIQ==</latexit>

˜̃
S

<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O

<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →

<latexit sha1_base64="HT6jieW6v1lF9N2mht0tkpUbgyE="></latexit>

→ C̃

<latexit sha1_base64="NYNPUYzNDEfcvL0tfsf3K4nmpvA="></latexit>

C̃ : L(HI →HEI
) ↑ L(HO →HEO

)
<latexit sha1_base64="UUWCTGB4//QvTgcb4+iNwEZMDXc="></latexit>

˜̃
S →

˜̃1(C̃) = C̃ → : L(HI→ →HEI
) ↑ L(HO→ →HEO

)

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="1fqi72RM8r7bYEXpplBaTnZVckk="></latexit>

˜̃
S : [L(HI) → L(HO)] → [L(HI→) → L(HO→)]



Quantum superchannels

<latexit sha1_base64="+H5GEh7W0dsOeb3/pe84pIKkjRk="></latexit>

C̃ is CPTP
<latexit sha1_base64="OHttgaGge8WEIYTDuTnh8YJjHvM="></latexit>

˜̃
S is completely CPTP preserving

quantum channel (map) quantum superchannel (HO map)

Superchannel: The most general linear higher-order transformation that maps every quantum 
channel into a quantum channel, even when acting on part of a quantum channel.

=
eC 0eC

<latexit sha1_base64="agMOoZlLHVZV14So3fK3t94RXg4=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCqJSHVZdOOyor1AG8pkctoOnUzCzEQpIbjxVdy4UMStT+HOt3HaZlFbfxj4+M85nDm/H3OmtOP8WEvLK6tr64WN4ubW9s6uvbffUFEiKdRpxCPZ8okCzgTUNdMcWrEEEvocmv7welxvPoBULBL3ehSDF5K+YD1GiTZW1z7sPLIANOMBpDN4l2Vdu+SUnYnwIrg5lFCuWtf+7gQRTUIQmnKiVNt1Yu2lRGpGOWTFTqIgJnRI+tA2KEgIyksnJ2T4xDgB7kXSPKHxxJ2dSEmo1Cj0TWdI9EDN18bmf7V2onuXXspEnGgQdLqol3CsIzzOAwdMAtV8ZIBQycxfMR0QSag2qRVNCO78yYvQOCu7lXLl9rxUvcrjKKAjdIxOkYsuUBXdoBqqI4qe0At6Q+/Ws/VqfVif09YlK585QH9kff0CdKeYIQ==</latexit>

˜̃
S

<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O

<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →

<latexit sha1_base64="HT6jieW6v1lF9N2mht0tkpUbgyE="></latexit>

→ C̃

<latexit sha1_base64="NYNPUYzNDEfcvL0tfsf3K4nmpvA="></latexit>

C̃ : L(HI →HEI
) ↑ L(HO →HEO

)
<latexit sha1_base64="UUWCTGB4//QvTgcb4+iNwEZMDXc="></latexit>

˜̃
S →

˜̃1(C̃) = C̃ → : L(HI→ →HEI
) ↑ L(HO→ →HEO

)

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="1fqi72RM8r7bYEXpplBaTnZVckk="></latexit>

˜̃
S : [L(HI) → L(HO)] → [L(HI→) → L(HO→)]



Quantum superchannels

quantum superchannels:

completely CPTP preserving  
linear higher-order maps

Superchannel: The most general linear higher-order transformation that maps every quantum 
channel into a quantum channel, even when acting on part of a quantum channel.

<latexit sha1_base64="HT6jieW6v1lF9N2mht0tkpUbgyE="></latexit>

→ C̃

<latexit sha1_base64="1fqi72RM8r7bYEXpplBaTnZVckk="></latexit>

˜̃
S : [L(HI) → L(HO)] → [L(HI→) → L(HO→)]

=
eC 0eC

<latexit sha1_base64="agMOoZlLHVZV14So3fK3t94RXg4=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCqJSHVZdOOyor1AG8pkctoOnUzCzEQpIbjxVdy4UMStT+HOt3HaZlFbfxj4+M85nDm/H3OmtOP8WEvLK6tr64WN4ubW9s6uvbffUFEiKdRpxCPZ8okCzgTUNdMcWrEEEvocmv7welxvPoBULBL3ehSDF5K+YD1GiTZW1z7sPLIANOMBpDN4l2Vdu+SUnYnwIrg5lFCuWtf+7gQRTUIQmnKiVNt1Yu2lRGpGOWTFTqIgJnRI+tA2KEgIyksnJ2T4xDgB7kXSPKHxxJ2dSEmo1Cj0TWdI9EDN18bmf7V2onuXXspEnGgQdLqol3CsIzzOAwdMAtV8ZIBQycxfMR0QSag2qRVNCO78yYvQOCu7lXLl9rxUvcrjKKAjdIxOkYsuUBXdoBqqI4qe0At6Q+/Ws/VqfVif09YlK585QH9kff0CdKeYIQ==</latexit>

˜̃
S

<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O

<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO



Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum 
channel into a quantum channel, even when acting on part of a quantum channel.

<latexit sha1_base64="HT6jieW6v1lF9N2mht0tkpUbgyE="></latexit>

→ C̃=
eC 0eC

<latexit sha1_base64="agMOoZlLHVZV14So3fK3t94RXg4=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCqJSHVZdOOyor1AG8pkctoOnUzCzEQpIbjxVdy4UMStT+HOt3HaZlFbfxj4+M85nDm/H3OmtOP8WEvLK6tr64WN4ubW9s6uvbffUFEiKdRpxCPZ8okCzgTUNdMcWrEEEvocmv7welxvPoBULBL3ehSDF5K+YD1GiTZW1z7sPLIANOMBpDN4l2Vdu+SUnYnwIrg5lFCuWtf+7gQRTUIQmnKiVNt1Yu2lRGpGOWTFTqIgJnRI+tA2KEgIyksnJ2T4xDgB7kXSPKHxxJ2dSEmo1Cj0TWdI9EDN18bmf7V2onuXXspEnGgQdLqol3CsIzzOAwdMAtV8ZIBQycxfMR0QSag2qRVNCO78yYvQOCu7lXLl9rxUvcrjKKAjdIxOkYsuUBXdoBqqI4qe0At6Q+/Ws/VqfVif09YlK585QH9kff0CdKeYIQ==</latexit>

˜̃
S

<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O

<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

quantum channel (operator)
<latexit sha1_base64="RaIh1q1WLyM/uyrP4kpamM6inCQ="></latexit>

C → L(HI ↑HEI
↑HO ↑HEO

)

quantum superchannel (map)

<latexit sha1_base64="l7MXWcGWYaNyOZIkqSDDIeg0RZE="></latexit>

S̃ → 1̃(C) = C → : L(HI→ →HEI
→HO→ →HEO

)

<latexit sha1_base64="0dMxlv/7O4h19VBbvoMxGn9OUxk="></latexit>

S̃ : L(HI →HO) ↑ L(HI→ →HO→)



Quantum superchannels

quantum channel (operator)

<latexit sha1_base64="vDjO+fJVDt2bu3OWwSMwZEfY2yM="></latexit>

C → 0

Superchannel: The most general linear higher-order transformation that maps every quantum 
channel into a quantum channel, even when acting on part of a quantum channel.

<latexit sha1_base64="HT6jieW6v1lF9N2mht0tkpUbgyE="></latexit>

→ C̃=
eC 0eC

<latexit sha1_base64="agMOoZlLHVZV14So3fK3t94RXg4=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCqJSHVZdOOyor1AG8pkctoOnUzCzEQpIbjxVdy4UMStT+HOt3HaZlFbfxj4+M85nDm/H3OmtOP8WEvLK6tr64WN4ubW9s6uvbffUFEiKdRpxCPZ8okCzgTUNdMcWrEEEvocmv7welxvPoBULBL3ehSDF5K+YD1GiTZW1z7sPLIANOMBpDN4l2Vdu+SUnYnwIrg5lFCuWtf+7gQRTUIQmnKiVNt1Yu2lRGpGOWTFTqIgJnRI+tA2KEgIyksnJ2T4xDgB7kXSPKHxxJ2dSEmo1Cj0TWdI9EDN18bmf7V2onuXXspEnGgQdLqol3CsIzzOAwdMAtV8ZIBQycxfMR0QSag2qRVNCO78yYvQOCu7lXLl9rxUvcrjKKAjdIxOkYsuUBXdoBqqI4qe0At6Q+/Ws/VqfVif09YlK585QH9kff0CdKeYIQ==</latexit>

˜̃
S

<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O

<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="RaIh1q1WLyM/uyrP4kpamM6inCQ="></latexit>

C → L(HI ↑HEI
↑HO ↑HEO

)

<latexit sha1_base64="yJ1QQxjfkz4XfSbyWxBu6yaTYqs="></latexit>

trOEO
(C) = 1IEI

quantum superchannel (map)

<latexit sha1_base64="05hOeVyCA0CjVuaCebmHoL7dpbQ="></latexit>

S̃ → 1̃(C) ↑ 0
<latexit sha1_base64="Onz/si6ExMj9IG1GIwD+J10h46s="></latexit>

trOEO
[S̃ → 1̃(C)] = 1IEI

<latexit sha1_base64="l7MXWcGWYaNyOZIkqSDDIeg0RZE="></latexit>

S̃ → 1̃(C) = C → : L(HI→ →HEI
→HO→ →HEO

)

<latexit sha1_base64="0dMxlv/7O4h19VBbvoMxGn9OUxk="></latexit>

S̃ : L(HI →HO) ↑ L(HI→ →HO→)

<latexit sha1_base64="bgnmYKHJiOBXlWOVkV5QsGP7Oz8="></latexit>

→ C



Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum 
channel into a quantum channel, even when acting on part of a quantum channel.

<latexit sha1_base64="HT6jieW6v1lF9N2mht0tkpUbgyE="></latexit>

→ C̃=
eC 0eC

<latexit sha1_base64="agMOoZlLHVZV14So3fK3t94RXg4=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCqJSHVZdOOyor1AG8pkctoOnUzCzEQpIbjxVdy4UMStT+HOt3HaZlFbfxj4+M85nDm/H3OmtOP8WEvLK6tr64WN4ubW9s6uvbffUFEiKdRpxCPZ8okCzgTUNdMcWrEEEvocmv7welxvPoBULBL3ehSDF5K+YD1GiTZW1z7sPLIANOMBpDN4l2Vdu+SUnYnwIrg5lFCuWtf+7gQRTUIQmnKiVNt1Yu2lRGpGOWTFTqIgJnRI+tA2KEgIyksnJ2T4xDgB7kXSPKHxxJ2dSEmo1Cj0TWdI9EDN18bmf7V2onuXXspEnGgQdLqol3CsIzzOAwdMAtV8ZIBQycxfMR0QSag2qRVNCO78yYvQOCu7lXLl9rxUvcrjKKAjdIxOkYsuUBXdoBqqI4qe0At6Q+/Ws/VqfVif09YlK585QH9kff0CdKeYIQ==</latexit>

˜̃
S

<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O

<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="bgnmYKHJiOBXlWOVkV5QsGP7Oz8="></latexit>

→ C

<latexit sha1_base64="Scw/RQVMzTT39PdZcA/rRq0tZQc="></latexit>

S → L(HI→ ↑HI ↑HO ↑HO→)

quantum superchannel (operator)

<latexit sha1_base64="acBq50IO4u+U1FKb+CLixU9QkiY="></latexit>

S → C = C →

<latexit sha1_base64="3bB1npQwIFXEo0jRyW9PG15f5JI="></latexit>

S → C ↑ 0
<latexit sha1_base64="BXzHhDhKSieb2MJkUM+NLvoJG/A="></latexit>

trOEO
(S → C) = 1IEI

quantum superchannel (map)

<latexit sha1_base64="05hOeVyCA0CjVuaCebmHoL7dpbQ="></latexit>

S̃ → 1̃(C) ↑ 0
<latexit sha1_base64="Onz/si6ExMj9IG1GIwD+J10h46s="></latexit>

trOEO
[S̃ → 1̃(C)] = 1IEI

<latexit sha1_base64="l7MXWcGWYaNyOZIkqSDDIeg0RZE="></latexit>

S̃ → 1̃(C) = C → : L(HI→ →HEI
→HO→ →HEO

)

<latexit sha1_base64="0dMxlv/7O4h19VBbvoMxGn9OUxk="></latexit>

S̃ : L(HI →HO) ↑ L(HI→ →HO→)

<latexit sha1_base64="bgnmYKHJiOBXlWOVkV5QsGP7Oz8="></latexit>

→ C



Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum 
channel into a quantum channel, even when acting on part of a quantum channel.

<latexit sha1_base64="HT6jieW6v1lF9N2mht0tkpUbgyE="></latexit>

→ C̃=
eC 0eC

<latexit sha1_base64="agMOoZlLHVZV14So3fK3t94RXg4=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCqJSHVZdOOyor1AG8pkctoOnUzCzEQpIbjxVdy4UMStT+HOt3HaZlFbfxj4+M85nDm/H3OmtOP8WEvLK6tr64WN4ubW9s6uvbffUFEiKdRpxCPZ8okCzgTUNdMcWrEEEvocmv7welxvPoBULBL3ehSDF5K+YD1GiTZW1z7sPLIANOMBpDN4l2Vdu+SUnYnwIrg5lFCuWtf+7gQRTUIQmnKiVNt1Yu2lRGpGOWTFTqIgJnRI+tA2KEgIyksnJ2T4xDgB7kXSPKHxxJ2dSEmo1Cj0TWdI9EDN18bmf7V2onuXXspEnGgQdLqol3CsIzzOAwdMAtV8ZIBQycxfMR0QSag2qRVNCO78yYvQOCu7lXLl9rxUvcrjKKAjdIxOkYsuUBXdoBqqI4qe0At6Q+/Ws/VqfVif09YlK585QH9kff0CdKeYIQ==</latexit>

˜̃
S

<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O

<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="vlNRXJerB8TfPmZtyxxBHvoTeKg="></latexit>

EI
<latexit sha1_base64="zqo4diBWCUtt77zLHaIu4oyzfUk="></latexit>

EO

<latexit sha1_base64="Scw/RQVMzTT39PdZcA/rRq0tZQc="></latexit>

S → L(HI→ ↑HI ↑HO ↑HO→)

<latexit sha1_base64="XdmS6kYZRGDn0VpiqSre/W+94BM="></latexit>

S → 0
<latexit sha1_base64="/6JwH/IjEXTM6cF3ePdaW9UvHDw="></latexit>

trO→(S) = trO→O(S)→
1O

dO
<latexit sha1_base64="/j3z65b1uT/t0FMl9zyhO3AcUl4="></latexit>

trIOO→(S) = dI1I→

quantum superchannel (operator)

<latexit sha1_base64="bgnmYKHJiOBXlWOVkV5QsGP7Oz8="></latexit>

→ C

<latexit sha1_base64="Scw/RQVMzTT39PdZcA/rRq0tZQc="></latexit>

S → L(HI→ ↑HI ↑HO ↑HO→)

quantum superchannel (operator)

<latexit sha1_base64="acBq50IO4u+U1FKb+CLixU9QkiY="></latexit>

S → C = C →

<latexit sha1_base64="3bB1npQwIFXEo0jRyW9PG15f5JI="></latexit>

S → C ↑ 0
<latexit sha1_base64="BXzHhDhKSieb2MJkUM+NLvoJG/A="></latexit>

trOEO
(S → C) = 1IEI

completely 
CPTP 

preserving

<latexit sha1_base64="OHttgaGge8WEIYTDuTnh8YJjHvM="></latexit>

˜̃
S



quantum realization theorem for superchannels



<latexit sha1_base64="xBVyMGFzZE+wUGJRGB7WLULE/KU="></latexit>

→ superchannel
˜̃
S, ↑ channels Ẽ, D̃ such that

Quantum superchannels

<latexit sha1_base64="OHttgaGge8WEIYTDuTnh8YJjHvM="></latexit>

˜̃
S

<latexit sha1_base64="mUrCJWmCkIFzzXc4LC0cDXLqNx0="></latexit>

Ẽ
<latexit sha1_base64="yo862BdDaCcL52ypnSi7wopfQbE="></latexit>

D̃
=

Quantum realization: Every superchannel (completely CPTP preserving linear higher-order map) 
can be decomposed into a quantum circuit. That is, for every superchannel there exists an 
“encoder” channel and a “decoder” channel such that

<latexit sha1_base64="HT6jieW6v1lF9N2mht0tkpUbgyE="></latexit>

→ C̃

eC eC

<latexit sha1_base64="ygE2JkAUN9vNmvBofHTgVm4Crd8="></latexit>

˜̃
S(C̃) = (D̃ → 1̃) ↑ (1̃ → C̃) ↑ (Ẽ → 1̃)



Quantum superchannels

<latexit sha1_base64="OHttgaGge8WEIYTDuTnh8YJjHvM="></latexit>

˜̃
S

<latexit sha1_base64="mUrCJWmCkIFzzXc4LC0cDXLqNx0="></latexit>

Ẽ
<latexit sha1_base64="yo862BdDaCcL52ypnSi7wopfQbE="></latexit>

D̃
=

<latexit sha1_base64="uxY7YdEf33I0uZqaLiU/SS2U2S4="></latexit>

S = E →D

<latexit sha1_base64="ow8Qgyk/Lt2guiaMDiZ3ODBvMpg="></latexit>

→ superchannel S, ↑ channels E,D such that

Quantum realization: Every superchannel (completely CPTP preserving linear higher-order map) 
can be decomposed into a quantum circuit. That is, for every superchannel there exists an 
“encoder” channel and a “decoder” channel such that



Quantum superchannels

=

<latexit sha1_base64="OHttgaGge8WEIYTDuTnh8YJjHvM="></latexit>

˜̃
S

<latexit sha1_base64="mUrCJWmCkIFzzXc4LC0cDXLqNx0="></latexit>

Ẽ
<latexit sha1_base64="yo862BdDaCcL52ypnSi7wopfQbE="></latexit>

D̃
<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="Fi3ekI7TQW+urkdZt3gJdiuHL/0="></latexit>

I
<latexit sha1_base64="i7zcLqizvGLHOkqJ+jGie89doNg="></latexit>

O
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →

<latexit sha1_base64="EVsKT4SfiViBII3qZrWlE5E0MUc="></latexit>

M

<latexit sha1_base64="mSlR72cu8dLhj57OtK5a+vOL24c="></latexit>

S = E →D
= trM [(ETM ↑ 1OO→)(1I→I ↑D)]

<latexit sha1_base64="5Iqa0taZw2aZcXTYVhJH4+ZjuLo="></latexit>

E =
1

dO

(
1I→I →

√
trOO→(S)T

)∑

ij

|ii↑↓jj|
(

1I→I →
√

trOO→(S)T
)

D = dO
(√

trOO→(S)→1 → 1OF

)
S
(√

trOO→(S)→1 → 1OF

)

as a function of
<latexit sha1_base64="EqmQca64NBhkXLKy4nSvg/wy1c0="></latexit>

S
<latexit sha1_base64="ANPt0k92gIRFBTNTRpfFsYD76Fw="></latexit>

E,D as a function of
<latexit sha1_base64="EqmQca64NBhkXLKy4nSvg/wy1c0="></latexit>

S
<latexit sha1_base64="ANPt0k92gIRFBTNTRpfFsYD76Fw="></latexit>

E,D



Quantum superchannels

<latexit sha1_base64="OHttgaGge8WEIYTDuTnh8YJjHvM="></latexit>

˜̃
S

<latexit sha1_base64="mUrCJWmCkIFzzXc4LC0cDXLqNx0="></latexit>

Ẽ
<latexit sha1_base64="yo862BdDaCcL52ypnSi7wopfQbE="></latexit>

D̃
=

Then why represent it as a higher-order map?

Quantum circuit realization: Every superchannel (completely CPTP preserving linear higher-
order map) can be decomposed into a quantum circuit. That is, for every superchannel there exists 
an “encoder” channel and a “decoder” channel such that



Quantum superchannels

Quantum circuit realization: Every superchannel (completely CPTP preserving linear higher-
order map) can be decomposed into a quantum circuit. That is, for every superchannel there exists 
an “encoder” channel and a “decoder” channel such that

=

<latexit sha1_base64="OHttgaGge8WEIYTDuTnh8YJjHvM="></latexit>

˜̃
S

<latexit sha1_base64="mUrCJWmCkIFzzXc4LC0cDXLqNx0="></latexit>

Ẽ
<latexit sha1_base64="yo862BdDaCcL52ypnSi7wopfQbE="></latexit>

D̃

linear characterization nonlinear characterization

Proof that this is the most general such transformation



transforming multiple quantum channels:

many-slot superchannels



Parallel superchannels

Parallel superchannels: Parallel superchannels are superchannels that act on their input channels 
in a parallel, non-adaptive form. This implies they can be implemented with a single encoder and 
single decoder channel.

=
<latexit sha1_base64="mUrCJWmCkIFzzXc4LC0cDXLqNx0="></latexit>

Ẽ
<latexit sha1_base64="yo862BdDaCcL52ypnSi7wopfQbE="></latexit>

D̃

· · · · · ·

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="ps/fz1terCqrt6mPvc4R0bDYiKw="></latexit>

C̃N

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="ps/fz1terCqrt6mPvc4R0bDYiKw="></latexit>

C̃N

<latexit sha1_base64="jbRy+JUfhjZnoZHYlFuVt5ZDSmQ="></latexit>

˜̃
SPAR



Sequential superchannels

Sequential superchannels: Sequential superchannels are superchannels that act on their input 
channels in a sequential, adaptive form. This implies they can be implemented with a sequence of 
quantum channels in a quantum circuit.

· · ·

<latexit sha1_base64="brekiXvydTk/CznRN4TjeEDoxZ0="></latexit>

˜̃
SSEQ

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="ps/fz1terCqrt6mPvc4R0bDYiKw="></latexit>

C̃N

=

· · ·<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="ps/fz1terCqrt6mPvc4R0bDYiKw="></latexit>

C̃N

<latexit sha1_base64="kx5GuAkh4Y2+3FfCNe6lDMPFSxg="></latexit>

Ẽ1

<latexit sha1_base64="9EdtagitxPq94Cm/6eogwO5f9vo="></latexit>

Ẽ2

<latexit sha1_base64="lBPfJPwlhrLb+Li+dupV36biNMA="></latexit>

Ẽ3

<latexit sha1_base64="OG9XKrabyv6X4dM0TIVjUQuHjjw="></latexit>

ẼN

<latexit sha1_base64="yo862BdDaCcL52ypnSi7wopfQbE="></latexit>

D̃



Parallel and Sequential Superchannels

<latexit sha1_base64="7MBMZLmKXbDZx31siS4ocGMdoeQ="></latexit>

SPAR := E →D

<latexit sha1_base64="2I1XLZod4h484g9zkR5M+U6S0Jw="></latexit>

SSEQ := E1 → E1 → . . . → EN →D

Parallel superchannels:

Sequential superchannels:



Parallel and Sequential Superchannels

Notation (trace-and-replace map):

<latexit sha1_base64="7MBMZLmKXbDZx31siS4ocGMdoeQ="></latexit>

SPAR := E →D

<latexit sha1_base64="2I1XLZod4h484g9zkR5M+U6S0Jw="></latexit>

SSEQ := E1 → E1 → . . . → EN →D

Parallel superchannels:

Sequential superchannels:

<latexit sha1_base64="huZ/bLd0M34xR1pbqPdEDMnGI9w="></latexit>

X → L(HA ↑HB), BX := trB(X)↑
1B

dB



<latexit sha1_base64="YCM9zXULM6hae0BvmfFF6OvFYCQ="></latexit>

SSEQ = E1 → E2 → . . . → EN →D

<latexit sha1_base64="AmHgSjKpVHIWmvL99gJFxYszaO4="></latexit>

SPAR = E →D

Parallel and Sequential Superchannels

Notation (trace-and-replace map):

<latexit sha1_base64="FXpuNdWiTSIkc38946bfP8Wr6uo="></latexit>

SSEQ → 0

Parallel superchannels:

Sequential superchannels:

<latexit sha1_base64="MsyBz38qfqXtsaa+QAq0PbQcPLg="></latexit>

SPAR → 0

<latexit sha1_base64="DDmBx5JUzIMUei61u/Ct1ydr7jg="></latexit>

O→SPAR = O1...ONO→SPAR
<latexit sha1_base64="Gbg66mXGAIQA+T/sNkhB9TVXmsI="></latexit>

I1...INO1...ONO→SPAR = I→I1...INO1...ONO→SPAR

<latexit sha1_base64="+/nMyS7CRHN8ZPDSdG7bZFEZxwo="></latexit>

tr(SPAR) = dI→dO1 . . . dON

<latexit sha1_base64="37M1X74ahtCDi+0ZJisCZV8fekE="></latexit>

tr(SSEQ) = dI→dO1 . . . dON
<latexit sha1_base64="tSXOrRAsMZG6Mn/TWjlhRwmJUv8="></latexit>

O→SSEQ = ONO→SSEQ
<latexit sha1_base64="/6dj9j318jtjh/5sYoi1Tjzk36w="></latexit>

INONO→SSEQ = ON↑1INONO→SSEQ

<latexit sha1_base64="EMmHcO8NrF2RYYPhcuHwvI0dTDc="></latexit>

I1O1...INONO→SSEQ = I→I1O1...INONO→SSEQ

<latexit sha1_base64="enosdxL+wg+TE9pgnh8jAZtaeS0="></latexit>. . .

<latexit sha1_base64="YSajvvSbnYkk79PxLs5t5RnDMN4="></latexit>→↑

<latexit sha1_base64="YSajvvSbnYkk79PxLs5t5RnDMN4="></latexit>→↑

<latexit sha1_base64="huZ/bLd0M34xR1pbqPdEDMnGI9w="></latexit>

X → L(HA ↑HB), BX := trB(X)↑
1B

dB



Parallel and sequential superchannels = Implementable via quantum circuits

Parallel and Sequential Superchannels

· · ·

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="ps/fz1terCqrt6mPvc4R0bDYiKw="></latexit>

C̃N

<latexit sha1_base64="jbRy+JUfhjZnoZHYlFuVt5ZDSmQ="></latexit>

˜̃
SPAR <latexit sha1_base64="f8cM0gqKF1LDkJFt2J1XMfvkY2Q="></latexit>

PAR → SEQ

· · ·

<latexit sha1_base64="brekiXvydTk/CznRN4TjeEDoxZ0="></latexit>

˜̃
SSEQ

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="ps/fz1terCqrt6mPvc4R0bDYiKw="></latexit>

C̃N

is there a more general superchannel?



General Superchannels

Superchannel: The most general linear higher-order transformation that maps all tensor products 
of quantum channels into a quantum channel, even when acting on part of the quantum channels.



General Superchannels

Superchannel: The most general linear higher-order transformation that maps all tensor products 
of quantum channels into a quantum channel, even when acting on part of the quantum channels.

eC 0
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
=<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→

<latexit sha1_base64="x/dGI6EJRBBFDFK3c6102UQ/wIU="></latexit>

I1

<latexit sha1_base64="JDZOvKlT7OMJP5P+02+hT73OLj4="></latexit>

I2
<latexit sha1_base64="/uy8YztloG4E2MbLiji+s1Ptp7Q="></latexit>

O2

<latexit sha1_base64="w3ozLddR7WT5JlfB80J20oLnOvs="></latexit>

O1

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="EK7nhtWVcy3BesavhLVZ8jqYx0c="></latexit>

˜̃
SGEN

<latexit sha1_base64="oIUPSnWNJyOSRIuXAXMG3uvONHg="></latexit>

→ C̃1, C̃2 completely CPTP preserving  
linear  

higher-order maps

(generalizes to any finite number of slots)

<latexit sha1_base64="s2dfUCg0zJ7uem+qBMzmL8bR/ys="></latexit>

EI1

<latexit sha1_base64="jP1vA25Rp3A0xevGMyjYNwc1gbk="></latexit>

EI2

<latexit sha1_base64="QNGz0OQBTQ7p2WGluYhd2fa+q04="></latexit>

EO2

<latexit sha1_base64="eIqZ0OYQW5ZuTrM7bwy4y3vZvmc="></latexit>

EO1

<latexit sha1_base64="s2dfUCg0zJ7uem+qBMzmL8bR/ys="></latexit>

EI1

<latexit sha1_base64="eIqZ0OYQW5ZuTrM7bwy4y3vZvmc="></latexit>

EO1

<latexit sha1_base64="jP1vA25Rp3A0xevGMyjYNwc1gbk="></latexit>

EI2

<latexit sha1_base64="QNGz0OQBTQ7p2WGluYhd2fa+q04="></latexit>

EO2

<latexit sha1_base64="lQ7pqM3wGYGuH23yFIIQhLuGku0="></latexit>

˜̃
SGEN :

⊗

i

[L(HIi) → L(HOi)] → [L(HI→) → L(HO→)]

<latexit sha1_base64="CgWTILk7UqbDPneEHqPUOSsQL0U="></latexit>

˜̃
SGEN → ˜̃1(C̃1 → . . .→ C̃N ) = C̃ →



General Superchannels

<latexit sha1_base64="3CdTbEX3G4h8cQwFmbSzYaJGzz0="></latexit>

→ C1, C2

<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→

<latexit sha1_base64="x/dGI6EJRBBFDFK3c6102UQ/wIU="></latexit>

I1

<latexit sha1_base64="JDZOvKlT7OMJP5P+02+hT73OLj4="></latexit>

I2
<latexit sha1_base64="/uy8YztloG4E2MbLiji+s1Ptp7Q="></latexit>

O2

<latexit sha1_base64="w3ozLddR7WT5JlfB80J20oLnOvs="></latexit>

O1

<latexit sha1_base64="EK7nhtWVcy3BesavhLVZ8jqYx0c="></latexit>

˜̃
SGEN

Superchannel: The most general linear higher-order transformation that maps all tensor products 
of quantum channels into a quantum channel, even when acting on part of the quantum channels.

<latexit sha1_base64="Zu/UuradFcd5Wn8s1mvOAbsDLE4="></latexit>

SGEN → (C1 ↑ C2) = C →

(generalizes to any finite number of slots)



General Superchannels

<latexit sha1_base64="ip19NCcEThMiH0Sp/aHVEFw/9Xw="></latexit>

SGEN → 0
<latexit sha1_base64="Uhl3wnOVsTJPyPmLxbvMpOMFZ3g="></latexit>

tr(SGEN) = dI→dO1dO2

<latexit sha1_base64="3CdTbEX3G4h8cQwFmbSzYaJGzz0="></latexit>

→ C1, C2

<latexit sha1_base64="YSajvvSbnYkk79PxLs5t5RnDMN4="></latexit>→↑

<latexit sha1_base64="kcq5dHKItrnf/6kMlZKUg6zBJ5w="></latexit>

I1O1O
→SGEN = I1O1O2O

→SGEN

<latexit sha1_base64="GExRYq6ee1MaTgP01crOiA8a7Jg="></latexit>

I2O2O
→SGEN = O1I2O2O

→SGEN

<latexit sha1_base64="TEQNhQ7n3Ps40EvpwJAuR98RJ3Y="></latexit>

I1O1I2O2O
→SGEN = I→I1O1I2O2O

→SGEN

<latexit sha1_base64="Rb6KE7DbGCgKcSbjZaANG/GNtl8="></latexit>

O→SGEN = O1O
→SGEN + O2O

→SGEN → O1O2O
→SGEN

<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→

<latexit sha1_base64="x/dGI6EJRBBFDFK3c6102UQ/wIU="></latexit>

I1

<latexit sha1_base64="JDZOvKlT7OMJP5P+02+hT73OLj4="></latexit>

I2
<latexit sha1_base64="/uy8YztloG4E2MbLiji+s1Ptp7Q="></latexit>

O2

<latexit sha1_base64="w3ozLddR7WT5JlfB80J20oLnOvs="></latexit>

O1

<latexit sha1_base64="EK7nhtWVcy3BesavhLVZ8jqYx0c="></latexit>

˜̃
SGEN

Superchannel: The most general linear higher-order transformation that maps all tensor products 
of quantum channels into a quantum channel, even when acting on part of the quantum channels.

<latexit sha1_base64="Zu/UuradFcd5Wn8s1mvOAbsDLE4="></latexit>

SGEN → (C1 ↑ C2) = C →

(generalizes to any finite number of slots)



is there a quantum circuit realization theorem  
for general many-slot superchannels?



is there a quantum circuit realization theorem  
for general many-slot superchannels?

NO.



General Superchannels

· · ·
<latexit sha1_base64="zUlmV8Jl/WSS41Ikz1B4cvL4uUA=">AAAB/3icbVDLSsNAFL3xWeur6tJNtAhdlcRFdVkQxGUF+4A2lMl00gydTOLMRAihoD/gVv/AnbgSXPoX+gP+gD/gJHVhWw9c7uGcO9w7x40YlcqyPo2FxaXlldXCWnF9Y3Nru7Sz25JhLDBp4pCFouMiSRjlpKmoYqQTCYICl5G2OzrL/PYNEZKG/EolEXECNOTUoxipTOpxct0vla2qlcOcJ/YvKdcPviuvH/y90S999QYhjgPCFWZIyq5tRcpJkVAUMzIu9mJJIoRHaEi6mnIUEOmk+a1j80grA9MLhS6uzFz9+yJFgZRJ4OrJAClfznqZ+J/XjZV36qSUR7EiHE8WeTEzVWhmHzcHVBCsWKIJwoLqW03sI4Gw0vFMbYn8RFIsxzoYezaGedI6rtq1au3SLtfPbyFHAfbhECpgwwnU4QIa0AQMPtzDAzwad8aT8Wy8TEYXjEmHPZiC8fYDsQqb7w==</latexit>

→=
· · ·

There exist many-slot general superchannels that do not satisfy the conditions  
of a sequential superchannel and, hence, cannot be decomposed as a quantum circuit.

indefinite causal order

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="ps/fz1terCqrt6mPvc4R0bDYiKw="></latexit>

C̃N
<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="ps/fz1terCqrt6mPvc4R0bDYiKw="></latexit>

C̃N

<latexit sha1_base64="brekiXvydTk/CznRN4TjeEDoxZ0="></latexit>

˜̃
SSEQ

<latexit sha1_base64="EK7nhtWVcy3BesavhLVZ8jqYx0c="></latexit>

˜̃
SGEN



example of a general many-slot superchannel with 
indefinite causal order



The Quantum Switch

7!|0i |1i
<latexit sha1_base64="pWaaKEbZpjNKxNeaFPCrSjeFfNM="></latexit>

|0→+ |1→↑
2

<latexit sha1_base64="t912LDr3WZGvshrZmZzpyUJRXp4="></latexit>

Ã

<latexit sha1_base64="d7rbbDac2Dt85HAv1KKWzliWYmU="></latexit>

B̃

<latexit sha1_base64="t912LDr3WZGvshrZmZzpyUJRXp4="></latexit>

Ã

<latexit sha1_base64="d7rbbDac2Dt85HAv1KKWzliWYmU="></latexit>

B̃

<latexit sha1_base64="t912LDr3WZGvshrZmZzpyUJRXp4="></latexit>

Ã

<latexit sha1_base64="d7rbbDac2Dt85HAv1KKWzliWYmU="></latexit>

B̃

Chiribella et al., PRA (2013) 



The Quantum Switch

<latexit sha1_base64="yultauxw3ZTisMGPjS/X8Fjaggk="></latexit>

|s→ := |0→
PC

|1→
PT IA

|1→
OAIB

|1→
OBFT

|0→
FC

+ |1→
PC

|1→
PT IB

|1→
OBIA

|1→
OAFT

|1→
FC

<latexit sha1_base64="EhhBiVWSZUPbQeMfzBIxXYEjW5U="></latexit>

SQS := |s→↑s|

(Choi operator of  
the identity channel)

<latexit sha1_base64="IvqsoSqq40VUDLHDEr4Y2ffueJE="></latexit>

|1→↑1|

<latexit sha1_base64="2N79l6/fSu+gK2hUAJcaWXIlEcs="></latexit>

|1→ :=
∑

i

|ii→

=

<latexit sha1_base64="t912LDr3WZGvshrZmZzpyUJRXp4="></latexit>

Ã

<latexit sha1_base64="d7rbbDac2Dt85HAv1KKWzliWYmU="></latexit>

B̃

<latexit sha1_base64="gfyVs0XZuydnxKNS7eP/GF5TweU="></latexit>

˜̃
SQS

<latexit sha1_base64="9NUm2zemflvNk6gUhWgWk2HFyEM="></latexit>

PT

<latexit sha1_base64="JgGlF926B7wIObslmZFBVULmxTc="></latexit>

PC
<latexit sha1_base64="leYc0RYjvkWAIanZ/uBbASSKelA="></latexit>

FC

<latexit sha1_base64="DiQte+4SulaUy8jfRkt+rlHSsWk="></latexit>

FT

<latexit sha1_base64="mSDDAbzXiR38pflCL0MlPKJx71M="></latexit>

OA

<latexit sha1_base64="wyd7eczsB2pbalvEpeVYGYHDIWE="></latexit>

OB

<latexit sha1_base64="sWA17S5Ox+gJTynUGnSCUgsZcEU="></latexit>

IA

<latexit sha1_base64="W7wl+qeU4N9J7cOm/7Wwo4OSn/Q="></latexit>

IB

<latexit sha1_base64="dom57e0Tn/72a5okgUFl5LMw9wE="></latexit>

EIA

<latexit sha1_base64="CVln0tHmCfAH0L1tlhtQm27SD3A="></latexit>

EIB

<latexit sha1_base64="LYDhfh59Sxx96mV3ZKALtVnv8xM="></latexit>

EOA

<latexit sha1_base64="ljWscxX5LsVBl55StjeH8+Zzar4="></latexit>

EOB

<latexit sha1_base64="XRwR0kHfjd/XEuxTK4fWg0Tex2A="></latexit>

˜̃
SQS(Ã→ B̃)

<latexit sha1_base64="leYc0RYjvkWAIanZ/uBbASSKelA="></latexit>

FC

<latexit sha1_base64="DiQte+4SulaUy8jfRkt+rlHSsWk="></latexit>

FT

<latexit sha1_base64="9NUm2zemflvNk6gUhWgWk2HFyEM="></latexit>

PT

<latexit sha1_base64="JgGlF926B7wIObslmZFBVULmxTc="></latexit>

PC

<latexit sha1_base64="dom57e0Tn/72a5okgUFl5LMw9wE="></latexit>

EIA

<latexit sha1_base64="LYDhfh59Sxx96mV3ZKALtVnv8xM="></latexit>

EOA

<latexit sha1_base64="CVln0tHmCfAH0L1tlhtQm27SD3A="></latexit>

EIB
<latexit sha1_base64="ljWscxX5LsVBl55StjeH8+Zzar4="></latexit>

EOB

Choi operator of  
the quantum switch 

superchannel:

Chiribella et al., PRA (2013) 



The Quantum Switch

<latexit sha1_base64="yultauxw3ZTisMGPjS/X8Fjaggk="></latexit>

|s→ := |0→
PC

|1→
PT IA

|1→
OAIB

|1→
OBFT

|0→
FC

+ |1→
PC

|1→
PT IB

|1→
OBIA

|1→
OAFT

|1→
FC

<latexit sha1_base64="EhhBiVWSZUPbQeMfzBIxXYEjW5U="></latexit>

SQS := |s→↑s|

=

<latexit sha1_base64="t912LDr3WZGvshrZmZzpyUJRXp4="></latexit>

Ã

<latexit sha1_base64="d7rbbDac2Dt85HAv1KKWzliWYmU="></latexit>

B̃

<latexit sha1_base64="gfyVs0XZuydnxKNS7eP/GF5TweU="></latexit>

˜̃
SQS

<latexit sha1_base64="9NUm2zemflvNk6gUhWgWk2HFyEM="></latexit>

PT

<latexit sha1_base64="JgGlF926B7wIObslmZFBVULmxTc="></latexit>

PC
<latexit sha1_base64="leYc0RYjvkWAIanZ/uBbASSKelA="></latexit>

FC

<latexit sha1_base64="DiQte+4SulaUy8jfRkt+rlHSsWk="></latexit>

FT

<latexit sha1_base64="mSDDAbzXiR38pflCL0MlPKJx71M="></latexit>

OA

<latexit sha1_base64="wyd7eczsB2pbalvEpeVYGYHDIWE="></latexit>

OB

<latexit sha1_base64="sWA17S5Ox+gJTynUGnSCUgsZcEU="></latexit>

IA

<latexit sha1_base64="W7wl+qeU4N9J7cOm/7Wwo4OSn/Q="></latexit>

IB

<latexit sha1_base64="dom57e0Tn/72a5okgUFl5LMw9wE="></latexit>

EIA

<latexit sha1_base64="CVln0tHmCfAH0L1tlhtQm27SD3A="></latexit>

EIB

<latexit sha1_base64="LYDhfh59Sxx96mV3ZKALtVnv8xM="></latexit>

EOA

<latexit sha1_base64="ljWscxX5LsVBl55StjeH8+Zzar4="></latexit>

EOB

<latexit sha1_base64="XRwR0kHfjd/XEuxTK4fWg0Tex2A="></latexit>

˜̃
SQS(Ã→ B̃)

<latexit sha1_base64="leYc0RYjvkWAIanZ/uBbASSKelA="></latexit>

FC

<latexit sha1_base64="DiQte+4SulaUy8jfRkt+rlHSsWk="></latexit>

FT

<latexit sha1_base64="9NUm2zemflvNk6gUhWgWk2HFyEM="></latexit>

PT

<latexit sha1_base64="JgGlF926B7wIObslmZFBVULmxTc="></latexit>

PC

<latexit sha1_base64="dom57e0Tn/72a5okgUFl5LMw9wE="></latexit>

EIA

<latexit sha1_base64="LYDhfh59Sxx96mV3ZKALtVnv8xM="></latexit>

EOA

<latexit sha1_base64="CVln0tHmCfAH0L1tlhtQm27SD3A="></latexit>

EIB
<latexit sha1_base64="ljWscxX5LsVBl55StjeH8+Zzar4="></latexit>

EOB

Choi operator of  
the quantum switch 

superchannel:

Chiribella et al., PRA (2013) 

 the quantum switch 
is not a sequential 

superchannel



advantage of the quantum switch



Quantum switch advantage
Discriminating commuting from anti-commuting unitaries

<latexit sha1_base64="marMm0Zvu2vsTzhqVEtmdjNMhUo="></latexit>

Ũ = UωU†
<latexit sha1_base64="3x5qJMKtHR2mTRCNAtdlrV+g7zE="></latexit>

Ṽ = VωV†

Hypothesis 1: 

Hypothesis 2: 

commute

anticommute

Rules:

TASK:

access to one query of each channel per round

<latexit sha1_base64="BXBJi6qTs2E2RIyjQnP4B+QuUvA="></latexit>

[U,V] = UV → VU = 0

<latexit sha1_base64="cKNSoD0EODFGPujlNiD0DzbvAqI="></latexit>

{U,V} = UV + VU = 0

<latexit sha1_base64="YHJCcLSv3IYZsSEhekeiuk8O/00="></latexit>

(with p = 1/2)
<latexit sha1_base64="YHJCcLSv3IYZsSEhekeiuk8O/00="></latexit>

(with p = 1/2)

Chiribella, PRA (2012) & Araújo et al., NJP (2015)



Quantum switch advantage
Discriminating commuting from anti-commuting unitaries

<latexit sha1_base64="gfyVs0XZuydnxKNS7eP/GF5TweU="></latexit>

˜̃
SQS

<latexit sha1_base64="Mi7mJm/aMwqR3LBPKW7tIhGd44w="></latexit>

Ũ

<latexit sha1_base64="+bvIJK13IGGo9HeOWAQh7WkVf3A="></latexit>

Ṽ

<latexit sha1_base64="E/nhjdNxE+Wi+6e+YTQVSzZOeJU="></latexit>

|+→

<latexit sha1_base64="Otd7vaMAAmUb+X+bAfDTuwMphGg="></latexit>

|0→

<latexit sha1_base64="nZAk4VzzjvVDDUUD4mxL5KOi1QQ="></latexit>

{|+→↑+| ,
|↓→↑↓|}

<latexit sha1_base64="nZAk4VzzjvVDDUUD4mxL5KOi1QQ="></latexit>

{|+→↑+| ,
|↓→↑↓|} ˜

<latexit sha1_base64="marMm0Zvu2vsTzhqVEtmdjNMhUo="></latexit>

Ũ = UωU†
<latexit sha1_base64="3x5qJMKtHR2mTRCNAtdlrV+g7zE="></latexit>

Ṽ = VωV†

Hypothesis 1: 

Hypothesis 2: 

commute

anticommute

Rules:

TASK:

<latexit sha1_base64="BXBJi6qTs2E2RIyjQnP4B+QuUvA="></latexit>

[U,V] = UV → VU = 0

<latexit sha1_base64="cKNSoD0EODFGPujlNiD0DzbvAqI="></latexit>

{U,V} = UV + VU = 0

<latexit sha1_base64="YHJCcLSv3IYZsSEhekeiuk8O/00="></latexit>

(with p = 1/2)
<latexit sha1_base64="YHJCcLSv3IYZsSEhekeiuk8O/00="></latexit>

(with p = 1/2)

Chiribella, PRA (2012) & Araújo et al., NJP (2015)

access to one query of each channel per round



<latexit sha1_base64="cTHvsNeSjN8IRU1PoHWUMp3zzGs="></latexit>

˜̃
SQS(Ũ → Ṽ )

[
|+↑↓+|PC

→ |0↑↓0|PT

]
= |ω↑↓ω|FCFT

Quantum switch advantage
Discriminating commuting from anti-commuting unitaries

<latexit sha1_base64="gfyVs0XZuydnxKNS7eP/GF5TweU="></latexit>

˜̃
SQS

<latexit sha1_base64="Mi7mJm/aMwqR3LBPKW7tIhGd44w="></latexit>

Ũ

<latexit sha1_base64="+bvIJK13IGGo9HeOWAQh7WkVf3A="></latexit>

Ṽ

<latexit sha1_base64="E/nhjdNxE+Wi+6e+YTQVSzZOeJU="></latexit>

|+→

<latexit sha1_base64="Otd7vaMAAmUb+X+bAfDTuwMphGg="></latexit>

|0→

<latexit sha1_base64="nZAk4VzzjvVDDUUD4mxL5KOi1QQ="></latexit>

{|+→↑+| ,
|↓→↑↓|}

<latexit sha1_base64="nZAk4VzzjvVDDUUD4mxL5KOi1QQ="></latexit>

{|+→↑+| ,
|↓→↑↓|} ˜

<latexit sha1_base64="marMm0Zvu2vsTzhqVEtmdjNMhUo="></latexit>

Ũ = UωU†
<latexit sha1_base64="3x5qJMKtHR2mTRCNAtdlrV+g7zE="></latexit>

Ṽ = VωV†

Hypothesis 1: 

Hypothesis 2: 

commute

anticommute

Rules:

TASK:

<latexit sha1_base64="BXBJi6qTs2E2RIyjQnP4B+QuUvA="></latexit>

[U,V] = UV → VU = 0

<latexit sha1_base64="cKNSoD0EODFGPujlNiD0DzbvAqI="></latexit>

{U,V} = UV + VU = 0

<latexit sha1_base64="LTa36Z9y88eTAxKblzqH1axLhk8="></latexit>

|ω→FCFT
=

1↑
2
(|+→FC

↓ {U,V} |0→FT
+ |↔→FC

↓ [U,V] |0→FT
)

<latexit sha1_base64="YHJCcLSv3IYZsSEhekeiuk8O/00="></latexit>

(with p = 1/2)
<latexit sha1_base64="YHJCcLSv3IYZsSEhekeiuk8O/00="></latexit>

(with p = 1/2)

Chiribella, PRA (2012) & Araújo et al., NJP (2015)

access to one query of each channel per round



<latexit sha1_base64="cTHvsNeSjN8IRU1PoHWUMp3zzGs="></latexit>

˜̃
SQS(Ũ → Ṽ )

[
|+↑↓+|PC

→ |0↑↓0|PT

]
= |ω↑↓ω|FCFT

Quantum switch advantage
Discriminating commuting from anti-commuting unitaries

<latexit sha1_base64="gfyVs0XZuydnxKNS7eP/GF5TweU="></latexit>

˜̃
SQS

<latexit sha1_base64="Mi7mJm/aMwqR3LBPKW7tIhGd44w="></latexit>

Ũ

<latexit sha1_base64="+bvIJK13IGGo9HeOWAQh7WkVf3A="></latexit>

Ṽ

<latexit sha1_base64="E/nhjdNxE+Wi+6e+YTQVSzZOeJU="></latexit>

|+→

<latexit sha1_base64="Otd7vaMAAmUb+X+bAfDTuwMphGg="></latexit>

|0→

<latexit sha1_base64="nZAk4VzzjvVDDUUD4mxL5KOi1QQ="></latexit>

{|+→↑+| ,
|↓→↑↓|}

<latexit sha1_base64="nZAk4VzzjvVDDUUD4mxL5KOi1QQ="></latexit>

{|+→↑+| ,
|↓→↑↓|} ˜

<latexit sha1_base64="marMm0Zvu2vsTzhqVEtmdjNMhUo="></latexit>

Ũ = UωU†
<latexit sha1_base64="3x5qJMKtHR2mTRCNAtdlrV+g7zE="></latexit>

Ṽ = VωV†

Hypothesis 1: 

Hypothesis 2: 

commute

anticommute

Rules:

TASK:

commute anticommute
<latexit sha1_base64="mL4B+C/xWLdNr4LwROrNGE1jZ1Y="></latexit>

Psucc = 1

<latexit sha1_base64="BXBJi6qTs2E2RIyjQnP4B+QuUvA="></latexit>

[U,V] = UV → VU = 0

<latexit sha1_base64="cKNSoD0EODFGPujlNiD0DzbvAqI="></latexit>

{U,V} = UV + VU = 0

<latexit sha1_base64="LTa36Z9y88eTAxKblzqH1axLhk8="></latexit>

|ω→FCFT
=

1↑
2
(|+→FC

↓ {U,V} |0→FT
+ |↔→FC

↓ [U,V] |0→FT
)

<latexit sha1_base64="YHJCcLSv3IYZsSEhekeiuk8O/00="></latexit>

(with p = 1/2)
<latexit sha1_base64="YHJCcLSv3IYZsSEhekeiuk8O/00="></latexit>

(with p = 1/2)

Chiribella, PRA (2012) & Araújo et al., NJP (2015)

access to one query of each channel per round



Quantum switch advantage

<latexit sha1_base64="brekiXvydTk/CznRN4TjeEDoxZ0="></latexit>

˜̃
SSEQ

<latexit sha1_base64="Mi7mJm/aMwqR3LBPKW7tIhGd44w="></latexit>

Ũ
<latexit sha1_base64="+bvIJK13IGGo9HeOWAQh7WkVf3A="></latexit>

Ṽ ˜
<latexit sha1_base64="6xgZTso4IxDdT+kZ4LsUNvw+Y48="></latexit>ω <latexit sha1_base64="VpGvH4xR6z8W6D1chjH+ZAEKuws="></latexit>

M2}

<latexit sha1_base64="JN4RpW8FguznlSkWWsdAe7Vz/SY="></latexit>

{M1,
<latexit sha1_base64="hrKqPf8OarVWo54ZbPkTLUCPe8I="></latexit>

→ ˜̃
SSEQ

<latexit sha1_base64="0krXqsZafrpEao9CoUDYDUjaGkc="></latexit>

→ ω
<latexit sha1_base64="1ASAUvcGcwUHbH5DGl/+L1gup/s="></latexit>

→ {M1,M2}

<latexit sha1_base64="afLJnqejWbj+bsvGRVZjPZnytGg="></latexit>

Psucc < 1

Discriminating commuting from anti-commuting unitaries
<latexit sha1_base64="marMm0Zvu2vsTzhqVEtmdjNMhUo="></latexit>

Ũ = UωU†
<latexit sha1_base64="3x5qJMKtHR2mTRCNAtdlrV+g7zE="></latexit>

Ṽ = VωV†

Hypothesis 1: 

Hypothesis 2: 

commute

anticommute

Rules:

TASK:

<latexit sha1_base64="BXBJi6qTs2E2RIyjQnP4B+QuUvA="></latexit>

[U,V] = UV → VU = 0

<latexit sha1_base64="cKNSoD0EODFGPujlNiD0DzbvAqI="></latexit>

{U,V} = UV + VU = 0

<latexit sha1_base64="YHJCcLSv3IYZsSEhekeiuk8O/00="></latexit>

(with p = 1/2)
<latexit sha1_base64="YHJCcLSv3IYZsSEhekeiuk8O/00="></latexit>

(with p = 1/2)

Chiribella, PRA (2012) & Araújo et al., NJP (2015)

access to one query of each channel per round



Quantum switch advantage
Discriminating commuting from anti-commuting unitaries

<latexit sha1_base64="brekiXvydTk/CznRN4TjeEDoxZ0="></latexit>

˜̃
SSEQ

<latexit sha1_base64="Mi7mJm/aMwqR3LBPKW7tIhGd44w="></latexit>

Ũ
<latexit sha1_base64="+bvIJK13IGGo9HeOWAQh7WkVf3A="></latexit>

Ṽ

<latexit sha1_base64="UChqWy1T1NIEwkV0qPmKyC2H0rs="></latexit>q

<latexit sha1_base64="uFj5W90EUw2Oi7jKyXpCnn7RAJk=">AAACanicZVFNSxxBEO0dE6Nr/D6Jl8FNQEGXmRA0R8Ec9iDEQFYFZ5Humlq32f6YdPcYlmZ+g1f9afkP/gh71jmsa0FTj/eqqNdVrBDcuiT534oWPnxc/LS03F75vLq2vrG5dWl1aQD7oIU214xaFFxh33En8LowSCUTeMXGZ7V+dY/Gcq3+uEmBA0nvFB9yoC5Q/f306O/B7UYn6SbTiN+DtAEd0sTF7WbrV5ZrKCUqB4Jae5 MmhRt4ahwHgVU7Ky0WFMb0Dm8CVFSiHfip2yr+Gpg8HmoTnnLxlJ3t8FRaSd3oMGQ3knWqC20N7ESyOkP+ZohnTIs5qhhNLAc7Z8YNfww8V0XpUMGrl2EpYqfjejtxzg2CE5MAKBgevhPDiBoKLuywnRlU+A+0lFTlPjuvfFYbBSr8eVXNy70ZuVfLsyLPG5Uxn1ZVOEE6v/D34PJbNz3uHv/+3jn92RxjieySPbJPUnJCTkmPXJA+AcLJA3kkT63naCvaiXZfS6NW07NN3kT05QV6Mr6x</latexit>

(1→ q)

<latexit sha1_base64="y93TSWbWiFkZTK3EAYOZksZ3k24="></latexit>

˜̃
S→

SEQ

<latexit sha1_base64="+bvIJK13IGGo9HeOWAQh7WkVf3A="></latexit>

Ṽ
<latexit sha1_base64="Mi7mJm/aMwqR3LBPKW7tIhGd44w="></latexit>

Ũ

<latexit sha1_base64="6BcEYmFWN2JDAMHIwi8Of5+7Ehw="></latexit>

+˜

˜

<latexit sha1_base64="6xgZTso4IxDdT+kZ4LsUNvw+Y48="></latexit>ω

<latexit sha1_base64="tpFiypkyYvol9IE+fuh7ZlKyT3E="></latexit>

ω→

<latexit sha1_base64="VpGvH4xR6z8W6D1chjH+ZAEKuws="></latexit>

M2}

<latexit sha1_base64="JN4RpW8FguznlSkWWsdAe7Vz/SY="></latexit>

{M1,

<latexit sha1_base64="dfMIu5wmBB3phUZKW/ksipzWrQE="></latexit>

{M →
1,

<latexit sha1_base64="2oVnq0VvjpukNLyMJVOjdZVEInA="></latexit>

M →
2}

<latexit sha1_base64="hrKqPf8OarVWo54ZbPkTLUCPe8I="></latexit>

→ ˜̃
SSEQ

<latexit sha1_base64="0krXqsZafrpEao9CoUDYDUjaGkc="></latexit>

→ ω

<latexit sha1_base64="wDaKg9SJlTo9T/sz7IFrn7OR91w="></latexit>

,
˜̃
S→

SEQ
<latexit sha1_base64="yUSG1Ms+lkJb5ovKiWl2nxyc/Vk="></latexit>

, ω→

<latexit sha1_base64="J04ZURlz1VERGmqL3bcdJUJeavY="></latexit>

, {M →
1,M

→
2}

<latexit sha1_base64="nvrFfUIYQ1LaSfFtm7cys7YS1wQ="></latexit>

→ q ↑ [0, 1]

<latexit sha1_base64="1ASAUvcGcwUHbH5DGl/+L1gup/s="></latexit>

→ {M1,M2}

<latexit sha1_base64="afLJnqejWbj+bsvGRVZjPZnytGg="></latexit>

Psucc < 1
<latexit sha1_base64="IGA4R62ofHDHfrUF9aluHCbz5Ew="></latexit>→ 0.9288

<latexit sha1_base64="YHJCcLSv3IYZsSEhekeiuk8O/00="></latexit>

(with p = 1/2)
<latexit sha1_base64="YHJCcLSv3IYZsSEhekeiuk8O/00="></latexit>

(with p = 1/2)

Discriminating commuting from anti-commuting unitaries
<latexit sha1_base64="marMm0Zvu2vsTzhqVEtmdjNMhUo="></latexit>

Ũ = UωU†
<latexit sha1_base64="3x5qJMKtHR2mTRCNAtdlrV+g7zE="></latexit>

Ṽ = VωV†

Hypothesis 1: 

Hypothesis 2: 

commute

anticommute

Rules:

TASK:

<latexit sha1_base64="BXBJi6qTs2E2RIyjQnP4B+QuUvA="></latexit>

[U,V] = UV → VU = 0

<latexit sha1_base64="cKNSoD0EODFGPujlNiD0DzbvAqI="></latexit>

{U,V} = UV + VU = 0

Chiribella, PRA (2012) & Araújo et al., NJP (2015)

access to one query of each channel per round



<latexit sha1_base64="gfyVs0XZuydnxKNS7eP/GF5TweU="></latexit>

˜̃
SQS

<latexit sha1_base64="t912LDr3WZGvshrZmZzpyUJRXp4="></latexit>

Ã

<latexit sha1_base64="d7rbbDac2Dt85HAv1KKWzliWYmU="></latexit>

B̃

The quantum switch is considered to be a superchannel 
with indefinite causal order



are there other forms of indefinite causal order?

<latexit sha1_base64="gfyVs0XZuydnxKNS7eP/GF5TweU="></latexit>

˜̃
SQS

<latexit sha1_base64="t912LDr3WZGvshrZmZzpyUJRXp4="></latexit>

Ã

<latexit sha1_base64="d7rbbDac2Dt85HAv1KKWzliWYmU="></latexit>

B̃



are there other forms of indefinite causal order?

· · ·

<latexit sha1_base64="brekiXvydTk/CznRN4TjeEDoxZ0="></latexit>

˜̃
SSEQ

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="ps/fz1terCqrt6mPvc4R0bDYiKw="></latexit>

C̃N

are there other forms of definite causal order?

<latexit sha1_base64="gfyVs0XZuydnxKNS7eP/GF5TweU="></latexit>

˜̃
SQS

<latexit sha1_base64="t912LDr3WZGvshrZmZzpyUJRXp4="></latexit>

Ã

<latexit sha1_base64="d7rbbDac2Dt85HAv1KKWzliWYmU="></latexit>

B̃



definite causal order indefinite causal order

<latexit sha1_base64="0UbSge8Z5i9LShii3/s5HbQ+JhU="></latexit> { <latexit sha1_base64="NEwjHdt0HeScVanLObTqbOkdMds="></latexit> {<latexit sha1_base64="kC+xzCy+sI2bzgoJku212rn1PXo="></latexit>

PAR → SEQ → CONV → QCCC → QCQC → PUR → GEN

quantum circuits

<latexit sha1_base64="bzU+/+UGD0wyo5Wfr24MV3UYjBI="></latexit>

{

<latexit sha1_base64="fjJz0djVad1v13lifwh92QOG5vI="></latexit>

PAR
<latexit sha1_base64="huQ6XlS/45aPlg5rNQotZbVS02I="></latexit>

QCCC
<latexit sha1_base64="sBLGvO1I0APqJfep+YW64VAjZS4="></latexit>

QCQC
<latexit sha1_base64="ATg/vDw01vx0GDh0paX1QVaJkgY="></latexit>

GEN

<latexit sha1_base64="qxaSKtNoIFMsYXmz0Cp0QplCGiM="></latexit>

CONV

<latexit sha1_base64="D8SLkWp/0sF5ysEfb855Zt3VxuY="></latexit>

SEQ(1 → 2 → . . . → N)

<latexit sha1_base64="KU2R9W+f3kHn3ARjmARYtgiElE4="></latexit>

SEQ(2 → 1 → . . . → N)

<latexit sha1_base64="opHaSM8i7udMtNRfHbdv76NTVCI="></latexit>

SEQ(N → 2 → . . . → 1)

<latexit sha1_base64="n1INHIvxka/B+1Lwk/bXAfM4b30="></latexit>

SEQ

<latexit sha1_base64="n1INHIvxka/B+1Lwk/bXAfM4b30="></latexit>

SEQ

<latexit sha1_base64="n1INHIvxka/B+1Lwk/bXAfM4b30="></latexit>

SEQ

<latexit sha1_base64="MJ5cgbQL06TjVLFQ1vP/QJG3N0I="></latexit>

SQS

<latexit sha1_base64="9raaj+w48QwHAmheEYcVM5G4BDw="></latexit>·
<latexit sha1_base64="jCO+WTkSe/PMp16QCWNAMfqt3Lg="></latexit>

PUR



definite causal order indefinite causal order

<latexit sha1_base64="0UbSge8Z5i9LShii3/s5HbQ+JhU="></latexit> { <latexit sha1_base64="NEwjHdt0HeScVanLObTqbOkdMds="></latexit> {<latexit sha1_base64="kC+xzCy+sI2bzgoJku212rn1PXo="></latexit>

PAR → SEQ → CONV → QCCC → QCQC → PUR → GEN

quantum circuits

<latexit sha1_base64="bzU+/+UGD0wyo5Wfr24MV3UYjBI="></latexit>

{

<latexit sha1_base64="fjJz0djVad1v13lifwh92QOG5vI="></latexit>

PAR
<latexit sha1_base64="huQ6XlS/45aPlg5rNQotZbVS02I="></latexit>

QCCC
<latexit sha1_base64="sBLGvO1I0APqJfep+YW64VAjZS4="></latexit>

QCQC
<latexit sha1_base64="ATg/vDw01vx0GDh0paX1QVaJkgY="></latexit>

GEN

<latexit sha1_base64="qxaSKtNoIFMsYXmz0Cp0QplCGiM="></latexit>

CONV

<latexit sha1_base64="D8SLkWp/0sF5ysEfb855Zt3VxuY="></latexit>

SEQ(1 → 2 → . . . → N)

<latexit sha1_base64="KU2R9W+f3kHn3ARjmARYtgiElE4="></latexit>

SEQ(2 → 1 → . . . → N)

<latexit sha1_base64="opHaSM8i7udMtNRfHbdv76NTVCI="></latexit>

SEQ(N → 2 → . . . → 1)

<latexit sha1_base64="n1INHIvxka/B+1Lwk/bXAfM4b30="></latexit>

SEQ

<latexit sha1_base64="n1INHIvxka/B+1Lwk/bXAfM4b30="></latexit>

SEQ

<latexit sha1_base64="n1INHIvxka/B+1Lwk/bXAfM4b30="></latexit>

SEQ

<latexit sha1_base64="MJ5cgbQL06TjVLFQ1vP/QJG3N0I="></latexit>

SQS

<latexit sha1_base64="9raaj+w48QwHAmheEYcVM5G4BDw="></latexit>·
<latexit sha1_base64="jCO+WTkSe/PMp16QCWNAMfqt3Lg="></latexit>

PUR

<latexit sha1_base64="9raaj+w48QwHAmheEYcVM5G4BDw="></latexit>·

<latexit sha1_base64="9raaj+w48QwHAmheEYcVM5G4BDw="></latexit>·
<latexit sha1_base64="9raaj+w48QwHAmheEYcVM5G4BDw="></latexit>·

<latexit sha1_base64="7DoKAWfOLH3yI+Bt0UbYfixsIN8="></latexit>

SCS

<latexit sha1_base64="qRJq8KqrOHBroJ7JWsAHTmPPAf8="></latexit>

SAF/BW

<latexit sha1_base64="7DoKAWfOLH3yI+Bt0UbYfixsIN8="></latexit>

SCS

<latexit sha1_base64="MJ5cgbQL06TjVLFQ1vP/QJG3N0I="></latexit>

SQS

<latexit sha1_base64="qRJq8KqrOHBroJ7JWsAHTmPPAf8="></latexit>

SAF/BW

Chiribella et al., PRA (2013)

Chiribella et al., PRA (2013)

Oreshkov et al., Nat. Commun. (2012)

Araújo et al., Quantum (2017) 
Baumeler and Wolf, NJP (2016)

<latexit sha1_base64="YGCEpmJTwWWJVy12fuFXVnp9bDc="></latexit>

SOCB

<latexit sha1_base64="YGCEpmJTwWWJVy12fuFXVnp9bDc="></latexit>

SOCB



Quantum circuits with classical control
QCCC

(ref. & figure:) Wechs et al., PRX Quantum (2021) (ref. & figure:) Mothe et al., arXiv [quant-ph] (2025)

example: classical switch 
(quantum switch with fully dephased control) 

Chiribella et al., PRA (2013) 



Quantum circuits with quantum control
QCQC

example: quantum switch
Chiribella et al., PRA (2013) 

(ref. & figure:) Wechs et al., PRX Quantum (2021) (ref. & figure:) Mothe et al., arXiv [quant-ph] (2025)



Purifiable (unitarily extensible) superchannels
PUR

Purifiable superchannels: A superchannel is 
purifiable if it can be expressed as the marginal 
of a pure superchannel.

<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→

<latexit sha1_base64="x/dGI6EJRBBFDFK3c6102UQ/wIU="></latexit>

I1

<latexit sha1_base64="JDZOvKlT7OMJP5P+02+hT73OLj4="></latexit>

I2
<latexit sha1_base64="/uy8YztloG4E2MbLiji+s1Ptp7Q="></latexit>

O2

<latexit sha1_base64="w3ozLddR7WT5JlfB80J20oLnOvs="></latexit>

O1

=
<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→

<latexit sha1_base64="x/dGI6EJRBBFDFK3c6102UQ/wIU="></latexit>

I1

<latexit sha1_base64="JDZOvKlT7OMJP5P+02+hT73OLj4="></latexit>

I2
<latexit sha1_base64="/uy8YztloG4E2MbLiji+s1Ptp7Q="></latexit>

O2

<latexit sha1_base64="w3ozLddR7WT5JlfB80J20oLnOvs="></latexit>

O1

<latexit sha1_base64="4FJfxxMVRrBbhs8NMbArb9yrZyY="></latexit>

˜̃
SPURE

<latexit sha1_base64="4FJfxxMVRrBbhs8NMbArb9yrZyY="></latexit>

˜̃
SPURE

Araújo et al., Quantum (2017)

<latexit sha1_base64="F1w2Udxu4cXcHO0fg3l+NSIHzU0="></latexit>

P <latexit sha1_base64="AjVHvar1zuPs5t4lifQVQhzkVnM="></latexit>

F<latexit sha1_base64="Otd7vaMAAmUb+X+bAfDTuwMphGg="></latexit>

|0→

<latexit sha1_base64="TH5MeEP1fYz08ZUYKFfIjE1LMuU="></latexit>

SPUR = trF (|0→↑0| ↓ SPURE)



Purifiable (unitarily extensible) superchannels
PUR

Purifiable superchannels: A superchannel is 
purifiable if it can be expressed as the marginal 
of a pure superchannel.

Pure superchannels: A superchannels is pure if 
it maps all input unitary channels into an 
output channel that is also unitary.

<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
=<latexit sha1_base64="uWErsWEdYZeDovGvOS67NSdWsS0="></latexit>

I →
<latexit sha1_base64="//dwHr9812mNlXFGaYp7CdeJKpA="></latexit>

O
→

<latexit sha1_base64="x/dGI6EJRBBFDFK3c6102UQ/wIU="></latexit>

I1

<latexit sha1_base64="JDZOvKlT7OMJP5P+02+hT73OLj4="></latexit>

I2
<latexit sha1_base64="/uy8YztloG4E2MbLiji+s1Ptp7Q="></latexit>

O2

<latexit sha1_base64="w3ozLddR7WT5JlfB80J20oLnOvs="></latexit>

O1

<latexit sha1_base64="4FJfxxMVRrBbhs8NMbArb9yrZyY="></latexit>

˜̃
SPURE

<latexit sha1_base64="82aRL3gipGXlAYbaTNe9mwhY9qU="></latexit>

Ũ1

<latexit sha1_base64="9ZtnH2gaBATbD48i3G0bHUWZkXU="></latexit>

Ũ2

<latexit sha1_base64="d3Ff2uoatcnRkHqZX66CD4NW1KI="></latexit>

Ṽ (Ũ1, Ũ2)
<latexit sha1_base64="T73+zcne2nay7zESZnfUNpqSa18="></latexit>

→ unitary Ũ1, Ũ2

<latexit sha1_base64="dom57e0Tn/72a5okgUFl5LMw9wE="></latexit>

EIA

<latexit sha1_base64="CVln0tHmCfAH0L1tlhtQm27SD3A="></latexit>

EIB

<latexit sha1_base64="LYDhfh59Sxx96mV3ZKALtVnv8xM="></latexit>

EOA

<latexit sha1_base64="ljWscxX5LsVBl55StjeH8+Zzar4="></latexit>

EOB

<latexit sha1_base64="dom57e0Tn/72a5okgUFl5LMw9wE="></latexit>

EIA

<latexit sha1_base64="LYDhfh59Sxx96mV3ZKALtVnv8xM="></latexit>

EOA

<latexit sha1_base64="CVln0tHmCfAH0L1tlhtQm27SD3A="></latexit>

EIB

<latexit sha1_base64="ljWscxX5LsVBl55StjeH8+Zzar4="></latexit>

EOB

Araújo et al., Quantum (2017)

<latexit sha1_base64="Ano2WNlXfGmo1YEzTh6gm/Frgbo="></latexit>

SPURE = |U→↑U|

pure superchannel = reversibility preserving 
                                    = unitary process



other advantages of indefinite causal order



Advantages of indefinite causal order

• Channel discrimination 
Chiribella, PRA (2012) 
Araújo et al., NJP (2015) 
Bavaresco et al., PRL (2021); J. Math. Phys. (2022) 
…

• State discrimination 
Kunjwal and Baumeler, PRL (2023) 
…

• Quantum query complexity 
Araújo et al., PRL (2014) 
Renner et al., PRL (2022) 
Abbott et al., PRResearch (2024); QPL (2025) 
…

• Universal unitary transformations 
Quintino et al., PRL (2019); PRA (2019) 
Yoshida et al., Quantum (2023) 
…

• Metrology 
Zhao et al., PRL (2020) 
Liu et al., PRL (2023)  
…

• Parameter estimation 
Meyer et al., Quantum (2025) 
André et al., QST (2026) 
…

• … and more

QCCC advantage over quantum circuits 
Bavaresco et al., Nat. Commun. (2025)

REVIEW: Costa et al., Indefinite Quantum Causality, arXiv:2606.19438 [quant-ph] 



Advantages of indefinite causal order

<latexit sha1_base64="zUlmV8Jl/WSS41Ikz1B4cvL4uUA=">AAAB/3icbVDLSsNAFL3xWeur6tJNtAhdlcRFdVkQxGUF+4A2lMl00gydTOLMRAihoD/gVv/AnbgSXPoX+gP+gD/gJHVhWw9c7uGcO9w7x40YlcqyPo2FxaXlldXCWnF9Y3Nru7Sz25JhLDBp4pCFouMiSRjlpKmoYqQTCYICl5G2OzrL/PYNEZKG/EolEXECNOTUoxipTOpxct0vla2qlcOcJ/YvKdcPviuvH/y90S999QYhjgPCFWZIyq5tRcpJkVAUMzIu9mJJIoRHaEi6mnIUEOmk+a1j80grA9MLhS6uzFz9+yJFgZRJ4OrJAClfznqZ+J/XjZV36qSUR7EiHE8WeTEzVWhmHzcHVBCsWKIJwoLqW03sI4Gw0vFMbYn8RFIsxzoYezaGedI6rtq1au3SLtfPbyFHAfbhECpgwwnU4QIa0AQMPtzDAzwad8aT8Wy8TEYXjEmHPZiC8fYDsQqb7w==</latexit>

→=

<latexit sha1_base64="brekiXvydTk/CznRN4TjeEDoxZ0="></latexit>

˜̃
SSEQ

<latexit sha1_base64="EK7nhtWVcy3BesavhLVZ8jqYx0c="></latexit>

˜̃
SGEN

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

(or CONV) 
(or QCCC) 

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

Advantages of indefinite causal order: Indefinite causal order is typically deemed to be 
advantageous for a certain task if there exists at least one superchannel with indefinite causal 
order that performs better at the given task than any superchannel with definite causal order that 
acts on the same number of queries of the input quantum channels.



Simulation of indefinite causal order

(or CONV) 
(or QCCC) 

Simulation of indefinite causal order: But how does it compare to a superchannel with definite 
causal order that acts on a higher number of queries of the input quantum channels?

<latexit sha1_base64="EK7nhtWVcy3BesavhLVZ8jqYx0c="></latexit>

˜̃
SGEN

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="brekiXvydTk/CznRN4TjeEDoxZ0="></latexit>

˜̃
SSEQ

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="uSt+GO+YhTB6bBTI/WqerWjx0wk="></latexit>

C̃2

<latexit sha1_base64="45WW0X8OJ6NzLwe3wmxxvXEVvbE="></latexit>

C̃1

<latexit sha1_base64="oIUPSnWNJyOSRIuXAXMG3uvONHg="></latexit>

→ C̃1, C̃2

<latexit sha1_base64="wdDlaLQcmlJFmhbBQDThCIx0xyU="></latexit>

?
<latexit sha1_base64="enosdxL+wg+TE9pgnh8jAZtaeS0="></latexit>. . .



Simulation of the quantum switch

•  the quantum switch acting on unitary channels using quantum circuits:

How many queries of each input channel are needed to simulate  
(deterministically and exactly)

(independent of the dimension)

Chiribella et al., PRA (2013) 

<latexit sha1_base64="80UEyHkq4prEAxkwmHYIwWcVCew="></latexit>

ŨA

<latexit sha1_base64="z20Qqdh7SuU90ZgD+t8L1cX1Xxc="></latexit>

ŨB

<latexit sha1_base64="80UEyHkq4prEAxkwmHYIwWcVCew="></latexit>

ŨA

<latexit sha1_base64="Otd7vaMAAmUb+X+bAfDTuwMphGg="></latexit>

|0→

<latexit sha1_base64="JgGlF926B7wIObslmZFBVULmxTc="></latexit>

PC

<latexit sha1_base64="9NUm2zemflvNk6gUhWgWk2HFyEM="></latexit>

PT
<latexit sha1_base64="DiQte+4SulaUy8jfRkt+rlHSsWk="></latexit>

FT

<latexit sha1_base64="leYc0RYjvkWAIanZ/uBbASSKelA="></latexit>

FC

<latexit sha1_base64="UxJccIWbhwtH2lJrStaR/N6cyzY="></latexit>

NA = 2, NB = 1



Simulation of the quantum switch

•  the quantum switch acting on unitary channels using quantum circuits:

• the quantum switch acting on mixtures of unitary channels using QCCCs:

How many queries of each input channel are needed to simulate  
(deterministically and exactly)

(independent of the dimension)

impossible with (where n is the number of qubits)

impossible with
<latexit sha1_base64="s5ZsAJAgo+UXrzyctUriCEBNm6o="></latexit>

NA = 2, NB = 2 (independent of the dimension)

Chiribella et al., PRA (2013) 

Bavaresco et al., Nat. Commun. (2025) 

<latexit sha1_base64="UxJccIWbhwtH2lJrStaR/N6cyzY="></latexit>

NA = 2, NB = 1

<latexit sha1_base64="kQHsaeTXMgrRgKttvZ2jgclRTW8="></latexit>

NA < 2n, NB = 1



Implementation of indefinite causal order

Why not?

• No known logical contradictions.

• No known implausible consequences (i.e. computational superpower). 

How?

• Current experimental implementations suffer from loopholes.

•  Not known how to close some loopholes even from a theoretical point of view.

<latexit sha1_base64="Yel6siCb+bGZJuuEIMo4oV3C2bk="></latexit>

?

REVIEW: Rozema et al., Experimental Aspects of Indefinite Causal Order  
in Quantum Mechanics, Nat. Rev. Phys. (2024)



Take-home message

Higher-order quantum theory shows that basic requirements of transforming every 
valid set of independent quantum operation into another valid quantum operation 
(complete admissibility) is not enough to achieve at a definite causal order—more 
assumptions are required to arrive at the quantum circuit model.

Thank you!

Indefinite causal order in higher-order quantum theory has several concrete 
applications and advantages to quantum information processing tasks. However, 
their conclusive implementation remains an open question.



Extra



an operational approach to causality: 
causal correlations



Operational approach to indefinite causal order

<latexit sha1_base64="960nKh/QMaDb6PyAGfT9JkSidTQ="></latexit>

˜̃
W

<latexit sha1_base64="zs34iHp1if0w0l0/6ljCf3tLy94="></latexit>

p(ab|xy)<latexit sha1_base64="J+sVRDhUS7TJROYhWLgQ5RDN4j8="></latexit>=

<latexit sha1_base64="U5l3VFMGGT/k8LJ7NjHiH+6HSaQ="></latexit>

˜̃
W : [(L(HIA) → L(HOA))↑ (L(HIB ) → L(HOB ))] → C

<latexit sha1_base64="RQxx7atWww4g/s7/Nv77I5uGwbc="></latexit>

W → L(HIA ↑HOA ↑HIB ↑HOB )

<latexit sha1_base64="/kJJIGAEme/Xf0QEnXe8tNMpAWY="></latexit>

p(ab|xy) = tr
[
W (Aa|x →Bb|y)

]

Superchannel with trivial 
<latexit sha1_base64="UqbMSECO9d2mHhlfS1VnScwnHJ0="></latexit>

HI→ ,HO→

quantum  
instruments: 

<latexit sha1_base64="CtEaB+Hh7DH8sgMpK+plgpmmePs="></latexit>

{Aa|x}; Aa|x → 0,
∑

a

Aa|x = CA
x is CPTP

<latexit sha1_base64="4wm/36xBTnfZr1DUBJxa9hLNG70="></latexit>

{Bb|y}; Bb|y → 0,
∑

b

Bb|y = CB
y is CPTP

“process matrix”

process matrix correlations
Oreshkov et al., Nat. Commun. (2012)

<latexit sha1_base64="PUJhhF1eT6sH5BmgN/dWAp4oEqo="></latexit>
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Causal correlations
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q → [0, 1]

Oreshkov et al., Nat. Commun. (2012)
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Oreshkov et al., Nat. Commun. (2012) 
Branciard et al., NJP (2016)
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Causal inequalities

Oreshkov et al., Nat. Commun. (2012) 
Branciard et al., NJP (2016)
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process matrix correlations: 
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(all) Superchannels in QCQC cannot violate causal inequalities.

(at least some) Superchannels in PUR and GEN can violate causal inequalities.

Araújo et al., NJP (2015) 
Wechs et al., PRX Quantum (2021) 
Oreshkov et al., Nat. Commun. (2012) 
Branciard et al., NJP (2016) 
Araújo et al., Quantum (2017) 
Baumeler and Wolf, NJP (2016)
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Process matrix correlations
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