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¢ Higher-order quantum theory

¢ Transforming quantum states: quantum channels

¢ Transforming a quantum channel: quantum superchannel

¢ Transforming multiple quantum channels: parallel, sequential and general superchannels
® The quantum switch

® Definite and indefinite causal order

® Transforming multiple quantum channels: QCCC, QCQC, and purifiable superchannels
e Advantages of indefinite causal order

e Simulation of indefinite causal order

¢ Implementation of indefinite causal order



quantum data:

quantum states

quantum functions:

quantum channels

higher-order quantum
functions:

quantum processes

“functions of functions”

Formalism: Higher-order operations
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Formalism: Higher-order operations

Taranto et al., Higher-order guantum operations, PRX Quantum (2026)

Toward a general theory of quantum games
Gutoski and Watrous, STOC (2007)

Quantum circuit architecture
Chiribella et al., PRL (2008)

Transforming quantum operations:

quantum supermaps
Chiribella et al., EPL (2008)

Theoretical framework for quantum networks
Chiribella et al., PRA (2009)

Quantum correlations with no causal order
Oreshkov et al., Nat. Commun. (2012)

Quantum computation without definite

causal structure
Chiribella et al., PRA (2013)



transforming quantum states:

quantum channels



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum
state, even when acting on part of a quantum state.



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum
state, even when acting on part of a quantum state.
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Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum
state, even when acting on part of a quantum state.
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Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum
state, even when acting on part of a quantum state.
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Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum
state, even when acting on part of a quantum state.
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quantum state (operator) quantum channel (map)
p€L(H;@HE) C:L(H) — L(Ho)

~ ~

C®1(p) =p € L(Ho ®HE)

p=>0 —> positive semidefinite (PSD) C®1(p) >0 — completely positive (CP)

tr(p) = 1 —» fixed trace tr {5 X 1(,0)} =1 —> Completely trace
preserving (CTP)



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum
state, even when acting on part of a quantum state.
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quantum channels:
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C: L(H) — L(Ho)

completely positive trace-preserving (CPTDP)
linear maps



Choirepresentation

Choi operator: Every linear map can be represented by a linear operator, acting on the joint input
and output space of the map, defined as

~~

C:LH;) — L(Ho) — linear map

C = Z i)l @ C(|iXj]) € L(H; ® Ho) —> linear operator



Choirepresentation

Choi operator: Every linear map can be represented by a linear operator, acting on the joint input
and output space of the map, defined as

~~

C:L(H) — L(Ho) — linear map

C = Z i)l @ C(|iXj]) € L(H; ® Ho) —> linear operator

Choi inverse: Consequently, the output of a linear map can be expressed as function of the Choi
operator of the map and its input according to

C(p) = p =tr7[C(p" ®10)] =: p* C —» “link product”

(Ao B)[p| = A% B xp



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum
state, even when acting on part of a quantum state.

~
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linear map Choi operator

C®1(p)=p Cxp=/p



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum
state, even when acting on part of a quantum state.
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C®1(p) >0 —> completely positive (CP) «— C >0



Quantum channels

Channel: The most general linear transformation that maps every quantum state into a quantum
state, even when acting on part of a quantum state.

71 C [0 [0
p — [ p
E Iz
linear map Choi operator
C®1(p)=p Cxp=/p
C®1(p) >0 completely positive (CP) «— C >0

—
completely trace
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transforming quantum channels:



Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum
channel into a quantum channel, even when acting on part of a quantum channel.



Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum
channel into a quantum channel, even when acting on part of a quantum channel.




Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum
channel into a quantum channel, even when acting on part of a quantum channel.

quantum channel (map)

C:L(H;@Mp,) — L(Ho @ Hp,) S |lL(Mr) = L(Ho)| = [L(Hr) = L(Hor)]
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Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum
channel into a quantum channel, even when acting on part of a quantum channel.

quantum channel (map)

C:L(H;@Mp,) — L(Ho @ Hp,) S |lL(Mr) = L(Ho)| = [L(Hr) = L(Hor)]

~ ~
~ —~

S ® 1(6) — (' : L(Hy @ HE,) = L(Ho ®HEO)

~
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C' is CPTP S is completely CPTP preserving
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Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum
channel into a quantum channel, even when acting on part of a quantum channel.

S:[L(Hr) = L(Ho)] — [L(Hp) = L(Ho)]

completely CPTP preserving
linear higher-order maps



Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum
channel into a quantum channel, even when acting on part of a quantum channel.
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Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum
channel into a quantum channel, even when acting on part of a quantum channel.

— = vV C
Lo
quantum channel (operator)
C e LMy @ Hp, @ Ho ® Hp,) S: LM ®@Ho) — L(H @ Hor)
SRILC)=C": L(Hpy @ Hp, @ Ho @ HE,)
C>0 S®1(C) >0
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Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum
channel into a quantum channel, even when acting on part of a quantum channel.

I 0 \V/ C
Fo
SelL(Hr @Hr®Ho @ Ho) S L(Hr®Ho) = L(Hp @ Hor)
SxC =" SRLUC)=C": L(Hr @ Hg, ®Ho @ HE,)
s«c>0 'C S®1(C) >0

vV C
trOEO(S*C):]-IEI trOEO[S®1(C)] :1IEI



Quantum superchannels

Superchannel: The most general linear higher-order transformation that maps every quantum
channel into a quantum channel, even when acting on part of a quantum channel.

SeL(Hy @HI @ Ho ® Hor) ~ SeLHr @H @Ho @ Hor)
SxC=C S
S>0
Y O completely 1,
S#C =0 —  CPTP +—  wo(S)=troo(S)®

trop, (S * C) = 11g, preserving trroor (S) = drlp



quantum realization theorem for



Quantum superchannels

Quantum realization: Every superchannel (completely CPTP preserving linear higher-order map)
can be decomposed into a quantum circuit. That is, for every superchannel there exists an
“encoder” channel and a “decoder” channel such that
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Quantum superchannels

Quantum realization: Every superchannel (completely CPTP preserving linear higher-order map)
can be decomposed into a quantum circuit. That is, for every superchannel there exists an
“encoder” channel and a “decoder” channel such that

YV superchannel S, d channels E, D such that

S=FEFxD



Quantum superchannels

S as a function of £, D E, D as a function of .S

S—ExD E = % (11,1 ® \/trOO/(S)T> Sl (11,] ® \/trOO/(S)T>
= tryp [(E'™ ® 1oo/) (111 @ D))




Quantum superchannels

Quantum circuit realization: Every superchannel (completely CPTP preserving linear higher-
order map) can be decomposed into a quantum circuit. That is, for every superchannel there exists
an “encoder” channel and a “decoder” channel such that

Then why represent it as a higher-order map?



Quantum superchannels

Quantum circuit realization: Every superchannel (completely CPTP preserving linear higher-
order map) can be decomposed into a quantum circuit. That is, for every superchannel there exists
an “encoder” channel and a “decoder” channel such that

Proof that this is the most general such transformation

linear characterization nonlinear characterization



transforming multiple quantum channels:



Parallel superchannels

Parallel superchannels: Parallel superchannels are superchannels that act on their input channels
in a parallel, non-adaptive form. This implies they can be implemented with a single encoder and
single decoder channel.




Sequential superchannels

Sequential superchannels: Sequential superchannels are superchannels that act on their input
channels in a sequential, adaptive form. This implies they can be implemented with a sequence of
quantum channels in a quantum circuit.

E1I~IEQI~IES ENE
C C o o o C



Parallel and Sequential Superchannels

Parallel superchannels:

SPAR = FEx D

Sequential superchannels:

SsepQ :=E1 By *x...x Eny*x D



Parallel and Sequential Superchannels

Notation (trace-and-replace map): X e L(HA®@HEB), X :=trg(X)

Parallel superchannels:

SPAR = FEx D

Sequential superchannels:

SsepQ :=E1 By *x...x Eny*x D



Parallel and Sequential Superchannels

Notation (trace-and-replace map): X e LHa®@HRB), X :=trp(X)® cli_B
B
Parallel superchannels: Spar = 0
tr(SpAR) =dpdo, ...doy
Spar = B x D — O'SPAR = 0;...0n0'OPAR

I1..INO1..ONO'"OPAR = I'I1...InO1...0On O’ OPAR

Sequential superchannels: Sseq = 0
tr(SSEQ) =dpdo, ...doy
Sspq = E1 % By % ... % Ex % D — 0'SSEQ = On0/9SEQ

INONO'OSEQ = On_1InOnO'SOSEQ

1,01.. INONO'OSEQ = I'I101...InOn O’ OSEQ



Parallel and Sequential Superchannels

Parallel and sequential superchannels = Implementable via quantum circuits

PAR C SEQ

Ssiq
=wH &l Tl
1 2 N

is there a more general ?




General Superchannels

Superchannel: The most general linear higher-order transformation that maps all tensor products
of quantum channels into a quantum channel, even when acting on part of the quantum channels.



General Superchannels

Superchannel: The most general linear higher-order transformation that maps all tensor products
of quantum channels into a quantum channel, even when acting on part of the quantum channels.

S ® ) = L(Ho,)] = [L(H1) = L(Ho)]
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higher-order maps
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(generalizes to any finite number of slots)



General Superchannels

Superchannel: The most general linear higher-order transformation that maps all tensor products
of quantum channels into a quantum channel, even when acting on part of the quantum channels.

ScenN * (C1 ® Cy) = C' v Cp,Co

(generalizes to any finite number of slots)



General Superchannels

Superchannel: The most general linear higher-order transformation that maps all tensor products
of quantum channels into a quantum channel, even when acting on part of the quantum channels.

SceN * (C1 ® C) = C’' Vv Cy,C5
<

SceN = 0

tr(SGEN) — d[/ d01 d02

1,0,0'9CGEN = ;010,00 OGEN
1,0,0' SGEN = O41,0,0’' OGEN

O0'SGEN = 0,;0'9CEN + 0,0'SCGEN — 0;0,0’9CGEN

1,011,050 OGEN = I'I104 150,00’ SGEN

(generalizes to any finite number of slots)



is there a quantum circuit realization theorem
for general many-slot superchannels?



is there a quantum circuit realization theorem
for general many-slot superchannels?

NO.



General Superchannels

— SSEQ

There exist many-slot general superchannels that do not satisfy the conditions
of a sequential superchannel and, hence, cannot be decomposed as a quantum circuit.



example of a general many-slot superchannel with
indefinite causal order



The Quantum Switch

Chiribella et al., PRA (2013)



The Quantum Switch

EIB EOB
1) = 11
| Sqs = |s)s 1):= ) lii)
Choi operator of | 1>< ]’L- ‘
the quantum switch
superchannel: |S> + = |O>PC |1>PTIA ‘1>OAIB ‘1>OBFT ‘O>FC (Choi operator of
T N S PR ) RN |} the identity channel

Chiribella et al., PRA (2013)



The Quantum Switch

EIB EOB
the
Sqs = [s)(s] is not a sequential
Choi operator of h 1
the quantum switch superchanne
q
superchannel: |S> c = |O>PC |1>PTIA ‘1>OAIB ‘1>OBFT ‘O>FC

+ |1 1 1 1 1
Chiribella et al., PRA (2013) | >PC| >PTIB| >OBIA‘ >OAFT‘ >FC



advantage of the



Quantum switch advantage

Discriminating commuting from anti-commuting unitaries
U = UpUt V = VpVi

Hypothesis 1:  [U,V|=UV —=VU =0 commute (with p = 1/2)
TASK: Hypothesis2:  {U,V} =UV+VU =0 anticommute (withp=1/2)

Rules: access to one query of each channel per round

Chiribella, PRA (2012) & Aratjo et al., NJP (2015)



Quantum switch advantage

Discriminating commuting from anti-commuting unitaries
U = UpUt V = VpVi

Hypothesis1: ~ [U,V]=UV -VU =0 commute (with p =1/2)
TASK: Hypothesis2:  {U,V} =UV+VU=0 anticommute  (with p=1/2)

Rules: access to one query of each channel per round
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Chiribella, PRA (2012) & Aratjo et al., NJP (2015)



Quantum switch advantage

Discriminating commuting from anti-commuting unitaries
U = UpUt V = VpVi

Hypothesis1: ~ [U,V]=UV -VU =0 commute (with p =1/2)
TASK: Hypothesis2:  {U,V} =UV+VU=0 anticommute  (with p=1/2)

Rules: access to one query of each channel per round

Sas(U @ V) [[+)+p. @10X0]p. ] = [6XD| 5. o,

X~ 1} |

0) pe = ﬂ(\ ) re @V 0) g, +1=) g, © U V][0, )

Chiribella, PRA (2012) & Aratjo et al., NJP (2015)



Quantum switch advantage

Discriminating commuting from anti-commuting unitaries
U = UpUt V = VpVi

Hypothesis1: ~ [U,V]=UV -VU =0 commute (with p =1/2)
TASK: Hypothesis2:  {U,V} =UV+VU=0 anticommute  (with p=1/2)

Rules: access to one query of each channel per round

SQS U®V ‘P Y |O><O|P } —| ><¢‘FCFT
{+>
D) pop, = \f.@ {U,V}0)p, @® U, V]10) )

PSUCC - 1 . ‘
commute anticommute

Chiribella, PRA (2012) & Aratjo et al., NJP (2015)



Quantum switch advantage

Discriminating commuting from anti-commuting unitaries
U = UpUt V = VpVi

Hypothesis1: ~ [U,V]=UV -VU =0 commute (with p =1/2)
TASK: Hypothesis2:  {U,V} =UV+VU=0 anticommute  (with p=1/2)

Rules: access to one query of each channel per round

Chiribella, PRA (2012) & Aratjo et al., NJP (2015)



Quantum switch advantage

Discriminating commuting from anti-commuting unitaries
U = UpUt V = VpVi

Hypothesis1: ~ [U,V]=UV -VU =0 commute (with p =1/2)
TASK: Hypothesis2:  {U,V} =UV+VU=0 anticommute  (with p=1/2)

Rules: access to one query of each channel per round

V Sseq, 9'sEQ

\Y P, ,0/ Psucc <1
v (My, My}, {M], M) ~ 0.9288
vV qe|0,1]

Chiribella, PRA (2012) & Aradtjo et al., NJP (2015)
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The quantum switch is considered to be a superchannel
with
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are there other forms of definite causal order?
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quantum circuits
/_M

PAR C SEQ Cc CONV C QCCC c QCQC c PUR c¢ GEN
Ef_/

definite causal order indefinite causal order




CONV

o Scs
SOCB Chiribella et al., PRA (2013)
N

SQS
~ S AF/ BW Chiribella et al., PRA (2013)
o QCCC| QCQC | PUR| GEN
SAF/BW
‘ CS Aratjo et al., Quantum (2017)
Baumeler and Wolf, NJP (2016)

SocB
Oreshkov et al., Nat. Commun. (2012)

quantum circuits
f_H

PAR Cc SEQ Cc CONV C QCCC c QCQC c PUR ¢ GEN
e— e T

definite causal order indefinite causal order



Quantum circuits with classical control

QCCC

B w2 N <N
Wa,B,c,ry Wa,ceBr)y Wnacr Woeary Weansr) WeB,a,r)
W, M A7 i, Ay Any Ay, Ay Ay
\ 2l 2l 2l 2l 2l 2l 2l 2l
| Al A0 | Al A0 T | Al A0 = Al A9 T
) b A, b L A o S SRt g, PRed S Ay el = | Wasce Wwaucen  Wesac Weaeea Wean  Wes,a)
P T H=Z | k2 275 E = oL F
— | =2 = |2 ;| ¥ 1
| = | = | | S| T | 12| | 2|
{ I | o I a2 | an > § Was — Wao W, A) W(B o) Wea  Wes
~l — ~l —— ~l 11 ~l : o — ~l : ® : l :
M (k)] Ma b [k, k)] M MN Ry v ]NMN [ R)IY
Wia W(B) W)

>
Classical control of causal order \ ‘ /

(ref. & figure:) Wechs et al., PRX Quantum (2021) (ref. & figure:) Mothe et al., arXiv [quant-ph] (2025)

example: classical switch
(quantum switch with fully dephased control)
Chiribella et al., PRA (2013)



Quantum circuits with quantum control

QCQC

o N b N v N B . 1%
|14 i, A7 4, A, Ay, Ay, Ay Ay
\ _________ 2l a 2l a 2l a 2l a
5 AL 4, Ay, 5 I P O L P T 5 F W(a,B},0) W(acy,) W((B,c},4)
- | ' o Akz | € o ik j; | 7
i Tzl |2 S > >\
: > . >s E >HH 'f? I ¢T§ = ETF ,; O
| § T § T ; NS ana 1| B oy 1| &5 [ L Wiaysy  Wyayey Wasyra  Wasne  Wyera o Wyeys)
)N A G S D S U U S G D NS 0 O \ / \ / \ /
Vi k)Y Ve [{kh k) Ve VNA o kreabbvd™ VN ek bk VN
W, Wi, B Wa,c)
>
Quantum control of causal order \ /
1
(ref. & figure:) Wechs et al., PRX Quantum (2021) (ref. & figure:) Mothe et al., arXiv [quant-ph] (2025)

example: quantum switch

Chiribella et al., PRA (2013)



Purifiable (unitarily extensible) superchannels

PUR

Purifiable superchannels: A superchannel is
purifiable if it can be expressed as the marginal
of a pure superchannel.

Spur = tre(|0X0| * Spure)

Aratjo et al., Quantum (2017)



Purifiable (unitarily extensible) superchannels

PUR

Purifiable superchannels: A superchannel is Pure superchannels: A superchannels is pure if
purifiable if it can be expressed as the marginal it maps all input unitary channels into an
of a pure superchannel. output channel that is also unitary:.

Spure = |UXU

\vd unitary (71, (72

pure superchannel = reversibility preserving

Aratjo et al., Quantum (2017) = unitary process



other advantages of



Advantages of indefinite causal order

Costa et al., Indefinite Quantum Causality, arXiv:2606.19438 [quant-ph]

Channel discrimination e Universal unitary transformations
Chiribella, PRA (2012) Quintino et al., PRL (2019); PRA (2019)
Aratjo et al., NJP (2015) Yoshida et al., Quantum (2023)

Bavaresco et al., PRL (2021); J. Math. Phys. (2022)
e Metrology
State discrimination Zhao et al., PRL (2020)

Kunjwal and Baumeler, PRL (2023) Liu et al., PRL (2023)
Quantum query complexity e Parameter estimation
Aratjo et al., PRL (2014) Meyer et al., Quantum (2025)
Renner et al., PRL (2022) André et al., QST (2026)

Abbott et al., PRResearch (2024); QPL (2025)
e ...and more

QCCC advantage over quantum circuits
Bavaresco et al., Nat. Commun. (2025)



Advantages of indefinite causal order

Advantages of indefinite causal order: Indefinite causal order is typically deemed to be
advantageous for a certain task if there exists at least one superchannel with indefinite causal

order that performs better at the given task than any superchannel with definite causal order that
acts on the same number of queries of the input quantum channels.

(or CONV)
(or QCCC)



Simulaton of indefinite causal order

Simulation of indefinite causal order: But how does it compare to a superchannel with definite
causal order that acts on a higher number of queries of the input quantum channels?

SGEN [ - a | — a — — : | IV 51,52

(or CONV)
(or QCCC)



Simulation of the quantum switch

How many queries of each input channel are needed to simulate
(deterministically and exactly)

e the quantum switch acting on unitary channels using quantum circuits:

Np=2, Ng=1 (independent of the dimension)

Chiribella et al., PRA (2013)
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Simulation of the quantum switch

How many queries of each input channel are needed to simulate
(deterministically and exactly)

e the quantum switch acting on unitary channels using quantum circuits:

Np=2, Ng=1 (independent of the dimension)

Chiribella et al., PRA (2013)

e the quantum switch acting on mixtures of unitary channels using QCCCs:

impossible with N4 < 2", Np =1 (where 7 is the number of qubits)

impossible with Ny =2, Ngp =2 (independent of the dimension)

Bavaresco et al.,, Nat. Commun. (2025)



Implementation of indefinite causal order

{?

How?
e Current experimental implementations suffer from loopholes.

e Not known how to close some loopholes even from a theoretical point of view.

Why not?
* No known logical contradictions.

* No known implausible consequences (i.e. computational superpower).

REVIEW: Rozema et al., Experimental Aspects of Indefinite Causal Order
in Quantum Mechanics, Nat. Rev. Phys. (2024)



Take-home message

Higher-order quantum theory shows that basic requirements of transforming every
valid set of independent quantum operation into another valid quantum operation
(complete admissibility) is not enough to achieve at a definite causal order—more
assumptions are required to arrive at the quantum circuit model.

Indefinite causal order in higher-order quantum theory has several concrete
applications and advantages to quantum information processing tasks. However,
their conclusive implementation remains an open question.

Thank you!
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an operational approach to causality:
causal correlations



Operatonal approach to indefinite causal order

Superchannel with trivial H1/, Ho-

“process matrix”

P
P

W l(L(Hir,) = L(Ho,)) © (L(Hiz) = L(Hop))| — C

WeLHr, ®Ho, @Hi, @ Hop)

{Agj}; Agje >0, Y Ay, =Cf is CPTP

— p(ablzy) quantum
Instruments: {Bb|y}§ Bb|y > (), ZBbW — 05 is CPTP
b

p(ab\cvy) = {r [W(Acda: & Bny)]

process matrix correlations
Oreshkov et al., Nat. Commun. (2012)



Operatonal approach to indefinite causal order

Causal correlations

Peausal (@b|zy) = qpa<p(ablzy) + (1 — q) pp<a(ablzy)

Z pa<p(ablzy) = Z pa<n(ablry’) —— nonsignalling from Bob to Alice
b b

ZPB<A(CLb\5E?/) = ZPB<A(CLb‘5'3/y) — nonsignalling from Alice to Bob

a

q € [0,1]

Oreshkov et al., Nat. Commun. (2012)



Operatonal approach to indefinite causal order

Causal inequalities

Z amyp CLb|£I?y) < Bcausal

a,b,x,y

aggeR

Bcausal — 1NaX E axy Pcausal ab‘xy)

Pcausal

a,b,r,y

Oreshkov et al., Nat. Commun. (2012)
Branciard et al., NJP (2016)



Operatonal approach to indefinite causal order

Causal inequalities

process matrix correlations:

1
Fanyr = Z O Y 0 xp(ab\xy) 5 PGYNI ~ 0.0218
a,b,r,y
. 3 P ~ 0.8194
PLGNYI — Z Z 5az(a@y),0 5y(b@aﬁ),0 p(@b|$y) < Z LGYNI ~ V.
a,b,r,y
3 'Y,
Focs = 3 Z Oy'en)(ady).0 Oy (baa) 0 Plablzyy’) < - rocs ~ 0.8536

abaz,yy

Oreshkov et al., Nat. Commun. (2012)
Branciard et al., NJP (2016)



Operatonal approach to indefinite causal order

(all) Superchannels in QCQC cannot violate causal inequalities.

(at least some) Superchannels in PUR and GEN can violate causal inequalities.

Aratjo et al., NJP (2015)

Wechs et al.,, PRX Quantum (2021)
Oreshkov et al., Nat. Commun. (2012)
Branciard et al., NJP (2016)

Aratjo et al., Quantum (2017)
Baumeler and Wolf, NJP (2016)



Operatonal approach to indefinite causal order

Process matrix correlations
A <> B

Perfect 2-way sig.
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